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-

Introduction

-

Energy of a graph is a concept defined in 1978
and originating from theoretical chemistry.

In short, for an n-vertex graph GG with adjacency matrix A
having eigenvalues \{ > \o > ... > )\,
the energy E(G) Is defined as

B(G) =" I\l
1=1

It is related to the total w-electron energy in a molecule
represented by a (molecular) graph.

|
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If we would know some chemistry (I don’t):

Origins

Huckel molecular orbital theory (HMO),
m-electrons and their total energy E,
molecular orbital energy levels E;,

the HMO Hamiltonian operator H
molecular orbital occupation numbers g;

reasons why things are supposed the way they are

then we might fully appreciate the origin of graph energy.

But, does this matter?

o

|
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HMO is old
=

Actually, it does! T

In a private communication, Gutman claimed that the HMO
theory is nowadays superseeded by new theories that
provide better explanations and which do not make
unnecessary assumptions.

o |
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Limited applications

-

While HMO has the advantage of being simple
and while still used in theoretical chemistry papers,
it jJust won’t be used when it comes to

investing million$ in synthesizing new molecules.

Thus, the energy of a graph is a mathematical concept that
nowadays has LIMITED applications in theoretical
chemistry.

|
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The question

- N

Still, it is a challenging mathematical concept!
The leading open problem is:

Which graph on n vertices has the maximum energy?

The rest of the talk is organized as follows:
# Preliminaries
Trees are Ok

r
# Bounds
# Hyperenergetic graphs
I

Alternative energy definitions

o |
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Preliminaries

-

In the rest of the talk, we suppose:

#® ( Is a simple graph with »n vertices and m edges,
# having the adjacency matrix A = |a;;] and

#® the eigenvalues \; > X0 > ... > \,.

Two most basic eigenvalue properties are:

® > )\ = the number of closed walks in G of length ;

# |Interlacing: if H = G — u has eigenvalues
p1 > p2 > ... > lin—1, then

M UL Z A2 2> U2 >0 2 A1 2 =1 = M.

o |
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Preliminaries (2)

-

Special cases that will be needed later are:

» Ai=0.
ZA?sz.

And, as their conseguence,

Z )\z')\j — —m.

i<j



Energy of subgraphs
=

From the interlacing property it follows that
E(G—u) < E(G)

for any vertex u. The same inequality extends to any
iInduced subgraph of G.

On the other hand, it is not known under what conditions on
the edge e holds that

E(G - ¢) < B(Q).

o |
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Coulson Integral Formula

-

Let ¢(x) be the characteristic polynomial of G,

n

$(x) = det(\] — A) = aa" ™"

1=0

The Coulson integral formula (1940):

E(G) =+ / Z (n _ x% log gb(i:z:)) da

T



Coulson Integral Formula (2)

-

the Coulson integral formula

> dx

+(

Gutman gave alternative representation of

- (n/2]
(z

j=0

n/2]

2 (=

J=0

Energy of G

raphs

-

|
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Trees are Ok!

- N

If G Is acyclic, its characteristic and matching polynomials
are identical,

where my(G) IS the number of matchings of size k.
Further, if 77 and 75 satisfy
my(T1) > mp(T3) forallk=0,...,|n/2],

then, by the Coulson integral formula,

\— E(T1) > E(1T3). J
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Trees are Ok! (2)
- -

Comparing the trees by their matching numbers,
Gutman was able to show that

E(S,) < E(T) < E(P,), T2 Sy, Py,
where S,, is the star and P, Is the path on rn vertices.

Quite similarly, one can order bipartite graphs
by the coefficients of their characteristic polynomials
to get corresponding inequality between their energies.

Obtaining max energy trees/simple bipartite graphs is then
a matter of mastering the characteristic polynomials,
not an evidence of a deeper knowledge about the energy!

o |
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-

For example, the following special problems

Trees are OK! (3)

have been solved in this way:

9o

© o o o o o o o

max and min E. for trees with perfect matchings;

min E. for trees with a given maximum matching size;

max E. for trees with n vertices and max degree A;

min E. for trees with n vertices and max deg A > [2£L];
min E. for trees with n vertices and £ pendant vertices;
min E. for unicyclic graphs;

max E. for bipartite unicyclic graphs; 1]

max and min E. for hexagonal chains;

min E. for chains with polygons of 4n — 2 vertices. J
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Conjecture for unicyclic graphs

There exists a conjecture for max E among all unicyclic
graphs by Caporossi, Cvetkovic, Gutman and Hansen.

