Integral representation for L-functions for GSp, X GLo, 11
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ABSTRACT. Based on Furusawa’s theory [7], we present an integral representation for
the L-function L(s,7 X 7), where 7 is a cuspidal automorphic representation on GSp,
related to a holomorphic Siegel modular form, and where 7 is an arbitrary cuspidal
automorphic representation on GL2. As an application, a special value result for this
L-function in the spirit of Deligne’s conjecture is proved.

1 Introduction

Let F be a number field and A its ring of adeles. Let 7 be a cuspidal, automorphic representation of GSp,(A),
and let 7 be a cuspidal, automorphic representation of GL2(A). In his paper [7], Furusawa has obtained an
integral representation for the GSp, x GLs partial L-function L° (s, x 7) by integrating an Eisenstein series
on a unitary group GU(2,2; L), where L is a quadratic extension of F', against a cusp form in the space of
7. Furusawa carried out the relevant local p-adic calculations in the case where all the data is unramified,
and the relevant archimedean calculations in the case of “matching weights”. This was sufficient to prove a
special value result for L(s,7 x 7) in the case where m and 7 come from holomorphic modular forms with
respect to the full modular group.

Furusawa’s theory has been refined and extended in the works [17] and [20]. In [17] it was shown that the
GL; representation 7 can have arbitrarily high conductor, as long as its central character remains unramified.
At the archimedean place, the condition on the weights was relaxed. In [20] it was shown that Furusawa’s
method still works in certain cases of square-free ramification, both for 7 and w. These more general integral
representations lead to special value results for a wider class of holomorphic modular forms.

In the present paper we will still assume that 7 is of the type considered in Furusawa’s original work, but
we will remove any restriction on 7. Over the number field Q, this means that 7 is related to a holomorphic
Siegel modular form for Sp,(Z), but we will allow arbitrary cuspidal twists 77 x 7. In a future work we would
like to combine this method with the converse theorem for GLy (see [4]) in order to lift holomorphic Siegel
modular forms (which are non-generic) to the group GL4, which is one reason why it is important to be able
to twist with arbitrary cuspidal GLs representations.

Via a “basic identity” proved in [7], Furusawa’s global integrals factor into an Euler product of local zeta
integrals of the form

Z(s,W#,B,) = / W#(nh,s)B,(h) dh. (1)
R(Fv)\GszL(Fv)

Here, the function B, is a vector in a suitable Bessel model of 7,,. The group R is the corresponding “Bessel
subgroup” of GSp,. The function W is a section in a family of induced representations on the local unitary
group GU(2,2; L)(F,) (the element 7 is a certain fixed element in the unitary group). The main point in
Furusawa’s theory is to choose the functions B, and W7 such that the integrals (1) are non-zero for all
places v.

In view of the nature of the representation 7, natural choices of Bessel functions B, present themselves,
namely as the spherical vector at finite places, and as a highest weight vector in the archimedean case. The
“correct” choice of section W is more delicate. For a finite place v, the choice of W# in [17] or [20] is a bit
ad hoc and hence not applicable to the case of general 7,. Here, we will obtain a more natural and canonical
choice which works for all representations 7, and leads to a much simplified integral calculation in the cases
of overlap with [17]. We shall prove that the relevant induced representation on GU(2, 2; L)(F;,) admits a sort
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of local newform theory with respect to a certain sequence of compact-open subgroups (Theorem 3.4.5). The
minimal level coincides with that of 7,, the local GL; representation from which the induced representation
is constructed. Moreover, at this minimal level, the space of invariant vectors is one-dimensional. In this
sense there is a unique local newform and we let W7 be this newform. We believe that this choice of local
vector in the ramified case is, conceptually, one of the most important contributions of this paper. We hope
that it will shed some light on ramified integral calculations in different settings.

Our choice of section in the archimedean case is novel as well, which allows us to remove a certain assumption
on the GSp, weight (condition (4.3.3) in [7] and Assumption 2 in [17], 5.1). But more importantly, the current
approach works for non-matching parity in the GSp, and GL2 weights. Hence, for a real place and suitable
W7, the local integrals (1) are always non-zero. The precise value of the integral is given in Theorem 4.4.1,
which is our archimedean main theorem.

In the final part of this paper we demonstrate how to apply the local theorems in order to derive a global
integral representation for L(s, 7 x 7), where the cuspidal automorphic representation 7 of GSp,(Ag) comes
from a holomorphic Siegel modular form, and 7 is an arbitrary cuspidal, automorphic representation of
GL2(Ag). Theorem 5.5.1 contains the precise result in the case that 7 comes from a holomorphic elliptic
cusp form of the same weight (even though such a restriction on 7 is not necessary). We further use this
integral representation to prove a special value result for L(s, 7 x 7); see Theorem 5.7.1. Results of this kind
have appeared in [1], [7] and [20]. The special value result of this paper substantially adds to the previously
known cases, in the sense that it allows elliptic modular forms (with the same weight) of any level and
nebentypus. In particular, we allow the weights to be odd (the smallest possible odd weight for a full level
cuspidal Siegel modular form is 35).

After some definitions and preliminary remarks, we review Furusawa’s general theory in Sect. 2.5. Following
this we develop the non-archimedean theory. The main result here is the local integral representation
Theorem 3.5.1, but the existence of a “local newform” in certain induced representations stated in Theorem
3.4.5 is possibly of independent interest. For example, the uniqueness of the distinguished vector is helpful
in proving a functional equation, which will be the topic of a future work. After the non-archimedean theory
we develop the archimedean theory, with the local integral representation Theorem 4.4.1 as the archimedean
main result. The final sections contain the global applications mentioned above.

We would like to thank Abhishek Saha, with whom we had several helpful discussions on the subject of this
paper.

2 General setup

In this section, we will recall the basic definitions as stated in Sect. 2 of [17]. For simplicity we will make
all definitions over a local field, but it is clear how to define the corresponding global objects. Let F be a
non-archimedean local field of characteristic zero, or F' = R. We fix three elements a,b,c € F' such that
d:=b*—4ac # 0. Let
: X2
L:{F(\/E) ifd ¢ P, )
FaoF if d € F*2.

In case L = FF & F, we consider F' diagonally embedded. If L is a field, we denote by T the Galois conjugate
ofze€Lover F.f L=F@®F,let (x,y) = (y,x). In any case we let N(z) = 2T and tr(z) = = + Z.

