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@ The Busemann-Petty Problem

@ Intersection Bodies

@ The k-Generalized Busemann-Petty Problem
@ Low Dimensional Busemann-Petty Problem

@ First Generalization of Int-Bodies: k-Busemann-Petty
Bodies (BP}), Spherical Radon Transforms.

@ Second Generalization of Int-Bodies: k-Intersection Bodies
(Z{), Fourier Transforms of Homogeneous Distributions.

@ Relationship between BP} and Z}]. Are these families
equivalent?
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Busemann-Petty Problem

Notation: 0 < m<n
G7. - Grassmann manifold of m-dim linear subspaces of R".

Busemann-Petty Problem (1956)

Let K, L denote two convex symmetric bodies in R".
Assume VHe G]_; Vol,_1(KNH)<Vol,_1(LNH).

Does it follow that Vol, (K) < Vol, (L) 7

Emanuel Milman Generalized Intersection Bodies and Low Dim BP Problem



Busemann-Petty Problem

Notation: 0 < m<n
G7. - Grassmann manifold of m-dim linear subspaces of R".

Busemann-Petty Problem (1956)

Let K, L denote two convex symmetric bodies in R".
Assume VHe G]_; Vol,_1(KNH)<Vol,_1(LNH).

Does it follow that Vol, (K) < Vol, (L) 7

Series of results 1975-1999 (Ball,Bourgain,Gardner,
Giannopoulos,Koldobsky,Larman,Lutwak,Papadimitrakis,
Rogers,Schlumprecht,Zhang):

Answer: n <4 Yes, n> 5 No!
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Intersection Bodies

@ Key Observation (Lutwak, Gardner):
Answer to BP-problem is positive in R" iff every symmetric
convex body in R” is an Intersection Body.
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Intersection Bodies

@ Key Observation (Lutwak, Gardner):
Answer to BP-problem is positive in R" iff every symmetric
convex body in R” is an Intersection Body.

@ Intersection Bodies were introduced by Lutwak in 1975.
They belong to a larger class of bodies:
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Intersection Bodies

@ Key Observation (Lutwak, Gardner):
Answer to BP-problem is positive in R" iff every symmetric
convex body in R” is an Intersection Body.

@ Intersection Bodies were introduced by Lutwak in 1975.
They belong to a larger class of bodies:

@ K is called a (symmetric) star-body if Yx € K [0, x] € K and
its radial function py is continuous (and even).

o pk() =max{r>0;r6 c K}, 08" p =g,
|1 x]|,x = min{r > 0; x € rK} is Minkowski’s functional.
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Intersection Bodies

@ Key Observation (Lutwak, Gardner):
Answer to BP-problem is positive in R" iff every symmetric
convex body in R” is an Intersection Body.

@ Intersection Bodies were introduced by Lutwak in 1975.
They belong to a larger class of bodies:

@ K is called a (symmetric) star-body if Yx € K [0, x] € K and
its radial function py is continuous (and even).

o pk() =max{r>0;r6 c K}, 08" p =g,
|1 x]|,x = min{r > 0; x € rK} is Minkowski’s functional.

o Radial metric: d,(Ki, K2) = maXgegn-1 | ok, (8) — pi, (0)].
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Intersection Bodies

@ Key Observation (Lutwak, Gardner):
Answer to BP-problem is positive in R" iff every symmetric
convex body in R” is an Intersection Body.

@ Intersection Bodies were introduced by Lutwak in 1975.
They belong to a larger class of bodies:

@ K is called a (symmetric) star-body if Yx € K [0, x] € K and
its radial function py is continuous (and even).

o pk() =max{r>0;r6 c K}, 08" p =g,
|1 x]|,x = min{r > 0; x € rK} is Minkowski’s functional.

o Radial metric: d,(Ki, K2) = maXgegn-1 | ok, (8) — pi, (0)].

Definition
K int-body of L if px(8) = Vol,_4 (LN 6+) Vo € S"1.

K intersection-body if 3 {K;} int-bodies of {L;}, d,(Kj, K) — 0.
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Intersection Bodies (alternative definition)

Spherical Radon Transform:
R: Co(S™1) — Co(S™) R(F)(6) = /5 GG
n—1ng-L
R Mo(S™") = Mo [ aR'(di) = [ Ala)al

Easy to see that R*(g) = R(9), i.e. self-adjoint.
R is injective and (by duality) onto a dense subset.
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Intersection Bodies (alternative definition)

Spherical Radon Transform:

R: (™) = CalS™") RO = [ oy (6

R Mo(S™") = Mo [ aR'(di) = [ Ala)al

Easy to see that R*(g) = R(9), i.e. self-adjoint.
R is injective and (by duality) onto a dense subset.