Let PY be the unicyclic graph obtained by connecting a
vertex of Cg with a terminal vertex of P,,_;.

Conjecture 1 Among unicyclic graphs on n vertices
the circuit C;, has maximum energy

ifn<7andn =29,10,11,13 and 15.

For all other values of n

the unicyclic graph with maximum energy is PY.

|
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Bounds

-

There is a number of simple (mostly lower) bounds
on the energy of graphs.

# McClelland’s bounds (1971):

\/2m +n(n —1)|det A|2/" < B(G) < vV2mn.

Upper bound : Apply the Cauchy-Schwartz inequality
to (1,1,...,1) and (|A\1|, |A2|,- .., |An]) tO get

E(G) < Vn Y A =+/nv2m = v2mn.

|
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Bounds (2)
-

Lower bound :Usesthe arithmetic-geometric meansinequality
2
£@) - (S ) =S 2 by
i i i<j

=2m +n(n — DAM(J\i)j]) > 2m +n(n — 1)GM(|\)]).

2/(n*—n) 2/(n%—n)
CMNMM)<r[MM) OIAﬂ1>

o |

Energy of Graphs — p.17/58



Bounds (3)

-

Caporossi, Cvetkovi¢, Gutman, Hansen (1999):

-

® F(G) > 24/m, equality for complete bipartite graphs

E*(G) =2m+2)  |\iAj| > 2m+2
1<

DA

1<J

= 2m~+2|—m| = 4m.

® FG) > 477", equality for complete multipartite graphs

A >0
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Bounds (4)

- N

# Gutman (2001): If G has no isolated vertices,
then E(G) > 2v/n — 1, with equality for stars.

G Is connected: m >n —1and E(G) > 2/m > 2v/n — 1,
equality for a complete bipartite graph having m = n — 1.

G Is disconnected with p components:
E(G) > 2(Vnmi—1+vVng—1+4...4/np—1)

> 2 /n—1+(p—1)2

In other words: Among n-vertex graphs without isolated
Lvertices, the star has minimum energy. J
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The Koolen-Moulton bounds

- N

The most informative bounds are those of:
# Koolen and Moulton (2001): If G has n vertices, then

# Koolen and Moulton (2003): If G has n vertices and it Is
bipartite, then

E(G )<\7n(f+\f)

They provide Iinfinite family of maximum energy graphs!

o |
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Strongly regular graphs
B -

A k-regular graph GG on n vertices Is strongly regular with
parameters (n, k, A\, u) If:

#® each pair of adjacent vertices has A\ common neighbors;

# each pair of non-adjacent vertices has ;. common
neighbors.

If » = 0, G Is a disjoint union of complete graphs.
If 1 > 1, the eigenvalues of G are k£ and the roots r, s of

22+ (u—Nz+ (u—Fk)=0.

The eigenvalue k£ has multiplicity one, whereas the
multiplicities m,. of » and m, of s can be found from

\— my, +ms=mn—1, k+ mqr 4+ mss = 0. J
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Edge version of the K-M bound

fTheorem 1 (K-M(2001)) If 2m > n and G Is a graph onn T
vertices with m edges, then the inequality

2m _ 2m 2]
BG) <24 | (n—1) |2m - (_)
n \ n
holds. Moreover, equality holds if and only if G is either

5 K9, Ky, or a non-complete connected strongly regular
graph with two non-trivial eigenvalues both with absolute

value /(2m — (22)2)/(n — 1).

o |
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Proof of the edge K-M bound

- N

First, we have that

n

Z A2 = 2m — A7,
i=2

Applying the Cauchy-Schwartz inequality to the vectors
(1,...,1)and (|A\2f, ..., | \n]) gives

>IN < \(n = 1)em = A3).
1=2

Hence

E(G) < A1+ /(0 — 1)(2m — A3

o |
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Proof of the edge K-M bound (2)

- N

The function

F(x)=x+ \/(n —1)(2m — 2?)

IS decreasing on the interval \/2m/n < x < +/2m, and since
2m > n,

Q_mgz_mé)\lgw/gm.
mn T

Hence, F'(\1) < F(2m/n) from which it follows that

E(G) < 27m—|—\(n—1) <2m (221)2)




Equality case in edge K-M bound
B -

From F(A;) = F(2m/n), it must hold that
)\1 = 2m/n.