2.1 The unitary group

We now define the symplectic and unitary similitude groups. Let H = GSp, and G = GU(2,2; L) be the
algebraic F-groups whose F-points are given by

H(F) ={g € GL4(F) : 'gJg = pu(g)J, ulg) € F*},



G(F) ={g € GL4(L) : "'gJg = p(g)J, ulg) € F*},

1o
1,
the subgroup of all matrices that become upper triangular after switching the last two rows and last two
columns. Let P be the standard maximal parabolic subgroup of G(F) with a non-abelian unipotent radical.
Let P = MN be the Levi decomposition of P. We have M = MM M2 where

where J = . Note that H(F) = G(F) N GL4(F). As a minimal parabolic subgroup we choose

¢

MOE (| e |icers, Q)

1

:1

MOFE) ={] , Bl a8 v,6eL”, p=as—pyeF*Y, ()
L7 g
1 =z 1 w oy

NE={| ! 1 ! ? cw € F, y,z € L}. (5)

I = 1 1

Note that M) (F) = GU(1,1; L)(F), where GU(1,1; L) is defined analogously to G = GU(2,2;L). The
modular factor of the parabolic P is given by

¢ 1
(| e “ L h=woutr =as- oy, (6
1 ¥ 1)
where | - | is the normalized absolute value on F'. By Lemma 2.1.1 of [17], the map
L* x GLy(F) — GU(1,1; L)(F), (7)

NS

is surjective with kernel {(A,A71) : X\ € F*}. Hence, if 7 is a representation of GLy(F), and if yo is
a character of L>* such that XO| px coincides with the central character of 7, then we can extend 7 to a
representation of GU(1,1; L)(F) by

25 = xer( 2 ©

This construction will be used frequently in the following. Every irreducible, admissible representation of
GU(1,1; L)(F) is of the form (8).

2.2 The Bessel subgroup

Recall that we fixed three elements a,b, ¢ € F such that d = b?> — 4ac # 0. Let

al LI
S S Y
2 2

Then F(€) = F + F¢ is a two-dimensional F-algebra isomorphic to L. If L = F(v/d) is a field, then an
isomorphism is given by z + y& — x + y@. If L = F & F, then an isomorphism is given by = + y¢ —

(z+ y@, x — y@) The determinant map on F(€) corresponds to the norm map on L. Let

T(F) ={g € GLy(F) : "gSg = det(g)S}. 9)



One can check that T(F) = F(£)*. Note that T(F) = L* via the isomorphism F(§) & L. We consider
T(F) a subgroup of H(F) via

T(F)> g+ } € H(F).

[9
det(g) ‘g~"
Let

U(F) {[12 ‘fﬂ €cH(F): 'X =X}

and R(F) =T(F)U(F). We call R(F) the Bessel subgroup of H(F') (with respect to the given data a, b, c).
Let ¢ be any non-trivial character F' — C*. Let 6 : U(F) — C* be the character given by

o ' | = wies, (10)
Explicitly, ,
Ty
6( 1 ? § ) = Y(ax + by + cz). (11)
1

We have 0(t~tut) = 0(u) for all u € U(F) and t € T(F). Hence, if A is any character of T(F), then the map
tu — A(t)0(u) defines a character of R(F'). We denote this character by A ® 6.

2.3 Parabolic induction from P(F') to G(F)

Let (7,V;) be an irreducible, admissible representation of GLy(F), and let xo be a character of L* such
that X0| px coincides with wr, the central character of 7. Then the pair (x0,7) defines a representation of
M®)(F) as in (8) on the same space V,. We denote this representation by xo x 7. If V; is a space of functions
on GLy(F) on which GLo(F') acts by right translation, then yo x 7 can be realized as a space of functions
on M@ (F) on which M®)(F) acts by right translation. This is accomplished by extending every W € V;
to a function on M®)(F) via

W(Ag) = xo(MW(g), A€ L”, ge GLy(F). (12)

If V. is the Whittaker model of 7 with respect to the character 1, then the extended functions W satisfy
the transformation property

9) =v(@)W(g), xeF, geMO(F). (13)

If s is a complex parameter,  is any character of L* and xo x 7 is a representation of M®) (F) as above,
we denote by I(s,x, X0, 7) the induced representation of G(F') consisting of functions f : G(F) — V, with
the transformation property

¢ 1
1 Ao A3
A N -y |
1 Ay A
_ —1  aN—113(s+3) af
— (M@ tas - 59 P P onar| 2 ] st 14



Now assume that V. is the Whittaker model of 7 with respect to the character ¢ of F. If we associate to each
f as above the function on G(F') given by W (g) = f(g)(1), then we obtain another model Iw (s, x, xo0,7) of
I(s,x, x0,7) consisting of functions W : G(F') — C. These functions satisfy

¢ 1
i ¢! " Ny |97 NP OvoNW (g),  ¢AELX,  (15)
1 A
and
1 =z 1 w oy
wl oty YT g =g@Wle),  wareF yzel (16)
-z 1 1

See Sect. 2.5 for more on various models for the induced representation.

2.4 The local integral

Let (7, Vy) be an irreducible, admissible representation of H(F'). Let the Bessel subgroup R(F') be as defined
in Sect. 2.2; it depends on the given data a, b, c € F. We assume that V. is a Bessel model for 7 with respect
to the character A ® 6 of R(F'). Hence, V; consists of functions B : H(F) — C satistying the Bessel
transformation property

B(tuh) = A(Q)0(u)B(h)  for t € T(F), u € U(F), h € H(F).

Let (7, V;) be a generic, irreducible, admissible representation of GLy(F") such that V; is the ¢y~ °~Whittaker
model of 7 (we assume ¢ # 0). Let xo be a character of L* such that X0|F>< = w;. Let x be the character
of L* which satisfies

x(€) = A Q) xo(O) (17)
Let W#(-,s) be an element of Iy (s, X, X0, 7) for which the restriction of W# (-, s) to the standard maximal

compact subgroup of G(F) is independent of s, i.e., W#(-,s) is a “flat section” of the family of induced
representations Iy (s, X, xo,7). By Lemma 2.3.1 of [17], it is meaningful to consider the integral

Z(s,W# B) = / W# (yh, s)B(h) dh. (18)
R(F)\H(F)

Here,

1 b+ vd if L is a field,
a 1 2c

n= 1 —al where o= va (19)
<b+ d b_\/g) if L= F&F

2c 2c
As explained in Sect. 2.5 below, see in particular (29), these local integrals appear in integral representations
for global GSp, x GLy L-functions. Therefore, being able to make choices for the functions W# and B such
that Z(s, W#, B) is non-zero leads to such integral representations. In the following we shall demonstrate
that this is always possible for local GSp,(F') representations 7 that are relevant for the global application
to Siegel modular forms we have in mind. In the real case we shall assume that 7 is a holomorphic discrete
series representation and that B corresponds to the highest weight vector. In the p-adic case we shall assume
that 7 is an unramified representation and that B corresponds to the spherical vector.

The generic GLo(F') representation 7, however, will be completely arbitrary. In the non-archimedean case,
we will restrict our attention to ramified representations 7, since the unramified case has been done in [7]. In
both the archimedean and non-archimedean cases, W# will be a vector in the induced representation which
has a suitable right transformation property under the maximal compact subgroup of H(F') depending on
that of the Bessel vector B.



2.5 Review of Furusawa’s theory

In this section we recall some of the theory of [7] relevant for this paper. For simplicity we work over the
ground field Q.

Bessel models

Let a,b,c € Q such that D = 4ac — b* > 0 is a non-square in Q*. Then L = Q(v/—D) is an imaginary
quadratic field extension of Q. Let Ay, be the ring of adeles of L. The adelic points T'(A) of the group defined
in (9) satisfies T(A) 2 A} and T(Q) ~ L*.

We fix the additive character ¢ = Hp 1, of Q\A for which ¢, has conductor Z, for all primes p and for

which 9o (2) = e 2™ for € R. Let U be the unipotent radical of the Siegel parabolic subgroup of H. Let
6 be the character of U(A) given by

9([1 ﬂ) — B(tr(SX)), X € May(A), X = 'X.

