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Workshop Summary

Workshop report: Descriptive graph theory.

Introduction.

Descriptive graph theory focuses on finding definable or measurable solutions to com-
binatorial problems on infinite graphs. The workshop focused on this subject and its in-
teractions with other areas such as probability theory, ergodic theory, combinatorics, and
theoretical computer science.

A striking development has been the connections that have been recently discovered
between descriptive graph combinatorics and the LOCAL model of distributed computing
in theoretical computer science. Anton Bernshteyn, Zoltan Vidnyanszky, and Jan Grebik
gave tutorials introducing these connections and related topics such as measurable solutions
to the Lovasz Local Lemma (LLL) and asymptotic separation index algorithms. Some open
problems arising from this work were also discussed at the problem session.

In the area of continuous colorings, Steve Jackson gave a survey talk about continuous
coloring/structurings of free continuous actions of the group Z¢. Dominique Lecompte gave
a tutorial about dichotomies and bases for continuous chromatic number under injective
continuous homomorphism.

Several morning talks surveyed recent developments in other areas. Riley Thornton
gave a talk about connections between descriptive complexity and computational complex-
ity of constraint satisfaction problems and the recently proven CSP dichotomy in theoretical
computer science. Felix Weilacher gave a talk about recent work joint with Long Qian con-
necting computable combinatorics and Baire measurable combinatorics via ASI algorithms
as a bridge. Gabor Kun gave a talk about measurable matchings included recent results on
matchings and equidecompositions, the construction of a d-regular acyclic pmp graph with
no measurable perfect matching for every d > 3, and the iterative use of the Krein-Milman
theorem to find measurable perfect matchings of hyperfinite pmp 1-ended graphs. Natasha
Dobrinen gave a talk about the Ramsey theory of homogeneous structures.

Working groups.

During the workshop, Riley Thornton, Marcin Sabok, and Gabor Kun resolved Elek’s ques-
tion about whether for any group I' the LCLs (locally checkable labelling problems) solvable
as factors of iid of I' are the same as those solvable measurably for any free action of I'. They
are not the same, and this is proved using a variation of Gabor Kun’s recent construction
to give a free pmp action of Z/2Z*¢ with no balanced orientations (whereas the Bernoulli
shift of this group does have balanced orientations). This result will be included in the
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final version of Kun’s forthcoming paper about this result which he talked about during the
workshop.

Anton Bernshteyn, Clinton Conley, Riley Thornton, Anush Tserunyan, Robin Tucker-
Drob, Spencer Unger, Felix Weilacher, and Jing Yu spent two days discussing measurable
arboricity of pmp hyperfinite graphs and a pmp version of the Nash-Williams theorem. The
group showed that that a matroid-based algorithm for proving the Nash-Williams theorem
can be adapted to the measurable setting to show that the measurable arboricity of a hyper-
finite pmp graph is at most the classical arboricity + 2, along with isolating a new parameter
of interest in the non-hyperfinite setting.

Matt Bowen, Clinton Conley, Stephen Jackson, Dominique Lecomte, Spencer Unger,
Felix Weilacher, and Jing Yu spent two days exploring the possible coincidence between
finite Borel asymptotic separation index and Borel asymptotic separation index 1. While no
direct progress was made, in a spinoff group Matt Bowen and Felix Weilacher made progress
on the question of whether every d-regular Borel graph admits a Baire measurable 2-factor,
possibly answering the question for odd d.

Anton Bernshteyn, Clinton Conley, Anush Tserunyan, Robin Tucker-Drob, and Felix
Weilacher spent a short afternoon discussing Baire measurable analogs of various measure-
theoretic equivalences between graphings with finite back orbits. Illustrative counterexam-
ples to many natural conjectures were produced, leading to the conclusion that no substantive
theory passes to the context of Baire category.

Andrew Marks, Spencer, Unger, Jan Grebik, Zoltan Vidnyanzky, Steve Jackson and
Dominique Lecompte formed a working group focusing on Grebik and Vidnyanzky’s proposed
method for using combinatorial ideas to prove non-hyperfiniteness of a locally finite acyclic
Borel graph G. This idea is in two parts. First, finding a o-ideal I along which one can
prove an analogue of Mazur’s lemma that any countable sequence of Borel functions must
have a sequence of convex combinations of them which converge modulo a set in the ideal.
Second, one must show that GG has large edge-labeled chromatic number modulo any set in I.
The group was able to better understand the existing proofs of Mazur’s lemma and whether
they might be adapted to other Ramsey-type ideals. The group was also able to simplify
the combinatorial problem to just having Borel chromatic number greater than 3 instead of
large edge labeled chromatic number.

Francis Adams, Palfy Andras, Natasha Dobrinen, Aleksandra Kwiatkowska, Forte
Shinko, and Slawomir Solecki formed a group concentrating on FKuclidean Ramsey Theory.
More precisely, on the theorem from [EGMRSS] that for a subset K of a Euclidean space,
with K not contained in a sphere, there exists a number of colors r such that a Euclidean
space of an arbitrary dimension can be r-colored so that there is no isometric copy of K that
is monochromatic. They explored two directions.

First: Modifying an argument from [EGMRSS]|, they showed that, for each non-
spherical K, one can find a coloring as in the theorem above that is Borel.

Second: It was pointed out in [EGMRSS] that the colorings constructed in this the-
orem depend only on the norm of the vector being colored. It was also pointed out in
[EGMRSS]| that finding colorings depending only on the norm boils down to finding the
following colorings of R. Let ¢y, ..., ¢k, d € R and consider the linear equation

cr(wr —y1) +ea(xe —y2) + -+ en(ar —yr) = d. (1)
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For a positive integer r, by an r-coloring of equation (1) we understand a function y: R —
{1,...,r} such that, for each solution z1, ..., xk, 41, ...,yx € Rof (1), we have x(z;) # x(v:),
for some i =1,... k.

The group considered this more algebraic version of the problem and proved that
finding 2-colorings (Borel or not) of equation (1) is possible only in trivial situations. In fact
more generally, suppose F' is a field of characteristic 0. Let cq,...,cg,d be elements of F.
Equation (1) has a 2-coloring if and only if d # 0 and ¢; # 0 for at most one i =1, ... k.
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