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Workshop Summary
This workshop was devoted to effective approaches to geometric measure theory. Al-

gorithmic Randomness and Effective Descriptive Set Theory provide a novel perspective to
many concepts that are classically measure-based, such as randomness and Hausdorff di-
mension. A core feature of this perspective is that it links the geometric properties of a set
to the logical and computational complexity of its points. The new techniques have been
successfully applied to extend previous results in the area to larger classes of sets (beyond
analytic), and also to shed new light on why in other cases such an extension is impossible.
Examples include Marstrand’s projection theorem and the capacitability of sets of real num-
bers. The workshop focused on these and other promising applications by bringing together
researchers with expertise in computability theory, set theory, geometric measure theory,
theoretical computer science, and related areas.

There were a small number of talks aimed at focusing discussion and providing back-
ground for the working groups. These were given by Neil Lutz, Elvira Mayordomo, Ted
Slaman, Patrick Lutz, Don Stull, Chris Porter, Márton Elekes, Marianna Csörnyei, Laurent
Bienvenu, and Alexander Shen.

The workshop also included a problem session, resulting in a list of open problems
(http://aimpl.org/algorandom/) that we expect workshop participants and other re-
searchers will continue to work on.

While most of the participants were on-site, the workshop also had a few online par-
ticipants, including two of the speakers and one of the organizers, who were able not only to
attend the talks, but to be part of the working groups. Most of these participants would not
have been able to attend in person, for various reasons, so this remote option contributed
significantly to the success of the workshop.

The main focus of the workshop was discussion in small, focused groups. These groups
are described below.

Working Groups

Projection Theorems.
In “Projection Theorems Using Effective Dimension”, Lutz and Stull proved the following
as Theorem 1.2:

Let E ⊆ Rn be any set such that dimH(E) = dimP (E). Then for almost
every e ∈ Sn−1, we have

dimH(projeE) = min{dimH(E), 1}.
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This group considered the situation in which dimH(E) ≥ dimP (E) − ϵ. They obtained an
argument that if dimH(E) < 1, then for almost every e ∈ Sn−1, we have

dimH(projeE) ≥ dimH(E)− ϵ− 2nϵ

1− dimH(E)
.

They also considered Davies’ counterexamples showing that Marstrand’s theorem can-
not be generally extended to arbitrary plane sets. These counterexamples seem to have
packing dimension 2, Hausdorff dimension 1, and dimension 0 along the projection. They
further noted that, according to Slaman, Stull, and Richter, there can be a set E such that
dimH(E) = 1 + s and, for almost every e,

dimH(proje(E)) = s.

Distance Sets.
Shortly before the workshop, Don Stull proved that, if E ⊆ R2 is analytic and dimH(E) = s >
1, the Hausdorff dimension of the pinned distance set for x ∈ E, ∆x(E) = {||x−y|| : y ∈ E},
is at least s

4
+ 1

2
. In particular, if dimH(E) > 1, the dimension is at least 3

4
, which is an

improvement over the prior best known bound on this version of Falconer’s conjecture.
Stull’s paper was particularly notable in that it utilized effective techniques to achieve this
improvement.

The first two days of this group’s work were primarily devoted to understanding some
of the technical details of this paper, particularly the proof of the effective analog of the
above theorem, which is used to establish the main result. During this discussion, the group
reasoned that an improved understanding of a particular worst-case “adversary” complexity
function for y could yield improvements in the general case. This problem is related to
understanding the distribution of certain points on annuli, and in turn may be connected to
some Kakeya-type problems for circles.

Seeing the difficulty of progress in this direction, the group also considered other vari-
ants. First was the case where the Hausdorff and packing dimensions of E are within ϵ of
each other. It was conjectured that with a similar approach to that of the paper, a Hausdorff
dimension lower bound of 1− ϵ

4
could be achieved. Additionally, it was considered whether,

for packing dimension instead of Hausdorff, a better bound than 3
4
could be realized by a

similar effective argument.

Inequalities for Entropies and Dimensions.
Shannon pointed out some inequalities that always hold for Shannon entropy. For a long time
no other valid inequalities for entropies (except positive linear combinations of Shannon’s
inequalities) were known. Then Zhang and Yeung found an inequality that was not a positive
linear combination of Shannon’s inequalities, and since then several other such inequalities
have been found. It became clear that the set of all valid linear inequalities for entropies has a
complex structure. On the other hand, it also became clear that this set is very fundamental
since it can be equivalently defined in combinatorial terms, in terms of subgroup sizes, and
in terms of Kolmogorov complexity.
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This group studied such inequalities for entropies, which turn out to have natural
geometric interpretations in terms of Hausdorff and packing dimensions, using the point-to-
set principle and known results about inequalities for complexities, entropies and the sizes
of subgroups.

Set-Theoretic Aspects.
Another group investigated aspects of dimension that depend on metamathematical consid-
erations. Most of their effort went into the following question: Does there exist a subset
E of the plane such that (1) E is not σ-finite for linear measure and (2) for any gauge

function f such that limt→0+
f(t)
t

= 0, E is null for the gauge measure associated with f .
By a theorem of Besicovitch, the Continuum Hypothesis (CH) implies that there is such an
E. A variation by Reimann and Slaman shows that a counterexample to Borel’s Conjecture
on sets of strong measure zero also yields a Besicovitch example. Laver showed that Borel’s
Conjecture is consistent with the axioms of set theory, so perhaps the nonexistence of a
Besicovitch example is also consistent. The group has not settled the issue. They did find a
convincing argument to show that CH implies the existence of a Besicovitch example which
is purely unrectifiable. This argument requires further work to be made rigorous. They also
noted that CH implies that for any s less than 1, there is a set of reals A which is not σ-finite
for s-dimensional Hausdorff measure and which has only countable intersection with sets of
finite s-dimensional Hausdorff measure. (The latter may be known already.)

Continuous Images.
P. Lutz and Miller recently gave the following example:

Theorem (Assuming CH). There is a set E ⊆ [0, 1]2 such that E is not σ-finite in dimension
1 and if f : [0, 1]2 → R is any continuous function, then f(E) has Hausdorff dimension 0.

An apparently natural way to generalize this result would be to ask for E to have
Hausdorff dimension 1 + s, for some s ∈ (0, 1), and restrict its continuous images to have
dimensions at most s. This group explored why the techniques of Lutz and Miller do not
give such a generalization. They also tried to disprove the generalization, but mainly just
came to better understand the difficulties inherent in the problem.

Ongoing Work
Participants of the group on Set-Theoretic Aspects of dimension have continued to

meet over zoom since the workshop.

Participants of the Distance Sets group have also continued to collaborate. One of
the hopes of this workshop was to increase collaboration between computability theorists
and researchers in areas such as geometric measure theory, so it is particularly noteworthy
that Marianna Csörnyei, a leading geometric measure theorist, has been involved in this
continued collaboration. Participants in this group have submitted a SQuaREs application.

The work of the group on Inequalities for Entropies and Dimensions has already in-
formed a paper: https://arxiv.org/pdf/2209.07243.pdf.