Recall: K int-body of L iff px(6) = Vol,_1 (LN 6L) Vo € S 1.
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Intersection Bodies (alternative definition)

Spherical Radon Transform:

R: (™) = CalS™") RO = [ oy (6

R Mo(S™") = Mo [ aR'(di) = [ Ala)al

Easy to see that R*(g) = R(9), i.e. self-adjoint.
R is injective and (by duality) onto a dense subset.

Recall: K int-body of L iff px(6) = Vol,_1 (LN 6L) Vo € S 1.

Alternative Definition
K int-body of L iff px = chR(p]~') = R*(g) , g € Ce-(S"").

K intersection-body iff px = R*(du) , u € Me (S™1).

Notation: Z"= class of intersection bodies in R".
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k-Generalized BP Problem

k-Generalized BP Problem (Zhang, 1996)

Let K, L be convex symmetric bodies in R”, fix 1 < k < n-—1.
Assume VE € G)_, Vol,_x (KNE) <Vol,_x(LNE).

Does it follow that Vol, (K) < Vols (L) 7
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k-Generalized BP Problem

k-Generalized BP Problem (Zhang, 1996)

Let K, L be convex symmetric bodies in R”, fix 1 < k < n-—1.
Assume VE € G)_, Vol,_x (KNE) <Vol,_x(LNE).

Does it follow that Vol, (K) < Vols (L) 7

Zhang: Answer to k-generalized BP-problem in R" is positive iff
every symmetric convex body in R” is a "generalized int-body"
called k-BP body (BP}).
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k-Generalized BP Problem

k-Generalized BP Problem (Zhang, 1996)

Let K, L be convex symmetric bodies in R”, fix 1 < k < n-—1.
Assume VE € G)_, Vol,_x (KNE) <Vol,_x(LNE).

Does it follow that Vol, (K) < Vols (L) 7

Zhang: Answer to k-generalized BP-problem in R" is positive iff
every symmetric convex body in R” is a "generalized int-body"
called k-BP body (BP}).

Bourgain & Zhang (1998), Koldobsky (2000):
negative for1 < k < n-—4.
true for k = n— 1 (trivially).
open forn> 5k =n—3,n—2; low-dim BP problem.
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Low-Dimensional BP Problem

Denote d = n— k. Low-Dim BP Problem: n>5, d = 2, 3.

Assume VE € G Volg(KNE)<Voly(LNE).
Does it follow that Vol, (K) < Vol, (L) 7

Known positive answers:
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Low-Dimensional BP Problem

Denote d = n— k. Low-Dim BP Problem: n>5, d = 2, 3.

Assume VE € G Volg(KNE)<Voly(LNE).
Does it follow that Vol, (K) < Vol, (L) 7

Known positive answers:

@ Zhang (96): d = 2,3; any L; K convex body of revolution,
i.e. invariant under O(n—1) < O(n).
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Low-Dimensional BP Problem

Denote d = n— k. Low-Dim BP Problem: n>5, d = 2, 3.

Assume VE € G Volg(KNE)<Voly(LNE).
Does it follow that Vol, (K) < Vol, (L) 7

Known positive answers:

@ Zhang (96): d = 2,3; any L; K convex body of revolution,
i.e. invariant under O(n—1) < O(n).

@ Generalized by Rubin (07) to K with more general axial
symmetries - invariant under O(m) x O(n — m).
Similar result by Koldobsky-Kénig-Zymonopoulou.
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Low-Dimensional BP Problem

Denote d = n— k. Low-Dim BP Problem: n>5, d = 2, 3.

Assume VE € G Volg(KNE)<Voly(LNE).
Does it follow that Vol, (K) < Vol, (L) 7

Known positive answers:

@ Zhang (96): d = 2,3; any L; K convex body of revolution,
i.e. invariant under O(n—1) < O(n).

@ Generalized by Rubin (07) to K with more general axial
symmetries - invariant under O(m) x O(n — m).
Similar result by Koldobsky-Kénig-Zymonopoulou.

@ Bourgain & Zhang (98): d = 2; L Ball; K any small convex
perturbation of Ball.
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Low-Dimensional BP Problem

Denote d = n— k. Low-Dim BP Problem: n>5, d = 2, 3.

Assume VE € G Volg(KNE)<Voly(LNE).
Does it follow that Vol, (K) < Vol, (L) 7

Known positive answers:

@ Zhang (96): d = 2,3; any L; K convex body of revolution,
i.e. invariant under O(n—1) < O(n).

@ Generalized by Rubin (07) to K with more general axial
symmetries - invariant under O(m) x O(n — m).
Similar result by Koldobsky-Kénig-Zymonopoulou.

@ Bourgain & Zhang (98): d = 2; L Ball; K any small convex
perturbation of Ball.

