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Identifiability of 2-tree mixtures for group-based
models

Elizabeth S. Allman, Sonja Petrovi¢, John A. Rhodes, arti Sellivant

Abstract— Phylogenetic data arising on two possibly differ- the most commonly used in DNA data analysis, it is yet to be
ent tree topologies might be mixed through several biologal proved that trees are identifiable.
mechanisms, including incomplete lineage sorting or horiantal Several recent works, including [23], [31], [22], and [21],

gene transfer in the case of different topologies, or simply . . . .
different substitution processes on characters in the casef considered 2-class mixture models in which the two classes

the same topology. Recent work on a 2-state symmetric model €Volve along possibly different topological trees. Suctdeie
of character change showed such a mixture model has non- could describe instances of horizontal transfer of germatie
identifiablg parameters, and thUS.it is theoretically imposible terial between taxa, or incomplete lineage sorting in seqe®
to determine the two tree topologies from any amount of data o mposed of several concatenated genes. In particulaseMat
under such circumstances. Here the question of identifiakitly is . .
investigated for 2-tree mixtures of the 4-state group-basemodels, and Steel [22] sh(_)wed that under the blngry symmetrlg model
which are more relevant to DNA sequence data. Using algebrai Of Cavender-Farris-Neyman, a 2-class mixture on a single 4-
techniques, we show that the tree parameters are identifiablfor taxon tree can exactly ‘mimic’ a single class model on a
the JC and K2P models. We also prove that generic substitutio  different tree. Because of the small size of the state space i
parameters for the JC mixture models are identifiable, and 10 ig model, its group-based structure, and the small sizbeof
the K2P and K3P models obtain generic identifiability resuls L . . .
for mixtures on the same tree. This indicates that the full tr.ee, _EXp“C't calculations were p053|b!e to fully analth
phy|ogenetic Signa| remains in such mixtures’ and that the 2 situation. HOWeVer, one Should be cautious about extrﬂpgla
state symmetric result is thus a misleading guide to the behéor  from this result to a pessimistic view about identifiabildy
of other models. similar phylogenetic mixtures. The mixture of [22] is an 11-
parameter model producing a probability distribution in-a 7
. INTRODUCTION dimensional space, so it is certainly overparameterizeuléN

A basic question concerning any statistical model is Wheththls dimension count does not guarantee non-identifigluolit

a probability distribution arising from the model uniquelg- t%%tre:t’h';rdO:;:plgan\é?;l'; m'.?hhtlelllrkeg :tgf:'s aces. such
termines the parameters that produced it. If so, the pasmet Y €l bassing Wl g b » SU

are said to bedentifiable Indeed, parameter identifiability is 25 4-state_ models approprla_te_ to .DNA’ or by considering
. . trees relating more taxa, the joint distribution of statesha
necessary for the consistency of inference.

In phylogenetics, it is especially important that the treIeeaves of the tree will be embedded in a larger dimensional

parameter of a model be identifiable, so that evolutionaé‘?icei' tr-:—::;ijs r:,v;thrglrg:fttr?gs:n:g dﬁ\i/:;gog;efsatrs;n:g;;tlon
histories can be consistently inferred. For basic models pues ug : . '
character evolution along a tree, in which all sites behar%al biological data typically involves both of these chemg

independently and identically, identifiability of both thee these are the types of mixture models it is most desirable to

: ; . upderstand.
and continuous parameters is long-established. Howesger, a

phylogenetic models grow in complexity, it becomes increas Here we consider 2-class mixtures analogous to those in the
ingly difficult to analyze the models thoroughly enough to beorks above, but for larger trees and/or state spaces.

certain this property is retained. Indeed, mixture modéls o We continue to work with group-based models, focusing
all sorts present difficulties, though positive resultsenbeen primarily on those for DNA, so that we retain the powerful
obtained for models with a small number of classes evolvingol of the Fourier/Hadamard coordinate transformation.

on the same tree [4], and those with scaledistributed rates  We also make use of computational algebra software to
[1]. However, even for the GTR*+I model, which is currently perform calculations well beyond what could be done ‘by

hand.’ Our results on identifiability are generally quitesitioe,
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for Jukes-Cantor and Kimura 2-parameter mixture models be defined by

two trees. The main result, that tree parameters in such mix-

tures on at least 4 taxa are generically identifiable, is Tém@o Uy 12 (81, 82,™) = 77y (51) + (1= m)hry (s2).

[Id and its corollary. Even with generic tree identifiabilityHere 7 is the mixing parameter giving the proportion of

proved for 2-tree mixtures, a natural question is whetherjad. sites that evolve along treE .

single-class (unmixed) model can be distinguished from a 2-\we will only consideralgebraic modelsfor which the maps

tree mixture. (This is not answered by the previous resuites ., and hence/r, 1,, are defined by polynomial formulas.

while a single-class model is a special case of a 2-class imod@is is a small restriction, as many modeksg standard

it is non-generic.) We investigate this problem in Secfidn Vcontinuous-time models) which are not polynomial can be
Finally, in Section[Vl, we turn to identifiability of the embedded in ones that are.q, the general Markov model).

continuous parameters of these models, assuming the ggebraic models can be studied from the perspective of

parameters are known. One feature of a part of our analygigebraic geometry [11], after extending- and Yr.7, 10

is the use of computational algebra software to obtain so@mplex polynomial maps, with images @*". We refer to

resultswith very hlgh probabilityAIthough technically these St and ST17T2 as stochastic parameter spaces distinguish

remain conjectures, lacking rigorous proof, the conclusive them from thecomplex parameter spaces$ these extensions.

draw from such calculations are highly reliable for theiwadt  we denote byl the algebraic variety which is the Zariski

reasons. While USing calculations this way is familiar t@|osure of the image Oth in the Comp|ex projective space

applied algebraic geometers, this approach may be newptd' -1 (See [9], [16] for background in algebraic geometry.)

others, so we begin the section by explaining the reasonimgen the closure of the image of, 1, is a variety called the
informally. With this qualification, we establish the geier join of Vr, andVy,, denoted by

identifiability of continuous parameters for the JC modeéwh
eithern > 5, or n = 4 and the trees are distinct. In the case Vi, * V.

of identical trees witm > 5 taxa, we give a fully rigorous The join can be described geometrically as the smallesttyari
argument for the three group-based models: JC, K2P, and K8 taining all lines intersecting bot, andVz, . In the case
An interesting non-identifiable case arises from the Juk@l- — Ty, the join is called thesecantvariety of Vi, .

Cantor mixtures on two identical 4-taxon trees. We use Mz, and Mz, * Mz, to denote the image of

Command files and instructions for verifying all our cOMgye narameterization maps when applied only to the stoichast
putations using the software S'”gl!'ar [15] can be found B&rameter spaceSy and St, 1,. Thus these denote the sets
_the supplementary mat_enals Websn_e for this paper [3]. Vg 5 probability distributions arising from the parameted
include both computations supporting our arguments, apthqais and

those producing our examples.
We would, of course, prefer to push the work here beyond Mr & Ve, Mry« My, & Vi, * V.

