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Even multipliers (direct formula):

(1/2)n((d—k)/2)n T(QA/2F((k—-1)/2)

u

ad k.2n — (k/2)n((d — C\B: 20 (k/2)

n=01,2.

with Pochhammer symbol

()n=2z(z+1)---(x+n—-1), () =1.
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For the odd multipliers, earlier results of Paul Goodey (based on
partial integration and recursion formulas for Legendre polyno-

mials) yield a

recursion formula for the odd multipliers:

Cn+d+1)Cn+d+2)2n+k+3)(4n+d+2)agionts
— (2n+2)2n+3)2n+d—k+1)(4n+d+ 6)agiont1
+ (4n+d+ 3?@1 2k 4 2)n2 + 2(d + 4)(d — 2k + 2)n
+ 4d? + 5d — Tdk — 2k + 6 }ag k 2nt3

with initial values

BA



Consequences for odd multipliers (d # 4):

o for k < &.w|m_ we have agf ont+1 >0 (injectivity)

o for k> 29+t the agp 0,41 alternate in sign (injectivity)

£

o for k =241 we have a4y 3 =0 (non-injectivity)



Theorem. Let K, M C RY be star bodies and 2 < k< %41 or

mﬁI <k<d-—1, ford# 4 (respectively k=2, for d = 4). If

WWANU.V “WF.Ab\&U.vU
then K = M.

On the other hand, fori= 1,2, ..., there are star bodies K #= M
in R3+1 with

S0i+1(K, ) = Fpi41(M, ).

There is also a corresponding Stability Theorem in case of convex
bodies K, M.
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he multipliers of M

e For even functions f, we have Em.\,, = bm\.._ hence the even
multipliers g 2n, OF Em are equal to ag o, and hence pos-
itive.

e For the odd multipliers, we hope again for a recursion for-
mula!



By definition (with Legendre polynomials to obtain special spher-
ical harmonics),

Yhkin = 07 PA((u, ) (z)dx (for fixed L € L, u € L).

Sd-1nLNut

Using the connection coefficients nm”w: between Legendre poly-

nomials in dimensions d and k,
d—2 d—k
i!@?lmﬁv._.wlmvs_ A w vsl: h |m|v3 @IB:IMS

Cn,m (k —2)m!(n — 2m)! AWV A (d —2),

(and the well-known eigenvalues of [Jz), one gets
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n—1
Yagont1 = D F(m,n)
mz=0)
with
i |

P g AIHV3\3+HMA3 —m) Mww HI 2+ &) AWWJS nm%_‘rﬁ
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To see here a recursion formula, we need a miracle!
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___miracle... = Recursion formula

p(n)Vd ke 2n+5 = a(n)Vdk2n+1
+ (n+2)2n+d)(4n+ d+ 4)e(n)Vak2n+3

where

p(n) =(n+1)2n+d)2n+d+1)(2n+d+2)
. 2n+Ek+3)4n+d+2)

a(n) =2(n+1)(n+2)(2n+3)(2n+d+2)
(2n+d—k+1)(4n+d+ 6)

e(n) = 4(d — 2k — 2)n? +2(d + 4)(d — 2k — 2)n
Lid LB -5k -8
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initial values are (apart from 451 = 0)

S 2Hd+2)
Lo m R

and
4(d+ 4)(2d — Bk — 3)

1ak5 T T2 1Yk + 1ik+3)
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Theorem. Let K, M C R% be convex bodies and 2 < k < 2%=2 or
d2<k<d-1. F

@nH,wANU v s ﬂfﬁ.ﬁzu .vg

then K, M are translations of one another.

On the other hand, for i = 1,2,
K # M in R>T4 with

..., there are convex bodies

vy 2i41(K, ) =71 2i+1(M, ).



The miracle (Zeilberger's Algorithm)

The recursion formula is found with Zeilberger's algorithm (com-
puter package).