@ Generalized by M. (05) to d = 2,3; any L; K any small
perturbation of Ball, to an extent depending on its
curvature.
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BPy, - first generalization of Z" by Zhang
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BPy, - first generalization of Z" by Zhang

Spherical m-dim Radon Transform:

An: Ca(S™") = O(GR) An(N(E) = [ Fe)doe()

R: - M(GD) — Me(S™) /SM 9Rn(du) = /G Rm(9)du

More concretely:

Ara)®) = | a(E)eE.
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BPy, - first generalization of Z" by Zhang

Spherical m-dim Radon Transform:

An: Ca(S™") = O(GR) An(N(E) = [ Fe)doe()

R: - M(GD) — Me(S™) /SM 9Rn(du) = /G Rm(9)du

More concretely:

Ara)®) = | a(E)eE.

KeI« px=R(dy) peMe(S™)
= Rh_¢(du)  pe Mi(Gpy)
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BPy, - first generalization of Z" by Zhang

Spherical m-dim Radon Transform:

An: Ca(S™") = O(GR) An(N(E) = [ Fe)doe()

R: - M(GD) — Me(S™) /Sn1 9Rn(du) = /G Rm(9)du

More concretely:

Ara)®) = | a(E)eE.

KeI« px=R(dy) peMe(S™)
= Rh_¢(du)  pe Mi(Gpy)

Definition of (Zhang)

n k * n
K € BPk <= px = Rp_x(dp) 1€ My(Gp_y)




BPy, - first generalization of Z" by Zhang

Spherical m-dim Radon Transform:

RAm: Ce(S"™") — C(GR) Rm(f)(E) = /SMQE f(€)dae(€)

Ryt M(GP) — Me(S") /Sn1 9Rm(du) = /G Rm(g)du
More concretely:
Ru@)0) = | a(E)eE
0cEcGy,

R is injective but its image is not dense in C(G),) for
1 <m< n—1,so Ker Ry, # 0in this range.

Definition of (Zhang)

K € BP; <= pi = Ry_i(dp) 1€ Mi(Gp_y)

v
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k-Generalized BP problem and BP}

k-Generalized BP Problem (Zhang, 1996)

Let K, L be convex symmetric bodies in R”, fix 1 < k < n—1.
Assume VE € G]_, Vol, «(KNE)<Vol, x(LNE).

Does it follow that Vol, (K) < Vol, (L) 7

Zhang: Answer to k-generalized BP-problem in R" is positive iff
every symmetric convex body in R” is in BP}. More precisely:
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k-Generalized BP problem and BP}

k-Generalized BP Problem (Zhang, 1996)

Let K, L be convex symmetric bodies in R”, fix 1 < k < n—1.
Assume VE € G)_, Vol, «(KNE)<Vol, x(LNE).

Does it follow that Vol, (K) < Vol, (L) 7

Zhang: Answer to k-generalized BP-problem in R" is positive iff
every symmetric convex body in R” is in BP}. More precisely:

Thm (Zhang 1996, generalizing Lutwak,Gardner for k = 1)

@ If K € BPj, then positive answer to k-generalized
BP-problem in R” for any star-body L.

o If L ¢ BP}, Lis sufficiently smooth and strictly convex, then
there exists a convex perturbation K of L for which
negative answer to k-generalized BP-problem.
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Proof of Positive Part

We are given Vol,_x (KN E) < Vol,_« (LN E) VE € G},_, and:
K € BPR <= pi = Ry k(du)  p€ M(G]_y)
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Proof of Positive Part

We are given Vol,_x (KN E) < Vol,_« (LN E) VE € G},_, and:
K € BPR <= pi = Ry k(du)  p€ M(G]_y)

Vol (K
OC( ):/ p%dUZ/ i pldo
n Sn—1 Sn—1
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Proof of Positive Part

We are given Vol,_x (KN E) < Vol,_« (LN E) VE € G},_, and:
K € BPR <= pi = Ry k(du)  p€ M(G]_y)

VoI(K):/ pKda—/ K ol do
Sn—1 Sn—

/ Rn k(p dH—Cn k/ VOIn k(KN E)du(E)
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Proof of Positive Part

We are given Vol,_x (KN E) < Vol,_« (LN E) VE € G},_, and:
K € BPR <= pi = Ry k(du)  p€ M(G]_y)

() _ / = [ ik
Sn—1 Sn—

= / Rn k(p dH—Cn k/ VOIn k(KN E)du(E)

IN

Gh«
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Proof of Positive Part

We are given Vol,_x (KN E) < Vol,_« (LN E) VE € G},_, and:
K € BPR <= pi = Ry k(du)  p€ M(G]_y)

() _ / = [ ik
Sn—1 Sn—

= / Rn k(p dH—Cn k/ VOIn k(KN E)du(E)

