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The ldentifiability of Covarion Models in
Phylogenetics

Elizabeth S. Allman, John A. Rhodes

Abstract— Covarion models of character evolution describe within lineages rather than across sites. Extensions didisec
inhomogeneities in substitution processes through time.nl phy-  version of the model have appeared in a variety of analyses
logenetics, such models are used to describe changing fuietal ¢ experimental data, with authors referring to the model

constraints or selection regimes during the evolution of kblogical ina t inol h . ion’ 1121, ° ion-lika
sequences. In this work the identifiability of such models fo using terminology such as ‘covarion’ [12], ‘covarion-liKg],

generic parameters on a known phylogenetic tree is establied, [20], ‘site-specific rate variation’ [7], [10], ‘Markov-nutulated
provided the number of covarion classes does not exceed thiees Markov process’ [8], [9], or ‘temporal hidden Markov models

of the observable state space. ‘Generic parameters’ as uséere [21]. We use the name ‘covarion’ in this paper for simplicity
means all parameters except possibly those in a set of measur although we acknowledge the model does not capture the

zero within the parameter space. Combined with earlier resits, full lexitv of th iqinall d by Fitch
this implies both the tree and generic numerical parametersare ull compiexity of the process originally proposed by Fitc

identifiable if the number of classes is strictly smaller tha the and Markowitz [6]. Informally, the covarion model allows

number of observable states. several classe®(g, invariable, slow, and fast), with characters
Index Terms— phylogenetics, Markov processes on trees, co- evolving so they not only change between observable states,
varion models, statistical consistency but also between classes. Though the class is never observed
it affects the evolutionary process over time. The mode$thu
I. INTRODUCTION attempts to capture the fact that substitution rates magspp

_ : . or slow down at different sites in a sequence at differenésim
Phylogenetic inference is now generally performed in a

statistical framework, using probabilistic models of the-e n their descent. Qhanging functional constraints or selac
lution of biological sequences, such as DNA or proteing.aglmes_ _are. _pOSSIble sources of such a process. )
To rigorously establish the validity of such an approach, a dentifiability of even the tree parameter l_md_er the covario
fundamental question that must be addressed is whether el was not established with its introduction in [19], juiées
models in use ariglentifiable From the theoretical distribution Strong efforts. In [2], the authors established that foregien
predicted by the model, is it possible to uniquely determirfd10ices of covarion parameters tree topologies are indeed
all parameters? Parameters for simple models include tdgntifiable, provided the number of covarion classes is les
topology of the evolutionary tree, edge lengths on the e, than the number of observable states. Thus for nu_cleotlc_ie
rates of various types of substitution, though more corapdid models of DNA t_here can be 3 classes, though for amino acid
models have additional parameters as well. If a model is ndR©dels of proteins one can allow 19 classes, and for codon
identifiable, one cannot show that performing inferencehwif0dels of DNA up to 60 classes. ‘Generic’ here means that
it will be statistically consistentinformally, even with large there could be some parameter choices for which identifigbil
amounts of data produced by an evolutionary process that Wais, though they will be rare (of Lebesgue measure zero).
accurately described by the model, we might make erronedlisfact, if parameters are chosen randomly, with any natural
inferences if we use a non-identifiable model. notion of random, one can be sure the tree topology is
Identifiability for the most basic phylogenetic models, sucidentifiable.
as the Jukes-Cantor, Kimura, and all other time-reversible_. , - R
models, follows from Chang’s work on the general Markoy Since the notion of generic identifiability is perhaps not

model [5]. However, for models with rate variation acros\évIOIer known, and will play a key role in this work as well

sites, where the distribution of rates is not fully known)yon we elaborate on its meaning. For statistical models in ganer

' . . Yy K YON it is most desirable to establish identifiability over thdl fu
recently hav_e the_z first positive r_esults been o!ota_med Fﬂ] [parameter space. However, such a strong claim may not hold
E)lf] .tr?e e?g;;ﬁ:’vgﬁzzzeﬁssu;;'?Odgéa ggﬂngéédﬁggﬁgfsl f: that the best possible result is to establish identiftgloiter
(Unfortunately the proof of identifiability given in [17] ka ost of the parameter space, and completely charactefize al

fundamental gaps, as explained in the appendix of [1].) those parameter choices for which identifiability fails.n@gc
gaps, P PP ' identifiability results are a little weaker than this, in tthehile

The covarion model, introduced in its basic mathematicglentifiability is established over most of the parametexcep
form by Tuffley and Steel [19], incorporates rate variatioghey allow for ignorance about identifiability on a small sab
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result. For instance, though hidden Markov models are widebimon Whelan deserves particular thanks for explaining his
used in bioinformatics and other fields, and generic ideferthcoming work [21].
tifiability was proved for HHMs in [16], we know of no We also thank the referees for their helpful suggestions, an
improvements on that work in the nearly 40 years since éspecially Christopher Tuffley, who noted a flaw in an earlier
appeared. Phylogenetic models are similar to HMMs in thaersion of Sectiod VI, and suggested the simpler argument
they posit unobserved variables, at the internal nodes oftheat appears there now.
tree, but typically have more complex parameterizatioas th

II. THE PARAMETERIZATION OF THE COVARION MODELS

HMMs. Thus we consider their analysis to be even more ) i ) )
challenging. For the purpose of orientation, we briefly recall a simpler

The question of identifiability of numerical parameters fo?hylogenetlc modgl, the-state general time rgverS|bI(_al(GTR)
model. The basic state change process is specified by a

the covarion model was left open by [2]. In this article, we' Cate matrixQ, whose off-diagonal, j-entry gives an
assume the tree topology is known, and establish identifiabi . ’ 9 J Y9

. : . instantaneous rate> 0) at which a character in staieenters
of the numerical parameters of several variants of the ¢owar

. . : statej. Each row of@ must add to 0. As a consequengehas
model for generic parameter choices, provided the number’of . . . ;
: . . a unique left eigenvectar with eigenvalue 0, the stationary
covarion classes is strictly less than the number of obbéva . o )
. . . . %ector for@. Time reversibility is mathematically formulated
states. For certain versions of a covarion model, this can pé

strengthened to allow one more class, so that the numbergéf the ‘assumption thatiag(m)Q is symmetric. Character

ange along a rooted metric trée is then modeled as
classes and observable states may be the same. g 9

We consider three variants of the covarion model whiJf?"OWS: The entries ofr give the probability that a character

) ' is in the various states at the root of the tree. Along each

extend the Tuffley-Steel model, and have previously appeare . et

. . . edgee of T, directed away from the root, the conditional

in works of others, though without our formal terminology; e . .