Recall that
n—1
Vakon+1 = D F(m,n)
m=0
with

1

ey m)(2n — 2m + k) AMVSIS d k
| Aw e Hv GMSA_IH;S
M TL=—TIL

F(m,n) ;= (=1)"
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Zeilberger's algorithm produces a rational function R(m,n) and
expressions a(n),e(n),p(n) such that

a(m)F(m,n) + (n+2)(2n+d)(4n +d + 4)e(n)F(m,n+ 1)
—p(n)F(m,n+2) = F(m+ 1,n)R(m + 1,n) — F(m,n)R(m,n)

Summing over m = 0,...,n, the right-hand side gives 0, hence
the left-hand side yields the recursion formula.

fuo
N
P



R(m,n) is a product r(m,n)s(m,n) with

m(2n —2m + 1)(1 +n)(2 + n)(3 + 2n)

r(m,n) = T S —m 4 ) (3 — 2m + 2n) (5 — 2m + 2n) (k — 4m + 4n)(d + 2n)
(d—2m+4n)(d+2n)(1 +d+2n)(2+d+ 2n)

Wt am—DA+d+ 202+ d+2n)A + k—2m+2n)(3+k — 2m + 2n)
2n+k—2m—-1)(2+k—2m+2n)

8 Awu_lwkM3+h3vmb+wlw3+bSVA®+wIM§+h§VAm+w1M5+b3v

s(m,n) := —64(4 4+ d + 4n)te(n)m® + 32ts(n)m> — 16ta(n)m* + 8t3(n)m>
— 4ty(n)m? + 2t1(n)m — to(n)

Here, the t; are polynomials in n (depending on the fixed values
d, k) and the main task of the algorithm is to find these.
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A= m

Consider
R(k,n) = r(k,n)s(k,n)
with .
r(k,n) = k(2n — 2k + 1)(1 +n)(2 +n)(3 + 2n)

(n—k)(L — k+n)(3 — 2k + 2n)(5 — 2k + 2n)(j — 4k + 4n)
(d — 2k + 4n)(d + 2n)(1 + d + 2n)(2 + d + 2n)
(d+2n—1)(d+2n)(1+d+2n)(2+d+2n)(1+j-2k+2n)(3+j—2k+2n)
(2n+ j — 2k — 1)(2 + j — 2k + 2n)
2+ ] — 2k + 4n) (4 + j — 2k + 4n)(6 + j — 2k + 4n)(8 + j — 2k + 4n)

X

X
(
and

s(k,n) = —64(4 + d + An)tg(n)k® + 32t5(n)k° — 16t4(n)k" + 8t3(n)k®
— Aty (n)k® + 2t1(n)k — to(k,n)

with

tg(n) = —12 — 6d + 2d? + d® + 85 + 2dj — d°j — 32n + 8dn + 4d?n — 16n? + 8dn?,

ts(n) = —1056 — 1040d — 20d? + 170d° + 26d* + 8647 + 354dj — 43d”j + 6d®j + 4d*j + 1285°
+ 54dj? — 13d%j2 — 4d3;? — 4640n — 1728dn + 824d*n + 328d°n + 16d*n + 1424jn
+ 432djn + 20d%jn + 22d%jn + 1607%n + 8dj*n — 20d°5°n — 7040n® + 256dn” + 1200d*n*
+ 136d%n? + 560n2 + 328djn? + 60d%jn? + 32j*n? — 16dj°n? — 4480n® + 1408dn®
+ 416d%n® + 64jn® + 160djn® — 1024n® + 512dn* + 645n’,

ta(n) = —9936 — 11636d — 838d> + 1796d° + 274d" + 90645 + 2936dj — 272d%5 + 439d°%j
+88d45 + 276452 + 1060ds% — 235d%5% — 25d°%52 -+ 6d*52 + 1724° + 56d;° — 27d’5°
— 6d°* — 50256n — 29144dn + 7312d%n + 4708d°n + 348d*n + 20952;jn + 6168djn
+1922d%jn + 948d3jn + 54d%jn + 52525%n + 858dj%n — 278d%j%n + 14d%j%n + 2205°n
— 38dj°n — 36d%j%n — 95424n® — 15664dn® + 17672d°n? + 3768d°n® + 108d*n”
+ 158565n° + 8512djn? + 3392d%jn? + 420d%jn? + 2952j%n® + 168dj*n® — 20d%j°n®
+324%n? — 52dj°n? — 86848n3 + 11744dn® + 12608d%n® + 944d°n® + 5312jn® + 7136djn
+1320d%jn® + 624570 + 120dj?n® — 165°n® — 38400n* + 13440dn* + 2880d°n* + 2240jn*
+ 2240djn* + 1605°n* — 6656n° -+ 3328dn° + 896;n°,