IN

Ghk

K
Sn—1 Sn—1 Sn—1

n—k
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Proof of Positive Part

We are given Vol,_x (KN E) < Vol,_« (LN E) VE € G},_, and:
K € BPR <= pi = Ry k(du)  p€ M(G]_y)

() _ / = [ ik
Sn—1 Sn—

= / Rn k(p dH—Cn k/ VOIn k(KN E)du(E)

IN

Ghk

- [ ko ( /SM W) ~ ( /SM pKda)“
- (2)7 ()
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7/ - second generalization of Z" by Koldobsky

Recall:
K int-body of L <= p(6) = Vol,_ (L N 9L) v e 8"

— %Voh (K N EL) = Vol,_1 (LNE) VE € GI_,
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7/ - second generalization of Z" by Koldobsky

Recall:
K int-body of L <= p(6) = Vol,_ (L N 9L) v e 8"

— %Voh (K N EL) = Vol,_1 (LNE) VE € GI_,

Definition of = (Koldobsky)

K k-int-body of L <—-

Vol, (KN ELY) =Vol, «(LNE) VE e G"_
n—k

K k-int-body (Z}/) if limit in the radial-metric.
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7/ - second generalization of Z" by Koldobsky

Definition of = (Koldobsky)

K k-int-body of L <—-

Vol (KN ELY) =Vol, «(LNE) VE e G"_
n—k

K k-int-body (Z/) if limit in the radial-metric.
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7/ - second generalization of Z" by Koldobsky

Definition of = (Koldobsky)

K k-int-body of L <—-

Vol, (K N EL) =Vol,_« (LNE) VEe G"_,

K k-int-body (Z/) if limit in the radial-metric.

@ 7} played important role in unified solution to BP-problem
(Gardner Koldobsky Schlumprecht 99).

@ In some sense an extension of L7 to L?  (Koldobsky).

@ Natural to describe using Fourier Transforms of
homogeneous distributions (Koldobsky):

K eI < (|| >0
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Fourier Transforms of Homogeneous Distributions

Given f € C(S" "), p > —n, denote its (locally integrable)
homogeneous extension to R” \ {0} of degree p:

Eo(f)(r6) = f(O)r* r>0,0¢c S" 1,
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Fourier Transforms of Homogeneous Distributions

Given f € C(S" "), p > —n, denote its (locally integrable)
homogeneous extension to R” \ {0} of degree p:

Eo(f)(r6) = f(O)r* r>0,0¢c S" 1,

E/(f) = Fourier Transform of E,(f) as distribution,
i.e. for any test function ¢:

(E(1).0) = (Enlf).0") = | Enlf)o"
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Fourier Transforms of Homogeneous Distributions

Given f € C(S" "), p > —n, denote its (locally integrable)
homogeneous extension to R” \ {0} of degree p:

Eo(f)(r6) = f(O)r* r>0,0¢c S" 1,

E/(f) = Fourier Transform of E,(f) as distribution,
i.e. for any test function ¢:

(E(1).0) = (Enlf).0") = | Enlf)o"

Facts:
@ Ep(f)is homogeneous distribution of degree —n — p.
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Fourier Transforms of Homogeneous Distributions

Given f € C(S" "), p > —n, denote its (locally integrable)
homogeneous extension to R” \ {0} of degree p:

Eo(f)(r6) = f(O)r* r>0,0¢c S" 1,

E/(f) = Fourier Transform of E,(f) as distribution,
i.e. for any test function ¢:

(E(1).0) = (Enlf).0") = | Enlf)o"

Facts:
@ Ep(f)is homogeneous distribution of degree —n — p.
@ In general, Ej(f) is not a locally integrable function nor
even a measure on R".
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Fourier Transforms of Homogeneous Distributions

Given f € C(S" "), p > —n, denote its (locally integrable)
homogeneous extension to R” \ {0} of degree p:

Eo(f)(r6) = f(O)r* r>0,0¢c S" 1,

E/(f) = Fourier Transform of E,(f) as distribution,
i.e. for any test function ¢:

(E(1).0) = (Enlf).0") = | Enlf)o"

Facts:
@ Ep(f)is homogeneous distribution of degree —n — p.
@ In general, Ej(f) is not a locally integrable function nor
even a measure on R".
elf—-n<p<O0andfe C®(S" ) then
Ep(f) € C(R"\ {0}), and abusing notation
E}(f) e C=(S"T).
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Some Properties of the Fourier Transform

Thm (Koldobsky)
@ Parseval Formula: for any nice f,g, 0 < g < n,

E"4(£)(0)g(0)do(0) = /S ~ (O)EZ4(9)(0)do(8),

Sn—1

so EX, = (E/g)* is “self-adjoint".
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Some Properties of the Fourier Transform