As in Sect. 2.2, R = TU is the Bessel subgroup defined by S. Let A be a Hecke character of L, i.e., a
character of T(Q)\T'(A) = L*\A}. Then the map

tu — A(t)0(u), teT(A), ue U(A),
is a character of R(Q)\R(A), which we denote by A ® 6.

Let 1 = ®@m, be a cuspidal, automorphic representation of H(A). Let V; be the space of automorphic
forms realizing 7. Assume that a Hecke character A as above is chosen such that the restriction of A to A*
coincides with w;, the central character of w. For each ¢ € V. consider the corresponding Bessel function

By(g) = / (A®6)(r) " p(rg) dr, (20)
Zr(A)R(Q)\R(A)

where Zp is the center of H. If one of these integrals is non-zero, then all are non-zero, and we obtain a
model Ba g, () of 7 consisting of functions on H(A) with the obvious transformation property on the left
with respect to R(A). In this case, we say that 7 has a global Bessel model of type (S, A, ). It implies that
the local Bessel model By, g, .y, (7p) exists for every p. In fact, there is a canonical isomorphism

) B, 0,0 () = By g ().
p

If (Bp), is a collection of local Bessel functions B, € By, 0,4, (7p) such that B,,|H(Z )= 1 for almost all p,
P
then this isomorphism is such that ®,B, corresponds to the global function

B(g) = HBp(gp)a 9= (gp)p € H(A). (21)

Global induced representations

The Eisenstein series E(h,s) entering into the global integral (26) below will be defined from a section
in a global induced representation of G(A). We therefore now discuss various models of such induced
representations. Let (7,V;) be a cuspidal, automorphic representation of GLy(A). Let x(o be a character of
L*\A7Y such that the restriction of xo to A* concides with w,, the central character of 7. Then, as in (8)
in the local case, yo can be used to extend 7 to a representation of M () (A), denoted by xo x 7. Let x be
another character of L*\A¥, considered as a character of M(V)(A). This data defines a family of induced



representations I(s, x, X0, 7) of G(A) depending on a complex parameter s. The space of I(s, X, X0, 7) consists
of functions ¢ : G(A) — V. with the transformation property

@(mimang) = dp(mima) T2 x(m1)(xo x 7)(m2)e(g),  m1 € MWD (A), my € MP(A), n € N(A).

Since the representation 7 is given as a space of automorphic forms, we may realize I(s, X, X0, 7) as a space
of C-valued functions on G(A). More precisely, to each ¢ as above we may attach the function f, on G(A)
given by f,(g9) = (¢(g9))(1). Each function f, has the property that GL2(A) > h — f,(hg) is an element of
V,, for each g € G(A). Let Ic(s, X, xo,7) be the model of I(s, X, xo0,7) thus obtained. A third model of the
same representation is obtained by attaching to f € Ic(s, X, Xo,7) the function

wiw= [1(| 1 | e)elenn  gec), )
Q\A 1

The map f — Wy is injective since 7 is cuspidal. In fact, f can be recovered from W} via the formula

1
fo=wi(| *, [e) s (23

AeQX 1

Let Iy (s, X, x0,7) be the space of all functions Wy. Now write 7 = ®7, with local representations 7, of
GL2(Q,). We also factor x = ®x, and xo = ®Xo,p, where x, and xo, are characters of H'L}|p LY. Then
there are isomorphisms

I(SaX7X07T) ;} ®pI(8aXp7X0,p7Tp)

I(C(SaX7X07T) ;} ®pI(8aXp7XO,p7Tp) (24)
[W(55X7X07T) ;} ®pIW(S7Xan0,pan)
Here, the local induced representation I(s, Xp, Xo0,p, 7p) consists of functions taking values in a model V,

of 7,; see Sect. 2.3 for the precise definition. Assume that V,, = W(7,,,¢) is the Whittaker model of

V, with respect to the additive character 1, ¢. If we attach to each f, € I(s, xp, X0,p,7p) the function
Wy, (g9) = fp(g)(1), then we obtain the model Iy (s, Xp,X0,p;Tp) Of the same induced representation. The
bottom isomorphism in diagram (24) is such that if W, € Iw (s, xp, X0,p, Tp) are given, with the property
that WP|G(ZP) = 1 for almost all p, then the corresponding element of Iy (s, x, X0, 7) is the function

Wi(g) = H W (9p), 9= (gp)p € G(A). (25)

p<oco

The global integral and the basic identity
As above let (7,V;) be a cuspidal, automorphic representation of GLy(A), extended to a representation of
M®)(A) via a character xo of L*\A}. Let further (m, V;) be a cuspidal, automorphic representation of
H(A) which has a global Bessel model of type (S, A, ), where S = [ a b/2

b2 ] as above. Define the character
x of L*\AY by

x(a) = A(@) *xo(a)t, a€Ajf.
Let f(g,s) be an analytic family in I¢(s, x, X0, 7). For Re(s) large enough we can form the Eisenstein series

E(g,sif)= Y, f(vg.9).
+EP(Q\G(Q)



In fact, E(g,s; f) has a meromorphic continuation to the entire plane. In [7] Furusawa studied integrals of
the form

Z26.0.0)= [ Elhusfomn (26)
H(Q)Zu (A)\H(A)
where ¢ € V.. Theorem (2.4) of 7], the “Basic Identity”, states that
1

Zs.0.0)= [ Wilh)Badn, - R
R(A)\H(A) 1

where R(A) is the Bessel subgroup determined by (S, A, ), and B, is the Bessel function corresponding
to ¢; see (20). The function Wy (-, s) appearing in (27) is the element of Iy (s, x, X0, ) corresponding to
f(-,s) € Ic(s, x; X0, T); see (22) for the formula relating f and W.

Factorization

The importance of the basic identity lies in the fact that the integral on the right side of (27) is Eulerian.
Namely, assume that f(-,s) corresponds to a pure tensor ®f, via the middle isomorphism in (24). Assume
that W, € Iy (s, Xp» X0.p» Tp) corresponds to f, € I(s, Xp, X0,p; Tp).- Then

Wi(g,s) = H Wp(9p, 8), 9= (9p)p € G(A),
p<oo

see (25). Assume further that the global Bessel function By factorizes as in (21). Then it follows from (27)
that

Z(s, f,0) = H Zp(s, Wp, Bp), (28)
p<oo
where
Zy(3, Wy, Bp) = / Wy (nh, s)Bp(h) dh. (29)
R(Qp)\H(Qp)

Furusawa has calculated the local integrals (29) in the case where all the data is unramified. The result is

that
L(3s+ 3,7 X 7p)

L(6s + 17XP|Q; )L(3s + 1,7, x AZ(A,) x (XP|Q; )’

Zp(s,Wp, By) = (30)
Here, AZ(A,) denotes the representation of GL2(Q),) obtained from the character A, via automorphic in-
duction. A ~ over a representation denotes its contragredient. Therefore, up to finitely many factors and
up to L-functions with well-known analytic properties, the global integral (26) represents the GSp, x GLq
L-function L(s, 7 X 7).