Thescaled covariommodel sCov. assumes all classes under robabilities of state changes are given by the Markov matri
SOV, gjéa = exp(Qt.), wheret. > 0 is the edge length. From

substitutions according to a common process but at resc . ' =
: o . IS information one can compute the probability of any
rates. Theequal stationary distribution covarion modelCov, ificati f he | £ h D h
eneralizes this to allow in-class substitution processesry Spec |cat|on © states at_t € eaves o the tree. ue_Fo the
9 time reversibility assumption, the location of the root hirit

more across classes, provided they have identical stayion e tree actually has no effect on this probability distibu.

distributions and class change rates are independent of ihe
. . . Us the parameters of the model are the topology of the
base. Finally, in theyeneral covarion modelCov, each class .
- . . unrooted treel’, the collection of edge length&.}, and the
may undergo substitutions quite differently as long as the

i is i blEov is th del d ibed rate matrix@.
entire process Is ime reversibfov 1S the model descrved present the covarion models, we first focus on the process
in [21], eCov is developed in [9], andCov is used in [10].

of state change. It will be convenient to adopt terminology
Note these models are nested, most appropriate to nucleotide sequences. In particutar, i
sCov C eCov C Cov, discussing covarion models we limit our use of the word &stat
] o which is commonly used for all Markov models, because the
though each submodel is non-generic within its supermodelgmper of states at internal nodes of a tree differs fromahat
Because identifiability is established here only for gemerjgayes, even though there is a relationship between them. We
parameters, it is necessary to state and prove the genfiGead refer to observable states as ‘bases, and to extses
identifiability of all threg covar_ion models to encompass thys ‘classes’ Thus at a leaf a state is simply a base, while at a
range of models used in practice. internal node a state is a pair of a class and a base. We caution

In Section[dl we formally present these models, and ithe reader that this usage of ‘base’ is not standard in bypkg
Section[l] we state our results precisely. That sectiom al#t encompasses the 4 bases in nucleotide sequences, aswell a
provides an overview of the proof. For those whose primatiie 20 amino acids of protein sequences, and the 61 codons in
interest is understanding the result, and who do not wishmodel of codon substitution. Also, while it is often natuca
to delve into the full mathematical arguments behind it, wiink of ‘classes’ as being associated to rate scalings,niay
suggest that reading through Section 11l may suffice. Thee misleading, as several of the models we formalize allow fo
remainder of the paper provides the rather detailed argtememore generality. We usk:] = {1,2,...,x} to denote the set
that are essential to rigorously establishing identifigbil of bases andc] = {1,2,...,c} to denote the set of classes.

We also note that many practitioners have conducted dataro refer to entries of vectors and matrices of sizeit will
analysis with models combining covarion features with asfo pe convenient to index entries using interchangeably the se
site rate variation, such as that modeled by a disdredéstri- [cx], and the sefc] x [x] with lexicographic order. Thus the
bution. While the identifiability of such models has not beejdex (i,4), which should be interpreted as the ‘clasbase
established rigorously as of yet, we view the main theoremsindex, is equivalent tai — 1)c + j. Entries in ack x ck
of this paper as providing a first step toward understanding @atrix, then, can be referred to by an ordered pair of indices
these more complex models. each of which is an ordered pair jo x [«].

This work was influenced by many useful discussions Let ¢,k be positive integers. The most generatlass,
concerning covarion models that we had with participantsbase covarion model, introduced by Whelan in [21], is
of the Isaac Newton Institute’s Programme in Phylogeneticspecified in the following way:



(1) For eachi € [¢|, a base-change process for class Siyis 1, Wherel, is thek x k identity matrix.
is described by a rate-matrig); of size x x x. We We refer to this as thequal stationary distribution covarion
assume alf; are distinct, so that no two classes undergmode| denoted byeCov(c, ).
substitutions at the same rates. er 1 values ofi we The modeleCov(c, k) can also be conveniently described
require that the off-diagonal entries @f; are strictly in tensor notation. For any vectors or matricés= (a;,;,)
positive so that all substitutions are possible, and tlend B = (b;,;,), let A ® B denote the tensor, or Kronecker,
rows sum to 0. For the remainirgg; we only require that product. Using ordered-pair indices as above, we order rows
all off-diagonal entries be non-negative and that rowand columns ofA® B so the(i1, j1), (i2, j2) entry isa;, i, b;, j, .
sum to 0. In particular, we allow@; for at most one to  With the class switching process feCov specified by a
be the 0-matrix, in order to model an invariable class.c x ¢ rate matrixS with off-diagonal entriess;,;,, and rows

(2) For each ordered pair of classés # is, a diagonal summing to O, then
matrix .S;,,, of sizex x xk describes switching rates from )
classi; to classi,. The entries of; ;, are non-negative. R = diag(Q1, Q2, .., Qc) + 5@ L,
The requirement tha$;,;, be diagonal will imply that p=om.
instantaneous base switches do not occur simultaneo
with class switches.

(3) Let R be theck x ck matrix which, when viewed in
¢ x ¢ block form, has as its off-diagonal, i»-block T )
Si.i, and as itsith diagonal blockQ; — ", Si;,. Note | A further speC|aI|zat|on_ froneCov yields thescaled covar-
each row ofR sums to 0. We require that describe a 10 model sCov(c, k), which assumes
time-reversible process; that is, for some vegiowith ~ (6) For some rate matrix) and distinct non-negative

uﬁ}'e symmetry ofliag(u)R is equivalent to the symmetry of
eachdiag(7)Q; and of diag(¢)S. Thus the class switching
process described by is time-reversible as well.

positive entries summing to 1 the matrix T1,T2,. 5 Tey Qi = 1iQ.
For this submodel, the full covarion process has rate matrix
diag(p) R
_ i R = diag(r1,r2,...,7.) @ Q + S ® I. (2)
is symmetric.

Example 1:sCov(2,4) is just a generalization of the
Tuffley-Steel covarion model of nucleotide substitutio®][1
For anysy, so > 0, let

We may rescald?, or equivalently all entries of th@, and
Si,iz, SO that
trace(diag(p)R) = —1.

Requiring this normalization avoids a trivial non-iderfility S = <_81 51 ) , o=(o1,02)= ( 52 , 51 ) .
issue in which rescaling of edge lengths would have the 52 T2 S1F 82 81+ 82
same effect as rescaling. It also imposes a scale on edgdhenS defines a time-reversible switching process with sta-
lengths so that the average instantaneous rate of (bas®),clionary vectoro. For any@,  of a 4-base GTR model, taking
changes under the Markov process is 1 per unit of edge= 1 > r2 we obtain a rate matrix with block structure
Iength. We _vvill_assume throughout the rest of this paper that Q- si1 si1
this normalization has been made. Consequently, if two such ( sol roQ — 821> )
matrices are multiples of one another, we may conclude they
are equal. while

Any matrix R with these properties will be calledcavarion

rate matrixfor the general covarion modelCov(c, ), with ¢
classes and bases. If ro = 0, then an invariable class is included, and this is

exactly the Tuffley-Steel model.

Example 2:1f ¢ > 3, the requirement foeCov(c, ) that
= (o171, 02T, ..., OT) the class switching process described$¥pe time-reversible
implies stronger relationships among its entries than Ipere

= (o1m1, 0172, 0173, 0174, O2T1, 02T, O2M3, O2T4).