Thm (Koldobsky)
@ Parseval Formula: for any nice f,g, 0 < g < n,

E"4(£)(0)g(0)do(0) = /S ~ (O)EZ4(9)(0)do(8),

Sn—1
so EX, = (E/g)* is “self-adjoint".
@ Integration on Perpendicular subspaces: For any nice f,

/ fdos, = Oy / EN(f)doy VH e G,
Sn—1nHL Sn—1nH

s0:
lo Ry = dykRn—k o EX

where: /: C(GI) — C(G"_,) I(f)(H) = f(H").
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Connection of Z; to Fourier Transforms

Thm (Koldobsky)

Kef = (1) >0

Remarks:
@ D is non-negative distribution if (D, ¢) > 0 forall ¢ > 0.
@ A non-negative (tempered) distribution is a (tempered)
non-negative Borel measure.
@ R.H.S. makes sense for non-integer 0 < k < n.
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Connection of Z; to Fourier Transforms

Thm (Koldobsky)

Kelf = (|l >0

Idea of Proof:
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Connection of Z; to Fourier Transforms

Thm (Koldobsky)

Kelf = (|l >0

Idea of Proof:

Kep “«=" Vol (KNE") =Vol, «(LNE) VE € G,
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Connection of Z; to Fourier Transforms

Thm (Koldobsky)

Kelf = (|l >0

Idea of Proof:

Kep “«=" Vol (KNE") =Vol, «(LNE) VE € G,

—  c(loR)(pl) = CrkBRa-k(p] ™)
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Connection of Z; to Fourier Transforms

Thm (Koldobsky)
Kelf = (|l >0

Idea of Proof:

KeIl! “«—" Volx (KNE*Y)=Vol,_x(LNE) YE e GI_
k n—k

—  ck(loRk)(pk) = chkRn_ (Pl “

On the other hand, by integration on perpendicular subspaces:
(1o R (o) = (1o R)(II1lx") = dhnxRa—x((II-]1)")
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Connection of Z; to Fourier Transforms

Thm (Koldobsky)
Kelf = (|l >0

Idea of Proof:

KeIp “<=" Volg(KNEL) =Vol, «(LNE) VE € G"_,
k

—  ck(loRk)(pk) = chkRn_ (Pl “

On the other hand, by integration on perpendicular subspaces:

(1o R)(pl) = (1o Ri)(I1lx") = iRk ((II-1)")
By the injectivity of R,_:

Cn—k pnfk
5 PL
Ckdn k
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Convex Bodies and 7

Thm (Gardner-Koldobsky-Schlumprecht 99)

{Convex symmetric bodies in R"} C ZJ iff n—3 < p < n.
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Convex Bodies and 7

Thm (Gardner-Koldobsky-Schlumprecht 99)

{Convex symmetric bodies in R"} C ZJ iff n—3 < p < n.

Proof based on the formula (g > 0):

(1N E) = K8

Ak e(t) =Volp_q (KN {tE+ &1}, A%’,)g its fractional derivative.
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Convex Bodies and 7

Thm (Gardner-Koldobsky-Schlumprecht 99)

{Convex symmetric bodies in R"} C ZJ iff n—3 < p < n.

Proof based on the formula (g > 0):

(1N E) = K8

Ak e(t) =Volp_q (KN {tE+ &1}, A%’,)g its fractional derivative.

@ When g < 2, this depends only on the usual first two
derivatives of Ak .
@ When K is (symmetric) convex, by Brunn’s Thm Ak ¢ is

(even) concave function, so Aﬁ(zv),é(O) <0, A%,)g(o) =0,
A2.(0) > 0, hence (|1 ?)" > Ofor p>n—3,
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Convex Bodies and 7

Thm (Gardner-Koldobsky-Schlumprecht 99)

{Convex symmetric bodies in R"} C ZJ iff n—3 < p < n.

Proof based on the formula (g > 0):

(1N E) = K8

Ak e(t) =Volp_q (KN {tE+ &1}, A%’)g its fractional derivative.

@ When g < 2, this depends only on the usual first two
derivatives of Ak .

@ When K is (symmetric) convex, by Brunn’s Thm Ak ¢ is
(even) concave function, so Aﬁ(zv),é(O) <0, AE&(O) =0,
ARL(0) > 0, hence (-|¢")" = 0 forp > n—3.