In order to obtain more detailed information about the analytic properties of L(s,7 X 7), one has to take
the ramified and archimedean places into account as well. As is evident from (29), the choice of local vectors
Wy € Iw (s, Xp, X0,p, Tp) and By, € Ba, 9,4, (7p) is crucial. Any time these vectors can be chosen such that
all local integrals (29) are non-zero, one obtains an integral representation for L(s,7 x 7), with possibly
finitely many undesirable FEuler factors which need to be controlled as well.

3 Local non-archimedean theory

In this section we evaluate the local zeta integral (18) in the non-archimedean setting. The key steps are
the choices of the vector W# and the actual computation of the integral Z(s, W#, B). The vector B will be



chosen to be the spherical vector in w. For W#, we want to choose a vector in the induced representation
that is right invariant under K# = H(0). We will show that such vectors exist and will obtain a canonical
one using the newform theory for GLs.

3.1 Notation

Let F be a non-archimedean local field of characteristic zero. Let o, p, @, ¢ be the ring of integers, prime
ideal, uniformizer and cardinality of the residue class field o/p, respectively. Recall that we fix three elements
a,b,c € F such that d := b* — 4ac # 0. Let L be as in (2). We shall make the following assumptions:

(A1) a,b€oand c€o”.
(A2) If d ¢ F*2, then d is the generator of the discriminant of L/F. If d € F*2, then d € o*.

We set the Legendre symbol as follows,

I -1, ifdg F*?2 . ddp (the inert case),
(—) =< 0, ifdg F*2, deyp (the ramified case), (31)
1, if d e F*2 (the split case).

If L is a field, then let oy, be its ring of integers. If L = F' @ F, then let o = 0 @ 0. Note that « € oy if
and only if N(z),tr(z) € o. If L is a field then we have z € o} if and only if N(z) € 0*. If L is not a field
then « € o7, N(x) € 0* implies that € 0] = 0% @ 0*. Let wy, be the uniformizer of oy, if L is a field and
set @y, = (w, 1) if L is not a field. Note that, if (%) # —1, then N(wp) € wo*. Let o € oy, be as in (19).
Then, by Lemma 3.1.1 of [17],

o7, =0+ ao. (32)
We fix the following ideal in oz,
prL if (%) =-1,
P :=poy, =1 p? if (%) =0, (33)
pop i (5) =1
Here, py, is the maximal ideal of oy, when L is a field extension. Note that 3 is prime only if ( %) =—-1. We

have P* No = p” for all n > 0.

3.2 The spherical Bessel function

Let (m,Vy) be an unramified, irreducible, admissible representation of H(F). Then 7 can be realized as
the unramified constituent of an induced representation of the form y; X x2 % o, where 1, x2 and o are
unramified characters of F'*; here, we used the notation of [21] for parabolic induction. Let

®) — g (4) _

2= Y = x20.

Y =yixe0, AP =xi0, o

Then (D~ = 4(2)~®) is the central character of 7. The numbers 7(1)(w), co, @ (w) are the Satake
parameters of w. The degree-4 L-factor of 7 is given by H?Zl(l — v (w)g=*)" L.

Let A be any character of T'(F) = L*. We assume that V; is the Bessel model with respect to the character
A ® 0 of R(F); see Sect. 2.2. Let B € V, be a spherical vector. By [25], Proposition 2-5, we have B(1) # 0,
which implies that necessarily A|aX =1. For [,m € Z let

L

w2m+l

h(l,m) = . (34)



Then, as in (3.4.2) of [7],

Fy=|| || B@Enrtm)Kk",  K"=H(o). (35)

lEZm>0

The double cosets on the right hand side are pairwise disjoint. Since B transforms on the left under R(F')
by the character A ® 6 and is right K*-invariant, it follows that B is determined by the values B(h(l,m)).
By Lemma (3.4.4) of [7] we have B(h(l,m)) =0 for [ < 0, so that B is determined by the values B(h(l,m))
for I,m > 0.

In [25], 2-4, Sugano has given a formula for B(h(l,m)) in terms of a generating function. It turns out that
for our purposes we only require the values B(h(l,0)). In this special case Sugano’s formula reads

_ H(y)
§B<h<l,0>>y = 20’ (36)

where

D =100 2) (37)

i=1

and
1— ¢ *ANw)y?

(
H(y) =4 1-q¢*AMwr)y
1— g7 2(Mwr) + Mo )y + ¢ *A(w)y?  if (

I
Lanr
—
~—
I
\
—

H
Lanr)

—
T~ T T
S—

Il
53
—

w
oo
S—

SN—"
—

3.3 Double coset decompositions

Let K€ = G(F) N GLy(0y), a maximal compact subgroup. We define the principal congruence subgroups

1 + ;Br ;Br (Br ;437"
"y BT 1+PT P B
&Br mr 5137" 1 + &Br

with 0 as in (33). For r = 0 we understand that T'(f") = K¢.

The main result of this section is the double coset decomposition in Proposition 3.3.5 below. In Proposition
3.3.5, we obtain representatives for P(F)\G(F)/K" and P(F)\G(F)/KHT ("), and the corresponding
double cosets in K“. This will be crucial for the definition of W#. For this, the first step is 7 = 1. We have
to treat the case (%) = 1 separately, for which we need Lemma 3.3.1. We then obtain the disjointness of
various double cosets in Lemma 3.3.2. Using these, we obtain the r = 1 case in Lemma 3.3.4. And, finally,

the general case is done in Proposition 3.3.5.

We start with the following lemma, which will be used for the split case of Lemma 3.3.4.

3.3.1 Lemma. Let k be a field. Let Py(k) be the parabolic subgroup of GL4(k) consisting of matrices of
the form
* ok *

* *

* X X %

10



Let GSp, (k) be defined using the symplectic form [ 01 102}, considered as a subgroup of GL4(k). Then
—1s
1

GLy(k) = Pa(k)GSpy(k) U Pa(k)tGSpy(k),  where t, = |

Proof. It is easy to see that the double cosets represented by 1 and t; are disjoint. We have to show
that every element of GL4(k) lies in one of these two double cosets. Let Wy be the Weyl group of GLy.
Representatives for the generators of W, are given by

1 1 1
t1 = L 1 , to = 1 1 ) t3 ! 1 (40)
1 -1 1
Note that ¢ € Py(k). The Bruhat decomposition for GL4(k) implies that
1 = 1
GL4(k) = Py U Pyt L | vkt
1
1 * 1 = 1
Ll Pyt1ts 1 . Ll Pyt ts Ll Pytsts 1 T *
1 1 1
1 * 1 1 % *x =
Ul Pyt 1tots 1‘ U Pttty | T 1‘ Ul Pytstot 1 .
« 1 1 1
1 * 1 * % 1 * * «
U Pytitatsts i U Pytitstaty . 1 U Pytytotstaty i . (41)
* 1 1 * 1

where we simply wrote P, for Py(k). Each of these cosets can be reduced to one of the first two by multiplying
with suitable elements of GSp,(k) on the right. For example,

1 1 =
Pyts 1 GSp, (k) = Pyts
1 1
= Pyt1t1t3GSpy(k) = Pat1GSpy(k).