We may write

where thew; € R* and o = (01,...,0.) € R° are g
vectors of positive entries summing to 1. Then the symmeﬂ"?/qu'”ng rows sum to 0. If
of diag(u)R implies the symmetry ofliag(w;)Q; for each —(s12 + $13) S12 513
i. Thus our assumptions ensure tlie each define time- S = S91 —(821 + S23) S93 ,
reversible processes. Additionally we find $31 $32 —(s31 + $32)
o, diag(m;,)Siy i, = 0, diag(mi,)Siyi, - (1) ando are such thatliag(c)S is symmetric, then one can

. . . o show (most easily by using symbolic algebra software, such
These conditions are equivalent to the time-reversibdftyz. o Maple or Singular) that

A specialization of Cov(c, x) described in [9] assumes
further that 812523831 — S13821832 = 0,
(4) The base substitution processes described b@ilteve and
equal stationary distributions; = . 1

(5) The switching matricesS;,;, are scalar, saS;;, = T T 591532 + 512592 + 512523 (521832, s12832, 512823)-




Let Q1,Q2,Q3 denotex-base GTR rate matrices with aclasses. Indeed, one need only choose the switching nfatrix
common stationary vectat. Then, up to a scaling factor, thefor sCov or eCov to be the zero matrix, or set a#l;,;, =0

matrix for Cov, to describe across-site rate variation. However, such
Q1 — (s12 + s13)] s10] s13] choices are non-generic — of Lebesgue measure zero within
so11 Qs — (s21 + s03)] so3] the covarion models. Since our main result allows for non-
sa1] s30l Qs — (s31 + s32)1 J9€NEriC exceptions to identifiability, we caution that itedo

not rigorously imply anything about across-site rate \taa
is a rate matrix foreCov(3, k) with stationary vector models, though it is perhaps suggestive.

At one point in our arguments we will in fact need an
assumption that rules out consideration of across-site rat
Such models are presented in [9]. variation models. In Lemniall2, we require that the switching

Example 3:Let Q;, @, denotex-base GTR rate matrices,process forCov(c, k) is irreducible in the following sense:
with stationary vectors, m2. Leto = (01, 02) be any vector Say class communicateso classi’ when all diagonal entries

u= (o1 ogm o3m).

of positive entries summing to 1, asd= (s, so,...,s,) any Of S;; are positive. Thermlass irreducibilityof R will mean
vector of positive numbers. Then defining that for each pair of classes# i’ there is a chain of classes
) ) i = ig,i1,%2,...,1, = i With i communicating t0i1.
S12 = 0 diag(r) diag(s), For the models:Cov andsCov, this definition is equivalent
So1 = 0y diag(m) diag(s), to the usual definition of irreducibility, [11], for the Maok

process described by the switching matfixMoreover, class
irreducibility of R, together with the assumption that all entries
A (Ql — S12 S12 ) of someQ; are non-zero implies irreducibility oR in the

ensures that equationl (1) is satisfied. For suitabkbhe matrix

Sa1 Q2 — S21 usual sense.
is thus a rate matrix for the mod€lov(2, x), and of the type Not.e that class irreducibility holds fqr generic ch0|c§as of
: : covarion parameters for all three covarion models, as gener
described in [21]. . :
) ] cally all diagonal entries of alb;;; are non-zero. Therefore,
To specify any of the covarion modelslov(c,x), gespite its important role in establishing the results, we d
eCov(c, k), or sCov(c, x) on a topological tred’, in addition o+ refer to irreducibility explicitly in statements of thems

to 2 we must specify edge lengthg.}. These determine \yhich only make claims for generic parameter choices.
Markov matricesM, for each edge: of the tree as follows:

For every internal edgeof the tree M, = exp(Rt.) iS ck X ck
and describes (class, base)-substitutions over the eagind
1. = (1 1 ... 1) € R¢ be a row vector, and, thex x « We establish the following:
identity, set

Ill. STATEMENT OF THEOREMS AND OVERVIEW

Theorem 1:Consider the model<ov(c, k), eCov(c, k),
J=1T®I, = (I, I ... IK)T. and sCov(c, k) on ann-leaf binary treeyn > 7. If the tree
topology is known, then for generic choices of parametdrs al
Then on every pendant edgeof the tree,M. = exp(Rt.)J numerical parameters are identifiable, up to permutation of
is cx x k. Notice thatJ serves to hide class information, byclasses, provided <  for sCov and eCov, and provided
summing over it, so that only bases may be observed. ¢ < k for Cov.

Because the process defined Byis reversible, we may
arbitrarily choose any internal vertex of the tree as thd,roo )
and usingu as a root distribution compute the joint distribution Corollary 2: Consider the model€iov(c, x), eCov(c, k),
of bases at the leaves of the tree in the usual way f8Rd sCov(c,x) on an n-leaf binary tree,n > 7. Then
Markovian phylogenetic models on trees. Forsateaf tree, for generic choices of parameters, the tree topology and all

this distribution is naturally thought of as andimensional numerical parameters are identifiable, up to permutation of
KX KX X K array. classes, provided < k.

In outline, the proof of the theorem is as follows: Section

Let P = P® I, whereP is a c x ¢ permutation matrix. . . . .
. T . addresses basic properties of eigenvectors and eigswal
Then replacing? by P* RP simply permutes the classes. A . . : .

f a covarion rate matrix, and discusses the form of joint

no information on classes is observed, it is easy to see tﬁls Lo : -
g S 7. IStributions from covarion models on 2-leaf trees. Thitisa

has no effect on the joint distribution of bases arising fram : L .

: o rovides preliminary results needed for the main arguments
covarion model. Thus we must account for this trivial source, . . ) .

. i . Which span the remainder of this article.

of non-identifiability. ForsCov(c, ) this could be done by S e L

- : . To establish identifiability of model parameters on a par-
requiring ther; be enumerated in descending order. HoweveFr

itular tree, our argument will require that there be a 6-lea
for Covle, ) and eCov(c, x) there need not be any naturasubtree with the particular topology shown in Figlte 1. It is
ordering of the@;. To treat all these models uniformly, we P pology 9 '

will seek identifiability onlv ub to permutation of classes. &Y to see that any tree with at least 7 leaves contains such
y only up fo p " a 6-leaf subtree. (For simplicity, we chose to state Thedliem

Note that as formulated above, the covarion models genand its corollary for trees of 7 or more taxa, even though they
alize mixture models on a single tree with a finite number @liso hold for this 6-leaf tree.)

Combined with earlier work in [2], this shows:



ck X ck matrices.

IV. DIAGONALIZING COVARION RATE MATRICES

We summarize a few basic facts concerning the eigenvectors
Fig. 1. The 6-leaf tree on which arguments will be based, witgese; and and eigenvalues of a covarion rate matd¥ under the
internal nodes, p'. hypotheses of th€ov(c, k) model.

