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Perturbations of metric structures

o Changing a classical structure (without changing the
underlying set) consists of changing some predicate from
“True" to “False” (or vice versa).
= Changing by "little" = not changing at all.

@ A continuous predicate/function can be changed by a little,

e.g., by no more than € > 0.
= Notions of small perturbations of metric structures.
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Formal definition [Ben]

A perturbation system p for T consists of a family of [0, co]-valued
metrics dy., on S,(T), such that:

Each dy, , is lower semi-continuous (i.e., (S,(T),dp) is a
topometric space).

dp,n is invariant under permutations of n.
Let m: Spy1(T) — Sn(T), p€Sa(T), g € Spya1(T):
dp,n(P, m(q)) = dpnt1(7 7 (P), q)

If b+# c: dp2(tp(aa), tp(bc)) = oo.
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Definition

A bijection f: M — N is a p(r)-perturbation if for all 3 € M:

dy(tp((3)), tp(3)) < r.

The set of all p(r)-perturbations is denoted: Pert,, (M, N).

By UC a perturbation is always uniformly continuous.

Letae M, be N. TFAE:

o dy(tp(3), tp(b)) < r.
o I(M' = M,N" = N, € Perty,,(M', N'))(6(3) = b).

This allows us to specify a perturbation system p by specifying
Perty() (M, N) for all M, N, r (they must satisfy some
conditions. . .)
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Example (Trivial perturbation system: id)

0 =
did(p,q)z{oo o i Perta( (M, ) = Iso(M, )

Example (Banach Mazur distance)

T = Banach spaces (with no additional structure).
0 € Pertgyr)(E, F) if : E — F is a linear bijection and:

ek vlle™ <o) < [lvile".
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Example (Perturbation of a new symbol

T = an L-theory, £/ = LU{P(X)}, p a perturbation system for T.
pp = p + perturbation of P:

0 e Pertp(,)(M, N),
0 € Perty,()((M, P),(N,P)) <= < and for all b€ M :
|PM(B) — PN(8(B))| < r

v

Same can be done with a finite tuple P of new symbols. A
function symbol f(X) can be replaces with G¢(x,y) = d(f(%),y).
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Example (Perturbation of a new symbol

T = an L-theory, £/ = LU{P(X)}, p a perturbation system for T.
pp = p + perturbation of P:

|

0 e Pertp(,)(M, N),
0 € Perty,()((M, P),(N,P)) <= < and for all b€ M :
|PM(B) — PN(8(B))| < r

v

Same can be done with a finite tuple P of new symbols. A
function symbol f(X) can be replaces with G¢(x,y) = d(f(%),y).
~~ Perturbations of the automorphism in (M, o).

~ Perturbations of parameters of types.
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o When doing “model theory up to p-perturbations” we mustn’t
forget the standard metric d on types. We merge d and dj, by
allowing to perturb the structure and move the realisations.

o We define E/p(p, q) as the minimum r for which there are
M & p(e), N E q(f) and 6 € Pert, (M, N) such that:
(Va e M)(|dM(a, ;) — dV(6(a), f;)| < r). This is a natural

common coarsening of d and d, on S,(T).
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o When doing “model theory up to p-perturbations” we mustn’t
forget the standard metric d on types. We merge d and dj, by
allowing to perturb the structure and move the realisations.

o We define E/p(p, q)_as the minimum r for which there are
M & p(e), N E q(f) and 6 € Pert, (M, N) such that:
(Va e M)(|dM(a, ;) — dV(6(a), f;)| < r). This is a natural

common coarsening of d and d, on S,(T).

o Note that if M E p(€), N E g(f) then:
ap,n(p, q) = dpao(ThL(E)(Mv é)v ThE(E)(N7 ?))

o Finally, for p, g € Sp(3): p3 allows to move the parameters 3,
and dp,(p, q) is the minimal distance we need to “travel”,
moving parameters and realisations (and perturbing the
underlying structure), to get from p to g.
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Categoricity up to perturbation

Definition

o Two structures are p-isomorphic, M ~, N, if for all ¢ > 0
there exists an e-perturbation 6 € Pert, (M, N).

o T is p-A-categorical if M, N T and ||M|| = |[[N|| = X imply
M ~, N.
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Perturbed Ryll-Nardzewski

Recall:

Definition

A point x € X is d-isolated if for all r > 0: x € B(x, r)° (i.e., the
metric and the topology coincide at x).
It is weakly d-isolated if we only have B(x, r)° # @& for all r > 0.