Similary,
1 * % 1 = * 1 *
1
P4t3t2t1 1 GSp4(l<;) = P4t2t3t2t1 1 GSp4(k‘) = P4t3t2t3t1 1 GSp4(k‘)
1 1 1
1 1
1 =% 1
= P4t3t2 1 GSp4(k:) = P4t3 1 GSp4(k') (42)
1 * x 1



If the element in the lower left corner is zero, then we are reduced to the case worked out above. If the
element in the lower left corner of (42) is non-zero, then, using

= a3

we get
1 * * 1 x| |1
1
P4t3 1 GSp4(k7) = P4t3 1 t2t1t2 1 1 GSp4(k‘)
* * 1 * 1 1
[1 x| [1
1 1
= P4t3t2t1t2 1 1 GSp4<I{?)
i 1] * 1
[1 * | 1
1 *
= P4t3t2t1t2 1 GSp4(k‘) = P4t3t2t1t2 1 GSp4(k)
1 1

= Pytstat1taGSpy(k) = Patatstat1GSpy(k) = PatstatstiGSpy(k)
= Pyt3GSp, (k) = Pyt1GSpy(k).

In a similar way, all cosets occuring in (41) can be reduced to one of the first two after multiplication on the
right with GSp, (k). Finally, for elements of the second coset, we have

1 1
P4t1 1 GSp4(k) = P4t1 1 GSp4(k‘) = P4t1GSp4(k>.
1 * 1
This concludes the proof. [
We return to the group G(F). Recall that
1
a 1 .
n= 1 —al> a as in (19). (44)
1
For any m > 0, we let
1 0
_ |am™ 1 (45)
hm = 1 —aw™|
0 1
For systematic reasons, we let 7o, be the identity matrix.
3.3.2 Lemma. Let K¢ = G(F) N GLy(0z) as before.
i) The subsets of K& given by
P(o)n, K7, me{0,1,2,..., 00}, (46)

are pairwise disjoint.

12



ii) Let r > 1. The subsets of K¢ given by
P(O)anHF(mr)v

are pairwise disjoint.

Proof. i) Let g = pn,,k with k € K¥ and
¢ 1 =z 1

A calculation shows that the (3, 2)-coefficient of gJ g is given by

m € {0,...,r},

Ty

Yy

1 € P(o)
1

(97'9)32 = auw™ ("' (a — )

and that the (3, 4)-coefficient of gJ g is given by

(97'9)3.4 = cpw™ (M@ — a)

(n = ad — be).

(47)

(48)

(49)

(with the understanding that the right sides of (48) and (49) are zero if m = co). Since at least one of a or

cisin o, it follows that the function on K¢ given by

g +— min(v((g9J 9)3,2),v((97 '9)3.4))

takes different values on the double cosets (46).

(50)

ii) The argument is similar as in i); one considers the valuation of the (3, 2)- and the (3,4)-coefficient of g.J g

mod P".

3.3.3 Lemma. Let r be a positive integer and

o P
0y, oy
yeEGEF)N B
BP

Then v can be written in the form

Yy =pnmh,  p€P(o), he K7 n, =

with a uniquely determined m € {0,1,2,...,00}.

or
or
or

X
oL

1
aw

m

Proof. The uniqueness of m follows from Lemma 3.3.2; we will show that such an m exists. The group (51)

has an Iwahori decomposition, enabling us to write

1B[A 1 of P"
el Y| Y ER A

of P
X

Decomposing A further in the form
oy ||or 1

of P(0), we may assume that

1 1
|z 1 1
7= 1 —z| |z g 1 :
1 Yy T2 1

13

poelerei] ee]
0r, 0,

] [ ! ] , and multiplying on the left with an appropriate element

1,22 €EPTNF, yeP", 2z €oy.



Observing that o;, = o0 + a0 and multiplying on the right with an appropriate elements of K, we may
assume that

, Y,z € 0. (52)

1 1 1 1 1
1 az 1 1 ez 1 1
1 1 —az ay 1 o 1 —az| |—aayz 1
—yz~ ! 1 1 ay 1 1 —yz~ ! 1
(53)
(for yz=! € 0) and
1 1 1 1 1
1 az 1 1 oy 1 1
-1 1 —az ay 1 o 1 —ay| |aayz -1
1 —zy~ ! 1 ay 1 1 1 —zy~ !
(5d)
(for 2y~! € 0) show that we may assume
1
az 1
v = 1 —asl z €o. (55)
1

By using appropriate unit diagonal matrices, we see that such a - defines the same element of the double
coset space P(F)\G/KH as n,,, where m = v(z). L]

3.3.4 Lemma. We have the disjoint union

KS = P(o)K"T() U P(o)nK™T(%). (56)
Proof. The disjointness follows from Lemma 3.3.2 ii). To prove that each element of K¢ is contained in
one of the double cosets, we will distinguish three cases depending on the value of (%)

Let us first assume that (%) = —1. In this case, P is the maximal ideal in 07,. Using K< /T'() ~ G(o/p) and

the Bruhat decomposition of the group G(o/p), we see that a set S of representatives of P(0)\K% /KT ()
can be chosen from {wb:w € W, b € B(o)}. Here, W is the eight element Weyl group of GU(2,2) and B is
the Borel subgroup. Since wb = (wbw™')w and w € K, we see that S can be chosen from the opposite of
the Borel subgroup. Since diagonal elements are in P(0), elements of S can be chosen of the form

) z,Yy €0r, T1,T2 € 0.

Since o7, = 0 + a0 and we can modify the elements of S by elements of K on the right, it follows that the
elements of S can be chosen of the form

Z,Y € 0.

14



Using (53) and (54), we see that the elements of S can be chosen of the form

1
az 1

Finally, using unit diagonal matrices, we may assume that z € {0,1}. The assertion follows.

Next, let us assume that (%) = 0. In this case P = p?, where py, is the maximal ideal of a,. We also have
or/pr = o/p, and thus o, = 0 + pz. Moreover, K /T'(pr) = K /T (p), so that

KS = K"D(py).

The coset representatives for T'(pz)/T'(B) are given by matrices in K¢, where the diagonal entries are in
1+4pr and the off-diagonal entries are in py,. It is easy to show that any matrix g in I'(pz) can be written as a
product g1g2g3, where g, € U(F)NI(py), g3 € U(F)NI'(pz) and go is a diagonal matrix in I'(p,). Here, U(F)
is the unipotent radical of the Borel subgroup and U(F) is the opposite of U(F). Since U(F)NT(pr) and
diagonal matrices are contained in P(0), and since we can modify coset representatives of P(0)\K% /KT ()
by elements of K on the right, such a set S of representatives can be chosen from

, z,y from a set of representatives for pr, /.

Let wg € o be the mod p unique element such that o —wy € pr. Note that « — wg ¢ P by Lemma 3.1.1 (ii)
of [17]. Hence, we can take the set {(ov — wp)z : « € 0/p} as representatives of py,/PB. Since we can modify
elements of S by elements of K on the right, we see that S can be chosen from

1 1
az 1 L f t of tatives for o/
1 —as ay 1 , z,y from a set of representatives for o/p.
1 oy 1
The assertion now follows by imitating the steps in the proof of the case (%) =—1.