If R is a rate matrix forCov(c,x) then it is time-

. . . reversible by assumption. Thukag(p)R is symmetric, and
In Section[Y the main thread of the proof begins. We us ag(p)"/2R diag(u)~ 1/ is as well. Therefore

algebraic arguments built on a theorem of J. Kruskal [15
to determine the covarion Markov matrix/ = exp(Rtg) diag(p)/?Rdiag(p)~ /% = CTBC
describing the to_tal substitution process over the cemﬂgb for some orthogonal’ and real diagonal. Letting U —
eg, Of lengthtgy, in the tree of Figur€ll, up to permutation . 179

. . diag(p)'/?, we have
of the rows and columns. This part of our argument is no
very specific to the covarion model, but rather applies toemor R=U'BU, U !=diag(u)'UT.
general models provided the Markov matrices involved Batis ) ) _ o )
some technical algebraic conditions. We therefore mustvsho If R is class |rredUC|bIe, then it is |rreduc_|ble. Thus.one of
that Markov matrices arising from the covarion model, d& €igenvalues is 0 and the others are strictly negativg [11
exponentials of a covarion rate matrix, satisfy these tiegtin Y& may thus assumB = diag(51, f2, . - -, fex), Where0 =
conditions, at least for generic parameter choices. Though> 2 = -+ = (s for genericR.
this fact is completely plausible, establishing it rigostyu  Note that for the modekCov(c, x), much more can be
requires rather detailed work, which is completed in Sectigaid about this diagonalization. In [8], it is shown that the
IVI] This part of our argument is the reason Theofém 1 referséigenvectors and eigenvalues for a scaled covarion ratéxmat
identifiability of ‘generic’ parameters and not all paragtet R are related to those af and certain modifications af
as well as the reason we require< «. through a tensor decomposition.

Once the Markov matrix on the central edge of the tree is ) ) S _ o
identified up to row and column permutations, to determire th W& now investigate the implications of the diagonalization
covarion rate matrix we must determine the correct row afi covarion rate matrices for 2-taxon probability disttibns
column orderings, and take a matrix logarithm. We are ab#ising from the model. This will be useful for identifying
to show there is a unique ordering of rows and columns thH@#ge lengths in Sectidn VII.
produces a covarion rate matrix in part by taking advantageSupposeR = U~'BU is the diagonalization described
of the pattern of zeros that must appear in such a rate matékove. A 2-taxon distribution, arising from edge lengths
Other facts about rate matrices, such as the non-positiWity described by a x x matrix
eigenvalues, also play a role. We obtain an essential pikce o o
information on the ordering from the known ordering of bases N = J" diag(p) exp(Rt)J
at the leaves of the tree. All this is the content of Sedtioh VI = JT diag(p)U L exp(Bt)UJ

Finally, once we have determined the covarion rate matrix = JTUT exp(Bt)UJ
from this central edge, we use it in Sectlon VIl to determine
the sum of edge lengths between any two leaves in the tree.
By standard arguments, we may then determine the lengths

all individual edges in the tree, so all parameters have beer]_emma 3:Let R be a covarion rate matrix fo€ov(c, )

identified. ~ ThenR determines a matriB = diag(01, . . ., Bex) With 0 =
Note that the later steps of our arguments are construativez . 3, > ... > ... and a ranks matrix K of size cx x #
that one could apply them to a specific probability distrit ;¢ that the probability distribution arising from the aden

to explicitly recover the parameters producing it. Howevekodel with rate matrixz on a one-edge tree of lengthis
Kruskal’s theorem is not constructive; it guarantees a umiq

= (U exp(Bt)(UJ).

0{/\/e formalize this observation with the following lemma.

set of parameters but does not indicate a procedure for N = K" exp(Bt)K.

recovering them. A constructive version of Kruskal's therar Proof: It only remains to justify that the rank df = U.J
would give an algorithm for the decomposition of threeis . However, sincd/ is non-singularrank K = rank J = &.
dimensional tensors into minimal sums of rank 1 tensorss Thi u

is an interesting but challenging open problem, which would
have applications in several other areas of applied mattiesna vV
as well. However, the particular case of Kruskal's theoreenw
use can also be established by a longer argument, which we
omit, along the lines of the identifiability result in [5]. g The basic identifiability result on which we build our later
that approach one obtains an explicit parameter idenfificat arguments is a theorem of J. Kruskal [15]. (See also [14], [13
procedure that depends on the calculation of eigenveabors for more expository presentations.)

IDENTIFYING A MARKOV MATRIX ON THE CENTRAL
EDGE



Fori: =1,2,3, let N; be a matrix of size- x k;, with n§- to permutation. That isjv; M1, M2, Ms] = [v'; M7, M}, M}]
the jth row of N;. Let [N, Na, N3] denote thes; x k2 x k3 implies that there exists a permutatiBrsuch thatV] = PM;

tensor defined by andv’ = vPT,
" ) 5 Proof: This follows from Kruskal's theorem in a straight-
[N1, N2, N3] = Z n; @ n; @nj. forward manner, using that the rows of each Markov matrix
j=1 M; sum to 1. [ |

Thus the (ki,kq,ks) entry of [Ny,Ny, N3] is . o

S nl(k)n2(ky)n3(ks), and this ‘matrix triple product Remark 1:The corollary actually claims identifiability for

can be viewed as A generalization of the product of twW#Eneric parameters, where ‘generic’ is used in the sense of

matrices (with one matrix transposed). algebraic geometry. To see this, note that for any fixed &hoic
Note that simultaneously permuting the rows of all th@f @ Positive integey;, those matriced/; whose Kruskal rank

N; (i.e, replacing eachV; by PN; where P is anr x r is strictly less than; form an algebraic variety. This is because

permutation) leave§N:, N, N3] unchanged. Also rescalingthe matrices for which a specific set ffrows are dependent

the rows of eachV; so that the scaling factor§ used for the is the zero set of allj; x j; minors obtained from those
n’, i = 1,2,3 satisfy ctc?c? = 1 (i.e, replacing eachv; by

. rows. Then, by taking appropriate products of these minors
J? 27377 H . .
D;N;, where D; is diagonal andD, DsDs = I) also leaves for different sets of rows we may obtain a set of polynomials

[N1, Na, N3] unchanged. That under certain conditions theg@wpse zero set is precisely those matrices of Kruskal rank
are the only changes leavifdy;, N», N3] fixed is the essential < Ji-

content of Kruskal's theorem.

To state the theorem formally requires one further definitio
For a matrixV, the Kruskal rankof N will mean the largest
number; such that every set gf rows of N are independent.
Note that this concept would change if we replaced ‘row’ by N = N1 Q"% Ny
‘column,’” but we will only use the row version in this paper. . . . .

With the Kruskal rank ofN' denoted byrank N, observe denote the- x st matrix that is obtained from row-wise tensor

To apply the Corollary of Kruskal’s theorem in a phyloge-
netic setting, we need one additional definition. Given et
N, of sizer x s and N, of sizer x t, let

that products. That is, théth row of N is the tensor product of
rankx N < rank N theith row of V; and theith row of N,. Although we do not

K= ' need a specific ordering of the columns &t we could, for

Theorem 4:(Kruskal) Letj; = rank N;. If instance, defineV by N (i, j + s(k — 1)) = N (i, j)Na(i, k).