From the Cauchy-Schwartz, it must hold that

om — (2m)°
)\i\/m G aci<n

Thus, G Is regular of degree 2m/n and either:
® G has 2 eigenvalues with equal abs. values: G = 5 Ko,

#® ( has 2 eigenvalues with distinct abs. values: G = K,

# ( has 3 eigenvalues with distinct abs. values: G is a
L non-complete connected strongly regular graph.
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Vertex version of K-M bound
fThe bound T

B(G) < gn(vi+1)

now follows from the previous inequality by noticing that
its right hand side—considered as a function of m—Is
maximized when

n? + ny/n

4

m

Equality holds for a strongly regular graph with parameters

(n, (0 ++v/1)/2, (n+2y/n) /4, (n +2/n)/4).

o |
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Infinite family of maximum energy graphs

F. De Clerck and H. Van Maldeghem, Some classes of rank 2 geometries, in: Handbook of

Incidence Geometry, Elsevier, Amsterdam/New York, 1995.

For each m > 1, there exists a semipartial geometry with
parameters

(2m—|—1 1 2m+2 om 2m—|—1(2m+1 o 1))
Its point graph is strongly regular with parameters (r = 2™+1)
(472, (1 = 1) 21+ 1), (t = 2)(t + 1), 7(T — 1)).
Its complement is also strongly regular with parameters

(472, 727 + 1), 7(7 + 1), (1 + 1)).

o |
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What Jack and Vince really hope for?

- N

The last sentence from their 2001 paper is:

Also, for given ¢ > 0 we suspect that

for almostall n > 1
there exists a graph G on n vertices for which

E(G) > (1—6)3(\/ﬁ+1).

o |
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Koolen-Moulton for bipartite graphs

- N

Using exactly the same proof technique and the fact
that bipartite graphs have symmetric spectrum, they get:

# energy bound depending on n and m

2m 2m

E(G) 32(7> +\(n—2) _2m—2(7>2_;

# energy bound depending on n only

E(G )<\7n(f+\f)

L # cases of equality characterized in both cases; J
# an infinite family of maximum energy bipartite graphs.
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Hyperenergetic graphs
fInitial conjecture (1978): T

Among graphs with n vertices the complete graph
K, has the maximum energy (equal to 2(n — 1)).

Soon disproved by Chris Godsil.

Definition. A graph G having energy greater than the
complete graph on the same number of vertices is called
hyperenergetic.

o |
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An Energy Experiment

- N

Gutman et al. 2 performed a useful experiment:

Start with K,,, add egdes one-by-one uniformly at
random, until end up with K.

Their main observation is:

The expected energy of a random (n, m)-graph first
Increases, attains a maximum £,,,, at some
m = my,q, and then decreases.

|. Gutman, T. Soldatovic, D. Vidovi¢, The energy of a graph and its size depen-
dence. A Monte Carlo approach, Chem. Phys. Lett. 297 (1998), 428—-432.

o |
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Dependence of the average energy

- N

<E>
80
60
40 -
20 -
°] m
! ' i i 1 ' T T T ¥ 1
0 100 200 300 400 500

Fig. 1. The dependence of the average energy <E> of graphs with # = 30 vertices on m = number of
edges; energies above the horizontal line correspond to hyperenergetic graphs.

Koolen, Moulton, Gutman, Vidovi¢, More hyperenergetic molecular graphs,

J. Serb. Chem. Soc. 65 (8) (2000), 571-575.
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Plenty of graphs are hyperenergetic

- N

They found the following approximate behaviour for
9 <n <30:

Q

Erar (0.733 £ 0.007)  1-3900.004.

Mimaz  ~ (0.47 £0.03) nt-87E002,
Compare with K,,:

Fx, = (2—2/n)n,
(0.5 —0.5/n) n°.

mg

n

Many, many graphs are hyperenergetic!

o |
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Hyperenergetic conference graphs

-

Koolen, Moulton, Gutman, Vidovi¢, More hyperenergetic molecular graphs,
J. Serb. Chem. Soc. 65 (8) (2000), 571-575.

Conference graph C'f Is a strongly regular graph
with parameters (n = 4t + 1,2t,t — 1, t). It has eigenvalues

(2t)

(2t)
o, L (1 _ Vit ¥ 1) o (1 FY/ T 1) |
2 2
and energy
E(Cf)=2t+2tvdt +1 = %(n—l)(\/ﬁJrl),

Lvery close to the Koolen-Moulton bound. J
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Hyperenergetic conference graphs
-

There are infinitely

many conference graphs,
for example, the highly
symmetric Paley graphs:
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Hyperenergetic line graphs

Hou, Gutman, Hyperenergetic Line Graphs, Match 43 (2001), 29-39.