_the group-based mod_els, to include those more routinelgt usg/hile M, and M, x My, are of course the objects of pri-
in current data analysis. It is possible, after all, thatdheup- mary interest to phylogenetic applications, the larger jpiem
based models are special enough that identifiability redalt varieties ;> and Vr, * Vo, are more amenable to algebraic
them do not carry over to more elaborate models. However, aifidy.

current computational and theoretical tools are not seffici  Another parameterization of a dense subseVpf « Vr,,
for us to address questions for more general models. which we will also use, is

Il. PRELIMINARIES b1, 1, Vi, X Vi, x Pt =5 Vi, # Vi,

Consider a phylogenetic model bfstate character Changewhich when restricted to an affine subset simply maps points
on n-taxon trees (e.g., fok = 4, the Jukes-Cantor model).

W the t labelling the | identified og the two varieties to their convex sum using the third
© assume the taxa labelling the leaves are identified Wi, jinate as a weight. (The dashed arrows indicates the map

.[n] =112, ’n} Then for e_aph Ieaf-l_apelleq tr.dé -there is only defined on a dense subset of the stated domain.) If
is a parameterization mapr giving the joint distribution of rcCcP' then

states at the leaves of the tréeas functions of continuous
parameters. Witt denoting the continuous parameter space Uy 1, (81,82, 7) = Oy 1 (U, (1), U1, (S2), 7).

on T, which we assume is some full-dimensional subset of

R™, Associated to any algebraic variétyis the idealZ = Z (V')

U Sy — AR of polynomials that defines it; namely, a polynomjak 7 if,

and only if, for any pointv € V, f(v) = 0. For a variety
associated to a phylogenetic model, such polynomials give
cEolnstraints that entries of a distribution of states at &awés

Y a tree must satisfy if it arises from the given model. First
introduced in phylogenetics by Cavender and Felsenstgin [8
and Lake [20], these polynomials are knownpds/logenetic
invariants and have been studied extensively in many papers,
w'ﬂ b :ST1,T2 - Akn_17 InCIUdlng [12]! [29]1 [3011 [26]1 [19]1 [28]! [5]! [7]

where A*" =1  [0,1]*" is the probability simplex comprised
of non-negative real vectors summing to 1.

Given such a model, the associated 2-tree mixture mo
has the following parameterization maps: For every pait-of
taxon treesl; andT, on the same taxa, |eir, 7, = St, X
St, x [0,1] and



For algebraic models, it is convenient to slightly weakeprocesses on trees [24]. Thant distribution of states at the
the notion of identifiability togeneric identifiability The leaves ofl’ may be computed (the image ©f-), once the root
word ‘generic’ is used to mean ‘except on a proper algebraiéstribution and the collection dfM. } are specified. We refer
subvariety’ of the parameter space. Although it is somedimeo the entries of the root distribution and the Markov masic
possible to be explicit about this subvariety, we usually aas thecontinuous parametersf the model.
not, since the key point in interpretation is that the suieigar  Definition 4: Let 7" be a binary tree rooted at Let G be
is a closed set of Lebesgue measure 0O inside the larger setabelian group of ordér, and identify its elements with the
Thus regardless of the precise subvariety involved, ‘ramglo state space of the random variabl¥s. Then agroup-based
chosen points are generic with probability 1. modelon 7' for the groupG is a phylogenetic model with a

An additional issue for identifiability of 2-tree mixturesuniform root distribution, and transition probabilitiea each
is class swapping: Interchanging the trees, along withr theidgee satisfying
parameters, while replacing the mixing parametday 1 — 7, M.(g,h) = fu(g —h)
has no effect on the resulting distribution. Thus, a usedtiom e\9; e\g
of identifiability must allow for this. for some functiongf. : G — R.

Definition 1: The tree parameters of the 2-tree mixture Some standard examples of group-based models are the
model aregenerically identifiableif, for any binary trees binary symmetric model, a.k.a. the Cavender-Farris-Neyma
T1,T>, and generic choices 6f;, so, T, (CFN) model, which is associated to the groi#p; and
o, the Jukes-Cantor (JC) model, the Kimura 2-parameter (K2P)

Ury, 12 (515 82, ™) = Py 1y (81, 8, ) mode, and the Kimura 3-parameter (K3P) model, which are
implies {71, Ty} = {T7,T4}. associated to the groufy x Z,. With appropriate ordering of

Definition 2: The continuous parameters ofdree mixture the state spaces, the transition matrices for these moeeés h
model on7} andT, aregenerically identifiabléf for generic the following forms, respectively:
choices ofsy, s9, T,

« B BB
_ roo a B g a B B
| . le,Tz(Slv‘SZaﬂ—) wThTzf(ShSQ’ﬂ—) (ﬂ a) ) 6 5 @ B )
implies (s1, s2,m) = (s}, s5,7'), or, in the case wherg;, = B B B «
T21 (Sla 8277T) = (8121 SI17 1- 7T)'
Let K C [n] be a subset of the leaf set. For any tfeen o B 77 a f g 0
n leaves,T'|x will denote the induced subtree @f with leaf pra v g ; h (j; A
set K. Since marginalization onto leaf subsets is a linear map voroae s i a B
Yy b o« 6 v B «

that preserves the mixture structure of a phylogenetic mode
we obtain the following useful fact. Group-based models are subject to a remarkable lin-
Lemma 3:Let Ty, T, Ts, Tx ben-taxon trees, not necessarear change of coordinates, called the discrete Fourier, or
ily distinct, and leti’ C [n]. If Vi, o Vi, o € Vi) % Vi e Hadamard, transform [17], [18], [12], [29], [30]. After ap-
thenVp, « Vi, € Vip, * Vi, plying the Fourier transform the models are seen to be toric
Proof: Marginalization to a fixed sef( gives a linear varieties [28]. In particular, the transformed image caagites
map fromC*" to ¢4 which sends/; to V|, foranyT. are given in terms of transformed domain coordinates by a
For any linear transformatiod and any varietiesy, 1/, we Mmonomial parameterization.
haveA(V «W) = AV« AW, because the mixture construction T0 make this parameterization explicit, henceforthdebe
is a linear operation. Since for any sets, S», and any map Z2 Of Z2 x Z3, andT ann-taxon tree. The Fourier coordinates
f. f(S1) Z f(S,) implies thatS; ¢ S», the lemma follows. for a group-based model are denotggd,.. 4., whereg; €
m G for all i. Let X(T) be the set of splits induced by the
edges ofI". To each splitA|B € X(T'), we associate a set of
I1l. GROUP-BASED PHYLOGENETIC MODELS parametersa?‘B whereg € G. The toric parameterization for

Group-based phylogenetic models will be the main subjet&e model is then given by:
of study in this paper, so we collect known results about

these models, including their natural representation irigo _ ) Taesm a%‘iA g T 30019i=0
coordinates. Jroetn 0, otherwise
Throughout we assume that all tréEsare binary. We root 1)

T by picking an arbitrary edge, and introducing a rpoas  Note that by our choices af, when}_7" , g; = 0 we will

a distinguished node of degreealong it. Thus, every edge havey_,c 4 gi = >, g: for any splitA|B. Thus the formula

of T may be considered directed away from the root. To eag@hove does not depend on the ordering of the sets in the.splits
nodewv in the tree, we associate a discrete random variableTo ease notation, we describe trees by omitting trivialtspli
X, with k states, and to each directed edgén the tree, associated to leaf edgese(, those of the forn{:} | [n] ~ {i}).

we associate a Markov transition matrb{., describing the When describing the toric parametrization of a group-based
conditional probabilities of various state changes. Weiags model, we abbreviate the parameters associated with thee edg
the reader is familiar with the usual assumptions of Markdeading to leafi by a;.



