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Abstract. We obtain a classical interpretation of the representation theoretic statement of
the Generalized Ramanujan Conjecture for Siegel cusp forms of genus 7 in terms of estimates
on Hecke eigenvalues.

1. Introduction

In this note, we wish to obtain a classical interpretation of the representation the-
oretic statement of the Generalized Ramanujan Conjecture for Siegel cusp forms
of genus n in terms of estimates on Hecke eigenvalues. Let F be a cuspidal Siegel
Hecke eigenform of genus n, weight k and level 1 with Hecke eigenvalues pr (m)
forany positive integer m. Let 1 = ®'m), be the irreducible, cuspidal, automorphic
representation of GSp(4, A) corresponding to F. If F is not in a suitably defined
space of lifts, the Generalized Ramanujan Conjecture states that, for any prime p,
the local representation 77, has to be tempered. In classical terms, this means that
the Satake parameters have absolute value 1.

In the genus 1 case, the p-Hecke algebra is generated by the Hecke operators
T(p), A(p) and it is well-known that 7, is tempered if and only if | (p)| <
2p*=1/2 1n the genus 2 case, since the p-Hecke algebra is generated by Hecke
operators T (p), T'( %), A(p), one might expect to prove that 7, is tempered if and
only if the Hecke eigenvalues pr(p) and pp( %) satisfy some suitable estimates.
To the best knowledge of the author, such a proof is not yet available. In Theo-
rem 3.1 and Corollary 3.1 we show, for any genus n > 2, that 7, is tempered if
and only if the Hecke eigenvalues pr(p") satisfy the estimate (19) for all » > 0.
One should notice that, in the genus 2 case, even though ur(p") (for any r) can
be expressed as a polynomial in the pr(p), wr(p?), the estimates for pwr(p”) do
not follow trivially from those of wr(p), ur( p?), since it is difficult to estimate
the size of the coefficients of these polynomial expressions.

The main tool for the proof of Theorem 3.1 is a result on formal power series
obtained in Proposition 2.1. Using the work of Andrianov [1] on Siegel cusp forms
of genus n and the result of Chai and Faltings [3] regarding the Satake parame-
ters of 7, we see that the Satake parameters of F and its eigenvalues satisfy all
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the hypothesis of Proposition 2.1. Hence Proposition 2.1 can be applied to Siegel
modular forms to give Theorem 3.1.

2. A result on formal power series
Let n be a positive integer with n > 2. Let k be a fixed positive integer and p a

prime number. Let ag, ay, ..., a, and p(r), r > 0, be complex numbers satisfying
the following conditions.

lag.ay ...a,| =1 n
o A
() . Bu(D)
Z (%_n(n+l)) T == T (2)
=0 pr 2 7 a(r) 0,(T)
where
n
O.n=a-D[] ] -a- a1 3)
=1 1<i1<---<is<n
and
P
Pu(T) = D difar,....an)T". @)
i=0
Here, ¢; are some symmetric polynomials in ai,...,a,, with ¢; = 1 and
_(n=Dn n—1__
¢m_alar,...,ay) =p~ 2 (ar...ap)* L
Proposition. 2.1. Let ay, ay, . .., a, and u(r), r > 0, be complex numbers satisfy-

ing (1) and (2). Then the following two statements are equivalent.
(i) We have

laol = lai| = --- = lan| = 1. )

(ii) For every € > 0, we can find a Cc > 0, depending only on €, n and p, such

that
r(ﬂ_n(n+l) 6)
lu)| <Cep V> * forallr > 0. (6)
Proof. We will first show (i) = (ii). We have |ag| = |a1| = --- = |a,| = 1.
Define A, (r) by the formal power series formula
o
1
2 AT = —— (M)
=0 0n(T)

We claim that, for all #n and r, the A, (r) satisfy the following estimate

A ()] < (r + ¥ L (8)
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We will prove this by induction on n. First let n = 1. Using partial fractions,
geometric series and calculus (if a; = 1), we get

,
Ai(r) =D a} whichimplies [A;(r)| <r+1forallr >0,
i=0

as required. Now, assume that (8) is true forn —lie., |[Ap_1(M)]| < (r+ 1)2 -1

for all » > 0. From (3), we have Qn(T) Qn 1(T) Qn 1(a,T), which implies

D AT = (Z An_l(r)T’)(Z An_l(m(anT)r).
r=0 r=0

r=0
This gives us
An(r)= D An1(D)An-1())a
i+j=r
and hence, we get
1An ()] < D7 1An1 DA 1())]
i+j=r

