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The model theory of first order stable groups is well developed, see [3, 4]. The
aim for the group working on stable groups was to generalize some of the ideas about
stable groups to the setting of metric structures. In particular, we concentrated on:
0.1. Question. Let (G, ·) be an ω-stable metric group. Is every type-definable subgroup of G definable?
Some tools from stable group theory are easy to generelize. For example the
existence of generic types in the setting of metric structures is proved in [1].
b be the
0.2. Example. Let (X, B, µ) be an atomless probability space and let B
b ∪, ∩,c , , , µ, d) is ωcorresponding measure algebra of events. The structure (B,
stable and it has a definable group operation: the symmetric difference. Entropy,
a notion from probability theory, is an additive rank with values in

well defined

b 4, . . . ) every typefor types and it characterizes non-forking. In the structure (B,
definable subgroup is definable (see [2]). The generics correspond to elements of
maximal entropy.
b and d(a, b) = d(a · c, b · c). From
Note that in the example above for a, b, c ∈ B
now on, we assume that the group operation is distance preserving. That is, for
(G, ·) a stable group, we require that for a, b, c ∈ G, d(a · c, b · c) = d(a, b).
b The structure
0.3. Example. Let σ be a generic automorphism of the structure B.
b ∪, ∩,c , , , µ, σ, d) is not ω-stable, but it is ω-stable up to perturbations of the
(B,
b : σ(a) = a}. Clearly F ix(σ) is a typeautomorphism. Let F ix(σ) = {a ∈ B
definable subgroup. The type ”σ(x) = x ∪ µ(x) = 1/2” can be omited and thus
F ix(σ) is not definable.
The previous example shows that the question of definability of type-definable
subgroups has a negative answer when we allow perturbations.
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0.4. Lemma. Let (G, ·, . . . ) be a metric group and let H be a type-definable normal
subgroup. Then the quotient group (G/H, ·) is a metric structure.
Proof. First we define an induced metric on the quotient.
0

For a, b ∈ G, let

0

d (aH, bH) = inf{d(ah1 , bh2 ) : h1 , h2 ∈ H}. Note that d (aH, bH) = d(b−1 a, H)
and thus d0 (aH, bH) = 0 iff aH = bH. It is easy to see that d0 satisfies the triangle
inequality and that (G/H, d0 ) is complete.



One of the main obstacles in proving results about stable groups is that there is
no single global rank that captures forking. In the ω-stable case, there is a family
of ordinal valued Morley ranks RM for every  > 0 and in the superstable case
there is a family of Lascar ranks SU for every  > 0 also with ordinal values. In
these settings, when a type forks, there is  > 0 such that the -rank decreases, but
as we consider forking chains, the values  may vary. On the other hand, for (G, ·)
is an ω-stable group, a type p ∈ S1 (G) is generic if and only if it has maximal RM
for every ; and the quotient G/G0 is a compact group.
We were also missing more examples of metric groups. In Example 0.2 every
element has order 2. Ofcourse, every compact metric group is stable and so is its
product with the measure algebra of a probability space. Is there a way to build
examples of metric non-compact groups from compact metric groups?
0.5. Example. Consider S 1 , the unit circle, where we measure the distance between
two points as the angle between them. Consider now G = Πi∈ω S 1 . With the
product topology G is again a compact group. Instead, let us define, for f, g ∈
G, d(f, g) = supn∈ω d(f (n), g(n)). The structure (G, ·, d) is a metric group, for
f, g, h ∈ G, d(f, g) = d(f · h, g · h).
Claim The structure (G, ·, d) is not stable.
Let fn ∈ G be such that fn (n) = π, fn (m) = π/4 for n 6= m. Let gn (k) = 0 for
k ≤ n, gn (m) = π/4 otherwise. Then d(fn , gm ) = π for n < m and d(fn , gm ) = π/4
for n > m. The sequence {(fn , gn ) : n ∈ ω} shows that (G, ·, d) has the order
property.
The argument above also works for any other compact group G that contains a
triangle, three points a, b, c ∈ G such that d(a, b) > d(a, c), d(a, b) > d(b, c)
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0.6. Definition. A complete theory T is said to be truly continuous if for every
M |= T , the set {(x, y) : x, y ∈ M, x 6= y} in NOT closed.
0.7. Lemma. There is no truly continuous field.
Proof. Assume that F is an ℵ1 -saturated continuous field. Then {(x, y) : x 6= y} =
{(x, y) : ∃z(x − y)z = 1} is a closed set and thus T h(F ) is not truly continuous.



Since there are no truly metric fields, one expects a modular behavior among
truly metric groups.
0.8. Conjecture. Let (G, ·, . . . , d) be a metric group and let T = T h(G, ·, . . . , d).
Assume that T is truly continuous. Then (G, ·, . . . ) is abelian-by-compact.
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