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The workshop focused on actions of higher-rank groups. For discrete groups, we mainly
considered two flavors of groups:

(1) (torsion-free) abelian groups Zd; here, the rank of Zd is d and so we typically consider
d ≥ 2.

(2) lattice subgroups of simple Lie groups such as the subgroup Γ = SL(n,Z) of G =
SL(n,R); here, the rank of G = SL(n,R) is (n − 1) and thus we typically consider
the case n ≥ 3.

At times, we are also interested in continuous groups including Rd for d ≥ 2 and higher-rank
simple Lie groups G such as G = SL(n,R) for n ≥ 3.

Given a compact manifold M , a smooth action of a discrete group Γ on M is simply
a homomorphism α : Γ → Diff(M) from Γ to the group Diff(M) of C∞ diffeomorphisms of
M . The general theme of the proposed workshop is the global rigidity or classification of
such actions (at times satisfying additional dynamical hypotheses) up to smooth changes of
coordinates.

In recent years there has been dramatic progress on several aspects of this area. One
goal of the workshop was to bring together experts on various new developments to share
ideas and techniques. Another was to attract and educate newcomers to the area. Lastly
we were preparing the ground for a special semeseter on related topics at IHP in Spring
2024. There will also be another workshop leading up to that one in Ventotene, Italy in
September of 2023. Major goals of the sequence of workshops is to locate key problems
for focus, hopefully resolving some of them, and to attract more young people to this fast
growing field.

Each day had two talks, introducing either some background, whether it was known
results or collections of techniques. A particular difficulty of the area is that it borrows ideas
and techniques from a wide cross section of mathematics, including for example smooth
dynamics, homogeneous dynamics, group representation theory and operator algebra and
differential geometry. So we made an effort to provide introductions to many key inputs.
The speakers were:
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Kurt Vinhage
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Thang Nguyen
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Zhiren Wang
Homin Lee
Kurt Vinhage

Several exciting new developments in the field of rigidity of higher rank groups actions
were not available at the time when this workshop was proposed but emerged only recently.
The workshop provided the opportunity to communicate these results at the right time.
For instance, Deroin’s talk presented the proof by Deroin-Hurtado of non-left-orientability
of higher rank lattices; Melnick’s talk introduced a new family of counterexamples of non-
homogeneous actions by higher rank semisimple Lie groups constructed by Fisher-Melnick;
Nguyen’s talk focused on a current project with Connell, Islam and Spatzier that allows to
achieve local rigidity in the C0-category.

On Monday afternoon, we held a wide ranging problem session that resulted in a list
of 17 problems, some well known, some quite novel. Each afternoon following, the group
broke into small groups to discuss some of these problems. We discuss some of these groups
and the results of their discussions.

Centralizers of diffeomorphisms: The group worked primarily on the question of
when the centralizer of a diffeomoprhism would be a Lie group in some natural Ck topology.
They found existing examples where this is not the case and tried to find reasonable hypothe-
ses that would make the centralizer Lie. Some effort was also spent trying to understand in
more detail the topology of the centralizer in examples where it was not a Lie group.

Normal forms near invariant submanifolds: The main question considered is
when an action of a higher rank lattice might have some kind of normal form near an
invariant submanifold. One main case considered was a point, where the participants mainly
reviewed known results. The main focus was on considered actions of lattices in SL(n,R)
on manifolds of dimension n containing an invariant Sn−1 where it might be the case that
the action should extend to a local action of the Lie group. Many ideas were discussed and
discussion have continued past the workshop, though the question remains unresolved.

Actions of groups with property (T ) on surfaces: The motivating problem is a
conjecture of Zimmer that a group with property (T ) acting by volume preserving diffeo-
morphisms on a surface must act by a finite quotient. The group began approaching this
question assuming that the action preserved some one dimensional foliation. This assump-
tion has some motivation in work of Brown and Rodriguez Hertz which provides an invariant
line field under some hypotheses. For any linear foliation of the torus, the group was able to
adapt a proof of Navas’ about actions on the circle.
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Actions of p-adic groups: This group met only once and was attended by a large
number of participants on that day. The question under discussion was a version of Zimmer’s
conjecture for smooth actions of lattices in higher rank p-adic groups. In this setting, the
conjecture says that all such actions should preserve Riemannian metrics, with no restriction
on the dimension of the manifold. The group clarified somewhat the partial results that
might follow from using the outline of Brown, Fisher, Hurtado for their work on Zimmer’s
conjecture, but in this case this falls far short of the expected result.

TNS actions of higher rank abelian groups: This is natural question based on
recent developments and there was some optimisim early in the week that it might accessible.
One considers an action Zk where k > 1 on a smooth manifold, assumes that some number
of elements of Zk act by Anosov diffeomorphisms and hope to prove the action is conjugate
to an affine action on an infranilmanifold. This goal has been achieved in a wide array of
special cases and the hope was that some combination of recent ideas would lead to further
progress.

Actions of simply connnected groups: This was a new question asked at the
workshop by van Limbeek. The Lie group G = Sp(2g,R) has infinite fundamental group
and its universal cover is not a linear group. Lattices in this cover are well known examples
of groups that are not residually finite and so also not linear. In this context it is natural to
ask whether G or its lattices have faithful actions on manifolds. In a small working group,
this problem was resolved by a fairly simple construction of an action on a circle bundle over
a Grassmanian. This gives rise to several other natural questions.


