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Abstract

We study Markov bases of decomposable graphical models consisting of primitive
moves (i.e. square-free moves of degree two) by determining the structure of fibers
of sample size two. We show that the number of elements of fibers of sample size
two are powers of two and we characterize primitive moves in Markov bases in
terms of connected components of induced subgraphs of the independence graph of
a hierarchical model. This allows us to derive a complete description of minimal
Markov bases and minimal invariant Markov bases for decomposable models.
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1 Introduction

Since [22] and [10] introduced Markov chain Monte Carlo approach based on a Markov
basis for testing goodness of fit of statistical models of multiway contingency tables,
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many researchers have showed the usefulness of the approach and studied Markov bases
for various kinds of statistical models in computational algebraic statistics (e.g. |17, [11,
12, 113]). Hierarchical models are of basic importance for statistical analysis of multiway
contingency tables (e.g. |19, [1]). As illustrated in [2], however, structure of Markov bases
for hierarchical model are very complicated in general. Decomposable models defined in
terms of chordal graphs are particularly useful submodels of hierarchical models. They
are known to possess Markov bases consisting of primitive moves, i.e. square-free moves
of degree two ([11, 17, [13]). [11] provided an algorithm to generate moves in such Markov
bases based on a clique tree of the chordal graph defining the model.

Main purpose of this paper is to clarify structures of Markov bases consisting of prim-
itive moves for decomposable models. As shown in [23], Markov bases for general models
can be constructed by combining moves of increasing degrees. This fact indicates the
importance of studying the structure of primitive moves in order to clarify the structure
of Markov bases for more general hierarchical models. Some practical models such as sub-
table sum models ([16]) and quasi-independence model for incomplete contingency tables
which contain some structural zeros ([3, 20]) are obtained by imposing some constraints
on a decomposable model. Rasch models (e.g. [9]) and many-facet Rasch models (e.g.
[27, 18]) which are commonly used in psychometrics and behaviormetrics are considered as
decomposable models restricted to contingency tables in which cell frequencies are zeros
or ones. From a practical viewpoint, detailed properties of Markov bases for decomposable
models may also give insights into Markov bases for such models.

The present authors have been studying Markov bases from the viewpoint of minimal-
ity ([2,23]) and invariance (|4, |5]) for some specific hierarchical models. Practically, the
notion of minimality and invariance of Markov bases is important because they give con-
cise expressions of a Markov basis. In this paper we extend the results to decomposable
models.

The set of contingency tables sharing the same marginal frequencies corresponding
to the generating set of the model is called a fiber. The structure of primitive moves is
equivalent to that of fibers of sample size two. We study the structure of fibers of sample
size two in detail and give a complete description of minimal Markov bases and minimal
invariant Markov bases for decomposable models. We also show that construction of
minimal invariant Markov basis is directly related to a basis of a vector space over the
finite field GF(2). We describe under what conditions Dobra’s Markov basis is minimal
or minimal invariant. We also give a necessary and sufficient condition for the uniqueness
of the minimal Markov basis for decomposable models.

The organization of the paper is as follows. In Section 2] we set up notations for this
paper and summarize preliminary results. In Section [3] we clarify structures of fibers of
sample size two. Using this characterization, in Section (4] we give a complete description
of minimal Markov bases and minimal invariant Markov bases for decomposable models.
In Section Bl we briefly discuss reduced Grobner bases for decomposable models and we
end the paper with some concluding remarks in Section



2 Preliminaries

We mostly follow the notation in [19, [17, [11] for multiway contingency tables. Let A =
{1,...,m} denote the set of variables of an m-way contingency table. Let I5, § € A,
denote the number of levels of the variable §. For convenience we take the set of levels
of the variable 0 as Z; = {0,1,...,1s — 1} starting from 0 as in [17]. The cells of the
contingency table are indexed by

i=(ir,....im) €T =[] Ls.

n(7) denotes the frequency of the cell i and n = {n(7) };cr denotes an m-way contingency
table. The set of positive cells supp(n) = {i € Z | n(:) > 0} is the support of n.

For a subset D C A of the variables, the D-marginal np of n is the contingency table
with marginal cells ip € Ip = [ 5. Zs and entries given by np(ip) = ZiDcech n(ip,ipc).
Here we are denoting i = (ip,ipc) by appropriately reordering indices. In this paper for
notational simplicity, appropriate reordering of indices is performed as needed.

Now we consider the existence of a table n with the marginal tables np,,...,np,.
[11] defined that the marginal tables np,,...,np, are consistent if, for any ry, rqe, the
(Dy,ND,,)-marginal of np, is equal to the (D,, N D,,)-marginal of np, . The consistency
of the marginal tables is obviously a necessary condition for the existence of m. However
we note that it does not necessarily guarantee the existence of n in general (e.g. |18, 126]).

Let D = {Dy,...,D,} be the set of facets of a simplicial complex such that A =

"_1D;. Then D is called a generating class. Let p(i) denote the cell probability for i.
Then hierarchical model for a generating class D is written as

logp(i) = Y pn(i),

DeD

where pp depends only on ip.

Let GP be a graph with the vertex set A and an edge between §, " € A if and only if
there exists D € D such that 6,6’ € D. GP is called an independence graph of D ([12]). A
hierarchical model for D is called graphical if D = {Ds,..., D,} is the set of (maximal)
cliques of GP. In this paper by a clique we mean the set of vertices of a maximal complete
induced subgraph. A graphical model is called decomposable if G is chordal, i.e. every
cycle of GP with length greater than three has a chord. A clique tree (or a junction tree)
T of a chordal graph G? is a tree, such that the vertices of 7 are cliques of GP and it
satisfies the following property:

D,NnD,c D, forall D, on the path between D, and D, in 7.

An intersection S of neighboring cliques in a clique tree is called a minimal vertex sepa-
rator. In the following S denotes the set of minimal vertex separators of a chordal graph.
In this paper, when GP is not connected, we regard the empty set () as a minimal vertex
separator of GP.



For a clique D € D of a decomposable model, let Simp(D) denote the set of simplicial
vertices in D and let Sep(D) denote the set of non-simplicial vertices in D ([14]). If
Simp(D) # 0, D is called a simplicial clique. A simplicial clique D is called a boundary
clique if there exists another clique D’ € D such that Sep(D) = DN D’ (|21]). Simplicial
vertices in boundary cliques are called simply separated vertices ([14]). |14] showed that
a clique D is a boundary clique if and only if there exists a clique tree such that D is its
endpoint. Hence there exists at least two boundary cliques in any chordal graph.