For elements in the grouy = Z, x Z, associated to  Steel and Fu [26] computed the dimensionSfan(Vr)
the Jukes-Cantor and Kimura models, we (arbitrarily) idgnt for the JC model. Hendy and Penny [19] performed a similar
nucleotides with the group elements in the following waycomputation for the K2P model.
A = (0,0), C = (0,1), G = (1,0), and T = (1,1). We Theorem 8:[26], [19] Let T' be ann-taxon binary tree.
illustrate these notions with an example oi-gaxon tree. Then, for the JC model off’', the number of distinct Fourier
Example 5:Let T = {12]345,123|45}. The toric parame- coordinates is the Fibonacci numbéb,_,, satisfying the
terization for the K3P model is given by formulas of the formrecurrence

_ 1.2 3 4 5 12]345 123[45
99192939495 = Ugy Gg, A g3 Vg, Dgs Vg1 +g5 Ug1+92+gs Fh=1,F =1 F, =F,_1+ F;_».

where 377 ; gi = 0, and qg,g,g.9.9s = 0 Otherwise. For That s, for the JC mode$pan(Vs) has dimensiorfy,, .
example, For the K2P model orf’, the number of distinct Fourier
e alcazca%a%a%aflw%lc%l%. coordinates isH,,, satisfying the recurrence:

For the JC and K2P models, the Fourier coordinates are
described by simply imposing additional relationships ba t
continuous parameters. That is, for the K2P modébpan(Vr) has dimensiorfd,,.

Proposition 6: [12], [18] In Fourier coordinates, the K3P  Fourier coordinates for group-based models have useful
model on a tree” consists of all the Fourier vectors arisingcombinatorial representatives in terms of labelled or ko
from representatiorL{1) so that, for each spli., = 1, and versions of the underlying treB. For this representation, we
ag, ag, af € (0,1]. The K2P model is the submodel of theassociate a color to each of the different parameter classes

Hy=1,H,=3, H =4H; | — 2H;_».

K3P model satisfying additionally, that for all splits a, = in the model. For example, in the JC model, there are two
a%.. The JC model is the submodel of the K2P model SatiSfyil’Fgarameter classes: thd class (grey), and thdC, G, T}
additionally, that for all splite, af, = ag, = a%. class (black). With this choice of colors, in the parametric

Significantly for the work later in this article, the Fourierdescription ofgy,...q. ifQ parametemﬁ‘B occurs. then we
91s--59n l

transform is dinear change of coordinates. Thus the operatiog|or the edge corresponding to the spB{B’ grey. If a

of taking tree mixtures commutes with the Fourier transfor B|B" B|B’ B|B’
Y Barameter,'” ,a5'” , or al'” occurs, we color the edge

which allows us to naturally represent the mixture models Wrresponding to the spliB|B’ black. As shown in [26]
consider in Fourier coordinates. Though these mixture i80dg,is estaplishes a correspondence between distinct Fourie
are not toric, we still gain insight from this viewpoint. coefficients for the JC model and subforestsTofwith the

To close this section, we make several comments regardiiime leaf sefn].
some combinatorial aspects of Fourier coordinates for@rou The color-coding of the underlying tree works similarly for
based models. As linear invariants are crucial to the argisnethe K2P model; here we have three classes of parameters, the
below, we first discuss enumeration of distinct Fourier €0oy-class, theC-class, and théG, T'}-class, and hence use three
dinates, and computations of the dimension of the space @jiors.
linear invariants for a model. In closing, we illustrate som Example 9:Continuing Example]5, the colored diagram

useful combinatorial mnemonics for working with Fouriegorresponding to the Fourier coordinateccrc for the JC
coordinates and identifying invariants. Although theseicks model is shown in Figurgl 1.

are likely familiar to experts in group-based models, weéhop
our exposition will be useful to those less familiar with ske

3
models.
The zero set of the linear invariants for any variéfyC 1 4
P" is the smallest linear subspace Bf containingV’. This
set is called thespan of V, Span(V'). The span of a finite
2 5

collection of varieties is defined similarly, as the spanhaitt
union. Note that, by the join construction, it is immedidtatt
Span(V « W) = Span(V, W). Fig. 1. JC-coloring focccra- (Key: A-class = dashed greyC, G, T'}-
For group-based models on antaxon tree (that is, an class = black)
unmixedmodel), the number of distinct Fourier coordinates . : .
is precisely the dimension of the span of the model, asFor the K2P model, the same Fourier coordinate is repre-

there are no linear relations between distinct monomiaiss T S€Mted by Fhe tri-colored tree of Figure 2'. . . :
establishes: These diagrams are useful for determining the invariants

Proposition 7: For the CFN and K3P models, there are ng'at @ particular group-based model satisfies. For insfamee
non-trivial linear invariants. The number of distinct Figar PPYl0geneticinvariant for the JC model on the tiéwith split
coordinates i2" ! for the CFN model and™~! for the k3p 12|34 is given in Fourier coordinates by
model. _

As our method of investigation of mixture models in Section dercadacta = docoedacea, @
[Vl depends upon the existence of linear invariants, we thiifis relationship may be represented in pictorial form by th
focus on the JC and K2P group-based models. diagram in Figurél3.



{T3,T4}. Then under both the JC and KZRtree mixture

3
. L 4 models,Vy, « Vi, € Vip, « Vi, and Vg, « Vi, € Vi, % Vi,
Proof: AssumeTs # T;. By [26] and [19], for both the
> unmixed JC and K2P models, there exists a linear invariant
h l € Z(Vr,) \ Z(Vr,). Since the set of linear invariants df,
2 3 andVr, «Vp, coincide (the varieties have the same span), there
, _ . ~ exists a linear invariant € Z(Vq, = Vi, ) \ Z(Vr,). Hence,
EI%]azc'k, {ﬁF’T"jﬁ';‘.’;Z‘Sg!Oéggﬁe?ﬁéégey' Aclass = dashed gray/-class Vi, € Vi, * V. Now sinceVp, C Vp, % Vo, it follows that
Vf3 * VT4 g VvT1 * VT].
It remains to showVy, « Vi, € Vi, % V. In fact, it is

1 3 1 3
>_/ X /_< enough to show that
) PR 4 dim Vi, * Vi, < dim Vi, * Vi, 3

Indeed, if this inequality holds strictly, the claim is obus. If,
1 3001 3 on the other hand, the dimensions are equal, then since both o
— > < X / the joins are irreducible varietie®y, « Vp, C Vi, «Vp, would
imply equality of varieties, contradicting the anti-cantaent
2 4 2 4 already established.

