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What I mean by “computing cohomology”

By “computing cohomology”, I mean com-
puting Ext” (M, N) where A is an algebra
and M and N are A-modules. The an-
swer might be returned as a module over
Ext®y (M, M) or over some object that you
know. Or if you are doing something like
Ext’ (M, M), it might be given by genera-
tors and relations (a presentation).

[ do NOT mean computing Ext}q(M , N)

or Ext?q(M , N). These might be very in-
teresting and important, but the methods
involved in the computation of low dimen-
sional cohomology, in general, are very dit-
ferent. It is not my intention to discuss
them here.



Basic definitions

Suppose that A is an algebra over a field
k., which for computing purposes will be as-

sumed to be finite. Let M and N be A-

modules. Let
P—P—F—M—0
be a projective resolution of k. So then for
any kG-module N,
Ext’3(M,N) = H"(Hom4(Px, N))
In the case that A = kG for G a finite
eroup and M = k, we have that

H*(G, N) = Ext!(k, N) = H"(Homye( Py, N))
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A cohomology element ¢ € Ext” (M, N)
is represented by a chain map

I Pn Pn—l
i |<N
o Q1— Qo ——N 0.

Cup product can be computed as compo-
sition of chain maps.

Ext* (M, N)®Ext* (L, M) — Ext* (L, N)




Trick No. 1: First reduce
to the basic algebra

The point is that if you have an algebra
that is small enough that you can think
about computing cohomology in some sort
of direct way, then it is small enough that
you can compute the basic algebra. If A is
a finite dimensional algebra, then the basic
algebra of A is End 4(P) where P = ) P;
is a direct sum of the indecomposable pro-
jective modules (one of each isomorphism
class). The basic algebra B is also isomor-
phic to eAe where e is a sum of primi-
tive idempotents, one for each isomorphism
class of irreducible modules.

The point is that B is Morita equivalent
to A. So they have the same module the-
ory and the same cohomology. Hence com-
puting in the basic algebra is equivalent to
computing in the algebra.
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Trick No. 2: Only compute cohomology
of irreducible modules

If M isirreducible, then we can compute a
minimal projective resolution ( Pk, e) of M.
Now if V is also irreducible we have that

Hom A(Py, N) = Ext’y(M, N).
Thus we don’t have the problems of com-

puting coboundaries and taking the quo-
tients of cocycles by coboundaries.



Cohomology rings of p-groups
A little history — what’s available:

Larry Lambe (stand alone — perturbation
method — this is the oldest implementation
that I know about.)

Me and my students (available in MAGMA
— uses linear algebra)

David Green (stand alone — uses noncom-
mutative Groebner bases)

Marcus Bishop (available GAP — uses lin-
ear algebra)

Graham Ellis (available in GAP — pertur-
bation method)



So suppose that G is a p-group. Then kG
is a local ring and is isomorphic to its own
basic algebra. So we can

(1) compute a minimal projective resolu-
tion of the trivial module k&,

(2) get chain maps for the generators of the
cohomology and

(3) compute the relations among the gen-
erators.



Trick No. 3: Never let the
computer know that you are

computing an A-resolution.

The machine should always think that you
are only doing linear algebra.

Now a demonstration
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Stable elements

Suppose that P is a Sylow p-subgroup of
(G and then somehow you have computed
H*(P, k). Then H*(G,k) C H*(P, k) is
the subring of stable elements. It consists
of all ¢ € H*( P, k) with the property that

cg(resp(Q)) = respa(C)
for all g € G and () € P. That is, the
diagrams
H*(P, k)
= =
H*(Q, k) H*(9Q, k)

must all commute.

This technique has been used many times
but has never been well implemented.
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Basic algebras and Ext algebras

For the more general E'xt functor, there is
a basic algebras package in MAGMA that
is optimized for homological algebra opera-
tions like

(1) projective resolution,
(2) module complexes,

(3) chain maps,

(4) homology of complexes.

Klaus Lux has written a similar thing for

GAP (7), and in fact, his package will do
things like the Ext algebra, meaning Ext’ (M, M)
where M is the direct sum of the simple
modules. The MAGMA package could eas-

ily be adapted to compute the Ext algebra

and it is on my list of things to do.
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There are two problems associated with
this.

(1.) How do you get the basic algebra from
the algebra that you are studying?

If the algebra is given as a matrix algebra
over a finite field, then there is a package in
MAGMA that will give you a condensed al-
gebra which can be easily made into a basic
algebra. For other algebras there are meth-
ods, but nothing that is well implemented.

(2.) When do you know that you are done?

For H*(G, k) there is an elaborate scheme
for knowing when the computation is done
(recently refined by a theorem of Dave Ben-
son). For Ext algebras this is more of a
ouess.
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Varieties and Quillen categories

Assume that k is algebraically closed. The
cohomology ring H*(G, k) is a finitely gen-
erated k-algebra and has a maximal ideal
spectrum Ve (k).

For example, suppose that G = (Z/pZ)"
is an elementary abelian group of order p".
Then

H*<G7 k) g k[Cl? © 7<n] ® A(7717 ¢ 7777L)
if p > 2, and

H*(G, k) = K[C1, - - -,
if p = 2. Here deg((;) = 2, deg(n;) = 1
when p > 2 and deg((;) = 1 when p = 2.

In both cases, we have that Viy(k) = k",
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For another example, suppose that p = 2
and G is a dihedral group of order 8. We
have that .

H*(G, k) = k[z,y,7]/(2y)
where deg(z) = deg(y 3{: 1 and deg(z) =

2. So in this case Viz(k) is a union of two
(twisted) planes.
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More generally we have the following. Let
EA denote the collection of all elementary
abelian p-subgroups.

Theorem 1. (Quillen) For any finite group
G we have that

Va(k) = Upegaresg p(Ve(k))

In fact, £EA is a category with the inclu-
sion and conjugation maps being the mor-
phisms. Quillen’s theorem really says that
Vi (k) is the limit over this category.

What is the Quillen category for a finite
oroup of Lie type? Can we describe it in
any generality”