Theorem
Let T be a countable complete theory. TFAE:

o T is p-Ng-categorical.

e fFor all fNinite a, every Qoint in the topometric space
(S1(3), dp;) is weakly dp;-isolated.

o For all finite, there is a dp,-dense subset of (S1(3), dp, )
consisting of dy.-isolated points.
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Corollary (Sufficient condition, no parameters)

Assume T is countable, complete, and for every n < w each point
in (Sn(T), dp) is dy-isolated. Then T is p-No-categorical.

Corollary (Transfer to a reduct)

Assume T is countable, complete. Let L' = LU {P}, T' an
E'-complgtion of T, p’ = pp. If for every n < w each point in
(Sn(T"), dy) is dy-isolated then T is p-No-categorical.
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An anomaly with p-categoricity

In the previous corollary, “T’ p-Rg-categorical” would not suffice.
o To = Th(Lp(R),A,V,...) theory of L, Banach lattices [BBH].

o Let a = xp0,1), b= x2];

T = To(a), p = idT;

T' = T(b) = To(a, b), p’ =pp (So p’ fixes a and perturbs b).
o T is not Ng-categorical. Two models:

(Lp[071]7X[0,1]) ¢ (LP[O, 2]7X[0,1])7

@ But T is p’-Np-categorical:

(LP[0,2], xj0,11> Xpo.2) = (LP[0, 3]s X(0,115 X[0,21)
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Perturbations of types with parameters

Say a perturbation system p for T is given, and we wish to work
over AC M. How do we extend dj, to S,,gA)? We need a
perturbation system for T(A) = Th.a (M, A).
@ In case A =3 = a., is finite, we have already seen one
option: use p3.
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Perturbations of types with parameters

Say a perturbation system p for T is given, and we wish to work
over AC M. How do we extend dj, to S,,EA)? We need a
perturbation system for T(A) = Th.a (M, A).
@ In case A =3 = a., is finite, we have already seen one
option: use p3.

@ In case A is infinite, this doesn’'t make sense, or else boils
down to p/A which fixes A. For M, N E T(A) (so AC M, N):

0 e Pert(p/A)(,)(M, N) — e Pertp(,)(M, N)&H[A =ida.

~ T is p-A-stable if [|[M|| < X implies ||(Sn(M),ap/M)|| <A
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Expansion by a generic automorphism

Theorem (Chatzidakis, Pillay [CP98])

Let T be stable, T, = T U{ ‘o is an automorphism”}. Assuming
T, has a model-companion Tx:

Q T, issimple.
@ If T is superstable, then T, is supersimple.

The first part generalises to continuous logic. What about the
second part?
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Consider T = PA theory of atomless probability algebras. Then:
o PA is superstable (in fact No-stable).
o (Berenstein, Henson [BH]) PA4 exists and is stable.

o (B.) PAa is not superstable, and therefore not supersimple.
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Consider T = PA theory of atomless probability algebras. Then:
o PA is superstable (in fact No-stable).
o (Berenstein, Henson [BH]) PA4 exists and is stable.
o (B.) PAa is not superstable, and therefore not supersimple.

Let p =idt. ps allows to perturb the automorphism, while fixing
the underlying model of T.

Proposition (B., Berenstein)

PA4 is py-superstable, and in fact p,-Ng-stable.

Let T be any superstable theory such that T4 exists. Is T4 is
po-supersimple?
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