Finally, assume that (%) = 1. In this case L = F @ F. Accordingly, we can write every element g € G as a

pair (g1, g2) With matrices g1, g2 € GL4(F). The condition 'g.Jg = u(g).J translates into go = pu(g)J ' fg; 1 J.
Hence, we obtain an isomorphism

G —= GL4(F) x GL,(F),
9= (91,92) — (g1, 11(9))- (57)

Under this isomorphism, the parabolic subgroup P(F) is mapped onto Py(F) x GL1(F), where

* ok *

ES

Py(F) = C GLy(F)

EE CH

* *

is the parabolic subgroup of GL4(F) of the same shape as P. The group K¢ is mapped onto GL4(0) x 0*.

The principal congruence subgroup I'(33) is mapped onto T'y(p) x (1 4+ p), where T'y(p) is the principal
congruence subgroup of level p in GL4(F). And the group K = GSp,(0) is mapped onto

K" :={(g,1(g)) € GL4(F) x GL1(F) : g € GSp,(o)}.

15



Therefore,

P(o)\K“/K"T(P)

1%

(Pa(0) x 0)\(GLa(0) x 0™)/ K4 (Ta(p) x (1 +7p))
P4(0)\GLy4(0)/GSpy(0)l'4(p)

Py(0/p)\GL4(0/p)/GSpy(0/p).

By Lemma 3.3.1, this double coset space is represented by the elements 1 and ¢;. The assertion therefore

follows from the easily checked fact that the element n € K¢ maps to an element representing the same
double coset as t1 in Ps(0/p)\GL4(0/p)/GSps(0/p). This completes the proof. L]

I

IR

3.3.5 Proposition. Let 1, be as in (45). Let n. be the identity matrix. We have the following disjoint
double coset decompositions.

i)
K9= || Plo)nnK".
0<m<oo
ii) For any r > 0,
K= ] P()n.K"T(P").

0<m<r

i)

iv) For any r > 0,

o<m<r

Proof. Using the Iwasawa decomposition, iii) follows from i) and iv) follows from ii). In view of the
disjointness stated in Lemma 3.3.2, ii) follows from i) by multiplying on the right with I'(8"). Hence it is
enough to prove i). The disjointness was already proved in Lemma 3.3.2.

Let g € K¢. Then, by Lemma 3.3.4, either g = pyk or g = pnyk, where p € P(0), v € I'(), and k € K.
In the first case we write v according to Lemma 3.3.3. In the second case we write 77y according to Lemma
3.3.3. The assertion follows. [

The following lemma shows that the first » — 1 double cosets occuring in i) are the same as those occurring
in ii) of Proposition 3.3.5.

3.3.6 Lemma. For any 0 < m < r, we have
P(0)n KT (P7) = P(o)nm K
and

P(F)nm KPT(P") = P(F)nn K.

Proof. We will prove the second equality; the argument for the first one is the same. By Proposition 3.3.5,
for any r > 0,

GF) = || PEMK" UX, X= || PEm.KY,

0<m<r r<m<oo
and also
GF) = || PFmKTT) UY, Y = P(F) 5K T(F").
o<m<r
For m > r, we have n,, € P(F)KHT (") = P(F)n.KHT(P"). Hence X C Y. Evidently, for m < r, we
have P(F)n, K" C P(F)n, K"T(P"). It follows that P(F)n,, K7 = P(F)n,, KAT(P"). L]
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3.4 New- and oldforms for GU(2,2)

Using the double coset decompositions from the previous section, we shall determine the structure of the
spaces of vectors in the induced representations I(s, X, Xo,7) invariant under the groups K“T'(B"), r > 0.
Here, 7 is a representation of GLo(F'), and x, xo are appropriately chosen characters of L*; see Sect. 2.3. Tt
turns out that these spaces of invariant vectors are zero if r < n, where p” is the conductor of 7. If r = n,
then the space of invariant vectors is one-dimensional; in this sense there is a unique newform. For r > n,
the dimensions of the spaces of invariant vectors grow quadratically. We start by recalling some familiar
GLy theory.

The GLy newform
We define congruence subgroups of GLo(F), as follows. For n = 0, let K9 (p°) = GLy(0). For n > 0, let

(58)

KO (pn) = [1“’” ° }

pr 0¥

The following result is well known (see [3], [6]).

3.4.1 Theorem. Let (7,V;) be a generic, irreducible, admissible representation of GLy(F'). Then the spaces
Vi(n)={veV,: 1(g)v=uv for all g€ KO (pm)}

are non-zero for n large enough. If n is minimal with V(n) # 0, then dim(V;(n)) = 1. For r > n, we have
dim(Vy(r)) =r —n+ 1.

If n is minimal such that V;(n) # 0, then p™ is called the conductor of T, and any non-zero vector in V;(n)
is called a local newform.

3.4.2 Lemma. Let (7,V;) be a generic, irreducible, admissible representation of GLy(F') with conductor p™.
We assume that V; is the Whittaker model of T with respect to the character of F' given by ¢~ %(x) = ¢(—cx),

where ¢ € 0*. Let W) be a local newform. Then W) (1) # 0. If W(©) is normalized such that W) (1) =1,
then the following formulas hold.

i) If T is a supercuspidal representation, or T = QStgy, () is a twist of the Steinberg representation with
a ramified character €2, or 7 is a principal series representation o X 3 with two ramified characters a, 3

(such that a3~' # ||*1), then
o 1 ifl=0,
W<0>([ J) — ,
0 ifl#0.

ii) If T = a x @ is a principal series representation with an unramified character o and a ramified character

3, then
0 if1 < 0.

iii) If T = QStqy,(2) Is a twist of the Steinberg representation with an unramified character ), then

o=@ ] _ (Qw)g~Ht  ifl >0,
v ([ J) 0 ifl < 0.
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iv) If T = a X (3 is a principal series representation with unramified characters « and (3, then

l

WO @! ) = 'Y a@)p=) T ifl >0,
I k=0
0 ifl < 0.

To prove this lemma, one can use formulas for the local newform with respect to the congruence subgroup

GLs(0) N [

pon . Jrop"} (given, amongst other places, in [22]), together with the local functional equation.

An auxiliary lemma

We will derive a lemma which will be used in the proof of Theorem 3.4.5 further below.

3.4.3 Lemma. Let « be as in (19). Let x € oy, be such that x € 0+ P" and ax € 0+ ‘P for a non-negative
integer n. Then x € B".

Proof. Using (32) and (33), first note that o + " = 0+ ap™. Let © = y + az, with y € 0 and z € p™. Since
a? =ab/c—a/c, we get ax = —az/c+a(y+bz/c). Now, ax € o+ implies that y+ bz/c € p™ and hence,
y € p™. This proves that x € P". =

Recall that K¢ is the maximal compact subgroup of G(F) and that K¥ = GSp,(0). Let the principal
congruence subgroups I'(B") of K& be defined as in (39). For m > 0, let 7,, be as in (45).

3.4.4 Lemma. Let

€ N(F).

Q\
<
—
J—
— 8

c d’ -z 1 1

Let m,r be integers such that r > m > 0. If A := n;Yinnan, € KHT(P") then ¢ € P~™ and a/(' €
14 pr—m.

Proof. Suppose A := n, 'mnn, € KAT(P"). First note that KAT(P") € My(o + PB"). Looking at the

m

(3,2), (4,2) coefficients of A, we see that ¢/, ac’@w™ € o+ P". By Lemma 3.4.3, we obtain '™ € P" and
hence ¢’ € P"~™, as required.