Shown that if G has more than 2n — 1 edges,
then its line graph L(G) is necessarily hyperenergetic.

For example, if G Is a regular graph of degree r,

drc) (@) = (x+2)"" D 2q(z —r +2).

Eigenvalues of K,,: n — 1, —1(n—1),
Eigenvalues of L(K,,): 2n — 4, n — 4(n=1)  _on(n=3)/2,

Energy of L(Ky): 2n* —6n > n* —n —2 = E(K,,_1)/2).

o |
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Hyperenergetic circulant graphs

. N

Stevanovic, Stankovi¢, Remarks on hyperenergetic circulant graphs,
Linear Algebra Appl. 400 (2005), 345—-348.

® Shparlinski, On the energy of some circulant graphs,
Linear Algebra Appl. 414 (2006), 378—382.

Let Z,, be the residue ring modulo n, represented by

{1,....,n}.

For S C{1,...,|n/2]|}, the circulant graph C,(S) is a graph
whose vertices are elements of Z,,, with the vertex ¢ being
adjacent to verticesin (i — S) U (i + S).

Define C,,(S) as the complement of C,,(S), which is a
circulant graph C,(R), where R = {1,...,|n/2|}\ S.
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Hyperenergetic circulants (2)
B -

Start with a FALSE conjecture of Balakrishnan (2004):
K,, — H i1s NOT hyperenergetic, for a Hamilton cycle H.

Note that K,, — H = C,,({1}).

Let e(z) = e*™*, where 1 = /—1.
The eigenvalues of C,,(S) are given by

Ni(S)= ) e(js/n),  j=0,1,...,n—1L
seSU-8

1, ifn/2eS
Ao(S) = 2#S — ’
~ 0(5) i {O, otherwise

o |
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Hyperenergetic circulants (3)

-

9
—1—2(:osi]
n

n—1
BC.({1}) =n—3+3
7=1

This Is an integral sum:

-

o0 = 27 om
Z 1—2cos | / |—1—2 cos x|dx, n — 00.
n—1 i—1 n 0
Thus,
E(Cn({1 1 [ 13 4
lim (Calil})) = 14+— |—1—2cos x|dx = —\/_—l—— ~ 2.436.
n— o0 n—1 27 0 2 3

LHence, Cn({1}) is hyperenergetic for all n > ngy (= 10).

|
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Hyperenergetic circulants (4)

- N

Along the same lines by using the integral sums, one gets

Theorem 2 Foreach & = {kq,...,kn}, 3ng € N such that
Vn > ng, the graph C,(S) is hyperenergetic.

This reduces to show that

2T m
/ —I—ZQCOSkix dr > 2.
0 i=1

o |
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Hyperenergetic circulants (5)

- N

Since

2T m 2T m
/ —1—ZQCOS]€@'$ d:z:Z/ 1+22005kixdw:27r,
0 i—1 0

1=1

It remains to show that

m
max —1 — 2cos k;x > 0.
r€(0,2m7] zzzl !



-

Proof of the auxiliary fact
-

Proof by the Interlacing theorem: for £k = maxS and n > 4k,

circulant C,,(S) contains P, as an induced subgraph
(formed by the vertices u, u + k, u + 2k and u + 3k).

Thus, the second largest eigenvalue of C,,(S) is at least
the second largest eigenvalue of P, which is %\/3 ~ 0.618.

Therefore, for some jj It holds that

2 —1 H
_I—ZQCOS]C W]O _|2_\/_

o |
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Hyperenergetic circulants (6)

- N

Shparlinski improved previous theorem to show that

E(Cn({s1,-..,5m}))

lim > 1+ R2m,
N— 00 n
where
1 /1
= inf — E d
Ky #lzf{l:r o /. e(au)| da
ucel

with the infimum taken over all r-element sets i/ of integers.
By the Littlewood conjecture:

kr > Clogr

Lfor some absolute constant C' > 0 (one may take C = 4/7r3).J
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Constructions: circulants (7)

-

Much more important, Shparlinski gave
a construction of high energy circulants.

Let p be a prime number. Denote by D, the set of all
quadratic residues modulo p inthe set {1,...,(p —1)/2}.

Theorem 3 Forany primep=1 (mod 4), we have

E(Cpy(Dp)) =2 5(p—1)(Vp + 1).