To interpret this row-wise tensor product in the context of
models, consider a rooted tree with two leaves, and a Markov
then [Ny, N, Ns] uniquely determines théV;, up to simul- model with r states at the root, ang, states at leat, i =
taneously permutating and rescaling the rows. That is, Iif2. Then the transition probabilities from states at the root
[N1, No, N3] = [N], N4, N3], then there exists a permutatiorf0 states at leat are specified by am x «; matrix M; of
P and diagonalD;, with D;DyD3 = I, such thatN; = non-negative numbers whose rows add to 1. The matfix
PD;N,. M; ®"°% M, will also have non-negative entries, with rows
. . . . summing to 1. Its entries give transition probabilitiesnfro
We will apply this result to identify parameters of a stoana% g 9 b
tic model with a hidden variable. In phylogenetic terms, tharc . States at the root to the, s, composite stateat the

- In phylog ' aves, formed by specifying the state at both leaves. Thiss t

model is one on a 3-leaf tree, rooted at the central node. ST . . .
. ) row tensor operation is essentially what underlies theomoti
hidden variable at the central node hastates, and observed . o L :
of a ‘flattening’ of a multidimensional tensor that plays an

variables at the leaves hawe, ko, k3 States respectively. . -

Markov matricesM;, of size r x k;, describe trgnsition)é important role in [4], [2].
from the state at the central node to those on lgafvith
observed variables conditionally independent given tlaest Kruskal’s result will actually be applied to a model on a
of the hidden variable. For each= 1,2, 3, let m;'- denote the 5-leaf tree, by a method we now indicate. For the 5-leaf tree
jth row of M;. One then checks that the joint distribution foshown in Figuré2, rooted at, suppose Markov matricel/;
such a model is given by (not necessarily square) are associated to all edges taluesc
transition probabilities of states moving away from thetroo

Ji1+j2+43=>2r+2,

[vi My, My, M5] = > v;m} ® m? @ m?.

j=1
Corollary 5: SupposeM;, i = 1,2,3, arer x k; Markov

matrices, andv = (v1,...,v,) IS a row vector of non-zero
numbers summing to 1. Let = ranky M;. If

J1+Jj2+J3 > 2r + 2,

then [V; My, Moy, M3] uniquely determines, My, My, M3 up Fig. 2. Viewing a model on a 5-leaf tree as a model on a 3-leaf. tr



Then with covarion model is that we must know that assumptions (2) and
— o~ ~ ~ (3) on the ranks of various products of Markov matrices are
I rTow
My = M3 (My @™ My), met. While one would certainly suspect that at least for gene

M, = Me(My @ Ms), choices of covarion parameters there would be no problem, it
M\g _ ]\7]77 is non-trivial to establish this rigorously. That is the temt
of the next lemma.
we obtain Markov matrices on a simpler 3-leaf tree rooted Let {f;,..., f,} be a finite collection of analytic functions
at its central node. Retaining as root distribution the rogjith common domairD C C". Recall that thenalytic variety
distributionv at p, the joint distribution for this simpler tree v = v (f,,..., f,) is the subset of> on which all f; vanish.

is [v; My, Ma, Ms]. The entries of the distribution for the 5-In the next lemma we will use the existence of a single point
leaf tree and the 3-leaf tree are of course the same, thougtD < V' to conclude that th& is of strictly lower dimension
one is organized as a 5-dimensional array and the othertagn D. This step may not be familiar to most researchers in
a 3-dimensional array. However, the reorganization into a ghylogenetics, so we recall a simpler instance. A powerful
dimensional array is crucial in allowing us to apply Kruskal theorem concerning analytic functions of a single complex
theorem. variable is that if an analytic functiorf is not identically
Lemma 6:0n the 6-leaf tree of Figur€l 1 rooted at zero, then any zeros of in the interior of its domain must
consider a Markov model with states at all internal nodesbe isolated. Equivalently, if there is a single point with
andx states at leaves. Let the state distribution at the root §é20) # 0, then the zero set of is a zero-dimensional subset
specified byv, and Markov matrices\/; describe transitions of the one-dimensional domain ¢f. Our argument simply
on edgee; directed away from the root, so for internal edgesses a generalization of this fact from the theory of funtio

the M; arer x r, and on pendant edges are« . of several complex variables.
Suppose in addition Lemma 7:Identify the stochastic parameter spatef any
(1) all entries of bothv andv’ = vM, are positive, of the modelsCov (¢, ), eCov(c, k) or sCov(c, k) on the 6-

(2) the four matricesV/g(M, ®@"7°% Ms), MgMg(M4 @™  taxon tree of FigurEl1 with a full-dimensional subseffdf so
Ms), M3(M; ®™°% My), and M{Ms(M; ®7°% M), that the parameterization map for the probability distiitiu
where M/, = diag(v’)~!M{ diag(v), all have rankr.  is given by analytic functions.

(3) the Kruskal ranks of\f; and Mg are > 2. Let X C S be the subset on which either at least one of

Then My, M, and v are uniquely determined from thethe fourcx x x? matrices arising from cherries,
joint distribution, up to permutation. That is, from therjbi row
Jdistribution we ma)liJ deteprmine matricéé,, N; and a vec?or exp([Rts)(exp(Rt1) ] @ exp(Rt2) ),

w with Ng = PTMyP,, N; = PTM;, andw = vP, for exp(R(ts + to))(exp(Rt1)J @ exp(Rt2)J),
some unknown permutatiord and P,. exp(Rte)(exp(Rts)J @ exp(Rts5)J),

_ Prpof: Note that since the matri(_:es in (2) have rank exp(R(tg + to))(exp(Rts)J @™ exp(Rts).J),
which is equal to the number of their rows, they also have .
Kruskal rankr. has rank< ck, or at least one of the two matrices

First consider the 5-leaf subtree where edgehas been exp(Rtr)J, exp(Rts)J

deleted, and edges) and eg conjoined. Then by Corollary

B, we may determine P, and the matrice®! M3(M; @™ on the pendant edges, es has Kruskal rank< 2. Then if
My), P Mg Mg (M2 Ms), andP{ M; for some unknown ¢ < &, the setX is a proper analytic subvariety d, and
permutationpP; . hence of dimensiorc L.

Now reroot the tree of Figufd 1 at, using root distribution Proof: For our argument, it will be convenient to extend
v/ and matrix M/, on edgeey (directed oppositely), without the set of allowable edge lengths fram> 0 to a larger set
affecting the joint distribution at the leaves. Having don#cludingt; = 0. Once the claim is established allowing zero-
this, consider the 5-leaf subtree where edge 7 has bdength edges, we may restrict to positive-length edgesgas i
deleted. Another application of the corollary determinéB,, needed in other parts of our paper). This is simply because th
P Mg(My®"°% Ms), PT M{Ms(M; @"°% Ms), andP{ Mg. original and extended parameter spaces described here have

Finally, from ther x x? matricesA = P MoMg¢(M,@™°v the same dimension, so the intersection of a proper analytic
Ms) and B = PJ Mg(M, @ Ms), which by assumption subvariety of the extended parameter space with the smaller

have rankr, we may determine the x r matrix C = parameter space must also be a proper subvariety.
PI'MyP,: since bothA and B have rankr, the equation  Consider first the edges, e, e3, e in the tree of Figure
A = CB uniquely determineg’. m [ In SectionCVl below it will be shown that when < «

Note that for the covarion models; has positive entries tere is at least one choice of a rate mator sCov(c, x),

by assumption, and sinc is time reversible with stationary @nd edge lengthg; > O'Tfi =01 =0,¢ > 0so
vectorv, we will havev’ = v and M, = Ms. Thus condition thatexp(£Rts)(exp(Rt)J ® exp(Rt»)J) has ranker and

(1) will automatically be satisfied in our application of th&XP(Et7)J has Kruskal rank> 2. Assuming this result for
lemma. now, by in addition choosing