Now a simple bound on the dimension of a join, coming
Fig. 3. Pictorial view of invariant{{2) for the JC model Gn from its natural parameterization is

dimV «W <dimV +dimW + 1,

IV. I DENTIFIABILITY OF TREE PARAMETERS ] S )
where the quantity on the right is called tbgpected dimen-

The goa_l of th!s se<.:t.ion Is to prove that the tree parameteiy, when it is no larger than the dimension of the ambient
are generically identifiable foR-tree JC and K2P mixture space. In the case of the JC modikn (Vi ) = dim (Vi) =
models on at least 4 taxa. For the complex varieties assakciag, 3 which showsdim(Viy, # Vi) < An — 5 Simirarly

' 3 4 — : !

to the models this is formalized as follows: .
Theorem 10:SupposeTy, T», T3, Ty are binary trees, not dim(Ve, * Vr,) < &n — 11 for the K2P model. L
m LY.supp L2, 73, 2 ATy ’ To complete the proof of the claim of Propositibnl 12 for
ngcessanly.d[stlnct, om > 4 taxa, and consider the-tree o 55 model by establishing inequalify (3), it suffices tovsh
mixture varieties for the JC and K2P models.{lf;, T} # the secant variety has the expected dimension, as givereby th
{T37T4}, thenVTl * VT2 g ‘/T3 * VT4. fO”OWing:

SinceVrr, +Vr, & Vi, *Vr, , the intersection o, + Vi, With ) arama 13:1f 7 is an n-taxon binary tree thedim Vi *
Vi, Vr, is a proper subvariety, and hence of lower dlmen3|qu — 4n — 5 for the JC model.

than Vr, » Vr,. The_ pre_image OT this intersection unde_r the s the proof of this lemma is more involved, we defer it
complex parameterization map is thus a proper subvarletyggzl after our current argument. For the K2P model, we prove

the parameter space. Thus we obtain the main result of ow a weaker claim.

section: . . .
) . Lemma 14:If T is a 4-taxon binary tree, thetim Vi x
Corollary 11: For the2-tree JC and K2P mixture models onVT — 91 for the K2P model.

at least 4 taxa the tree parameters are generically iddaiifia This is sufficient to complete the proof of the claim of

forT(:]lther st?cr}aﬁ_t;]c or c;?Emiglex para:jnet_ers;.h s, Fi F{ropositiorEIJZ in the K2P case for 4-taxon trees. Largestree
€ proot o eore proceeds In three parts. Hishe then treated by considering marginalizations to inddke

y;e ?_?_ovt\)/l th_?_L the tW(f) tree patrr?meterst \;V?Eln = T2 z;re t.taxon trees: Choose a skt of 4 taxa for which the induced
! (Tn mab’e. _erl \;Le tocus olnt (;:hquar ef refetsr,] cons Igtjcfl uartet treed |k, T3|x, T4| k. are not all the same, and then
a linear invariant that complete the proof of the result fo pply LemmaB. -

guartet tree mixtures. Finally, we combine our quartetltssu )
the six-to-infinity theorem of Matsen, Mossel, and Stee[[21 1O Prove Lemm& 13, we make use of a special case of the
and a linear invariant fos-taxon tree mixtures, to deducetroPical secant varieties theory of Draisma [10] and the fac
identifiability of trees for2-tree mixtures on an arbitrarythat the varietied/r are toric varieties. To explain Draisma’s
number of leaves. result (Theoreni_15 below), we introduce some background
material on toric varieties and convex geometry.
) . Recall that a toric variety is specified as the image of a
A. 2-Tree Mixture withT; = T polynomial map, each of whose coordinate functions is a
In this section, we focus on a mixture of a tree with itselfimonomial. As a monomial is of the formt* = «{" 252 - - - 27,
that is, we study the secant variet « V. We show that we associate to each monomial a non-negative integer vector
Vr = Vp can be distinguished from ar¢tree mixture variety w. To a toric variety, we associate a collection of non-negati
Vi, * Vi, provided?; andT: are not bothT". integer vectorsA C N¢, one vector for each monomial
Proposition 12:Let T7,73,7, be three binary trees, notappearing in the parameterization. We also identfywith
necessarily distinct, witlm > 4 leaves, such thaf7T:} # a matrix whose columns are the given set. The toric variety



is often denoted’4. Algebraic and geometrical properties okimplex of dimension equal to the number of edgesAso
toric varieties are reflected in corresponding propertfethe has rank2n — 2.
vector configuratiord [13], [27]. The second setA—, contains the empty graph and all
By a hyperplane ilR¢, we mean a linear hypersurfaée= paths between pairs of vertices. If we restrict attention to
{z € R%: Tz = e}. The complemenR?\ H consists of two only those vectors corresponding to the paths between pfirs
connected components, which we denotefby and H~. vertices, this gives us the exponent vectors of the torietias
Theorem 15 ([10]):Let V4 be a projective toric variety, corresponding to toric degenerations of the Grassmanggin [
with corresponding set of exponent vectots_ N¢. Suppose Which has ranken — 3. Adding the vector corresponding to
that A has rankr, so thatdimV, = r — 1. Let H be the empty subforest increases the rank by one. [ |

a hyperplane not intersecting. Let A* = An H* and Proof: [Proof of LemmalIl] To apply Theoref]15,

A™ = ANH~.Thendim Vs * V4 > rank A* +rank A~ — 1. we must investigate the vector configuratiodsassociated

In particular, if there exists arf{ such thatrank A* = wijth the K2P model and find a hyperplane with the desired

rank A~ =rank A, thenV, has the expected dimension.  properties. Fom = 4, there areH, = 34 distinct Fourier
Proof: [Proof of Lemma[IB] To apply Theorem]15, wecoordinates. We focus on the tree with the unique nontrivial

must investigate the vector configuratiodsassociated with split 12|34. Each monomial in the Fourier parameterization

the Jukes-Cantor model and find a hyperplane with the desiiggks the form

properties. For the Jukes-Cantor model on a binary tredy eac al a2 a3 al, a;flf;i,
distinct Fourier coordinate corresponds to a subfaféesf the . . T o
tree, and the corresponding monomial has the form whereag, = a7.. This implies that the matrixl is a15 x 34
matrix. The coordinates oRR'® are z., y., z., where for a
11 e& I o4 given edger,
c€F  efF (1,0,0) if go=A
(Here we consider thef, as variables, rather than setting them (Tes Ye, ze) = ¢ (0,1,0) if g =C
to be 1. This simply homogenizes our parameterization.) The (0,0,1) if go =G, T.
i i —6- ifi F _ . : : .
vector corresponding td" is in N*"~¢; specifically, u” = gjnce the model has dimensiaf, we see that the matrix

(Te,Ye)ees(ry Such thatz, = 1 andy, = 0 if e € F, and pa5 ranki 1.
r. = 0 andy. = 1if e ¢ F. For example, in the case that Now consider the hyperpland = {(ze,ye, z.) € RS :

n= 4,_andT is the tree with nontri_vial split2|34, then, after ZEEZ(T) Ye +ze = 7/2}. A direct calculation shows that this
removing repeated columng, consists of the columns of thepartitionsA into AT and A~ each with rank 1, and completes
10 x 13 matrix:

the proof. [ |
8 i (1) (1) (1) (1) 8 i i (1) (1) i } B. Linear Invariants for Quartet Mixtures
0010101101111 We next focus on quartet trees. The three fully-resolved
000101 1011111 quartet trees will be indicated by their non-trivial spli§s34,
(1J 8 (1) (1) i } (1) (1) (1) (1) i 8 (1) T13)24, andTy4)23. The main result of this section is that linear
101 1001001000 invariants can generically identify 2-quartet mixtures.
110 1 01 0010600 0 Lemma 16:For both the JC and K2P models, the linear
1110100100000 polynomial
110 0 0OOO1T 0O OO0 O 1T O