DO | —

This is another type of graphs
that come close to the Koolen-Moulton bound!

|
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Sketch of the proof
-

—1Is a quadratic residue modulop =1 (mod 4)
= D, U =D, Is the set of all (p — 1)/2 quadratic residues

= #(DpU—-Dp) = (p—1)/2
= 20(Dy) = (p— 1)/2

Forj=1,...,p— 1 we have
1%
Ni(Dp)l = D elis/p) =5 Ze (ju®/p),
scD,U-D,

since for every quadratic residue s
the congruence s = u®* (mod p) has exactly two solutions.

|
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Sketch of the proof (2)

fThis IS a Gauss sum (Shparlinski says so...):

p—1 p—1 .
Z Z —1, Ifj €D
gu7/p) gu7/p) { —/p — 1, otherwise

u=1 u=0
Thus,
(D)) = { (BT, M7 eDs
5(v/p—1), otherwise.
Hence,

Vi—1 (=Dt 1)

(p=1)+ (-1 5 -
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Expected properties of max-energy graphs

- N

newGRAPH demo: the maximum energy graphs.

Property 1 : A maximum energy graph has diameter 2.

(Supported by Gutman’s experiment giving the large expected number of edges in such

graph.)

Property 2 . One large eigenvalue in the spectrum,
with the remaining eigenvalues concentrated and
more-or-less symmetrically placed in a small interval.
(Supported by the Koolen-Moulton bound.)

Conference graphs and quadratic residue circulants
have these properties as well.

o |
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Alternative energy definitions

- N

Maximum energy graphs seem to be hard to crack.

On the other hand,

there are other graph spectra in regular use.
Can they yield appropriate energy definitions
that will be easier to study?

Graph related matrices:

# Adjacency matrix A

# lLaplacianmatrix L=D — A

# Signless Laplacian matrix S = D + A (DragoS Cvetkovic)
r

Normalized Laplacian matrix L = I — D~1/24D~1/2 (Fan

L Chung) J
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How to extend the energy definition?

For A with eigenvalues A&, X4, ..., \‘, the energy is

EAZETL:

1=1

A

]

For L with eigenvalues M\, A\, ..., A\l the Laplacian energy
IS

n

EY=%"

1=1

)\L_Qm

¢ n

(Gutman & Zhou, 2006)

Note: The average of eigenvalues M\, Ay, ..., AL is 22,
The average of eigenvalues X&', X3!, ..., A4 is 0.

o |
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Energy of sequences and matrices

B

Thus, £4 and E* represent the
absolute deviation from the expected value.

Definition . The energy E* of a sequence a: aq, ao, ..., ay
with the average value a = ZT“ Is defined by

n

EQZZ’OJ@'—@‘.

1=1

Definition . The energy EM of a square matrix M is the
energy of the sequence of its eigenvalues.

n L}

LNote that the average of eigenvalues of M is &4 J
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Maximum Laplacian energy graphs

Conjecture. The maximum Laplacian energy among graphs

on n vertices has a pineaple PAPn;lHnglJ.

A pineaple PA, , Is a graph
obtained from the complete
graph K, by attaching ¢
pendant vertices to the
same vertex of K.

A
. e \ \\ e

-
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Maximum Laplacian energy (2)

- N

Pineaple PA, , appears to have nice Laplacian spectrum:

0,149, pP=2) p+ q].

(This should be an easy conjecture)

Maximum L.energy Is actually obtained for p being the
Integer closest to

n+4++/(n—2)2+3

This seems to always be [ZtH].

(Is the latter really true?)

o |
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Maximum Laplacian energy (3)

The second maximum o o o
L.energy graph is obtained /

from PA[QMW =y by P
re-attaching one pendant e AN
vertex to another vertex of RN
the complete subgraph. P Nay N

Among the first five L.energy  \\J~L\ | \ /17
graphs there are complete \ Y S <NX/
split graphs and pineaples |V Za N W
with parameters close to N\
optimal values.

newGRAPH demo: maximum L.energy graphs.

o

-

|
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Maximum signless Laplacian energy graphs

B

Conjecture. The maximum signless Laplacian energy among
graphs on n vertices has a complete split graph
Csl_nél—ljjl-Qng—l‘l .