The only potential obstacle to applying Lemina 6 to the tg =0, tg =t7, tg =13, t5 =to, t4 = t1



we have found at least one parameter choicesfasv(c, k) Letting X (¢) denote the:x x submatrix ofM (t) consisting
that does not lie inXcoy- of the (4, j) rows, we claim that somex ¢ minor of X(¢) is
Since the sameR and {t;} arise from parameters fornon-zero for all but a discrete set of valuestofSince there
eCov(c, k), respectivelyCov(c, k), we have also found at leastare only finitely manyj to consider, this implies the existence
one parameter choice for these models that does not lieaohthe desired;.
Xecov, respectivelyXcoy -
Now observe that the set of parameters for which any oneFixing j, for notational ease let
of the four specified x x2 matrices has rank cx is the zero x1(t) %1(t)
set of a collection of analytic functions. Such functions ca .
be explicitly constructed by composing the parameteizati X;(t) = : , @(t) = det :
map for each matrix with the polynomial functions expregsin x(t) X (1)

a pendant edge matrix fails to have Kruskal rank is the  coordinates, to be specified later, so that) is a specific
simultaneous zero set of a collection of analytic functibnét . .. . minor of X;(t).

from the composition of the parameterization of that matrix

with the 2 x 2 minors. Thus the seX is the union of analytic  Sincexz(¢) is an analytic function, to establish that it is non-

varieties, and hence itself an analytic variety. This seinc& zero except at a discrete set of points, it is enough to show

be the entire parameter space, since we have found one paii not identically zero. Nowz(t) is easily evaluated only at

that lies outside it. Therefor¥ is a proper analytic subvariety,t = 0, and unfortunately:(0) = 0 sincex;(0) is the standard

as claimed. As such, it is of dimension strictly less tHan®  basis vector; for all i. We will, however, showz(t) is not
For all covarion parameters outside the &ebf Lemmal¥, identically zero by showing the derivatiué™ (0) is non-zero

we may apply Lemmal6 and identity/ = PT exp(Rtg)P, forn=c(c—1)/2.

andv = pP; for some unknown permutationB;, P,. As o ) )

X is of lower dimension than the parameter space, it hasT0 obtain information on the derivatives;”’(0), observe

Lebesgue measure 0. Thus for generic covarion paramef®@t M (t) is the solution to the initial value problem” =

we may identifyM anduw. RM, M(0) = J. Thus xﬁ”(()) is the (i,) row of R!.J.

Moreover, sinceS17 = 0,

R'J = (diag(r1,r2,...,7) © Q+ S ®@ I,) (1T ® I)
-1
In this section the particular parameter choice neededen th = diag(r1,72,...,1.) 1T @ Q' + Z Vi ®Q™,
proof of LemmdY is constructed. We thus consider only the oo
modelsCov, with the parameterg), S, and{r;} as described W )
in Sectior(l, andR as given by equatiofi}2). We seek valugfr Some vectorsy;,,,. Thus, fOf}ﬂZ 1, x;7(0) is a linear
of these parameters andfqf t; > 0 s thatexp(Rt; ) J @7 J gomblnatlonlof thejth rows on_ 1 lg m < [, where the
has rankck andexp(Rt7)J has Kruskal rank at least 2. Note/th row of Q" appears with coefficient;.
that sinceexp(Rt1)J ®@"°% J is ck x x2, it may only have the
desired rank wher < k.
One might first consider taking = 0, so 2M0)= Y madet (5<§”1>(0), ,iﬁ"“)(o)) :
exp(Rt1)J @Y J = J @ J. A ©)
However thisck x x2 matrix has ranks < cx. Similarly, Where the summation is over non-negative integer solutions
taking t; = 0, 0 exp(Rt7).J = J, fails to produce a matrix 10 71 + -+ +nc =n andmy = (1y.".n,) is @ multinomial
of Kruskal rank at least 2. Thus we must do more work to finePefficient. Lettingz, = e; andz; be the;jth row of Q* for
the needed example. Our first step is to establish the fatigwi 7 > 1, we have shown thatgl) (0) lies in the span ofz;}!_,

Lemma 8:Suppose that for eacli € [x], the vectors for alll > 0. This implies that any summand in equatién (3)

VI. CONSTRUCTION OF SCALED COVARION PARAMETERS
WITH CERTAIN PROPERTIES

Now with n = ¢(c — 1)/2,

appearing as theth rows of the matrix power§)™, m = Must vanish if more thah+1 of the n; satisfyn; <1, since
1,...,c—1 are independent. Then there exist¢; > 0 in that case the rows in the determinant are dependent. But
such thatexp(Rt;).J @™ J has rankes andexp(Rt;).J has 7 = ¢(¢—1)/2=0+1+---+(c—1), hence non-zero terms
Kruskal rank at least 2. can arise only when is a permutation of0,1,...,c—1).

Proof: We first show the existence of suchta Let
M = M (t) = exp(Rt)J. Because of the specific form of,
it is easy to see that any dependency relationship betwaen th(0:1.-c—1):
rows of M ®"°% J is equivalent tox separate dependency (n _ _(pt(1)-1) (= t(e)—1
relationships between rows dff. Specifically, the rows of M (0) =m Z det (Xl (©) - % )(0)>
M @™ J are independent if, and only if, for eaghe [x] ) (1)
the set of thec rows of M with index (i,5), i € [¢], are =m Y sgn(p)det (Xu(l)(o)a X (0)) :
independent. HESe

With S, denoting the permutations ¢, ...,c), andm =

HES.



But with Z = (27, ...,2z2 |)T, we have shown as well. Thus the rows o’ are independent. ]

y “e—1
< (0) To see &) satisfying the hypotheses of Lemina 9 exists, let
(1)
1
: =L,2 = ——— (151x — wlx
.1 Iz Qo K(K —1) ( K K )
%o (©)

be a generalized Jukes-Cantor matrix of sizeall of whose
where L,, is a ¢ x ¢ lower triangular matrix with diagonal off-diagonal entries are equal, which has stationary vecto
entriesL; ; = 7,;11) By hypothesis, all rows o except the 1.. The eigenspaces of)o are the span ofl,, and its
first form an independent set, and sin@é1” = 0 for { > Orthogonal complement. For a diagonalizatign= U DoU

1 while 217 = 1, the first row is not in the span of theWe can thus chos¥ to be an_orthogonal matrix all of whose
others. ThusZ has rank, and some choice afof its columns €ntries are non-zero. (For instance, when= 4 we may
are independent. Specifying that the bar over a matrix or r&00seU to be a Hadamard matrix.) Sind@, has repeated

vector designates a projection onto these column coomtinadiagonal entries, perturb the non-zero entries slightlglitain
yields a diagonal matrixD without repetitions, and le) = UDU 1.

<@ (0) Since @ also hasl, as its stationary distribution, and since
“(1_) _ Q@ is symmetric, it is a rate matrix of the sort needed.

(_51) =Lz, Choosing such & and any S and distinctr; for the
i:(c) (0) sCov parameters gives a particular choice of scaled covarion
so parameters), S, {r;} such that there existsiqa > 0 where
. exp(Rt1)J®J has rankek, and at; > 0 such thaexp(Rt7)J
det (29 (0),...,x"V(0)) = P ) det(2). has Kruskal rank at least 2.
( u(0) o) )) };[1 10 2 Thus Lemmd7 is fully established.