Finally we summarize some relevant facts on fibers and Markov bases ([23, 24]). Given
the generating class D = {Ds,...,D,} of a hierarchical model, we denote the set of
marginal frequencies as

b= {np,(ip,),ip;, € Ip,,j=1,...,7}

We consider b as a column vector with dimension d = 22:1 [Isc D, I5, where the elements
are ordered according to an appropriate lexicographical order. We also order the elements
of m appropriately and consider n as a column vector. Then the relation between the
joint frequencies m and the marginal frequencies b is written simply as

b= An,

¢

where A is a d x |Z| matrix consisting of 0’s and 1’s. A is the “incidence matrix” of cells
and marginals with 1 indicating that the corresponding cell (column) is included in the
corresponding marginal (row).
Given b, the set
fb:{n20|b:An}

of contingency tables sharing the same marginal frequencies b is called a fiber or b-fiber,
where n > 0 denotes n(i) > 0 for all i € Z. All contingency tables n in the same fiber
Fu has the same total frequency n = .., n(i). We call this common total frequency the
sample size or the degree of b and denote it by degb. W call F;, with degb = 2 a “degree
two fiber” in the following.

An integer array z = {2(i) }iez of the same dimension as n is called a move if Az = 0,
ie., zp(ip) = ZiDcech 2(ip,ipc) = 0 for all D € D. A move z is written as the
difference of its positive part and negative part as z = 27 — z~. Then Azt = Az".
Therefore z* and 2z~ belong to the same fiber. In this case we simply say that a move z
belongs to the fiber F4,+. We call degAz™ the degree of a move z. Clearly degAzt > 2.
Especially when z is a primitive move, i.e. square-free moves of degree two, degAz™ = 2
and z™ and 2z~ belong to the same degree two fiber. Therefore the structure of primitive
move is equivalent to the structure of corresponding degree two fiber. If we add a move
or subtract a move z to n € Fp, we can move to another state n + z (or n — z) in the
same fiber Fp, as long as there is no negative element in n+ z (or n — z). A finite set M
of moves is called a Markov basis if for every fiber the states become mutually accessible
by the moves from M. By using the Metropolis Hasting procedure to control transition
probabilities by moves of a Markov basis, we can construct a Markov chain on every fiber

([10)).



A Markov basis M is minimal if every proper subset of M is no longer a Markov basis.
Minimal Markov bases may not be unique in general. However in view of the definition
of the minimum fiber Markov basis (the set of moves which can not be replaced by a
sequence of moves of lower degree, see Section 2.2 of [24]) the fibers of the moves of all
minimal Markov bases are common. In this paper we refer to the set of fibers common to
all minimal Markov bases as the fibers of the minimum fiber Markov basis.

Suppose that a degree two fiber F} contains more than one element, i.e. |Fp| > 2.
Then no two elements n, n’ of the fiber share a support:

degb=2, n#n'€F, = supp(n)Nsupp(n’)=>0.

It follows that each element of a degree two fiber with more than one element is an
indispensable monomial ([7]), i.e., each contingency table of sample size two is isolated
and has to be connected to some other table in the same fiber by a degree two move of a
Markov basis. Hence each degree two fiber with more than one element has to be a fiber
of the minimum fiber Markov basis. This fact holds for any hierarchical model. Note
however that for some hierarchical models, such as no-three-factor interaction models
([2]), every degree two fiber has only one element.

On the other hand for decomposable models, [11] has shown that there exists a Markov
basis consisting of primitive moves. It implies that for decomposable models it suffices to
study degree two fibers. In particular the fibers of the minimum fiber Markov bases are
exactly the degree two fibers with more than one element. Furthermore by the character-
ization of the uniqueness of minimal Markov bases in 23], it follows that minimal Markov
basis for a decomposable model is unique if and only if all degree two fibers contain at
most two elements. Based on this result we will give a necessary and sufficient condition
for the uniqueness of minimal Markov bases for decomposable models (Theorem 2l below)
in terms of the properties of their chordal graphs.

3 Structure of degree two fibers

In this section we study the structure of degree two fibers to clarify the structure of
primitive moves. Let D = {D,..., D,} be the generating class of a hierarchical model.
Let b be a set of marginal frequencies of a contingency table with sample size two. We are
interested in the structure of a degree two fiber F;. Because the sample size is two, for
each D € D, there exists at most two marginal cells ¢p with positive marginal frequency
np(ip) > 0. The same reasoning holds for each variable § € A, namely in the one-
dimensional marginal table {n (is),is € {0,1,...,Is —1}} there exist at most two levels
is such that ngs(i5) > 0. For a given b we say that the variable 0 is degenerate if there
exists a unique level 45 such that ns(i5) = 2. Otherwise, if there exist two levels i5 # i
such that ngsy(i5) = ngsy (i5) = 1, then we say that the variable ¢ is nondegenerate.

If a variable 0 is degenerate for a given marginal b, then the level of the variable §
is uniquely determined from b and it is common for all contingency tables n € Fp. In
particular if all the variables 0 € A are degenerate, then F, = {n} is a one-element fiber



with frequency n(:z) = 2 at a particular cell 7. Since this case is trivial, below we consider
the case that at least one variable is nondegenerate. For convenience we denote

n = (i)(5)

when n(i) = n(j) = 1, i # j. From the fact that there exist at most two levels with
positive one-dimensional marginals for each variable, it follows that we only need to
consider 2 x --- x 2 tables for studying degree two fibers. Therefore for our purposes in
this section we let Iy = --- = I, =2, Z = {0, 1}, without loss of generality.

For a given b of degree two let Ay denote the set of nondegenerate variables. As
noted above we assume that Ay # (. Each n € Fp is of the form n = (i)(i') =
(i1, ... im)(d,,...,i" ), i # i'. Furthermore for nondegenerate § € Ay the levels of the
variable ¢ in ¢ and ¢ are different:

{is.ish = {0,1}, Vo € A,

or equivalently i5 = 1 — is, V6 € Ap. In the following we use the notation if = 1 — is.
More generally for a subset D = {d1,...,0;} of the variables and a marginal cell ip =
(isys- .., 15,) We write

it = (05 niy) = (1 =gyl —ig,).

