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Workshop Summary

This workshop was a little different to a traditional AIM workshop. It had the same
goals as a traditional AIM workshop – to push back the boundaries in a research area of
interest to mathematicians. However the nature of these boundaries, and what it takes to
push them back, was perhaps less conventional. For example, some of the key contributors
to the workshop were undergraduate students, who were at times running rings around
established mathematical professors.

The main theme of the conference was how to teach algebraic geometry to a computer.
More precisely we mean teaching it to Lean, a computer program which knows the axioms of
mathematics and the rules of logic, and is thus capable of understanding any pure mathemat-
ics in theory. In practice however, things are more complicated than that. Whilst computer
programs capable (in theory) of understanding modern research mathematics have existed
for decades, these languages were for the most part being used by computer scientists, with
very little uptake from the mathematics community. This unfortunate situation resulted in
a highly skewed picture, with computer scientists using these tools to work on problems of
interest to them (for example, the formal verification of computer-assisted proofs such as
the Four Colour Theorem), and modern research mathematics being ignored for the most
part. This resulted in a catch 22 situation, with many research mathematicians not seeing
anything of interest to them in these systems, and hence nothing of interest to research
mathematicians was being worked on in the systems (a computer scientist working in the
area would be unlikely to be a world expert in a topic of interest to a modern research math-
ematician). To put things another way: take a theorem which won a recent Fields Medal.
A few years ago it was extremely unlikely that this theorem could even be stated in one of
these computer proof systems, let alone proved. There was a lot of work to do.

It was around 6 years ago that the Lean community took their first steps towards
engaging with material such as Grothendieck’s EGA. This was an attempt to fix the issue
raised in the previous paragraph: we cannot hope that AI will be able to help algebraic
geometers if it doesn’t even understand the question. And whilst there are already several
“traditional” foundational expositions of algebraic geometry in the literature, none of these
can be read and understood by a computer (large language models are currently nowhere
near powerful enough to make sense of this kind of material).

The journey began back then with a formal definition of a scheme. Even this proved
problematic, because Grothendieck’s use of the = symbol to denote the formally undefinable
concept of being “canonically isomorphic” led him to make some claims which were morally
true, and clearly unproblematic mathematically, however reducing these claims down to the
axioms of mathematics needed some thought. Indeed tackling material of this nature has
raised several other problems of this nature, basically invisible to mathematicians. However,

1



2

since then the community has learnt a lot about how do to this kind of mathematics within
a formal system, and by the start of the workshop the basics (schemes, sheaves, homological
algebra, many basic definitions) were in place.

The point of the workshop was to bring together several kinds of people: (1) experts
in algebraic geometry, and (2) experts in Lean. One hope was that very early on in the week
we would be able to get the experts in algebraic geometry up to speed with where we were
in 2024 with regards to teaching the topic to Lean, and then to suggest a bunch of projects
(such as “define the etale topology”, or “define sheaf cohomology” or “define quasi-coherent
sheaves of modules”) and to see what progress we could make. Our hope was that the AIM
algorithm would lead the participants to the most important of these projects and then that
the combination of algebraic geometry experts and Lean experts, working together in small
groups, would be able to make nontrivial progress on some of them.

To say that this approach worked would be an understatement. By the end of the week
the participants had made substantial progress in several areas. and had got a coherent plan
for making progress in many others. In the rest of this summary we report on some of the
projects worked on during the workshop, and progress made, including details of the “pull
requests” made to mathlib, Lean’s mathematics library.

Problem 1: Developing Krull dimension of topological spaces/rings/schemes

This was a project which had already started even before the workshop. During and
after the workshop, some progress was made in the mathlib PRs 11147 and 14134.

Problem 2: Constructing Grassmannian schemes by gluing affines spaces
Given a commutative ring K and a free K-module V , the Grassmannian scheme of

quotients of V that are locally free of rank r is constructed explicitly by gluing affine spaces
in the mathlib PR 14686.

Problem 3: Enough injectives in categories of sheaves of modules
This was emphasized by Vakil as something where progress was needed as it was

blocking other projects. Given a sheaf F of OX-modules (on a ringed space X), if we
have chosen an injective resolution Ix of the OX,x-module of stalks Fx for all x, then the
canonical map F →

∏
x∈X ix⋆Ix is an injective resolution of F , where ix⋆Ix is the skyscaper

sheaf at x with values Ix. Using this strategy, this group formalized the fact that there are
enough injectives in the category of sheaves of modules over a ringed space X.