?;]r(;c\:,\(,adet(Z) # 0, to see thatr()(0) # 0 it is enough to VII. I DENTIFYING THE COVARION RATE MATRIX R
e~ The nextgoal is to use = pP; andM = P exp(Rtg) Pz,
Z Sgn(“)HTu(i) 70 as identified in Sectioi lV through Lemmas 6 7, to
=1 determine the covarion root distributiqgm and the covarion
But the left hand side is a Vandermonde determinant, an@ sinate matrix R. It is of course enough to determinBt,,
ther; are distinct, it does not vanish. Thus the desireelxists. wherety > 0 is the edge length, and then use the required
For the existence of7, consider the(iq,j1) and (i2,j2) normalization ofR.
rows ofexp(Rt)J. If ji # jo, then these rows are independent Let us assumes has its entries in non-increasing order.
whent = 0, hence for allt except a discrete set. Ji = jo, (This can be achieved by multiplying on the right by
then the two rows are rows of;, (¢), and thus independentsome permutation?, and M on the left by P”, thereby
for all but a discrete set of by our work above. Since therechanging the unknowrP;.) Now sincediag(pu) exp(Rt) is
are only finitely many pairs to consider, for all but a diseretsymmetric, andliag(v) = P{ diag(u) Py, one can verify that
set of values we findxp(Rt).J has Kruskal rank> 2. B diag(v)M P] P, is symmetric as well. This shows there is
The existence of rate matricég satisfying the hypothesesat least one reordering of the columns &f that results in
of the last lemma is a consequence of the following one. diag(v)M being symmetric. Assume some such ordering of
Lemma 9: Suppose a x  rate matrix() has at least the column; ofM has been chosen to ensure this symmgtry.
distinct eigenvalues and its right eigenvectors can beeos !f ¥ (€quivalently,u) has no repeated entries, these choices
to have all non-zero entries. Then for eaghe [x] the have uniquely determined an orderm_gto the rows and columns
vectors appearing as thgh rows of Q!, | = 0,...,c — 1, of M, an_d forcedP, = P;. To see thls: note thg rows aff
are independent. haye a fixed co_rrespond_ence to entriesvpfwhich have a
Proof: Let Q = UDU~! be a diagonalization of). unique decreasing ordering. For the columns, note that the

Then withu; denoting thejth row of U, the jth row of Q! is  Symmetry of diag(v)M and the fact thatt ., M" = 1.

u,; D'U~. To show these rows are independent, it is enou pliesv M = v. However, if the columns of/ are permuted

to show theu, D!, I = 0,...,c — 1 are independent, or evendY P, thenvMP = vP 7 v. We therefore can conclude

that the projections of these vectors onto some choice o = #P1 and M = P{ exp(Rty) Py for some unknown

coordinates are independent. By choosing to project entd®€rmutations. _

coordinates corresponding to distinct diagonal entrieDpf ~ Sincér may have repeated entries, the above argument only

we may reduce to the case whefeis ¢ x ¢ with distinct holds for generic choices of parameters. In order to avoid

diagonal entries and the vectoss € C¢ have all non-zero introducing any generic conditions other than those ajread

entries. arising from the application of Kruskal’s theorem, we give a
But if TV is thec x c matrix whoselth row isu,; D'~1, then alternate argument using the following lemma.

W = Vdiag(u;) whereV is a Vandermonde matrix con- Lemma 10:Suppose that a matrix/ has a factorization of

structed from the diagonal entries Bf. By our assumptions, the form M = PWT ZW for some real symmetric positive-

both V' anddiag(u,) have non-zero determinants, B6 does definite m x m matrix Z, realm x n matrix W of rank n,

HES.
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andn x n permutationP. Then P is uniquely determined by If ¢ # & thent; = t,, and P = P, P] can be expressed

M. asP = P ® P for somec x ¢ permutation]3 and k x K
Proof: The matrix Z defines an inner product dR™, permutationI;. Thus R, can be determined up to application

and if w; denotes theth column of W, then thei, j entry of of a permutation of the forn® ® P.

the symmetric matrixh = W7 ZW is If Ry,R, are rate matrices for eithesCov(c,x) or

T eCov(c, k), then the same result holds for all
(wi, UJj>Z = w; ij

Note that a permutation of the forf® P can be viewed as
a permutation of classes Wy, and a simultaneous permutation
(x,x) + (y,y) > 2(x,y). of bases within all classes hy.
Proof: Using the normalization oR; and Ra, it is trivial
to see that, = t,. Conjugating byP,, we obtainP" R, P =

But for any inner product, ifc # y then

Now the matrixWW has distinct columns since it has rank

Thus the entries ofV satisfy Ry
Mg + Njj > 214 . (4) Let N be a matrix of the same size d&, with entry 1
) ) (respectively, 0) wherever the corresponding entrylgf is
Suppose for some permutatiofty, P, the matricesN1 = positive (respectively non-positive). L&, = G(R;) be the

PI'M and N, = P} M are both symmetric, and have entriegundirected) graph whose adjacency matrixis= N7. Thus
satisfying the inequalitie§(4). Note also thst and N> have ihe vertices ofG; are labeled by the elements @f x [x],
the same set of rows. the indices corresponding to rows and columnsief and an
Consider first the largest entry (or entries, in case of tieg}ige joins vertices and j exactly whenR; (4, ) > 0 (or,
of N1 and N,. Because the inequality ifl(4) is strict, a |arge§$quivalently, whenR, (j,7) > 0). G is the ‘communication

entry cannot appear off the diagonal. Thus the row (or rows) graph’ of R,, expressing which instantaneous state changes
N; and N, containing the largest entry (or entries) must ocCWa, oceur.

in the same positions. Since the same argument applies to thgy assumptions orR;, for each class with Q; # 0, the
submatrices obtained from th¥; by deleting the rows and yertices labeledsi, 5), j € [«], corresponding to all states in
columns with the largest entries, repeated apphcaﬂorwshodassi’ form a clique (e, the subgraph on these vertices is
Ny = Ny. Thus P, = P. B 3 complete graph) of size. Moreover, these cliques are each
Corollary 11: Supposes, M are of the form maximal, since any vertexi’, j') outside of the clique has
P . . .
B o7 i’ # ¢ and is connected to at most one vertex in the clique,
v=mph,  M=Pexp(R)P, namely(i, '), which has the same base but different class.

for some covarion rate matrix with stationary vectoru, Suppose first that # «. In this case we show there are no
permutationsPy, P», and scalart. Then P/ P, is uniquely other maximal cliques of size. To this end, suppose a vertex
determined. labeled(i, 5) is in some other maximal cliqué of sizex. The
Proof: Apply Lemma[ID taliag(v)M, with P = P{"P»,  only vertices adjacent to it outside of its class corresptnd
W = P, andZ = diag(u) exp(Rt). B the same basg ThusC must contain at least one of these, say
As a consequence of this corollary, after multiplyihgon (k,j) wherek # i. As the (k, j) vertex and any(i,l) vertex
the right by (P )T we may now assume we have cannot be in a common clique jf=# I, C must contain only

T vertices corresponding to bageAs there are- # « of these,
v=mpP, M= P exp(Rt)P they cannot form a clique of size.

for some (unknown) permutation?. But then M = Now if we similarly constructG; = G(R:), the statement
exp(PTRPt), and since this matrix is diagonalizable with®’ 1P = R, means there is a graph isomorphism from
positive eigenvaluesP” RP¢ is determined by applying the G1 10 Gz, obtained by relabeling vertices according to the
logarithm to its diagonalization. permutationP. As such an isomorphism must take maximal

Now PTRPt is simply a rescaled version dt with the cligues to maximal cliques, we see thHatmust map all states
same permutation applied to rows and columns. Thus thdfean R class withQ; # 0 to all states in ank, class with
exists at least one simultaneous permutation of the rows ddd 7 0- (As the covarion model allows at most one class
columns of PTRPt which vyields a rescaled covarion rateVith Q; = 0, this also means that if eithe?; has a class with
matrix. However, we do not yet know if there is a uniqué&’: = 0, then so does the other, and these classes must also
such permutation, or a unique such covarion rate matrix. Pe mapped to one another.)