Let us identify n € F,, with the set {7,'} of its two cells of frequency one. Then we
see that the number of elements |Fp| of the fiber is at most 2/2¢/=1. However some choice
of {i,4'} with )

iéaiz S {O> 1}? Vo € Aba

may not be in the fiber F. This is because if § and ¢’ belong to a common D € D, then
the values of is and iy are tied together. For example let D = {1,2} € D and consider
the {1, 2}-marginal specified as

n{172}<0’ 0) = n{172}(17 1) = 17 n{172}(07 1) = n{172}(1, 0) = 0

Then if we choose i; = 0, then we have to choose iy = 0. In [25] we considered a very
similar problem in the framework of swapping of observations among two records in a
microdata set for the purpose of statistical disclosure control. As in [25] we make the
following definition.

Let G(Ap) be a graph with the set of vertices A, and an edge between § € Ay and
8 € Ay if and only if there exists some D € D such that 6,6’ € D. Namely there exists
an edge between two nondegenerate variables if and only if these two variables appear
together in some marginal tables of D. Note that G(Ap) is the induced subgraph of GP
with the vertices restricted to Ap. As discussed above in this case the values of i5 and
ig are tied together and once the value of is is chosen, e.g. i5 = 0, then the value of is
becomes fixed, depending on the specifications of the marginals np.

We summarize the above argument in the following lemma.



Lemma 1. Suppose that b is a set of consistent marginal frequencies of a contingency
table with sample size two. Let T" be any subset of a connected component in G(Ay). Then
the marginal table ny = {nr(ir) | ir € Zr} is uniquely determined.

Proof. Let r(T") be the number of generating sets D € D satisfying I' N D # (). We prove
this lemma by induction on r(I'). When r(I') = 1, the lemma obviously holds. Suppose
that the lemma holds for all r(I') < 7" and we now assume that r(I') =7'. Let I'y C T’
and I'y C I satisfy

MUl =T, Th'nly#0, r(y)<r, rIy) <7
Since r(I'1) < r" and r(I'y) < 7’ both np, and nr, are uniquely determined. Suppose that
nr, (ie\rys iriars) = 1, 0y (i0\ 0y i1y ar,) = 1 (1)
Then from the consistency of b there uniquely exists ir,\r, € Zp,\r, such that
nr, (irp\rys iryare) = Lo e, (00,00, 5 61y 0r,) = 1 (2)

Hence the table nr = {n(jr) | jr € Zr} such that

TL(] ) _ 1a if jF = (Z.Fl\f‘ga z.Flﬁan irg\rl) or jF = (i;l\rz 5 i?‘lﬁrza i;z\Fl)’
r 0, otherwise

is consistent with the marginal b.
Suppose that there exists another marginal table n}. which is consistent with b such
that np(jr) = nr(ji) = 1 and jr # (4r,\ry» ir,res i0o\1, ). Then we have at least

nr, (ipl) =0 or nr, (ip2) =0.
This contradicts ([Il) and (2I). O

By using the result of Lemma [I we obtain the following theorem on the number of
elements in degree two fibers.

Theorem 1. Let Fp be a degree two fiber such that Ay # 0 and let ¢(b) be the number of
connected components of G(Ap). Then

|fb| = QC(b)_l.

Proof. Denote by I'y,...,I';, ¢ = ¢(b), the connected components of G(Ap). Define T'.yy
by I'c+1 = A\ Ap. Then there exists ir_,, such that

irps = {is | 0 € ey, nysy(is) = 2}

From Lemma [l the marginal cells ir, such that nr, (ir, ) = nr, (if, ) = 1 uniquely exist for
k=1,...,c. Now define Zy by

Iy = {'éf‘viFl} X {iFZ’i;g} XKoo X {iFmti} X {ti+1}a
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where X denotes the direct product of sets. Suppose that j € Z,. Define n; = {n;(i) |
i€Z} by

1, i i=j or i=j*
n; (i) = { 0, otherwise.
Then we have F(Zp) = {n; | j € ITp} C Fp and |F(Zp)| = 27"
If there exists n' = {n/(i) | i € Z} such that n’ € Fp and n' ¢ F(Zp), then there exists
acell j€Z and 1 <k < c¢+ 1 such that n(j) = 1 and jr, # ir,. This implies that there

exists D; € D such that n/(ip,) # n(ip,). Hence we have |Fp| = 2¢®)~1, 0

As mentioned in Section 2, for a consistent b such that degb > 2, it is known that
Fp may be empty (e.g. [18, 26]) in general. However Theorem [I] shows that, in the case
degb = 2, if a consistent b such that A, # () is given, then F;, # () for any hierarchical
model.

It is helpful to consider permuting the levels 0 «<» 1 for each variable and understand
Theorem [I] in a canonical form. This amounts to considering invariance of hierarchical
models with respect to permutation of levels of each variable as studied in [4]. Although
we have reduced our consideration to 2™ tables in treating degree two fibers, we are really
considering general hierarchical models of I; x --- x [, tables. Note that hierarchical
models possess the symmetry with respect to relabeling the levels of each variable, i.e. it
is invariant under the action of the direct product of symmetric groups Sy, x --- x Sy,
acting on the set of cells. If we again restrict our consideration to degree two fibers, we
only need to consider the action of SJ* = S5 x - - - x Ss. It is clear that structures of degree
two fibers are invariant under the action of S3".

In particular as a “representative fiber”, we can consider b such that the levels of
all degenerate variables are determined as 0. Also for such a b, let I' C A, be the set
of vertices of a connected component of G(Ap). Then we can without loss of generality
assume that two ['-marginal cells of frequency 1 are specified as

1=nr(0,0,...,0) =np(1,1,...,1). (3)

This can be achieved by interchanging the levels of each variable in Ay. Under this
standardization the proof of Theorem [Ilis easier to understand, because for each connected
component of G(Ap) we either choose all 0s or all 1’s for the component.

This standardization is also useful in determining the setwise stabilizer of Fp in S*
(Section 3.1 of [5]). If we standardize the levels as (3]), then the setwise stabilizer of Fy is
isomorphic to ¢(b)-fold direct product of Sy’s:

S5 = Gy x vt x S,

In other words the structure of F is equivalent to the structure of the fiber Fy with
A=Ay ={1,...,c¢(b)} and totally disconnected G(Ay). In the next section we use this
fact in determining minimal invariant Markov bases for decomposable models.