y=-n L



ts(n) = —50880 — 66000d — 7700d* + 9210d° + 1460d* + 47312 + 11666dj — 7d*j + 4494d°j
+750d%j + 2251252 + 8220dj® — 1300?52 + 325d%52 + 108d*;2 + 27285 + 836d;°
— 382d%5% — 51d%5° + 4d*5® + 88j* + 14dj* — 23d%* — 4d°j* — 288704n — 217216dn
+ 26720d°n + 31320d%n + 2876d*n + 1428805n + 39240djn + 22144d%jn
+ 11956d° jn + 944d'jn + 583687%n 4 13560dj*n — 176d%j*n + 912d°5%*n
+ 66d*5%n + 51285°n — 12dj°n — 572d%5°n — 10d°;°n + 88;n
~ 68dj'n — 28d%j'n — 648704n? — 225696dn? 4 111664d°n* + 37320d%n?
+ 1840d*n? + 1620005n2 + 81008djn? + 47712d%n? + 9736d°jn? + 292d*jn?
+ 542887%n? + 10928dj?n? 4 2328d%j%n? + 452d° j°n? + 26245°n? — 792dj°n?
— 156d%5°n? — 325%n? — 56dj*n® — 752384n® — 29184dn® + 1271684°n®
+ 18752d°n® + 384d*n® + 93056jn° + 96192djn® + 34048d%jn® + 2496d°jn’
+ 240005%n® + 7424dj%n® + 1280d%5°n® + 2245°n® — 208d;°n® — 32;%n°
— 480768n* + 94848dn* + 59904d*n? + 3392d*n* + 412165n* + 55712djn*
+ 8048d2jn* + 73605%n* + 2560d;°n* — 161792n° 4 60416dn® + 10240d*n®
+ 194564n° + 12160djn® + 17925%n5 — 22528n® + 11264dn® + 4864;n°,



ta(n) = —147552 — 202744d — 32812d? + 23974d° + 4069d* + 1290965 + 23084dj + 5892d%; + 19396d°;
+ 3042d% + 8654052 + 31782d5? — 1364d%52 + 3588d°;% + 699d*5* + 15488;° + 4692d5°
— 1744d%3% + 3d%5° + 56d*5% + 9605* + 138dj* — 241d%j* — 33d°5* + a*;* + 125°
— 4dj® — 7d?%° — d®§° — 927712n — 826016dn + 21728d*n + 103492d°n + 11152d"'n
+ 490552jn + 128168djn + 109306d%jn + 63988d°jn + 5898d*jn + 290004;%*n
+ 85534dj%n + 13788d%5%n + 9910d°j%n + 870d*5%n + 39432;5°n + 4132d°n
— 2644d%5°n + 278d°5°n + 34d*5°n + 1496j*n — 640dj*n — 390d*5'n
— 14d35*n — 455n — 30dj°n — 8d%5°n — 2393792n? — 1224816dn? + 321288d*n’
+ 167008d%n? + 11088d*n? + 7579045n? + 368608djn* + 279168d%jn? + 75212d" jn’
+ 8736d*n? + 38295252n? -+ 113176d;j°n? + 35376d%5°n® + 8324d%5°n® + 268d*5°n?
+ 346487°n? — 940d;°n? — 624d%5°n? + 184d%5°n® + 184;%n? — 940dj*n?
— 132d2j*n? — 327°n? — 20dj°n® — 3334464n°® — 685600dn® + 553920d*n®
1 127792d%n® + 4768d*n® + 6381125n° + 566592djn® + 283680d%jn® + 37760d°jn?
+ 776d%jn® + 2641605%n> + 99840d;°n® + 27648d%52n® + 2208d°j%n® + 127205°n3
— 336d5°n® + 288d%5°n® — 5125n® — 280dj*n® — 1655n® — 2737664n"
+116096dn* + 412480d°n* -+ 46880d°n* + 752d*n* + 3656965n* + 465024djn*
+129792d%jn* + 6896d°jn* + 115584;5%n* + 53248d;%n* + 7072d%*n* + 27205°n*
+ 560di°n* — 1605'n* — 1336320n° + 320000dn® 4 145152d*n® + 6656d°n®
+ 181632jn° + 193152djn° + 22368d%jn® + 38208;5°n° + 11936dj%n® + 704;5°n°
— 361472n° + 141056dn® + 19840d%nS + 704005n° + 32000djn’ + 72965°n°
— 41984n7 + 20992dn” + 128005n7,