. , f =4cccec + qcrer — 4eeTT — 9GTTG
The first 2 rows here correspond to the for edges in one

cherry on the tree, the next 20 for edges in the other cherry, Satisfiesf € Z(Vr,y ., # Vryy05) \ Z(Vryg 0. )-
and the 5th tar, for the central edge; the last 5 corresponblote the lemma further implies

to they., with edges in the same order. Thus, the first column

¢ ' . c I(V: \% (Vs Vi .
corresponds to the empty forest, the second to the firstygherr 1 € IWViapsa * Vinagss ) N T (Vingpos * Viaps)
and so on. Combining this with Proposition 12, we deduce a first case of

Consider the hyperplanél = {(z.,y.) € R**~¢ . Theoren{ID:
Yees(ryTe = [2(T)| — 3/2. This means that the vectors Corollary 17: The caser = 4 of Theoren{ID holds.
on one side of the partition will correspond to subforests of Proof: [Proof of Lemmd_Ib] Denote the parameters for
T having at most one edge @f missing. The subforests ontreeT'534 by a and the parameters faF, 423 by b. We must
the other side will have at least two edges missing. Call tisfow thatf = 0 whenever we substitute for thg's the
first set of vectorsA™ and the second set of vecta#s™. In  parameterization for the mixture model. One checks that:
the matrix aboveA™ consists of the last six columns and"
consists of the fiit seven columns. decea = magagagagay ™ + (1 - mbEbEbEbEby >,

The first setA™ contains exactlyX(7")| + 1 vectors, since
the tree itself is a subforest and removing any edge always
produces a subforest. This set thus forms the vertices of ajqarr = magaZabata'l®* + (1 — m)bLbLbEbLbL >

1 .2 3 4 12[34 17213 74 714[23
arer = magapagaras 4+ (1 —m)bgbrbgbrbs ™,



qorre = magadababal Mt + (1 — m)bLb2bbab L. they will form a cherry in either 0 or 1 of these 3 induced

Since for the K2P and JC models, — a5, b, — b, for all quartet trees. Thus by counting the elements of the multiset
— Y YG — VT

e, these formulae shoy = 0, as can be checked using coIor-Q(Tl’ Tb) with each possible cherry, k, we can determine

. which cherries occur in both trees (count 6), which occur in
codes trees such as in Section lll. Thus Z(Vr,,,, *Vr,,,,)- e .
: : exactly one tree (count 3 or 4), and which occur in no trees
On the other hand, for the tréf ., we have: y ( )

(count 0, 1, or 2).

qeee = cécécéc‘éci’m If a che_rry occurs in both trees, suppose it{is 2}. Then
from considering the quartets di2, 3,4, 5} both 77 and T3
4GTGT = CEC%CI”G#TC?M are determined.
1 2 3 4 1324 If the two trees have no cherry in common, then we know
deeTT = CeCalrre the 4 distinct cherries that occur in the 2 trees. If only 4atax
qeTTC = Céc%cg}cécgl% occur in these 4 cherries, then we may uniquely pair them

according to their compatibility, and the two 5-taxon trdgs
Even though in the JC mode}, = ci; = ¢ andc, = 1 and T, are determined. If all 5 taxa occur in these cherries,
for all e, f is not identica”y zero when evaluated at thesgince the cherries are distinct we may assume the){am}
expressions. Thug ¢ Z(Vr,,,,) for the JC model, and henceand {3,4} (from one tree), and1,5} and {2,3} (from the

also for the K2P model. B other), though we initially do not know which come from
which tree. However, we again see that these can be uniquely
C. From Quartets to Sextets and Beyond paired for compatibility, and thu®; andT» are determined.

Identifiability of quartet mixtures can be used to show Now considemn = 6.
identifiability for larger trees by marginalization of treeodels ~ By then = 5 case, we may determine the multisEt=
and their mixtures. However, it is not, in general, possibl&(71,72) of all 5-taxon induced trees froffi and73, so we
to identify two trees from the union of their sets of inducework with it instead ofQ = Q(71, T3).
quartet trees. Thus this approach requires some care. That aBYy counting cherries i, we may determine those possible
difficulties arise from trees of at most 6 taxa is the contdnt herries that occur in both trees (count 8), exactly one tree
the following combinatorial theorem of Matsen, Mossel, angfount 4 or 5), or no trees (count 0,1, or 2). If a cherry occurs
Steel. in both trees, suppose it isl, 2}. Then from considering the
Theorem 18 (Six-to-Infinity Theorem21] Suppose that 5-taxon trees 0H2,3,4,5,6} bothT; andTy are determined.
the tree parametef® , T, are identifiable for a 2-tree phyloge- For the reminder of the proof, we assume the trees have no
netic mixture model for binary trees with six leaves. Thesetr cherry in common. Thus either 4, 5, or 6 distinct cherriesiocc
parameters are identifiable for binary trees wit6 leaves. in 71 andT5. In the case of 6 distinct cherries, compatibility
Combining the results of Corollafy L7 and Lemfda 3, wef cherries determine$; andT5.
have thatVy, * Vi, € Vi, = Vi, if there is a four element 1N the case of 5 distinct cherries, one of the trees must
subsetQ C [n] such that{T}|o, Ts|o} # {Tslo, Tulo ). be symmetric, and the other a caterpillar. Either compétibi
It remains to show that/y, * Vp, € Vi, * Vg, for pairs of cherries determines the symmetric tree (in which case
of trees such thaf{Ti|o, Ta|q} = {T3|o, Ti|q} for all four both trees are deter.mined by remqving the quartets from this
element subset§ C [n]. Let Q(T;,T;) denote the multiset tree from Q and using the remaining ones to construct the
of all quartet treed;|q, T}|o induced byT; andT;. We say second tree), or we may assume the 5 cherries have the form
two pairs of treesT, T, and Ts, T, are quartet-matchedf {1,2}, {3,4}, {5,6} (from one tree) and1, 3}, {2, 4} (from
Q(Ty, Ty) = Q(T3, Ty). the other), though of course we do not know which come
Proposition 19: Forn = 5 leaves, any two quartet-matchedrom which tree. Since the cherfy, 6} is identified by this,
pairs of treesTy, T, and Ts,Ty has {T},T,} = {I3,7,}. consider the two elements ¢f on {1,2,4,5,6}. As {5,6}
For n = 6 leaves, every quartet-matched pair of trees witl§ @ cherry in only one of these trees, and that one also has
{Ty, Ty} # {Ts, T4} is equivalent, up tas symmetry, to the {1,2} as its other cherry, this identifiesl, 2}. Thus{3,4}

pairs defined by is also known, and thus one, and hence both, of the trees are
determined.
Ty = {12[3456,123]456, 1234|56}, In the case of 4 distinct cherries, both and T, are
Ty = {13]2456, 123|456, 1235|46}, (4) caterpillars. We first investigate whether we can determine
Ty = {13]2456, 123|456, 123456}, which pairs of cherries occur on the same tfge Since at

least 2 of the 4 cherries must be incompatible, let these be
{1,2} and{1, 3}. Either compatibility determines which other
: . : cherries these are paired with, or the remaining cherrige ha
trees are identical, the result is clear, so we assume thouig D
T £ Ty, the fc_)rm {i,7} with 7,5 € {4,5,6}, and we may assume the
L7 cherries are4,6} and {5,6}.
Consider firstn = 5. If compatibility determined the cherries @n as{1,2} and
If leavesj, k form a cherry inT;, then they will also form {3, ;}, and those orl: as {1,3} and {k,[}, then we may
a cherry in all 3 quartet trees includingk induced from7;. assumej # 3. Then the two elements of on all taxa butj
On the other hand, if they do not form a cherrydi, then can be matched with thE depending on whether they display