One m|ght Suspect that the pattern of zero entries in theTh|S ImplleSP has the fO”OWing structure: PartitioR into
off-diagonal blocks of a covarion rate matrix should alldwet @c x ¢ matrix of x x x blocks, corresponding to classes. All
(almost) unique determination @t from this permuted form. blocks of P are zero, except for one block in each row and

~

This is the content of the following lemma. column. Let P be thec x ¢ permutation matrix with 1s in

h positions corresponding to those non-zero blocks. The non-
ero blocks ofP are alsox x x permutation matrices.

We next claim that the non-zere x « blocks in P are

all identical. To see this, consider hat¥ acts on a non-zero
PR Pit; = Pf RyPots. off-diagonal blocksS;,;, of R; through the formulaP” R, P:

Lemma 12:Let R;, Ry be rate matrices fa€ov(c, ), wit
R; class irreducible, as defined in Sectioh 1l. Suppose 6
permutationsPy, P, and scalars;, ¢t > 0, that
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the resulting block has the forﬁTS“QISQ Where151 and 132 to determineP. [ |
are two of thex x x permutations appearing as blocks of Thus for generic parameters and p are determined
But this must equal the corresponding block®f, which is uniquely, up to the permutatioR of classes.

diagonal. Thus if all diagonal entries &f;,;, are non-zero  Remark 2: That the restriction: < & is necessary for the

then PT P, = I,,, so P, = P. The class irreducibility of?1  Cov model in Lemma T2 can be easily seen. For example,
ensures that we obtain enough such equalities to see thatyalh x — ¢ = 2, the two rate matrices

P; are equal to some common x x permutationP. Thus

-5 3 2 0

P=P®P. 1 ls 4 0 1

Now for the modelsCov andeCov consider the case of= R = 1| 2 o -3 1|’
. In this case, maximal cliques corresponding to either alfixe 0 1 1 —9
base or a fixed class have the same cardinality, but there can
be no other maximal cliques. Unless the graph isomorphism 1 _25 23 g (1)
from G, to G2 maps some fixed-base clique to a fixed-class R = — -
cligue, our earlier argument applies. 43 0 -4 1

We therefore suppose that the basdique is mapped to the 0 1 =2
classi clique, and argue toward a contradiction. This meBns are related by exchanging rates and classes. Note further th
maps vertices ir7; labeled(k, j) for k = 1,...,c to vertices both R and R’ have%14 as their stationary distribution, so
labeled(i,1) for i = 1,...,k in Go. As a result, every other they lead to the same observed distribution at a single leaf.
fixed-base clique irz; must also map to a fixed-class cliqueMoreover, they lead to the same set of observable distabsti
in G, since all the fixed-base cliques 6f; include some at two leaves when one considers all possible edge lengths
(2,1). t > 0. Thus one cannot use the observed distribution at one

But the formulaP” R, P = R, implies that each diagonal or two leaves to distinguish between distributions arigiogn
block of R, must have as its? — « off-diagonal entries the these two rate matrices.

k?—r valuess;,;, # 0 which appear in the off-diagonal blocks Of course one might next attempt to use observed joint dis-
of R;. But this is impossible, since the base-change matricetbutions at multiple leaves to distinguish these paramsgior
Q; of R, are assumed not to be equal. B introduce additional generic conditions to obtain idealifiity

We now have determine® and p up to separate permu- of numericalCov parameters even when= x. As we have
tations P of the bases and of the classes. The ambiguitynot pursued these directions, we do not claim identifigbilit
expressed by> cannot be removed, as permuting classes hidls for generic parameters in this case, but only that the
no effect on the distributions defined by the model. Our neffguments given above do not establish it.
step is to use information on the ordering of the bases oddain
at the leaves of the tree in order to determine VIIl. I DENTIFYING EDGE LENGTHS

Let PT M, denote the: x x matrix, which was determined As R is now known, all that remains is to determine edge
via Lemma®, describing permuted transition probabilites 'engths. By simple and well-known arguments [18], these can
edgee; of the tree of Figurd]l. Assuming = PeP by be determined from knowing total distances between leaves
previous steps in 0uranalys(§?®]5)T exp(Rt7)J is known. of the tree. Thus the determination of all edge lengths is

Lemma 13:SupposéV = PT exp(Rt)J for some permu- established b.y -the fOHOWI.ng' ] ]
tationP P ® P, covarion rate matrix?, and scalat. Then Lemma 14:Fix a covarion rate matrix?, of sizeck X ck.

P is uniquely determined. Suppose a x x matrix N is in the image of the resulting
Proof: Consider thes x x matrix, determined by known covarion model on a 2-taxon tree, with edge lengtfThen
information N uniquely determines.

Proof: From LemmdB, we have that
N = KT exp(Bt)K,

where B = diag(f51,...,0ex), 0 =01 > (2 > -+ > B and
K is a realeck x k matrix, of ranks. Furthermore, sincé® is

JT diag(v)W = JT P diag(u) PPT exp(Rt7)J
= (L @ I,)(P" @ P") diag(s) exp(Rt7).]
= (1.P" @ I,P") diag(p) exp(Rtz)J

= (1. ® P") diag(p) exp(Rt7).J known, so are alB3; and K.
= ﬁT(lc ® I,.) diag(p) exp(Rt7)J With K = (k;;) and N = (n,;), this implies the diagonal
_pTN, entries of N are
where N = J7T diag(u) exp(Rt7).J. From Lemmd}, we also Z k3, exp(fB;t). (5)
have that
N = K" exp(Bt7)K As thek;; are real numbers and ali; are non-positive, each

term in this formula is a non-increasing function ©fThus
n;; = ny(t) is a non-increasing function of If we show
B that for somei the functionn;(t) is strictly decreasing, then
JT diag(v)W = PTK™ exp(Bt;)K from any value ofn;; we may determine. But to establish

where B is real diagonal and{ has rankx. We may thus
apply Lemmd_ID to the product



that somen;; is strictly decreasing, we need only show there
exists some and somej > 1 such thatk;; # 0, so that at
least one term in equatiohl(5) is a strictly decreasing fonct
However, asK has ranks > 1, we cannot havé:;; = 0 for

all j > 1. ]
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