t1(n) = (~225984 — 322480d — 69080d° + 28780d° + 5474d* + 173968 + 20632dj + 19876d°] + 381784°;
+ 58267 + 15688042 + 61844dj® + 7482d%5° + 11726d%j% + 1918d*52 + 36908;° + 118164
— 2487d%§® + 904d37° + 244d*5® + 3296;* + 448dj* — 766d%5* — 63d°j* + 10d*5*
+ 845° — 28dj° — 49d%5° — Td®4® — 1570880n — 1577056dn — 95664d’n + 1595684°n
+ 10988d*n + 8126245n + 211240djn + 250652d%jn + 153026d%jn + 15524d*jn
+ 65872072n + 242232dj%n + 72348d%j%n + 38108d%5n + 3648d*5%n + 1221005°n
+ 24382dj°n — 1808d%§%n + 2770d°5%n + 300d*7°n + 72565n — 1732dj*n
— 1548d%j%n — 28d%j%n + 6d*5*n + 20550 — 226dj°n — 84d%5°n
— 4d%j%n — 4590592n? — 3015552dn? + 340624d°n? + 336888d°n? + 27792d*n?
+ 1628352702 + 813632djn? + 734616d%jn? + 236104d%jn? + 15140d*jn? + 11506405°n°
+ 443944d5%n? + 168552d%5%n? + 44556d°j2n® + 2284d*j*n® + 155784;°n? + 21352d5°n®
+ 4828d%5%n? + 2492d%%n? + 92d%5°n? + 3944j%n? — 4052dj*n? — 900d°5*n?
+ 12d%5%n? — 2405°n? — 260dj°n® — 32d%;°n? — 7444608n® — 2705152dn”
+1023392d%n® + 355232d°n3 + 18608d*n® + 18639367n° + 1544000djn® + 958144djn’
+ 176272d%5n® + 6432d%jn® + 11042245°n° + 492256d;°n® + 168096d°5°n’®
+ 22496d312n® + 472d**n® + 991365°n® + 16432d;°n° + 6288d%5°n® + 704d%;%n’
— 11364%n3 — 2336dj*n® — 120d%j*n® — 2405°n® — 80d;j°n® — 7397888n*
— 836864dn? + 1124864d*n* + 200384d°n* + 6048d°n® + 1414656;5n* + 1619200djn*
+ 641792d%jn® + 64064d%jn* + 10084 jn 4 66662452n* + 340224d5°n* + 77952d%*n’
+ 4176d%52n* + 378245%n* + 11296d5°n® + 2016d%53n* — 13125'n* — 336d;'n*
— 6455n* — 4655104n° + 454656dn° + 623872d°n°® + 57984d°n® + 768d'n°
+ 812800;n° + 964736djn® + 217152d%jn® + 9120d%jn® + 282624;5n° + 133120d;°n®
+ 13888d25%n° + 117125°n° + 3296d;°n® — 1925%n® — 1826816n° + 492544dn°
+ 175360d%n® + 6784d°n® + 370688jn° + 307712djn® + 29568d%jn’ + 84224 5%n°
+ 22144d5%n8 + 24325°n°® — 411648n” 4 165888dn” + 19968d*n + 114688;n”
+ 40960djn” + 128005%n" — 40960n® + 20480dn® + 16384;n®,