Finally we prove the following theorem on a sufficient condition for non-uniqueness of
minimal Markov bases.



Theorem 2. Let D = {Ds,...,D,} be the generating class of a hierarchical model. Sup-
pose that m > 3 and there exist three variables 01,09, 03 which are not connected to each
other in GP. Then minimal Markov bases for the hierarchical model with the generating
class D are not unique.

Proof. It suffices to find a degree two fiber with more than two elements. Consider b such
that Ay = {d1, 02, 03}. From the condition of the theorem G(Ap) has an induced subgraph
with three connected components. Therefore |Fp| = 4. This completes the proof. O

4 Markov bases for decomposable models

4.1 Minimal and unique minimal Markov bases

In this section we discuss Markov bases of decomposable models in detail from the view-
point of minimality based on the results obtained in the previous section. Since there
exists a Markov basis consisting of primitive moves for decomposable models, the set of
fibers of the minimum fiber Markov basis coincides with the set of degree two fibers with
more than one element. Theorem [I] of the previous section enables a complete description
of minimal Markov bases of decomposable models.

Let degb = 2. Let 7, be any tree whose nodes are elements of F,. Denote the set of
edges in 7, by M7,. We note that we can identify each edge (n,n’) € M4 with a move
z =n—n'. So we identity My, with a set of moves for F,. In considering Markov bases,
we ignore the sign of z and identify z = n —n/ with —z = n/ —n and consider the edges
in 7y as undirected. In contrast when we consider Grébner bases, we distinguish z from
—z and correspondingly consider directed edges.

Let B,q be
Bna = {b|degb =2, |Fp| > 2}. (4)
Then we define M° as follows,
M= | ] Mg, (5)
beBLg

By following [11] and [23], we easily obtain the following theorem.

Theorem 3. M° is a minimal Markov basis and (3) is a disjoint union. Conversely
every minimal Markov basis can be written as in (3).

Example 1 (The complete independence model of three-way contingency tables). Con-
sider the model D = {{1},{2},{3}} for the 2 x 2 x 2 contingency tables. B,q for the model
has seven elements. Denote them by by, ..., by. Figure[l shows an example of Ms, for
t=1,...,7. by,..., by satisfy

_ Abl ? {17273}7 Abg = Abg = {172}7 (6)
Ao, = Ao, = (2,3}, Ag, = Ay, = {1,3).



MTbl

C(ooo)(m) >—< (001)(110))
I I
((011)(100) ) ( (o1o)(1o1)>

MTb2 MTb3
C(OOO)(IIO) >—< (010)(100)) <(001)(111) )-C (011)(101))
MTb4 M7b5
((000)(011) )-( (010)(001)) ((100)(111) )—( (110)(101))
MTbB M'Tb7

((OOO)(lOl) )—( (001)(100)) ((010)(111) )—( (011)(1100

(The triplets in brackets refer to cells in the contingency table)

Figure 1: Mz, in the complete independence model of three-way contingency tables

The union of all these moves is a minimal Markov basis for the model. Since Fy, is a
four elements fiber, Ty, is not uniquely determined. Hence minimal Markov bases are not
unique for this model.

As seen from this example, minimal Markov bases are not necessarily uniquely deter-
mined. Based on Theorem [Il and 8] we can derive a necessary and sufficient condition on
decomposable models to have the unique minimal Markov basis.

Corollary 1. There exists the unique minimal Markov basis for a decomposable model if
and only if the number of connected components in any induced subgraphs of G is less
than three.

Proof. Suppose that G(Ap) has more than two connected components. Then since | Fp| >
4 from Theorem [Il 7; is not uniquely determined. For a different tree Ty, Mz, # M7
Hence minimal Markov bases are not unique either.

Conversely assume that the number of connected components of G (Ab) for all b € Boq
is two. Then 7, for all b € B,4 is uniquely determined. Hence the minimal Markov basis
is unique. ]

For decomposable models GP is chordal. From the graph theoretical viewpoint the
above corollary can be rewritten as follows.

Corollary 2. For a decomposable model, there exists the unique minimal Markov basis if
and only if GP has only two boundary cliques D and D' such that D" C D U D' for all
D" eD.
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Proof. Suppose that GP has two boundary cliques D and D’ such that D” Cc DUD’ for all
D" € D. Then any vertex in D" is adjacent to D or D’. Hence the number of connected
components for any induced subgraph of G is at most two.

Conversely suppose that there exists D” € D such that D” ¢ D U D’. Then the sub-
graph induced by the union of D"\ (DU D’), Simp(D) and Simp(D’) has three connected
components. [

The graphs with » = 2 always satisfy the conditions of the theorem. For r > 3 the
graph with
D={{1,....r—1}{2,....;r},... . {r,...,2r = 2}} (7)

satisfies the conditions of the theorem. Figure 2l represents the graphs satisfying () for
r = 3,4. We can easily see that any induced subgraph of the graphs in the figure has at
most two connected components.

r=3 r=4

Figure 2: Examples of the graphs satisfying the condition of Theorem

Let 7 = (D, £) be a clique tree for GP. Denote by 7, = (D,, £.) and T = (D., £!) the

er~e

two induced subtrees of 7 obtained by removing an edge e € £. Define V, and V! by

V.= |JD V/=JD

DeDe DeD;,

Let M7 (V,, V) be the set of all primitive moves for the decomposable model determined
by the chordal graph whose set of cliques is {V,, V/}. [11] showed that

M= M7V, V) (5)

ecf

is a Markov basis. We call M7 a Dobra’s Markov basis. From the viewpoint of minimality
of Markov bases, we have the following theorem.

Theorem 4. A decomposable model has a clique tree T such that M7 is a minimal
Markov basis if and only if the model has the unique minimal Markov basis.

Proof. When a decomposable model has unique minimal Markov basis, M7 coincides
with the minimal Markov basis.