Ty = {12]3456, 123|456, 1235[46}.
Proof: Fix two binary treesl’;, T, with n leaves. If the



the cherry{1,2} or {1,3}. This determined, and hencd, Although for the JC modet;, = ¢, = ¢} andc$ = 1 for all

as well. e, the linear polynomialf evaluated at the expressions above
This leaves only the case where the 4 cherries{ar@}, does not give the zero polynomial. Therefgtet Z(Vr,) for

{1,3}, {4,6} and {5,6}, which may be paired two ways.the JC, and hence for the K2P, model. [ |

Considering the two elements oF on {1,2,3,4,5}, ex-  Fjnally, we pull together all of the results in this section i
actly one must contain the cherfy, 2}. If the other cherry he proof of the main Theorem on tree identifiability:

in this 5-taxon tree is{3,5}, then this determined as Proof: [Proof of Theoreni10] If the trees relate only 4
{12[3456,124(356,1234|56}, and hencel’ is determined as {qxa, CorollaryIl7 provides the claim. By Theor&ni 18, it is
well. Similarly, if the second cherry in the 5-taxon tregoy enough to consider cases with= 5, 6.

is {3,4}, then T\ and T, are again uniquely determined. |f {7\ T,} and{T%,T,} are not quartet-matched, then there
If the second cherry ig4,5}, however, T} may be either js 5 quartet) of taxa such thafT|q, Talo} # {Tslq, Tulo ).
{12[3456, 123]456, 1234|56} or {12|3456, 123|456, 1235|46}.  Thus by Corollar{ 17 and Lemnid 3, the claim follows.
Considering the element of on {1,2,3,4,5} that con- |t {T\,T»} and {T3,T,} are quartet-matched, then by
tains cherry {1,3}, we likewise obtain two unique treesproposition 1P, up to symmetry, we need only consider the

except in the case where the second cherry{4s5}, in  case described by equatiofi$ (4). But then Lerfima 20 implies
which caseT, could be either{13|2456, 123|456, 1234|56}

or {13|2456, 123|456, 1235/46}. Finally, since only one of I(Vry = Vo, )\Z(Vr, = V)
andT; can have cherry5, 6}, the only remaining ambiguous
case is that described in the statement of the Propositilin.

Lemma 20:Consider the tree%, 75,75, and Ty in equa- Vo, « Vi, € Vi, * V.
tions [4) from Proposition 19. Define the linear polynomial

contains a linear invariant, so

[
[ =4ccccea +4GTTTTG — 4GTGGTG — 4GGTTGG-
Then, for the JC and K2P modelg satisfies V. COMPARING 2-TREE MIXTURES WITH UNMIXED
’ ’ MODELS
feZ(Vr V) \Z(Vr,), i€{3,4}. In this section, we report on preliminary investigations on
In particular, Vi, Vi, = Vi, i € {3,4}. distinguishing unmixed models from 2-tree mixtures. More

Proof: By symmetry of the relationship between trgfgs Precisely, we study the following question: For which teipl
andT} to that of T} andTy, it suffices to prove the statement ir®f treesTy, 15, T3 is Vr, € Vr, + Vr,? We have already used
the case that = 3. First, we will show thatf € Z(Vy, «Vy,). instances of this in establishing generic identifiabilifytrees
Denote bya's andb’s the parameters of the tre@s and7,, N the 2-tree mixture model, but our earlier work does not

respectively. One checks that yield a general answer. _ _
That we can distinguish a single-class, unmixed maddel

qecacac = rabakababalal a0 7340 1234150 from a 2-tree mixture modélr, * Vr,, as long ag3 is not too
4 (1= mbLBRbLL {ébgb}43|2456b123\456b1235|46 closely related td} adag is easily shoyvn, however. Indeed,
G A ' Lemmal[I6 and a variant of Lemrhé 3 imply:
Proposition 21:If there is a four-element s€ C [n] such
thatT3|Q ¢ {T1|Q,T2|Q} thenVTS g VT1 * VT2.
The smallest instance of a tr&g all of whose quartet trees
arise fromT; and7y occurs withn = 5 leaves for the triple:

_ 1 2 3 4 5 6 12|3456 123|456 1234|56
qGTTTTG = TagaTarardricion (o ac

+ (1 o W)béb%b%b%b%b%b?'2456[)33‘4561710235'46,

qercare = mabaiababaialal P8t 281450 234150 Ty = {12]345,123]45},
(1 = )L b bR b b3 b0, 1312456 1231456, 1235 40 Ty = {13]245, 134|25}, )
T )

Ty = {123]45,13|245}.

1 2 3 4 5 6 123456 123|456 1234|56 H . . .
qearrac = mabakabahalalalP0 L1450 41254 IInbfalct, this example is unique up to the action®{ on leaf
abels.

_ 112131415 1.6 1713|2456, 123|456, 1235|146
+ (1= mbgbbrbrbebabe by be ' We performed a computation using the computer algebra
Recall that for the JC and K2P models, we hage= a% and program Singular [15], which rigorously verified the follow

b, = b for all e. Therefore,f € Z(Vp, * V). ing:
On the other hand, if we denote the parameters for the treeTheorem 22:For the three 5-taxon trees,, 7>, 75 in (5),
T3 by ¢'s, we have that: under the JC model,
1 2 3 4 5 6 132456 123|456 1234|56
dGGGGGG = CGCGCGCGCGCGCA‘ Ca | Ca | ) VT?, C Vr, * V. . .
1 5 3 4.5 ¢ 132456 123456 1234]56 Proof: We explain the approach behind our computation.
4eTTTTG = CRlrlrlrlrtalo Ca Cc ) All of the JC varietiesVr for an n-leaf tree are invariant
1.2 3 4 5 6 132456 123|456 1234|56 under an action of the toru&*)™. This action arises from
4GTGGTG = CGCTCGCGCTCGCAI Cr | Cc ° ) )

rescaling the pendant edge parameters. That ig, & V7
JGaTTCE = LBl e, i1 1281456 (1234156 and A € (C*)", then for any subforest’ of 7' the Fourier



coordinategr is transformed ag\ - ¢)r = qr HeeL(F) Aes A second question Theorem]22 might lead one to ask is
whereL(F) is the set of pendant edges appearing’irSince if 73 is a tree all of whose quartets comes from eitligr
A-q € Vp, it suffices to prove the claimed containment in ther 15, then isVy, C Vg, * Vp,? However, we have already
theorem in the case where all pendant edge parameters onsien an instance where this failed in Lemima 20. It would
tree T3 are set tal. be interesting to characterize precisely when these types o
Let V and W be two varieties. Note that’ C W, is containments arise.
equivalent taZ (W) C Z(V'). This containment of ideals holds Finally, it is not at all clear if the containment in Theorem
if, and only if, Z(W)+Z(V) = Z(V'), which we use to speed22 is a special phenomenon for the JC model, or if it can
up computations. Hence, it suffices to show that occur more generally for other group-based or more general
hylogenetic models. Answering such questions will reguir
LV + Vi) + (V) = Z(V) ) gnyungderstanding of this phenc?menonqbeyond the coe:r?puta—
whereV is the subvariety ol/z, where all the pendant edgetional perspective.
parameters are set to
Finally, though in principle it is possible to comput€Vr, « VI. IDENTIFIABILITY OF CONTINUOUS PARAMETERS
Vr,) directly, it is beyond current capabilities. However, an
alternative approach to join ideals uses eliminationi,iff C
C[q] are two ideals, their join ideal is