Problem 4: the pullback functor on presheaves of modules
Given a functor G : C → D, presheaves of rings S on C and R on D and a natural

morphism fX : S(X) → R(G(X)), the goal was to define a functor f ⋆ from presheaves
of modules over S to presheaves of modules over R, that would be a left adjoint to the
pushforward f⋆ which is already in mathlib. If for any X ∈ C, we denote SX the presheaf
of modules over S which sends Y to the free S(Y )-module on the set Hom(Y,X), then we
should have an isomorphism f ⋆(SX) ∼= RG(X). It follows that in order to get the existence of
f ⋆, it should be sufficent to show that any presheaf of modules can be written as a colimit
of presheaves of the form SX .

Then, the first goal was to construct these presheaves of modules SX . They are a
particular case of a more general construction of a presheaf of modules that is freely generated
by a presheaf of sets, and the corresponding functor is a left adjoint to the forget functor
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from presheaves of modules to presheaves of sets. Even though the two persons working on
this problem are experienced Lean users (who also happen to be two of the co-organizers of
the AIM workshop), they struggled very much in order to define this adjunction in the very
draft mathlib PR 14245.

Working on this problem reveals that it is highly to important to get a better design
for categories of modules and presheaves of modules. The problems are similar to the issues
encountered when defining the monoidal category structure on the category of presheaves
of modules: it was just much worse! In an experimental mathlib PR 14263, another design
is tested, and there the free presheaf of modules functors was constructed in a much easier
way, because the alternative design made it so that most of the proofs could be completed
using automation tactics.

Problem 5: the monoidal category structure on the category of presheaves of
modules

Given a presheaf of commutative rings R on a category C, the goal was to obtain a
monoidal category structure on the category of presheaves of modules over R, which was
completed in the mathlib PR 14127. Prior to this work, mathlib already had the notion
of presheaves of modules and the monoidal category structure on the categories of modules
over a fixed commutative ring. The project consisted in defining M ⊗ N , when M and N
are presheaves of modules, as the presheaf which sends X ∈ C to M(X) ⊗ N(X). Then,
for example, the associator isomorphism (M ⊗ N) ⊗ P ∼= M ⊗ (N ⊗ P ) is defined as the
isomorphism which is induced by the isomorphisms (M(X) ⊗ N(X)) ⊗ P (X) ∼= M(X) ⊗
(N(X)⊗P (X)) for all X. The proof of the axioms (pentagon relation, etc.) for presheaves of
modules are easily deduced from the corresponding axioms for modules. The only technical
difficulty was the verification of naturality conditions: indeed, if f : X → Y is a morphism
in C, one has to define a semi-linear restriction map f ⋆ : M(Y )⊗N(Y ) → M(X)⊗N(X),
and we have to check that all the constructions are compatible with these. Although the
problem is fully solved, it has revealed that the design of modules and presheaves of modules
in mathlib should be improved so that automation tactic can handle these in a more efficient
and fast way: an attempt an this is done in an experimental mathlib PR 14263.

Problem 6: The tilde-construction attaching a sheaf to a module
Let R be a commutative ring and M an R-module. Then there is a functorial con-

struction M 7→ M̃ that attaches to M a quasi-coherent sheaf of OSpec(R)-modules. The goal

of this project was to formalize the definition of M̃ . Since this construction is very similar to
the construction of the structure sheaf OSpec(R), this project was well-suited for participants
with little experience in formalization: they could use the formalization of the structure sheaf
as a guideline. This is indeed what happened, and with some encouragement by seasoned
formalizers, this project managed to define M̃ as sheaf of abelian groups in one session.

The definition of M̃ chosen for the formalization is the following: over an open subset
U , M̃(U) consists of dependent functions

(x ∈ U) −→ Mx

that arise locally around each x ∈ U as sections coming from elements of principal localiza-
tions Mf for some f ∈ R.

In a second session, further properties of M̃ were established: the computation of
sections of M̃ on basic open subsets D(f) for f ∈ R; the computation that the stalks of
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M̃14231 are indeed Mx, for x ∈ Spec(R); and a demonstration that M̃(U) is naturally a
module over OSpec(R)(U).

The result is contributed to mathlib in PR 14231.

Problem 7: Affine and projective schemes attached to Weierstrass curves
In mathlib, elliptic curves (over a field) are defined by the coefficients which appear in

a Weierstrass equation. Points are described as solutions to such an equation. This group
worked on the construction of an affine scheme and the relation between the points of this
scheme and the solutions of Weierstrass equations (mathlib PR 14130). Some progress was
also made about graded algebras, towards the construction on the projectivization of affine
elliptic curves.