11



Suppose that there exist three vertices in G which are not adjacent to each other.
Let 1,2 and 3 be such three vertices and assume that [ € D;, D, € D, for | = 1,2, 3.
Define {1,2,3}¢ = A\ {1,2,3}. Consider a degree two fiber Fp, such that A, = {1,2, 3}
and nyy 23y (iq1,2,33¢) = 2 for some ig193e. Then |Fp| = 4 from Theorem [I] and we can
denote these four elements by

n, = (000 7;{172’3}0)(]_1]_ 7;{172’3}0),
TNy = (001 7:{172’3}0)(110 7:{172’3}0)7 (9)
13 = (010 ig 2.33¢) (101 i1 233¢),
ny = (011 7:{17273}c)(100 7:{17273}c).
A minimal Markov basis connects these four elements by three moves. Let 7 = (D, ) be

any clique tree for GP and 7' = (D', £’) be the smallest subtree of 7 satisfying D; € D’ for
[ =1,2 and 3. Then we can assume that 7" satisfies either of the following two conditions,

(i) Ds is an interior point and D; and D3 are endpoints on the path ;
(ii) all of Dy, Dy and D3 are endpoints of 7”.

In both cases there exists e € £ such that Dy, Dy C V, and D3 C V. Then M7 (V,, V)
includes the following two moves,

Z1 = N; — Ny, Zo = M3 — Ny.

On the other hand there also exists ¢/ € £ such that Dy C V,, and Dy, D3 C V,,. In
this case M7 (V,,, V) includes the following two moves,

Z3 =T — Ny, Z4 = Ty — N3.

Thus M7 includes at least four moves for the fiber Fp, which implies that M7 is not
minimal for the model which does not have the unique minimal Markov basis. O

Example 2 (The complete independence model of four-way contingency tables). Con-
sider the 2 x 2 x 2 x 2 complete independence model D = {{1},{2},{3},{4}}. Let Fp be
the fiber with Ay = {1,2,3,4}, i.e. ¢(b) =4 and |Fp| = 8. Consider M7 for T in Figure
[3. Denote the set of moves for Fy belonging to MT by ME. Figure[J shows ME. As
seen from Figure [, ME includes 12 moves. Since |Fy| = 8, 7 moves are sufficient to
connect Fp,.

Figure 3: 7 in this example

12



(0000)(1111)

(0111)(1000) (0001)(1110)

(0100)(1011)

Figure 4: M} for b such that Ay, = {1,2,3,4}

4.2 Minimal invariant Markov bases

In this section we consider Markov bases from the viewpoint of invariance under the ac-
tion of the product of symmetric groups G' = Gy, .1, = Sr, X --- x Sy, on the levels of
the variables. The organization of this section is as follows. We first express a minimal
invariant Markov basis as a union of orbits of Gy, ;. , which minimally connects repre-
sentative fibers (see () below). Then we show that the minimal set of orbits connecting
a nondegenerate fiber is in one-to-one correspondence to a basis of a vector space over the
finite field GF(2) (Lemma [2 and and Theorem [ below). Then the structure of minimal
invariant Markov basis is given in Theorem [Gl
According to [4], a set of moves M is called G-invariant if

geG, zeM = g(z)eM or —g(z) e M.

M is called a G-invariant Markov basis for D if it is a Markov basis and also G-invariant.
An G-invariant Markov basis M is minimal if no proper G-invariant subset of M is a
Markov basis.

As discussed at the end of Section B, by appropriate reordering of the indices we can
consider a representative fiber

[A\Ay|
Foond=(0---0)(1---10---0).
Then any n € Fp is expressed as follows,
] |A\Ap| [Ty |A\Ap|
~ =~ —~ =

n=0---0 in"'ti(b) 0---0)(1---1 z'iiz...z'iic(b) 0---0)

T4l T4
RO NI
ir,=0---0 or dp,=1---1, [=2,---,¢b),

13



where I'; are the connected components of G(Ap). Let G, 1 =2,...,¢(b), be the diagonal
subgroup of S|2Fl | defined by

G ={g=1(g,...,9) | g€ Sa} c S

Define
Gp=G" x - x GFe®

and let g € Gy act on n € Fp by

L1 |A\Ap| T'1] |A\Ap|
g(n) = (0---0 galir,) - - - Gev) (i) 0011 go(if,) - 'gc(b)(iik“c(b)) 0---0).

Clearly g(n) € F? for n € F and furthermore for any n € Fy there exists g € G} such
that n = g(nd). This shows that Gy C Gp,..1, is the setwise stabilizer of Fy acting
transitively on Fp.

Let Mg, be a minimal Gp-invariant set of moves which connects Fy. Let x(b) be the
number of Gp-orbits included in Mg, . As representative moves of Gp-orbits in Mg, we
can consider

-----

22=nb-ndleM, nbecF k=1, kb).

This is because we can always send m in 2 = n — n’ to n$ by the transitivity of Gj.
Denote Mg, = {z?,... zb(b)}. Define the set of representative fibers by

B, ={b|nbec R} C B

From [4] a minimal Gy, j,,-invariant Markov basis can be expressed by

x(b)

Mg = U UGh ..... 1 (20), (10)

beB? k=1

77777 1. (22) denotes the Gy, ; -orbit through zP. Hence in order to clarify the

structure of Mg, it suffices to consider 2 x - - x 2 tables and investigate x(b) and Mg,
for each Fyp.

As mentioned in Section Bl the structure of F? is equivalent to the one of the fiber
with Ap = A = {1,...,¢(b)} and G(Ap) is totally disconnected. We first consider the
structure of such a fiber. Fp satisfies

.....

Fo ={(0dy- i) (L i5- - isp)) | (2 i) = invy1y € Zavyay} (11)

and (0---0)(1---1) € F2. Then we note that we can identify G with Sg(b)_l. For
g€ Sg(b)_l, we write g = (g1, - - -, gev)), Where g; € So for I =1,...,¢(b). A representative
move of Szc(b)_l—orbit is expressed by

2= (0---0)(1---1) = (0iavuy) (L iaygy)

14



for some ia\f1y € Zavpiy. We first consider to derive s(b) and Mg,. Let pe®)-1 —
{0,1}¢®~1 denote the (c(b)—1)-dimensional vector space over the finite field GF(2), where
the addition of two vectors is defined to be the “exclusive or” (XOR) of the elements.

Let & denote the XOR operation. Let o denote the group operation of Sg(b)_l. Then we
obtain the following lemma.