@ Convexity does not control higher order derivatives, and
indeed for s > 2, (7 ¢ 77 for p < n— 3. Same for cylinders.
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Relationship between BP}, Z}

Two generalizations of Z":
© K€ BP} <= |-k = pk = Ry_k(dn) neM(G]_y)
o KeIZf — (|) =0
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Relationship between BP}, Z}

Two generalizations of Z":
© K€ BP} <= |-k = pk = Ry_k(dn) neM(G]_y)
o KeIZf — (|) =0

Thm (Koldobsky 00): BP} C Z7.
Proof (M. 05):
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Relationship between BP}, Z}

Two generalizations of Z":
© K€ BP} <= |-k = pk = Ry_k(dn) neM(G]_y)
o KeIZf — (|) =0

Thm (Koldobsky 00): BP} C Z7.
Proof (M. 05):

lo Rk = dy xRk o E"
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Relationship between BP}, Z}

Two generalizations of Z":
© K€ BP} <= |-k = pk = Ry_k(dn) neM(G]_y)
o KeIZf — (|) =0

Thm (Koldobsky 00): BP} C Z7.
Proof (M. 05):

lo Rk = dy xRk o E"
Dualizing:

(o Rk)" = dn,k(Efk)* oR;, k= dn,kEfk o Ry«
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Relationship between BP}, Z}

Two generalizations of Z":
© K€ BP} <= |-k = pk = Ry_k(dn) neM(G]_y)
o KeIZf — (|) =0

Thm (Koldobsky 00): BP} C Z7.
Proof (M. 05):

lo Rk = dy xRk o E"
Dualizing:
(1o Ri)* = dnk(EL)" o Ry = dnkELy o Ry
Soif K € BP, i.e. |||k = R:_,(dp), u >0,

(11" = EX o Ry_i(dp) = dy k(1o Re)*(dp) > 0,
hence K € Z}/.
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Negative Part of k-Generalized BP problem

Thm (Gardner-Koldobsky-Schlumprecht 99)
{Convex symmetric bodies in R"} C ZJ iff n —3 < p < n.

Thm (Koldobsky 00)

BPy; C I}
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Negative Part of k-Generalized BP problem

Thm (Gardner-Koldobsky-Schlumprecht 99)
{Convex symmetric bodies in R"} C ZJ iff n —3 < p < n.

Thm (Koldobsky 00)

BPy; C I}

Cor (Bourgain-Zhang 98, Koldobsky 00)
Negative answer to k-Generalized BP problem for k < n — 3.
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Negative Part of k-Generalized BP problem

Thm (Gardner-Koldobsky-Schlumprecht 99)
{Convex symmetric bodies in R"} C ZJ iff n —3 < p < n.

Thm (Koldobsky 00)
BPy; C I}

Cor (Bourgain-Zhang 98, Koldobsky 00)
Negative answer to k-Generalized BP problem for k < n — 3.

Proof: By GKS there exists a convex symmetric K ¢ 7} (say /3,
s > 2, or cylinder), and since BP} C Z then K ¢ BP}; now
conclude by Zhang’s Thm.
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Negative Part of k-Generalized BP problem

Thm (Gardner-Koldobsky-Schlumprecht 99)
{Convex symmetric bodies in R"} C Zj iff n —3 < p < n.

Thm (Koldobsky 00)

BPj Cc I}

Cor (Bourgain-Zhang 98, Koldobsky 00)
Negative answer to k-Generalized BP problem for k < n— 3.

Cor - Complete solution to BP problem

k = 1 — Positive answer to BP problem iff n < 4.
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Negative Part of k-Generalized BP problem

Thm (Gardner-Koldobsky-Schlumprecht 99)
{Convex symmetric bodies in R"} C Zj iff n —3 < p < n.

Thm (Koldobsky 00)

BPj Cc I}

Cor (Bourgain-Zhang 98, Koldobsky 00)
Negative answer to k-Generalized BP problem for k < n— 3.

Cor - Complete solution to BP problem

k = 1 — Positive answer to BP problem iff n < 4.

Proof: Negative part as above.
Positive part since 7 = BPY = 1"; conclude by Lutwak’s Thm.
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Equivalence of BP} and Z/

@ Koldobsky 00: Question - BP) = Z/?
Positive answer would imply positive answer to Low-Dim
BP problem (n — k = 2, 3) (but not conversely!)
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Equivalence of BP} and Z/

@ Koldobsky 00: Question - BP) = Z/?
Positive answer would imply positive answer to Low-Dim
BP problem (n — k = 2, 3) (but not conversely!)

Reason:
GKS: {Convex symmetric bodies in R"} C Z}! iff k > n— 3.
if BP) =1/ fork=n—-3,n—2:

{Convex symmetric bodies in R"} ¢ BP]_5, BPp_».
Zhang: implies positive answer to Low-Dim BP problem.
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Equivalence of BP} and Z/

@ Koldobsky 00: Question - BP) = Z/?
Positive answer would imply positive answer to Low-Dim
BP problem (n — k = 2, 3) (but not conversely!)