Assuming tree topologies are already known, we next ex-
plore the generic identifiability of the continuous paraengin
group-based mixture models. We use both rigorous arguments
IxJ= )+ J(g—-q))NClq and computational approaches to address this issue. While
most computations (see [3]) were performed on a standard
laptop computer, we are grateful to Erich Kaltofen for the us

of a second computer, funded by NSF grant DMS-0532140,
for the more intensive ones.

whereI(q’) is the ideall with variablesq; variables substi-
tuted for variablesy;, and J(¢ — ¢') is ideal J with ¢; — ¢
substituted forg;. Hence, we can tesfl(6) by testing if

(V) = @(Vr)(¢) + I(Vr)(a = ¢') + Z(V)(a)) N Cla)- Proving a model has identifiable continuous parameters
This statement is verified by the code we provide in th@quires showing that the parameterization map is one-to-
supplementary materials [3]. m one. Without any special assumptions on the map, it may

Theoreni 2P raises as many questions as it answers. FiP&, One-to-one on some region of parameter space, but not
note that it is a statement about complex varieties, ancetea®n another. Well-known to algebraic geometers, however, is

open the possibility thatMz, ¢ Mo, * Mr,. We investigated that parameterization maps defined by polynomial .formulas,
this computationally as follows, using code available i [3such as those for the models we study, have the nice feature

Choosing random JC parameters B we repeatedly pro- that they exhibit ayenericbehavior. More specifically, there is
duced a point iV, C Vi, * Vi, thus obtaining a sample SOMek € {1,2,3,..., 00} such that for all parameter values
with high probability of exhibiting generic behavior. Faagh €XCept those in some exceptional #&tthe map will bek-to-
such point, we then produced a system of algebraic equati@f§: Crucially, the sef’ where the generic behavior may fail
whose solutions would give mixture parameters Bnand IS closed and of Lebesgue measure 0 within the full parameter
Ty to produce this point. The solution set forms an algebrai®@ce (Since it is a proper algebraic subvariety). _
variety, which in our trials was always of dimension 2. A One can computationally determine the generic behavior
primary decomposition of the ideal showed there were thrééth high probability as follows: For a specific choice of
components of the solution set, two of dimension 2 and oR@rameters, calculate the cardinality of the set of all othe
of dimension 1. choices of parameters with the same image. If, for many
One of the 2-dimensional components was defined in p&HCh random choices, one finds this fiber is of sizehere
by setting one internal edge length @h to infinity and one C€an be little doubt that the map is genericalito-1. These
internal edge length off, to 0. The mixing parameter, all cOmputations can be performed exactly by cqmputauonal
split parameters i, and all but 4 split parameters iy, lgebra software such as Macaulay2 [14] or Singular [15],
were uniquely determined. Two quadratic relationships in 31d carefully performed repeated trials can give one aniijir
variables each held for the remaining parameters. The otfgh confidence. Nonetheless, such an approach does not
2-dimensional component is similar, with the rolesTgfand 'igorously establish results. o o
T, reversed. The 1-dimensional component requires that ar._}Ne*,t’herefore label statements with “Theorem*” or “Propo-
internal edge on each tree have length 0, but allows the mixifition*” if we have are only highly confident of them through

parameter to vary along with two edges on each tree. (See ﬁg]:h computation. Unstarred statements are rigorousiepro
for the precise results.) hus while we are careful to distinguish between results wit

It is worth highlighting that the only 2-tree mixtures matchrigorous proof and those depending on such calculations, we
ing the 1-tree distribution were of this extreme nature hwitdre highly confident of both.
some internal edges of length O or infinity. If one allows One of the results we found computationally was a par-
these values, then there are instances of all mixture paeasneticularly surprising non-identifiability result for comtious
being in a stochastically meaningful range. Of course fdlymaparameters of 4-taxon tree mixtures under the JC model.
establishing any conjectures these calculations suggasidw Nonetheless, passing to 5-taxon trees restores idenitfjabi
require a detailed semi-algebraic analysis of these models The first main result in this section is:
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Theorem* 23:For the JC model, the continuous parameteend 7 other choices of parameters have the same image.
in the 2-tree mixture are generically identifiable for binaryJp to interchanging classes, there are 4 essentially difter
trees withn > 4 leaves, except in the case that= 4 when choices. Code verifying this example, and examples showing
Ty = Ts. 2 or 4 biologically relevant preimages, are included in the

The first step toward this is performing computations tsupplementary materials [3]. We do not know if exadtjyi0,
establish the following. or 12 biologically relevant preimages can occur.

Proposition* 24: Let Ty # T, be binary trees with four  We rigorously establish the following:
leaves. Then for the JC model, the map Proposition 27:Let 7" be a binary tree with five leaves.

b0 1 : Vi X Vi x PL —=» Vir, + Vi, Then for the JC, K2P, and K3P models the map

. 1__
is generically one-to-one. ¢rr Ve X Vp X P == Vi Vp
Proof: [Calculation] From randomly chosen rational pajs generically two-to-one.

rameters in the domain ofiz, 7,, we computed a point The proof of Theoreri 27 depends on a result of J. Kruskal
p € Vr, * Vr,. Solving the system of polynomial equationgoncerning uniqueness of rank 1 tensor decomposition3-for
Y1, 1,(81, 52, ™) = p determines the (complex) preimagerof way arrays. As this has been exploited elsewhere [2], [6] to
This preimage can be calculated using Grobner bases, asd @tady identifiability of models, we give only essentials éer

found to consist of a single point for the many such randomn A7, M,, M5 are three matrices with rows, andr is an
choices we made. We can be therefore be highly confident thaglement vector, |em§, denote row; of matrix M;. Let

¥y 1, IS ONne-to-one, by the existence of a generic behaviour of
any polynomial map. Thapr, 1, is one-to-one then follows
from the fact thaty, and vy, are generically one-to-one

parameterizations of7, and Vr,. )
Code is provided in the supplementary materials [3].m The form of_KruskaIs theorem most useful for our purposes
is the following, from [2].