Lemma 2. S®7" is isomorphic to Ve®-1,

Proof. Consider the map ¢ : Sg(b)_l — Ve®-1 guch that ¢(g) = v = (va,..., V) €

Ye®)=1 where
v = O, if gl(’Ll) = il,
1, lf gl(il) = ’sz,
fori=2,...,¢(b) and {i;, 57} = {0,1}. For ¢' = (95, .., gip)) € Sg(b)_l, g, € Sy, and v’ €
Ve®)=1 define ¢(g') = v' = (vh,... ,Vup)). Then we have ¢(g o g') = 0 = (0., V),
0 € V-1 where
5=10 ita o gi(ir) =1,
17 if g1 © gl/(Zl) = 177
for il =2,...,¢(b). Hence we have
IN)ZZ'Ul@’Ul,, lZQ,...,C(b).
Therefore ¢ is a homomorphism. It is obvious that ¢ is a bijection. Therefore Sg(b)_l is
isomorphic to Ve®)~1 O

Based on this lemma, we can show the equivalence between Szc(b)—orbits in a minimal
Sg(b)-invariant set of moves which connects Fy and a (vector space) basis of V(&)1

Theorem 5. Let V° = {vy = (vka, .., Vker))s k= 2,...,¢(b)} be any basis of VO~
Define nf, nb e FY by

ng = (00---0)(11---1), ng = (0ve2 ko)) (1 Vi Vi),

where vi; = 1@ vy. Let Mg, be an Sg(b)_l—invam'ant set of moves in Fy. Then Mg, is a
minimal Sg(b)_l-invariant set of moves which connects FY if and only if the representative

moves of the Sg(b)_l—orbits in Mg, are expressed by z5 = ny—nb k=2 .. ¢b).

Hence k(b) = ¢(b) — 1. '

Proof. Suppose that M, is a minimal Sg(b)_l—invariant set of moves which connects Fy
and that Mg, includes r(b) orbits as S50~ (28), ..., g(b)_l(zg(b)), where

Zp=nf—np, 1} =0k irw) (1 it iw)

for iy € I, k = 1,...,k5(b), | = 2,...,¢(b). Let g* € Sg(b)_l satisfy ¢*(nd) = n?
for k = 1,...,k(b). We write ¢g* = (Gk2s - -+ Ghev))s g € So for I = 1,...,¢(b). Let

15



Hy = {g',...,"®} c 557" be a subset of S5®7'. As mentioned above, F? can be
expressed as in (). Hence for any n € F there exists g € Sg(b)_l satisfying n = g(nQ).
Mg, connects Fp if and only if there exists p < r(b) such that

n=m—l, —g"(eh) oo g (e

and g = g"» o .-+ 0 g". Hence Mg, is a minimal SS®~! invariant set of moves which
connects Fy if and only if Hy satisfies

Vge SSO7 3p < k(b), " € Hy,...,qg" €Hy st. g=gro-0g"  (12)

and no proper subset of Hp satisfies (I2).
Denote V° = ¢(Hp) C V=1 Then from Lemma 2 (I2) is equivalent to

voeV, el .. el st v=v'a-- @l (13)

From the minimality of Mg, no proper subset of V? satisfies (I3). This implies that
VW is a basis of V*®~! and hence k(b) = c(b) — 1. If we define g* = ¢~!(vp4,) for

k=1,...,¢(b) — 1, we have gy (0) = vgy1; and hence g*¥(nb) = n2 = ngkﬂ. Therefore
zgk, k=2,...,¢(b), are the representative moves of the Sg(b)_l-orbits in Mg, .
Conversely suppose that the representative moves of Mg, are zgk, k=2,...,¢c(b). )V

satisfies (I3)) and no proper subset of V° satisfies (I3)). Hence if we define g* = ¢! (vj41)
and Hy = {g,...,g°®~1}, H, satisfies (IZ) and no proper subset of H satisfies (IZ).

Hence Mg, is a minimal Sg(b)_l—invariant set of moves which connects Fp. O
For example we can set VO = {vs,..., v, 1)} as
vy = (11---11), w3=(01---11), ... W1 = (00---011), wp) = (00---01),

and then the representative moves in a minimal G-invariant Markov basis are

20 =(00---0)(11---1) — (011 ---11)(100 - - - 00)
20 =(00---0)(11---1) — (001 ---11)(110- - -00)

(14)

zO = (00-~-o:)(11-~-1) — (000---01)(111-- - 10).

So far we have focused on Fp such that Ay = A = {1,...,¢(b)} and G(Ay) is totally
disconnected. Now we consider a fiber for a general b of a general decomposable model.

Define g € G™ by
iy
—— {0---0 if oy =0,

00 =11 i gy =1 (15)

for k=2,...,¢(b) and [ = 2,...,¢c(b) and define g* € Gy, by
g (n)
T |A\Ay| T |A\Ay|
A~

—~ = . _ . L _ . —~N =
= (0-+-0 Gralir,) -+ Gre(w) (i) 0-+-0)(1 -+ -1 Gra(ir,) - - Grew) (i) 0---0). (16)
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Denote nf, = g*(nf) and 25 = nf —nb . Based on (I0) and Theorem [, we can easily

obtain the following result.

. - B-1 . . :
Theorem 6. Mg, is a minimal S0 ~invariant set of moves which connects FY if
b

and only if the representative moves of the Sg(b)_l—orbz'ts in Mg, are expressed as z; ,

k=2 ...,¢(b). Hence k(b) = c(b) — 1. Then

beB? | k=2

is a minimal G, .1, -invariant Markov basis. Conversely every minimal G,
Markov basis can be written in this form.

1, -tnvariant

.....

Example 3 (The complete independence model of three-way contingency tables). Define
b; as in Figure [l of Example[d. Then B2y = {by, by, by, bs}. Figureld shows a structure
of Mg for complete independence model of 2 x 2 X 2 contingency tables. The left half of
the figure shows the structure of Mg, , by € BYy.

c(by) = 3 and hence k(b)) = 2. If we set v° = (10) and v& = (01), we have
2 = (000)(111) — (010)(101), 2% = (000)(111) — (001)(110).

The orbits S3(22") and S3(28") are expressed in dotted lines and solid lines, respectively,
in the figure.

c(by) =2 and k(b;) = 1 for t = 2,4,6. There exists one orbit in Mg, fort=2,4,6.
Then from Theorem [ a minimal G2 2-tnvariant Markov basis is expressed by

Me=GEYYUGEE) UG UG UGz,

Next we consider a Dobra’s Markov basis M7 from the viewpoint of invariance. Since
M7 does not depend on the levels of the variables, M7 is G I..I,-invariant. Based on
the result of Theorem [§, we can show that M7 is not always a minimal invariant Markov
basis.

Theorem 7. M7 is minimal invariant if and only if T has only two endpoints.