A complete split graph C'S,, AT A
. . ’ . _,f',;,z"r .""' H-:‘.r f}q\}e{:\"xhj}éi ?{_’_: flll"‘ \!,,‘ '\\\\"\.\
- / s SN R A e L Y "
IS a graph obtained TN TR
el VAN ANY, VO T
f E— .f’/ 7 _x"&'if \-\ = ! a0y __:ﬂ
th I t h K |'I\':\;k:h.._h'_.f:-b._ ."l -~ "‘, ’{ ,n'! ™ 'l" __'_'_\,_—-";_,-‘I’.*n' 1
rom the complete graph K, INGLAL N\ RN
by adding ¢ new vertices [ ASIN] <A N
F Ve NS o b ! | VA T . \
each adjacent to each vertex YA aV AN Vara\\Y
Of K LT%Q‘» K /N /)"V?\\ 7\ ."'z"»
p ) \\\:\\\%;ﬁlﬁr#x" A v_/// ,"'II“ "\\I~ ‘\-‘\‘y x.' \'\..‘ .""{I "!.,\
:u.\__ S ,--"'*f "‘;—; \ﬁ RN \§ ‘:g;\
NS N NN\
VS 70N IS VA ” — ., \-\ '\\
\".l .*"l,af"'-;- 5 \_,\ . l."' ‘\.,\ / .“\ ___' \\\_\_\'.!'
,\&f; - \ .I' \_\\I‘ .': ) X.{\\h '.'l I‘."II‘ T 3%
'.‘ ."l ", ?, \,.‘\ II“I /
ANV/4 AN
Y ¥
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Maximum signless Laplacian energy (2)

- N

Lemma 1 The signless Laplacian spectrum of C'S, , IS:

3p+q—2—+/(p+q?2+4p—1)(¢—1)

|

2 9
p(q—1)7
p+q—2"Y,
3p+q—2+(p+q)?+4p—1)(q— 1)]
; |

Proof by straightforward expansion of |S — \I|.
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Maximum signless Laplacian energy (3)

- N

Among the first five s.L.energy graphs
all graphs are close to complete split graphs.

newGRAPH demo: maximum s.L.energy graphs.

o |
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Maximum normalized Laplacian energy

- N

While energy, L.energy and s.L.energy all have
the same order of magnitude,
the normalized Laplacian energy behaves differently:

It seems to be maximal for trees, and
It decreases as the edge density increases!

newGRAPH demo: maximum n.L.energy graphs.

o |
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Summary of tasks and problems
. Which graph on n vertices has maximum energy? T
2. Find a better way to apply the Coulson integral formula.

. Extend the Koolen-Moulton approach to graphs with
more than three distinct eigenvalues.

. Is it true, given ¢ > 0, that for almost all n» > 1 there
exists a graph G on n vertices for which

E(G) > (1 —e)g(\/m 1)?

. Prove that the pineaple PA[Qn;wLnglj has the maximum
Laplacian energy.

. Prove that the complete split graph CSLngleng_w has
the maximum signless Laplacian energy. J

Energy of Graphs — p.58/58



	Introduction
	Origins
	HMO is old
	Limited applications
	The question
	Preliminaries
	Preliminaries (2)
	Energy of subgraphs
	Coulson Integral Formula
	Coulson Integral Formula (2)
	Trees are Ok!
	Trees are Ok! (2)
	Trees are Ok! (3)
	Conjecture for unicyclic graphs
	Bounds
	Bounds (2)
	Bounds (3)
	Bounds (4)
	The Koolen-Moulton bounds
	Strongly regular graphs
	Edge version of the K-M bound
	Proof of the edge K-M bound
	Proof of the edge K-M bound (2)
	Equality case in edge K-M bound
	Vertex version of K-M bound
	Infinite family of maximum energy graphs
	What Jack and Vince really hope for?
	Koolen-Moulton for bipartite graphs
	Hyperenergetic graphs
	An Energy Experiment
	Dependence of the average energy�ootnotemark 
	Plenty of graphs are hyperenergetic
	Hyperenergetic conference graphs
	Hyperenergetic conference graphs
	Hyperenergetic line graphs
	Hyperenergetic circulant graphs
	Hyperenergetic circulants (2)
	Hyperenergetic circulants (3)
	Hyperenergetic circulants (4)
	Hyperenergetic circulants (5)
	Proof of the auxiliary fact
	Hyperenergetic circulants (6)
	Constructions: circulants (7)
	Sketch of the proof
	Sketch of the proof (2)
	Expected properties of max-energy graphs
	Alternative energy definitions
	How to extend the energy definition?
	Energy of sequences and matrices
	Maximum Laplacian energy graphs
	Maximum Laplacian energy (2)
	Maximum Laplacian energy (3)
	Maximum signless Laplacian energy graphs
	Maximum signless Laplacian energy (2)
	Maximum signless Laplacian energy (3)
	Maximum normalized Laplacian energy
	Summary of tasks and problems