Note that mn € K¢ and ¢/ € B"~™ C P implies that ¢,a’,d’ € o}. The upper left 2 x 2 block of A is given
by
¢+ azCw™ 14
ad@w™ — aw™(( + az(w™) a’ — az(m™ |’

We will repeatedly use the following fact:
Ifxeo+ P, thenx =2 (mod (a —a)P"). (59)

For if # = y + az with y € 0 and 2 € p", then z — T = (o — @)z. Applying this to the matrix entries of A,

we get 2( = zZ( (mod (o — &)P"), and then

a —ad =(a—a)z(w™ (mod (a—a)P"), (—(=(a—a)zz™ (mod (a—a)P"). (60)

Using ¢ + az(w™ = ( + az{w™ (mod (o — a)P") and (60), we get from the (2,1) coefficient of A that
(@'=™ —Co™)(a—a)=0 (mod (a—a)F").

Hence a/w™ — (™ =0 (mod P"), so that a’C~! € 1+ P"~™, as required. n
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New- and oldforms in I(s,x, x0,7)

Let (7,V:) be a generic, irreducible, admissible representation of GLo(F'). We assume that V; is the Whit-
taker model of 7 with respect to the character of F given by ¢~ ¢(z) = 1)(—cx). Let p™ be the conductor of
7, where n is a non-negative integer. Let W(®) € V;(n) be the local newform as in Lemma 3.4.2. Observe
that the central character w; is trivial on 1+ p™. We choose any character xo of L* such that

Xo|px = wr and Xoli+pn = 1. (61)

(for n = 0 we mean that yo is unramified). Given an unramified character A of L*, we define the character
x of L* by the formula

X(€) = A(O) ™ xol€) (62)
Let I(s,x,Xx0,7) be the parabolically induced representation of G(F') as defined in Sect. 2.3. Explicitly, the
space of I(s, x, Xo,7) consists of functions W : G(F) — C with the transformation properties (15) and (16).
The following result shows that there is an essentially unique vector in I(s, x, xo0,7) right invariant under
KHT (™). This vector will be our choice of local section which will be used to evaluate the non-archimedean
local zeta integrals (18).

3.4.5 Theorem. Let x, xo and 7 be as above. Let p™, n > 0, be the conductor of 7. Let
V(r) = {W € I(s,x.x0,7) : W(gv,5) = W(gs) for all g € G(F), v € K"T(F")}.

Hhen ( 1) 2)
r—n+1l)(r—n+ .
dim(V (r)) = { 5 ifr 2 n,
0 ifr <n.

Proof. Let W € V(r). By Proposition 3.3.5, W is completely determined by its values on 7,,, 0 < m < r.
/AN

Let r > m > 0. For any [a b } € KO (pr=m) (see (58)), we have

cd
1
a v
u € M(F)N(F) N\n KA (B")n,t, p=dd -vc.
c d
It follows that
1
a v a b
W) =w(| = ).
c d

Hence, for 0 < m < r, a necessary condition for v,, := W (,,) is that it is invariant under K () (p"=™). Since
the conductor of 7 is p”, we conclude that v, = 0 if r —m < n. Therefore dim(V (r)) = 0 for all r < n.

Now suppose that 7 > n. We will show that, for any m such that r —m > n, if v, is chosen to be any vector
in V-(r —m), then we obtain a well-defined function W in V(r). For m = r this is easy to check, since in
this case n = 0 and all the data is unramified. Assume therefore that » > m. We have to show that for
minimkiy1 = Mmanafmkaye, with m; € M(F), n; € N(F), k; € K and ~; € T("),

V(@) 5 P (@) (o x 7)o 0 Yo = IN(Ga) - FO20(a) o x [ 12 o 09

We have 7, 'my 'min*n,, € KHT(P"), where n* € N(F) depends on my,mg,n1,ny. Let

¢ 1 z 1

m:=m, my = = n* =
2 1 —1 )
I7e

X
[w bl
*
—_
—_

— 8

[}
IS
|
N
—
—_
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Then ¢ € 0} and p € 0*. By definition, ¢; = (2¢ and p1 = pop. Hence (63) is equivalent to
aj b al bt
€ (xo 758 3 [yom = G0 x 70| 17 o (64
101 2

2

Using Lemma 3.4.4, we get a( ™! € 1+ "™ and ¢ € P"~™. Hence, using (61) and (62) (with unramified
A) and the fact that v, € V;(r —m),

) o x| 58 0 o = x(@ 00 x| 2 2] |

= 3@ o x £ % [ 1 Y2

= 20Co(@ (xo % 7| & 7 o
= (x| 2 17 o

as claimed.

Now, using the formula for dim(V,(r —m)) from Theorem 3.4.1 completes the proof of the theorem. L]

3.5 The zeta integral

As in the previous section let (7,V;) be a generic, irreducible, admissible representation of GLo(F') with
conductor p”. We assume that V, is the Whittaker model of 7 with respect to the additive character
Y~ ¢(x) = ¢(—cx). Let the characters xo and x of L* be as in (61), resp. (62). In the induced representation
I(s, X, x0,T), consider the spaces V(r) of invariant vectors defined in Theorem 3.4.5. Taking r = n in this
theorem, we see that dim(V'(n)) = 1. The proof of Theorem 3.4.5 shows that, in the model Iy (s, x, xo0,7) of
I(s,x, x0,7) consisting of complex-valued functions (see Sect. 2.3), V(n) is spanned by the unique function
W#(-,s) with the following properties.

o If g¢ M(F)N(F)nKHT ("), then W#(g,s) = 0.
o If g = mnnky with m € M(F), n € N(F), k € KH, v € T(P"), then W#(g,s) = W#(mn, s).

/AN,
e For ¢ € L* and [Z, Z,} € GU(L,1; L)(F),
C 1 / / /
1 a b 115(s a' b
wr| y e =@ e o w0 o)
1 c d

Here p = a/d’ —b'¢’ and W(©) is the newform in 7 as defined in Lemma 3.4.2, but extended to a function
on GU(1,1; L)(F) via the character xo as in (12).

It is this function W# for which we will evaluate the local integral Z(s, W#, B) defined in (18). The other
ingredient in this integral is the Bessel function B, which is the spherical vector in the Bessel model of an
unramified representation (m, V) of H(F') with respect to the character A ® 6 of R(F'); see Sect. 3.2. In the
following we shall assume n > 0, since for unramified 7 the local integral has been computed by Furusawa;
see Theorem (3.7) in [7]. Since both functions B and W# are right K*-invariant, it follows from (35) that
the integral (18) is given by

Z(s,W#,B) =Y B(h(l,m))W#(nh(l,m), s)Vmg* . (66)

1,m>0
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Here, as in Sect. 3.5 of [7],
Vi = / dt.
T(FNT(F)[=" | |GLa(e)

We will only need the value of Vj, which is normalized to be equal to 1. To compute the integral (66), we
need to know for what values of I, m does nh(l, m) belong to the support of W#. Since nh(l,m) = h(l, )0,
with h(l,m) € M(F) and n,, as in (45), all that is relevant is for what values of m is 7, in the support of
W#. The support of W# is P(F)nKHT (") = P(F)nK* (see Lemma 3.3.6). Hence, by Proposition 3.3.5
iii), only 79 = n is in the support. It follows that the integral (66) reduces to

Z(s,W#,B) = B(h(l,0)W#(nh(1,0),s)¢* (67)
>0

By (62) and (65),
!
WHh(.0).5) = [N (@) P @w o )
—3(s+1/2)1 -1 —1 (0) =0
p onl@ har (@ WO 7)) (68)
We will consider three cases for the representation 7 according to the values of the newform W(® given in

Lemma 3.4.2.