Proof. 1t suffices to show that the theorem holds for 2 x --- x 2 tables. Suppose that
T = (D, &) has more than two endpoints. Let D;, Dy and D3 be three of them. Then
they are boundary cliques. Suppose 1,2,3 € A are simply separated vertices in Dy, Do
and Ds, respectively. In the same way as the argument in the proof of Theorem @ there
exist e, e, e” € £ such that

D17D2€‘/e7 D3€‘/e/7
Dy, Dy € Vo, DyeV),
D3, Dy eV, Dy€ ‘/;///.
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/\/lc:bl o ---TT I Tk S G(MGb)
((000)(111) )—C (oo1)(110)> (G ooo 111)—@ oo1 110)
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Moy, EE————— - CTMay,
[ ((ooo><115>)—(<010><100>) ( ((000) 110)—@ (010 100) 7}

MGb4 - == N G(./\/lc:b4

- -
—

((000)(011) )—( (010)(001)) (G;((SOS)(OHD—@((OIO)(OOUD

_____ —

Ma [ —— N CTMGy,

b -

((000)(101) )—( (001)(100)> (G((OOO (101)—@((001 (100)

______

Figure 5: The structure of minimal Gy 9 o-invariant Markov bases for the complete inde-
pendence model of three-way contingency tables

Consider the moves for the fiber 7P for b such that Ay = {1,2,3}. Define z5 and zs by
Z5 =M1 — M3, 2= N2 — Ny,
where nq, ..., ny are defined in ([@). Then we have
21,20 € ME(V, V), 23,20 € MT (Vo V), 25,26 € M (Vo V).

We note that {21, 22}, {23, 24} and {zs, 26} are S2-orbits in MZ. Since x(b) = 2, M7 is
not minimal invariant.

Suppose that 7 has only two endpoints. Then 7 is expressed as in Figure Let
[1(b),...,Tew)(b) be the ¢(b) connected components of G(Ap). Suppose that & € T';(b).
The structure of Fp is equivalent to the one of FP such that Ay = {4,... , Oc(p)—1} and
G(Ay) is totally disconnected. So we restrict our consideration to such a fiber. Denote
by Fy the representative fiber for &'. Let

My ={n—-n'|nn cFpn#n'}
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denote the set of all moves in FY. Without loss of generality we can assume that §; € D@y,
where 7(1) < --- < 7w(c(b')). Define ¢, = (D;—1, D)) € €, S, =D,_1N Dy, V=V, \ S, and
V/ =V \ S forl=2,...,¢(b). Then the moves in M7 (V},V}) are expressed by

z = (i, vy, is,) Gvis dvy s is) — (ivis vy s) Ui, By sy ),

Wi v, € Zvis iy, gve € Ly, is, € L,
If V., NAy =0 or V. N Ay =0, then we have M7 (V. , V)N My =0. If V., N Ay # 0

€y Ve

and V., N Ay # 0, then there exists 2 < k(e;) < ¢(b') satisfying &), € V] for all k < k(e;)
and 6 € V) for all k > k(e;). Then

MT(‘/e” ‘/ell) N Mb’ — S;(b)—l(zg(el)),

0 . .
where 2, is defined as in (14). Hence we have

(v)
M= MV, V)N My = | 5507 (=),
k=2

e €€

-----

O

Figure 6: The clique tree with two endpoints

Example 4 (The complete independence model of four-way contingency tables). As an
example we consider the 2 X 2 X 2 x 2 complete independence model D = {D; = {l},l =
1,...,4}. Both T' and T? in Figure[] are clique trees for D. From Theorem [T, MT
is a minimal Si-invariant Markov basis. Consider the representative fiber Fy such that
Ay = {1,2,3}. For j = 1,2, denote the two induced subtrees of T? obtained by removing
the edge e; by T and ’Z;Jl/ Figurel8 shows ’];}, Tey and MTl(Vel, V2 )N My. If we remove
es from T1, 1, 2 and 3 are still connected and hence MTI(VEB, VI )N My =0. Therefore
MT" includes k(b) = 2 orbits.

On the other hand since T? has three endpoints, MT" is not a minimal S3-invariant
Markov basis. Figure @ shows 72, T2 and M™"(V,,, V) N My. We can see that MY’
includes three orbits. As seen from this example, in general the minimality of MT depends
on clique trees T .

Example 5. We consider the model defined by the chordal graph in Figure[I0l. The clique
tree of this graph is uniquely determined by T? in Figure[]. As seen from this ezample,
there exist decomposable models such that M7 for every clique tree T is not minimal
1,,-tnvariant.

-----
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(D)
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Figure 7: Clique trees for the 4-way complete independence model

(0000)(1110) (0010)(1100)

((0110)(1000)) (0100)(1010)

(0000)(1110) )........... (0010)(1100)
(0110)(1000) )........... (0100)(1010)
7.t and 7.}’ MT (Ve V)N My

Figure 8: The structure of M7

4.3 The relation between minimal and minimal invariant Markov
bases

From a practical point of view a Gy, . 1, -invariant Markov basis is useful because its
representative moves give the most concise expression of a Markov basis. On the other
hand a minimal Markov basis is also important because the number of moves contained
in it is minimum among Markov bases. Here we consider the relation between a minimal
and a minimal Gy, j, -invariant Markov basis and give an algorithm to obtain a minimal
Markov basis from representative moves of a minimal G, j,,-invariant Markov basis.

As mentioned in the previous section, the Gy-orbits in a minimal Gp-invariant set
Mg, of moves which connects Fp has one-to-one correspondence to a basis V° of V(®)=1,
Define gy; € Gr, and ¢g* € Gy as in ([H) and (I8). Let Hp = {g', ... ,g°®~1} € Gy. Now
we consider to generate a set of moves Mj in F; by the following algorithm.