< >+ G T s )P
i+j=r

as required. Now, mathematical induction gives us (8).
Comparing coefficients of 7" in (2), and using (4), (7) we get

wu(r) — .
T Zébi(al,-.-,an)An(”—l) )
’(T—T) r i
P agy
Ifr —i <0,weset A(r —i) = 0. Hence

2"-2

()| . .
— iy = D2 $iar o a)ll A = DI < Kar + DT (10)
pr(77 4 ) i=0

where

2"-2

Ky= D li(1,.... 1)
i=0

depends only on n. Here, we have used (8). It is now a simple exercise in calculus
to show that, for any € > 0, we can find C. > 0, depending only on €, n and p,
such that

K,(r + D> <. pe

Combining the above estimate with (10), we get (6), as required.
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Now, we will show (ii) = (i). We see that (6) implies that the series

< p(r) s
Z r(ﬂ_n(n+l)> P ’
r=0 p 2 4 a6

obtained from (2) by substituting 7 = p~%, is absolutely convergent for Re(s) > 0,
and hence, does not have a pole for any s with Re(s) > 0. We claim that there is a
6 €{1,2,...,n — 1} such that the right hand side of (2) has a pole at

P’ =a ...a foralll <ij <--- <ig <n. (11)

To prove this claim, first notice that ﬁn(T) is symmetric in the ay, ..., a,. This
implies that, if (a;, ...ai3)71 is a root of P,(T) for any iy, iy, ..., is, then so is
(ay --.aié)_l forany 1 <i| < --- < i§ < n. The claim now follows from the fact
that

n—1
ﬁn(T)#H H (I —aj ...a;T)
s=11<ij<--<is<n

because the constant term on both the sides above is 1 but the coefficient of 72" 2
on the right hand side is

2=l
(ay...an) # pon_o(ay, ..., ay).

Now (11) and Re(s) < 0 implies that

lai, ...a;i]| <1 foralll <ij <--- <isg <n.
This, combined with (1) and § < n— 1, implies that |a;| < 1foralli = 1,2,...,n.
Again using (1), we get |a;| = 1foralli = 1,2, ..., n, asrequired. This completes
the proof of the proposition. O

3. Siegel modular forms

Let the symplectic group of similitudes of genus n be defined by
GSp(2n):={g € GL(2n) : ' gJug="1(9)Ju, A(9) € GL(1)} where J :[ , ’"]
—In

Let Sp(2n) be the subgroup with A(g) = 1. The group GSpT (212, R) := {g €
GSp(2n, R) : A(g) > 0} acts on the Siegel upper half space H, := {Z € M, (C) :
'7Z = Z,Im(Z) > 0} by

g(Z) :=(AZ + B)(CZ + D)~ where g = [A B¢ GSpT(2n,R), Z € H,.

¢p)
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Let us define the slash operator | for a positive integer k acting on holomorphic
functions F on H,, by

(Flkg)(Z) := 1() % det(CZ + D) *F(g(Z))

e GSpt(2n,R), Z € H,. (12)

2]
where g = cD

The slash operator is defined in such a way that the center of GSp™(2n, R) acts
trivially. Let S ,En) be the space of holomorphic Siegel cusp forms of weight k, genus
n with respect to '™ := Sp(2n, Z). Then F € S,E”) satisfies F|yy = F for all
y e 0™,

Letus now describe the Hecke operators acting on S ,E") .ForM € GSp*(2n, R)N
M>,(Z), we have a finite disjoint decomposition

remr® =| |r®m;.

1

For F € S,E"), define

T(CWMTO)F = det(M) 5 > FleM;. (13)
i

Note that this operator agrees with the one defined in [1]. Let F' € S,E”) be a simulta-
neous eigenfunction for all the Ty (T MT ™), M e GSp* (2n, R) N M, (Z), with
corresponding eigenvalue ('™ MT™). For any prime number p, it is known
that there are n + 1 complex numbers Olg (p),a f p),..., ot,f (p) such that, for any
M with A(M) = p”, we have

M(F(n)MF(n)) =a(§:(p)rZH(aiF(p)p_j)dij’ (14)
i j=1

where T™WMT® = | |. T™ M;, with

diy

_| A Bi o
M’_[ODi] and D; = )
O pdin

Henceforth, if there is no confusion, we will omit the F and p in describing
the OliF (p) to simplify the notations. The «g, o1, ..., «r, are the classical Satake
p-parameters of the eigenform F. For a positive integer m, we define the Hecke

operator Ty (m) by

Te(m) := Z T (D™ MT ™), (15)
WM)=m
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Let wr(m) be the Hecke eigenvalue of F corresponding to the operator Ty (m).
From Theorem 1.3.2 of [1], we have for any prime p,

P(X)
r 16
Zu( X' =55 (16)
where
o) =—-aX) [ I (—eo- ;X (17)

§=11<ij<--<is<n

is a polynomial of degree 2" and

P(X)= > ¢iler, ..., an)hX’ (18)

is a polynomial of degree 2" — 2 and ¢; are some symmetric polynomials in
. (’l 1)77 n—1__

A1y ..., 0, With ¢1 = 1 and ¢ _p(aq,...,05) = p~ (ag - )2 : L

Note that the polynomials P and Q depend on F, p and n.