to(n) = —140544 — 208704d — 58272d” + 10704d® + 2616d* + 90624 + 5424dj + 1903245 + 27876d°j
+ 4194d%j + 10756852 + 48448d5? + 15064d?5% + 12652d%5? + 1893d"52 + 30936, + 11296d;°
+ 178d%5% + 1804d%7° + 336d*5® + 34565* + 536dj* — 652d%5* + 14d%5* + 21d%5*
+ 1205° — 40dj° — 70d?3° — 10d%5° — 1084800n — 1203680dn — 177712d°n + 84920d°n
+ 12868dn + 51056051 + 136816djn + 214840d*jn + 133604d°jn + 14484d*jn
+ 55348835 + 254352dj°n + 106360d%5%n + 48678d%5%n + 4880d*j%n + 1296325°n
+ 39580d;°n + 7418d%53n 4 5900d°5°n + 626d*5°n + 10416;5*n — 808dj'n
— 1576d%j%n + 108d35%n + 26d*j*n + 1285%n — 356dj°n — 1784%j°n
— 14d*55n — 3575680n2 — 2827168dn® — 22832d°n? + 239176d°*n? + 24084d*n?
+ 1284000502 + 689328djn? + 713240d%jn? + 257700d°jn? + 19408d*jn® + 12272324%*n?
+ 597704d5°n? + 260460d%5°n? + 72928d°1%n? + 4656d*5°n? + 2235125°n? 4 63052d;°n’
+ 20496d%5°n2 + 6956d°5°n? + 388d45°n? + 104485*n? — 4072dj*n? — 1208d*j*n?
+ 136d%§4n? + 8d*5n? — 3285°n? — 636dj°n? — 140d%5°n® — 4d*§°n?
— 6651136n° — 3409984dn® + 564608d*n? + 336368d°n” + 22656d*n> + 1908544;n
+ 1580672djn® 4 1133488d?jn® 4 2569284 n® + 12688d" jn® + 15421445%n® -+ 811536dj%n®
+ 312704d%5%n® + 53552d°7%n® + 1952d*%n® + 2073125°n® + 6339245°n’
+ 22480d%5°n® + 3584d%5°n® + 80d*73n® + 2784;%n® — 3872dj*n® — 208d%;%n?
+ 48437 n® — 624550 — 400d;°n® — 32d°;°n® — 7754240n* — 2072576dn*
+ 094944d%n* + 264256d°n® + 11488d'n? + 18841605n* + 2022016djn? + 9956484° jn’
+ 140320d% in* + 4064d*jn* 4 12290565%n* + 687936d;%n"* 4- 202016d2;°n*
+19392d%%n* + 304d*5%n* + 1178245°n* + 441284d;%n* + 11360d*5°n* + 6884°1°n*
— 13444%n* — 1120dj*n* + 64d?j*n* — 3525°n* — 80d;°n* — 5927936n°
— 301568dn® + 809728d*n® + 118272d°n® + 3008d*n® + 1330688;n° + 1551104djn®
+ 498432d%jn® + 40000d>jn® + 512d*jn® + 6673925%n® + 363648dj°n® + 67968d>5%n®
+ 2784d%°n® + 472325°n° + 18880d5°n® + 2208d%5*n® — 6405*n® — 645°n5 — 3000320n°
+ 409088dn® + 358656d*n® 4 28288d°n® + 320d'n® + 70502451 + 715520djn®
+ 134016d*jn® + 4672d%jn® + 2565125°n® + 110208;%n® + 9408d%5%n® + 14208;%n°
+ 3520d;°n® — 978944n" 4 285696dn” + 83968d°n" 4 2816d°n’ + 275456417
+ 184320djn" + 15104d%jn” + 655367%n" + 14592dj%n” + 23045°n" — 188416n®
+ 77824dn® + 8192d*n® + 696325n® + 20480djn® + 81925%n® — 16384n° + 8192dn® + 8192jn°.