Although we attempted to perform similar calculations to Theorem 28:(Kruskal) Let = be anr-element vector of
extend Propositionf 24 to the K2P and K3P models, these .. " o o andf, M, M three matrices with-

failed to terminate in 3 weeks time. rows, all of whose row sums are 1. L&t the Kruskal rank

In the case of a mixture on two trees with the same topology; 17;, be the largest integer such that every sef;afows of
the possibility of interchanging the mixture componentsveh )/, is independent, and suppose

the map cannot be one-to-one. Generic identifiability thus
corresponds to generic two-to-oneness in this case. Fsr thi L+ +1I322r+2.
type of mixtur_e, we are able to perform computations for bOt'Fhen if [ My, Mo, Ms] = [a'; M!, M}, MY), there is a
the JC and Kimura models.
Proposition* 25: Let T' be a binary tree with four leaves.
Then for the K2P and K3P models, the map w=Pr', M, =PM|{, My=PM, M;= PM].
Proof: [Proof of Propositio_27] To fix notation, Ief’
o Ve x V x B! == Ve s Vp have non-trivial splits{12|345,123[45} and letp denote the
is generically two-to-one. For the JC model, the mapr is  internal node on the pendant edge leading to leaf 3. Denote by
generically twelve-to-one. v the natural parameterization of-, in terms of the entries
Proof: [Calculation] The calculations which indicate thisof 4 x 4 Markov matrices. As there is no advantage to working
holds with high probability is similar to that for Propositi* in Fourier coordinates here, we use standard one§’foand
. VT * VT.
Code is provided in the supplementary materials [3].m With id the identity map orP!, it is enough to show the

Note that the twelve-to-oneness in the case of the JC moB@fameterization mapr,r o (¢ x ¢ x id) of Vp « Vr is
is not merely a mathematical anomaly relevant to complex pagnerically two-to-one. o
rameter choices only. This type of non-identifiability fecant 1€ mappr,ro (¢ x4 xid) can be made explicit as follows:
parameters can and does occur for stochastically meanindf@©t the tree ap, and assign stochastic matrices to the edges
parameters. of the tree giving condlltlonal pr.o.bab|I|t|es of state chasg
Example 26:Searches of parameter space give instances®pnd those edges. it is the mixing parameter, and =
2, 4 or 8 stochastic parameter choices producing the sarflg'4:1/4,1/4,1/4), then ans-element vector
image in the 4-taxon 2-class JC mixture on a single tree
topology. For instance, ii° = af. = af, = a5 denotes the JC
parameters for one class @h andb® = b%. = b, = b5 those gives the state distribution at the root. On the pendant edge
for the other class, and the proportion of the first class, thenleading to leafi, a8 x 4 matrix M; composed of two stacked
Markov matriceg\/[i(l) andMi@) of the appropriate form gives
m=0.1, conditional probabilities, while on the internal edgesr¢éhare
a' =0.05, a® =0.10, ® =0.12, a* = 0.04, a'** =0.01, 8 x 8 block-diagonal matriced/; 53,5 and Mygs(45 With two

bl = 0.04, b> = 0.14, b* = 0.10, b* = 0.11, b'213 = 0.46, 4 x 4 blocks M{);,., M3~ and M{) .. M) - of an

T
(70 My, Ma, Ms] = ) " mim} @ mj @ mj.
i=1

permutationP such that

= (mu, (1 — m)u),
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appropriate form. Thus the superscripy or (2) refersto the If 77 and 7, have a single cherry in common, we
class in the mixture. may assume they ar@; = {12|345,123|45} and T =

Now the 8 x 16 matrix My = Mjg345(M1 @7 M), {12[345,124|35}. Also, since the parameters are generic, we
where @"°% denotes tensor products of corresponding rowsjay assume the mixing parameter giving the class size for
gives probabilities of observing pairs of states at leavasd the 73 component ist # 1/2. Then marginalizing to the
2 conditioned on the state at A similar 8 x 16 matrix product taxa {1,3,4,5} and applying Propositionf_24 identifies the
Ms, gives probabilities of observing pairs of states at leavgsrameters on 4 edges of each of the trees, as well as the
4 and 5 conditioned on the state at class sizer for T}.

For any choice ofr and theM ("), (% the imageX under  Marginalizing to quartets involving taxa 1 and 2, and
o1 o (¥ x 1 x id) has the same entries as the 3-way arrapplying PropositionT25 to them, there are 12 points in a
[7; Mo, M3, Mys]. But for generic choices of parameters, ongeneric fiber. However, such a generic fiber will have 6 destin
can check that\/;» and M, have Kruskal rank 8, and/s pairs of value§w,1— 7}, and we use the value of the mixing
has Kruskal rank> 2. Indeed, one need only check that thiparameterr determined above to match parameters Wiith
holds for a single choice of the parameters, since then taedT5. ]

condition, which is defined by polynomial inequalities, can The results above allow us to argue for the generic identi-

fail only on a proper subvariety of the parameter space. Fﬁ"ébility of parameters claimed in Theoref®]23.
instance, choosin@/[l(l) = Mél) to be a JC matrix with off-

diagonal entry0.1, M} = My? = I, and Misjgss = Is, @ Proof: [Proof of Theorem™[2B3] Then = 4 case s

L . : iy
calculation shows\/y, has rank 8, and hence Kruskal rank gF"oPOsition*€.24, and the = 5 case is Proposition 30.
Applying Theoreni28, we get that, Mi», Ms, and Mis For n > 5 leaves, by assuming that the parameters are
are all uniquely determined up to simultaneous permutatigfneric we may also suppose the mixing parametgrl/2.
of rows. However, because of the special form of the Markoy BY marginalizing to 5-taxon subsets, and applying Proposi-
matrices for the models we consider, for generic parametdR"* B0, we may identify parameters on each pair of induced
there are exactly two orderings to the rows/df, so that it 5-taxon trees, but we must determine which come from which
is two stacked blocks of the correct form, and these differ g{£€- If there is at least one S-taxon subset for which
simply interchanging the blocks. Thus we may reco&éf) and T, induce different subtrees, then we know the class

andM(Q), up to order. Fixing the ordering of the rows bfs size pa}rametgm fpr Th. Using this known value,. we can
@ . . determine which induced 5-taxon parameters arise filgm
so M;" is on top fixes an ordering of the rows of M 345,

. . and which arise from¥5, even when the 5-taxon subtrees are
and Mias145 as well. Letting a superscript of 1 denote the toPopologically the same. If all 5-taxon subtrees®f and T

4 rows, and a super;crlpt O.f 2 the bottom_ 4 rows of an 8'roz¥\éree, soly = Ty, then we instead use the value of to
matrix, the mixture distribution can be written as

collect 5-taxon subtree parameters from each copy of tlee tre
. {u; MY Mié)] +(1-m) {u; M2 m?, ng _ As the parameters fdF; andT; are elements of the collection
of induced parameters, we thus identify all parameters en th
But this weighted sum is simply the weighted sum of the twg|| trees. m
points in the image of) corresponding to the two classes. As

1 is known to be generically one-to-one, the parameterimatio In*closmg, note_ th".ﬂ the_ arguments in the proof .O.f Theo-
of Vy * V is two-to-one. rem* 23 in combination with the results of Proposition 27,

o rigorously prove the following result, in the case of ideati
Note that the use of Kruskal's theorem in this proof extengdg,e topologies.

to a 2-class CFN mixture model on a 5-taxon tree, as then therpaorem 31:For the JC. K2P. and K3P models. the con-
Kruskal ranks of the matrice¥/;, andMy; are generically 4, yin,6us parameters in the-tree mixture on the same tree

while A has Kruskal rank> 2 . Although we do not focus y,q10qy are generically identifiable for binary trees with
on that model here, we record the result, as it is helps pla%‘e> 5 leaves.

the examples of [22] for 4-taxon trees into context.
Proposition 29:Let 7" be a binary tree with five leaves.
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