Theorem. 3.1. Let F € S,g"), with k > n > 2, be a Hecke eigenform with

Hecke eigenvalues |1 (m) for any positive integer m. For any prime p, let o F(p),
(P) af 1w (D) be the classical Satake parameters defined in (14). Then the
following two statements are equivalent.

(i) We have
F kn _ n(n+l)
lef (p)l =+ =laf (p)| = land g (p)| = p=> ~ +
(ii) For every € > 0, we can find a Cc > 0, depending only on €, n and p, such
that

_ n(n+l)

nk
e (pH < Cepr( 2 4 6) forallr > 0. (19)

Proof. For simplicity of notation, let us write o; for aiF (p). It is known that the
classical Satake parameters satisfy

_ nn+l)
oc(%otl ey = pk" 2, (20)

By [3, p. 267], we know that if the weight k of F satisfies k > n, then
lay - oy = 1. (21)

kn _ nn+l)

Using (20) and (21) we see that |0t (p)l = p2~ 3 is always satisfied. Let
us set ag = p"(nf)_%ao,al =ap,....,ay, = oy and pu(r) = up(p"),r > 0.

Using a change of variable T = X in (16), we see that the complex numbers
ao, ai, ..., an and u(r), r > 0 satisfy the hypothesis of Proposition 2.1 and, hence,
we get the theorem. O
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We can obtain a restatement of Theorem 3.1 in terms of automorphic repre-
sentations. As in [2], we associate to a Hecke eigenform F € S,E"), an irreducible,
cuspidal, automorphic representation 7r = ®'7, of GSp(2n, A), where A is the
ring of adeles of Q. For every prime p, the local representation 7, of GSp(2n, Q)
is unramified, and hence, is the unique spherical constituent of an induced rep-
resentation. This induced representation is obtained from unramified characters
X0> X1»+++» Xn Of Q; , acting on the Borel subgroup. From Lemma 3.4.1 of [2], the

relation between the classical Satake p-parameters and xo(p), x1(p), .-, xn(P)
is given by
(D) _ nk .
xo(p)=p * " 2ao, xi(p)=aifori=12 ... n (22)

Hence, we get the following corollary to Theorem 3.1.

Corollary. 3.1. Let F € S withk > n > 2 be a Hecke eigenform and let
nr = Q'm), be the corresponding irreducible, cuspidal, automorphic representa-
tion of GSp(4, A). For any prime p, let 7, be the unique spherical constituent of
the representation induced from the unramified characters xo, X1, .- ., Xn Of Q[X,,
acting on the Borel subgroup. Then the following are equivalent.

(i) The representation ), is tempered, i.e., | xo|l = |x1] = -+ = |xul = 1.
(ii) For every € > 0, we can find a Cc > 0, depending only on €, n and p, such
that

nk _ n(n+1)

|uF<pf)|sCep’(2 o) forallr = 0.

Remark. (i) The case n = 1 is not included since it is already well known.

(ii) The above theorem can be generalized to Siegel cusp forms with respect
to Siegel congruence subgroup of level N in a straightforward way. The
theorem then applies to p 1 N.

(iii) Note that the proof of Theorem 3.1 depends on (21), which is a very deep
result of Chai and Faltings. It would be very nice to see the classical char-
acterization of the Generalized Ramanujan Conjecture without resorting to
the result of Chai-Faltings. For that, one needs to obtain a proof of Proposi-
tion 2.1 without the hypothesis (1). We are not able to obtain such a proof
so far.

Acknowledgments. The author would like to thank Professor Cris Poor and Ralf Schmidt
for fruitful discussions and guidance. The author would also like to thank the referee for
several insightful comments and suggestions for improvement of the paper.

References

[1] Andrianov, A.: Euler products corresponding to Siegel modular forms of genus 2.
Russian Math. Surv. 29, 45-116 (1974)

[2] Asgari, M., Schmidt, R.: Siegel modular forms and representations. Manuscr. Math.
104, 173-200 (2001)

[3] Chai, Ch.-L., Faltings, G.: Degeneration of Abelian Varieties. Springer, Ergebnisse d.
Math., vol. 22. Berlin, Heidelberg (1990)



	Introduction
	A result on formal power series
	Siegel modular forms


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