Reason:
GKS: {Convex symmetric bodies in R"} C Z}! iff k > n— 3.
if BP) =1/ fork=n—-3,n—2:

{Convex symmetric bodies in R"} ¢ BP]_5, BPp_».
Zhang: implies positive answer to Low-Dim BP problem.

BPj = 7} is an interesting question, with potential Geometric
consequences.
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Plan for the rest of the talk

Plan:
@ Motivation why BP} = I} (already know BP} C Z7).
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Plan for the rest of the talk

Plan:

@ Motivation why BP} = I} (already know BP} C Z7).
@ Th. (M. 07): BPy #I7forn>4,2<k <n-—2.

Emanuel Milman Generalized Intersection Bodies and Low Dim BP Problem



Plan for the rest of the talk

Plan:

@ Motivation why BP} = I} (already know BP} C Z7).
@ Th. (M. 07): BPy #I7forn>4,2<k <n-—2.
So no Geometric consequences, but rather analytical ones.
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Identical Structures of BP},Z}

Th. (M. 05): for C = BP,Z (using different methods):

@ (] closed under full-rank linear , k-radial
(of = P, + plk,), limit in radial metric.
Q C7=1",Cl | = {symmetric star-bodies in R"}.
Q Let K; €Ci,KoeCpand/ =k +hk <n-1.
If pl = pl,% pl;é L € Cl. As corollaries:

O CiNCLcCh ifkit+hk<n—1.

@ C7 C (] if k divides | (open: k < 1?)

© IfK ecland p, = pli' then L e Cl for | > k.
Q IfKeClthen KNE e ¢ for E € G, and m > k.
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Identical Structures of BP},Z}

Th. (M. 05): for C = BP,Z (using different methods):
@ (] closed under full-rank linear , k-radial
(of = P, + plk,), limit in radial metric.
Q C7=1",Cl | = {symmetric star-bodies in R"}.
Q Let K; €Ci,KoeCpand/ =k +hk <n-1.
If pl = ,02 pl;é L € Cl. As corollaries:
O CiNCLcCh ifkit+hk<n—1.
@ C7 C (] if k divides | (open: k < 1?)
© IfKecpandp, = pl/' then L el for | > k.
Q IfKeClthen KNE e ¢ for E € G, and m > k.

(1) and (2) well-known and basically follow from defs.

For C = 7, (3) independently noticed by Koldobsky.

For C = BP, (4) and (3-2) for k = 1 were proved by Grinberg
and Zhang.
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Th. (M. 07): BP] #Z7forn>4,2<k <n-—2.
In fact, we construct C* body of revolution in I} \ BPj}.

Emanuel Milman Generalized Intersection Bodies and Low Dim BP Problem



Th. (M. 07): BP] #Z7forn>4,2<k <n-—2.

In fact, we construct C* body of revolution in I} \ BPj}.
Proof relies on:

Th. (M. 05): The following are equivalent:
o

BP} ¢ I}
Q 39 € C™(G]_,), R;_«(9) > 1and (/o R)*(g) > 1,but g is
not non-negative functional on R,_x(C(G]_,)):
Jh e Rp_«(C(G]_,))+ st. ng_k 9(E)h(E)dn(E) < 0.
(where /: C(GJ) — C(G"_,) I(f)(E) = f(E1))
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Th. (M. 07): BP] #Z7forn>4,2<k <n-—2.
In fact, we construct C* body of revolution in I} \ BPj}.
Proof relies on:
Th. (M. 05): The following are equivalent:
o
BPi ¢ I}
Q 39 € C™(G]_,), R;_«(9) > 1and (/o R)*(g) > 1,but g is
not non-negative functional on R,_x(C(G]_,)):
Jh e Rp_«(C(G]_,))+ st. ng_k 9(E)h(E)dn(E) < 0.
(where /: C(GJ) — C(G"_,) I(f)(E) = f(E1))
Idea of Proof: construct g € C*(Gj_,) in (2) invariant under

natural action of O(n — 1) < O(n), by analyzing the action of
Rn—x and R;_, on functions of revolution.
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Th. (M. 07): BP] #Z7forn>4,2<k <n-—2.
In fact, we construct C* body of revolution in I} \ BPj}.
Proof relies on:
Th. (M. 05): The following are equivalent:
o
BP; & I}
Q 39 C*(G] ), R:_,(g9)>1and (/o Rx)*(g) >1,butgis
not non-negative functional on R,_x(C(G]_,)):
Jh e Rp_«(C(G]_,))+ st. ng_k g(E)h(E)dn(E) < 0.
(where /: C(GJ) — C(G"_,) I(f)(E) = f(E1))
Idea of Proof: construct g € C*°(G]_,) in (2) invariant under
natural action of O(n — 1) < O(n), by analyzing the action of
Rn—x and R;_, on functions of revolution.