X(K) for finite type

Problem 8: Towards the definition of etale topology
This group made some progress on the formalization of flat morphisms of schemes. In

mathlib PR 14266, a Grothendieck pretopology on the category of schemes is attached to a
property of morphisms of commutative rings that is local and stable by base change.

Problem 9: An “algebraize” tactic
It is common in commutative algebra and algebraic geometry to consider a morphism

of commutative rings f : A → B as an A-algebra structure of B. Unfortunately, in the
context of formalization, one often has to explicitly convert such a morphism to an algebra
structure, which uses the typeclass system via an instance of Algebra A B. When working
with a composition of morphisms, say

A
f−→ B

g−→ C,

the situation becomes even more complicated as one must then introduce associated in-
stances of four classes: Algebra A B, Algebra A C, Algebra B C, and IsScalarTower A

B C. Here the class IsScalarTower is used to ensure the compatibility between the three
aforementioned algebra instances.

Researchers working on the formalization of algebraic geometry using Lean have found
such conversion steps to be quite tedious, often resulting in excessively verbose code which
can obfuscate the key parts of various proofs. One of the projects proposed for this workshop
was to develop a tactic that would do such conversions automatically. A prototype of such
a tactic was developed rather quickly during the first group-work session of the workshop.
This prototype was indeed able to automatically introduce the Algebra and IsScalarTower

instances mentioned above.

In a subsequent working session, this prototype was significantly improved. In its
current state, it is able to not only introduce Algebra and IsScalarTower instances, but
also instances of classes associated to various properties of morphisms of rings (such as
flatness, finite-type, etc.).

While additional work needs to be done on this tactic to make it viable for inclusion in
mathlib, we think that it will soon become an integral part of the algebraic geometry library
of mathlib.

Problem 10: Comonadicity, pseudofunctors, and descent
The group working on this project discussed a number of approaches formulating de-

scent in Lean. One such approach is referred to monadic descent, and this is what the
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group primarily ended up focusing on during the week. The general categorical result in
this context is Beck’s (co)monadicity theorem. Fortunately, Beck’s monadicity theorem was
already formalized and present in mathlib. The first task was therefore to dualize this result
to obtain the comonadicity theorem; this was accomplished during the week in PR 14238.

From there, the group decided to apply Beck’s comonadicity theorem, which is stated in
very abstract categorical terms, towards the (much more concrete) formalization of faithfully
flat descent for modules. This was done in 14203, which depends on a preexisting pull request
that develops some results around flat modules.

Problem 11: Smooth of relative dimension n, and elliptic curves over general
bases

This group formalized a quite concrete approach to smoothness (mathlib PR 14325): a
R-algebra S is “standard smooth” if it admits a presentation as R[X1, . . . , Xn]/(f1, . . . , fm)
withm ≤ n in such a way that there is a choice ofm variables amongX1, . . . , Xn such that the
square m×m matrix of partial derivatives of the fi with respect to these m chosen variables
is invertible in Mm(S). The group also formalized a mathematically correct definition of a
relative elliptic curve over any base scheme.

Problem 12: functor of points, open subfunctors, and the representability
theorem

This group formalized the representability theorem https://stacks.math.columbia.edu/tag/01JJ
which says that if a sheaf F on the big Zariski site of a scheme is covered by representable
open subfunctors, then F is representable by a scheme. It was fully formalized in the math-
lib PR 14208. The group first worked on the statement of the theorem, which involves the
notion of “open subfunctor”. If f : F → G is a morphism of presheaves on a category C, we
shall say that f is representable if for all X ∈ C, and x ∈ G(X), the pullback of f and of
the morphism yX → G corresponding to x (where yX := Hom(−, X) is the Yoneda presheaf
of X) is representable by a certain object P . Then, any property of morphisms in C can be
turned into a property of morphisms f in the category of presheaves of sets on C by saying
that f is representable and all the induced morphisms P → X satisfy the given property. In
the case of open immersions of schemes, we obtain the notion of “open subfunctors”. Once
the representability theorem was stated, the main part of the proof consisted in the defini-
tion of a Scheme.GlueData structure, which is part of the mathlib API for gluing schemes
(e.g. when constructing pullbacks of schemes). The proof also uses some very recent addi-
tions to mathlib in the area of Grothendieck topologies (1-hypercovers and notions of locally
injective/surjective morphisms).