Algorithm 1.
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(0000)(1110) (0010)(1100)

/ (0110)(1000) (0100)(1010)
®
@
A4
N4
- n @ @
-----------
G

/ (0110)(1000) }--rrrrr- (0100)(1010)

72 and 7.7 MT(V.,, V)N M,

Figure 9: The structure of M7~

Figure 10: A chordal graph whose clique tree is uniquely determined

Input : Fp, Hp = {g*,...,g°®~1}

Output : M;
begin
My —0;

Choose any element n; in Fy ;
for k =2 to ¢(b) do
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begin
for [ =1 to 2¥72 do
begin
Ty o2 = " () ;
Zjpok—2 (= Ny — Nyy9k-2 ;
M; = MyU {zoes} :
end
end
return Mj ;
end

Theorem 8. Mj generated by the Algorithm[1lis a minimal set of moves which connects
Fb-

Proof. Since | M| = 20 4+ 2" 4 .- 426071 = 2¢(®)=1 _ 1 it suffices to show that n; # ny
for [ # I'. Suppose that there exist [ and ', [ # [’, such that n; = ny and n;, n; are
expressed by

n=g"%o---o0gh(ny), my=g"o- - ogk(n),

where ky < ky <+ <k, <c(b) —1and ky <k <--- <k, <c(b) — 1. Without loss of
generality we can assume p < p’. Then we have

gkpo...ogklzgk;)’o...ogkll (17)

and there exists [ < p such that k; # k. From Lemma 2] (I7) is equivalent to
vkl@...@kap :ka,l@...@vk;/’

which contradicts that V0 is a basis of V(=1 Hence we have n; # ny for [ # ['. O
From ([5) we obtain the following result.
Corollary 3. M* = {ycp My, is a minimal Markov basis.

Example 6 (The complete independence model of four-way contingency table). We
consider the same fiber as in Ezample . Define V' = {vy,v3,v4} by vy = (100),
vy = (010) and vy = (001). Figure [I1 shows Mg, and M; generated by Algorithm (1
with my = (0000)(1111).

5 Grobner bases for decomposable models
So far we have been discussing Markov bases. In this section we briefly discuss Grobner

bases. For decomposable models, Theorem 4.17 of [17] gives a recursive method for
determining the term order and the corresponding Grobner basis consisting of primitive
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(0000)(1111) (0000)(1111)
ns z5 ns ng ~Z 5
(0111)(1000) \\zf‘ “( (0001)(1110) (0111)(1000) \\2\3 “((0001)(1110)
z2 \ z2 \
[ zs_\ \ ns | T \ I
! (0110)(1001) = (0010)(1101) | (0110)(1001) N (0010)(1101)
\ N z7 / N z7
\ me ny ng \ ny
(0101)(1010) J7 - \ (0011)(1100) (0101)(1010) ).\, (0011)(1100)
26, no 26 >
(0100)(1011) (0100)(1011)
Mcb Mg,
Gp(z2)
T Gp(z3)
""""""""""""" Gb(z‘l)

Figure 11: Mg, and Mj generated by Algorithm [I]

moves only. It gives a Grobner basis version of Dobra’s Markov basis in (). In Theorem
[ we saw that Dobra’s construction gives a minimal Markov basis only in a special case.
The same phenomenon can be observed with respect to the reducedness of Grobner basis
if we simply apply Theorem 4.17 of Hogten and Sullivant recursively, i.e., the operation of
Theorem 4.17 of Hogten and Sullivant does not preserve reducedness in general. Here we
are interested in explicit description of appropriate term order and the reduced Grobner
basis for decomposable models. We prove that for decomposable models, there exists a
term order such that the reduced Grobner basis is explicitly described and furthermore
it is minimal as a Markov basis.

In obtaining a nice Grobner basis, the term order has to be carefully chosen. For
example consider the simple case of 3 x 3 two-way contingency tables with fixed row sums
and columns sums. Proposition 5.4 of [22] shows that the set of 9 primitive moves of the
form

+1 -1

:l:—l +1

constitute a reduced Grobner basis when the cells are lexicographically ordered and the
term order is chosen to be the reverse lexicographic term order. However if we order the
9 cells as

11816
41219
71513

and use the lexicographic order, then the reduced Grobner contains the following degree
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3 move

0 |—-1|+1
+1] 0 | -1
—1{+1| 0

in addition to the 9 primitive moves. This example shows that the existence of a reduced
Grobner basis consisting of primitive moves depends on the choice of a term order.

We need several steps in constructing a nice term order for a decomposable model of
an m-way contingency table. First, we order m variables. Choose a boundary clique of
the chordal graph corresponding to the decomposable model and order the variables in
the boundary cliques as the lowest variables. Then remove the boundary clique from the
chordal graph, choose a boundary clique from the smaller graph and order the variables
from the boundary clique as the next lowest variables. By recursively removing boundary
cliques we obtain an ordering of variables. The resulting order is a perfect elimination
scheme but has a stronger property. Second, given the order of the variables, we order
the cells of an m-way contingency table lexicographically. Finally, as the term order >
we use the reverse lexicographic term order.

Let Buq as in (@)). In each fiber Fp, b € Byg, there exists the lowest element nj with
respect to the above term order ». Define

MP =) U in-—ni}

beBLq "€Tp
2

n;énb
Then we have the following theorem.
Theorem 9. M8 s the reduced Gréibner basis and it is minimal as a Markov basis.

We omit the details of the proof. By generalizing the proof of Proposition 5.4 of [22]
we can show that MY? is indeed a Grobner basis. Reducedness is obvious. Minimality
is also obvious from Theorem [3l

6 Concluding remarks

In this paper we investigated the structure of degree two fibers of a decomposable model
and clarified the structure of minimal Markov bases and minimal invariant Markov bases.
We have also shown that decomposable models possess Grobner basis which is at the
same time a minimal Markov basis.

For future research it is important to investigate structures of degree three fibers,
degree four fibers etc. In [23] we gave a characterization of minimal Markov bases. It
shows that minimal Markov bases can be constructed “from below”, i.e., combining moves
from fibers of degree 1,2,3,.... Although at the moment the construction can not be
implemented as an algorithm, it shows the importance of studying fibers of low degrees.
We see that the study of degree two fibers in this paper led to some interesting results.

24



As another example, in [6] we found some interesting degree three fibers in connection to
experimental design with three-level factors.

As mentioned in Introduction, the results obtained in this paper will provide insights to
some practical models such as subtable sum models ([16]), models for contingency tables
with structural zeros (|3, 20]) and Rasch models (e.g. |9, 127, I8]) obtained by imposing
some constraints on decomposable models. We will present results along this line in a
forthcoming manuscript ([15]).

It is of interest to study effects of structural zeros and observational zeros to Markov
bases. In this respect in |[16] we have shown that a Markov basis for two-way contingency
tables with structural zeros can be obtained as a subset of a Markov basis for subtable
sum models, where the subtable sum happens to be an observational zero.
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