© Dual statement (non-constructive!)
Rn_k(C(8" 1))+ 2 Rnk(C(S"1)) + 10 Re(C(S™T)).




Additional formulations using Fourier Transforms

Thm (Grinberg-Zhang 99, generalizing k = 1 Goodey-Weil 95)

K € BPj iff K can be approximated in radial-metric by K;:
Pl =g+ ...+ pk , where &;; are ellipsoids.
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Additional formulations using Fourier Transforms

Thm (Grinberg-Zhang 99, generalizing k = 1 Goodey-Weil 95)

K € BPj iff K can be approximated in radial-metric by K;:
Pl =g+ ...+ pk , where &;; are ellipsoids.

Equivalently

BPjy is the smallest family (containing the Euclidean Ball) which
is closed under full-rank linear transformations, k-radial sums
(of = Pk, + plk,), limit in radial metric.
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Additional formulations using Fourier Transforms

Thm (Grinberg-Zhang 99, generalizing k = 1 Goodey-Weil 95)

K € BPj iff K can be approximated in radial-metric by K;:
Pl =g+ ...+ pk , where &;; are ellipsoids.

Equivalently

BPjy is the smallest family (containing the Euclidean Ball) which
is closed under full-rank linear transformations, k-radial sums
(of = Pk, + plk,), limit in radial metric.

Corollary

BP; Cc I}
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Additional formulations using Fourier Transforms

Thm (Grinberg-Zhang 99, generalizing k = 1 Goodey-Weil 95)

K € BPj iff K can be approximated in radial-metric by K;:
Pl =g+ ...+ pk , where &;; are ellipsoids.

Equivalently

BPjy is the smallest family (containing the Euclidean Ball) which
is closed under full-rank linear transformations, k-radial sums
(of = Pk, + plk,), limit in radial metric.

Corollary

BP; Cc I}

p’,‘(i = pgn 4= ook pg, _is well defined for arbitrary k # 0.
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Additional formulations using Fourier Transforms

Thm (Grinberg-Zhang 99, generalizing k = 1 Goodey-Weil 95)

K € BPj iff K can be approximated in radial-metric by K;:
Pl = pE  + ...+ pk , where &;; are ellipsoids.

o Note: E_(1) = |||Ip%, T € PD(n) T(E_(1)) = H'HETK-
@ For1 <k<n-—1,EN(1)=bpkE_n k(1) >0.
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Additional formulations using Fourier Transforms

Thm (Grinberg-Zhang 99, generalizing k = 1 Goodey-Weil 95)

K € BPj iff K can be approximated in radial-metric by K;:
Pl = pE  + ...+ pk , where &;; are ellipsoids.

o Note: E_(1) = |||Ip%, T € PD(n) T(E_(1)) = H'HETK-
@ For1 <k<n-—1,EN(1)=bpkE_n k(1) >0.
e If T € PD(n), T(E_x(1))" = det(T)T~1(E~, (1)) > 0.
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Additional formulations using Fourier Transforms

Thm (Grinberg-Zhang 99, generalizing k = 1 Goodey-Weil 95)

K € BPj iff K can be approximated in radial-metric by K;:
Pl = pE  + ...+ pk , where &;; are ellipsoids.

e Note: E_(1) = |ll|p¥, T € PD(n) T(E_(1)) = |Il|z¥.
@ For1 <k<n-1,E"(1)=bpkE_nik(1) > 0.
e If T € PD(n), T(E_x(1))" = det(T)T-1(E",(1)) >0
Equivalent formulation to BP} = Z}:
If f € C3°(S" 1) satisfies f > 0 and E”(f) > 0, is f the limit of
L1 Ti(E_«(1)), Ti € PD(n) ?
(to see equivalence, write f = pf = ||-||,}k )
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Additional formulations using Fourier Transforms

Thm (Grinberg-Zhang 99, generalizing k = 1 Goodey-Weil 95)

K € BPj iff K can be approximated in radial-metric by K;:
Pl = pE  + ...+ pk , where &;; are ellipsoids.

e Note: E_(1) = |ll|p¥, T € PD(n) T(E_(1)) = |Il|z¥.
@ For1 <k<n-1,E"(1)=bpkE_nik(1) > 0.
e If T € PD(n), T(E_x(1))" = det(T)T-1(E",(1)) >0
Equivalent formulation to BP} = Z}:
If f € C3°(S" 1) satisfies f > 0 and E”(f) > 0, is f the limit of
L1 Ti(E_«(1)), Ti € PD(n) ?
(to see equivalence, write f = pf = ||-||,}k )

Answer:No,forn>4and2 < k <n-2.
(Yes for k = 1 (Goodey & Weil) and k = n—1).
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