Case 1: Let 7 be either a supercuspidal representation, or a twist Stqy,(2) of the Steinberg representation
with a ramified character 2, or a principal series representation « x 8 with two ramified characters «, 8 (such
that o371 # ||*1). In each of these cases, using Lemma 3.4.2 i), we have

Z(s,W# B)=1. (69)

Case 2: Let 7 = a X 0 be a principal series representation with an unramified character o and a ramified
character 5. Then, by Lemma 3.4.2 ii) and (68),

S W B ZB 73 s+ ) w,T(wil)w.,.(wil)(ﬂ(w)qfl/z)lqsl
>0
= 3" B o»(q-%*l(wﬂa)—l(w))l.
1>0

Let wy, be the uniformizer of oy, if L is a field, and set wy = (w, 1) if L is not a field. If L/F is a ramified
field extension, we assume in addition that N r(wr) = @. Then, using the notations from Sect. 3.2,

s, W# —M wi =q¢ ¥ N wra) Hw
Z(s, W ’B)_Q(y) th  y=gq (Wr)™ (@). (70)
Explicitly,
4
Q) =[[ @ =" (=)g ¢ > (wra) ! (w))
=1
=[[(-¢* () (@), (71)
and

1— (A(wra) ) (w)g %72
H(y) = 1-Mwr)(wsa) M (w)g !
(1 - A(wp)(wre) M @)g 3 (1 - Moo, ) (wea) " (w)g > )

H.H.
LanrY LanrY

—~

T~ T T

S—"
1
R

—_

(72)

-
=i
—
SN—
I
—_
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Case 3: Let 7 = QStqp(2) with an unramified character 2 of F*. Then, using Lemma 3.4.2 iii) and (68), a
similar calculation as in Case 2 shows that

Z(s, W# B) = Aly) with y=q 2w Q) Y (w). (73)

Q(y)

We now get the following theorem, which is our main non-archimedean result.

3.5.1 Theorem. Let 7 be an irreducible, admissible, unramified representation of GSp,(F') and let T be an
irreducible, admissible representation of GLy(F'). Let B be the unramified Bessel function given by formula
(36). Let W# be the element of Iy (s, X, X0, T) defined in Sect. 3.5. Then the local zeta integral Z (s, W# B)
defined in (18) is given by
L(3s+ 5,7 X 7)
Z(s,W# B) = 2 Y (s), 74
( ) L(6s+1,x|px)L(3s + 1,7 x AZ(A) X x|px) (s) (74)

where
1 if T=ax 3, a, unramified,
L(6s+1,x|rx) if T=a x (8, o unram., 8 ram., (%) =41,
OR 7 = a X (3, o unram., 3 ram.,
(%) =0 and Bxr,r ramified,
OR 7 = QStqy(2), {2 unramified,
Y(s) = L(6s+1,x|rx)

1= Aw)(@nB) (=) T if T=ax (3, a unram., 3 ram., (%) =0,
and Bxp,p unramified,
L(6s+1,x|px)L(3s + 1,7 x AZ(A) X x|px) if T =ax 8, a,( ramified,
OR 7 = QStqr(2), {2 ramified,
OR 7 supercuspidal.

In (74), 7 and 7 denote the contragredient of m and T, respectively. The symbol AZ(A) stands for the GLy(F)
representation attached to the character A of L™ via automorphic induction, and L(3s+1,7x AZ(A) X x|rx)
is a standard L-factor for GLy x GLg x GL1.

Proof. If 7 = ax 8 with unramified « and 3, then this is Theorem (3.7) in Furusawa’s paper [7]. If 7 = ax
with unramified « and ramified 5 (Case 2 above), then, from the local Langlands correspondence, we have
the following L-functions attached to the representations 7 x 7 of GSp,(F') x GLo(F') and 7 x AZ(A) X x|Fx
of GLa(F) x GLo(F) x GL1(F),

Lis,ax7) =[] (1 - ("Pa) Hw)g ™) (75)

i=1

and
1-— (A(wﬂa)*z)(w)q’zs if (%) =1,
1 — A(wp)(wea) Hw)g™* if (F) =0 and
L = BXr/F Tam.,
L(s,7 x AZ(A) x x|px) (1= A(wp)(wra) Hw@)g %) (1 — A(wr) (wB) " Hew)g™®) if (3) =0 and
BXr,/F unram.,
(1= Awr)(wra) "N (@)g )1 = Mwwp ) (wra) " H(@)q~*) if (3) = 1.

(76)
The desired result therefore follows from (71) and (72). If 7 is an unramified twist of the Steinberg repre-
sentation (Case 3 above), then the result was proved in Theorem 3.8.1 of [17]. In all remaining cases (i.e.,
Case 1 above) we have L(s,T x 7) = 1, so that the theorem follows from (69). This completes the proof. m
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4 Local archimedean theory

In this section we evaluate the local zeta integral (18) in the real case. As in the non-archimedean case, the
key steps are the choices of the vector W# and the actual computation of the integral Z(s, W#, B).

4.1 Notations

We recall some of the definitions and basic facts from Sect. 4.1 of [17]. Let G = GU(2,2;C) as in
Sect. 2.1 (with F = R and L = C). Consider the symmetric domains Hy := {Z € My(C) : i(Z —
Z) is positive definite} and by := {Z € Hy : 'Z = Z}. The group GT(R) := {g € G(R) : u2(g) > 0} acts on
Hy via (g, Z) — g{Z), where

AB

9(Z) = (AZ + B)(CZ + D)™, for g = [CD

]€G+®)ZGH2

Under this action, by is stable by H*(R) = GSp; (R). The group Ko, = {g € GT(R) : p2(g) = 1, g{I) = I}

is a maximal compact subgroup of GT(R). Here, I = {Z J € Hy. Explicitly,

Ky = {[_AB ﬂ . A,B€ M(2,C), "AB = 'BA, 'YAA + 'BB = 1}.

By the Iwasawa decomposition

G(R) = MM (R)MP(R)N(R) K, (77)
where MM (R), M) (R) and N(R) are as defined in (3), (4) and (5). A calculation shows that
¢
MORMIRN® (K ={|  * Ol GaBe (=1 laf + |7 = 1, af = ga}. (79
-3 a
Note also that
1
MP(R)N Ky = { “ . P|. a,peC, o +18P =1, of = Ba}, (79)
—3 a

and that there is an isomorphism

(SIXSO@D/H&[AA]):A:jﬂ}JLJw@KRMWK®7

o= =l

Y Aa

For g € GT(R) and Z € Hy, let J(g,Z) = CZ + D be the automorphy factor. Then, for any integer [/, the
map
ks det(J(k, 1)) (81)

defines a character Ko, — C*. If k € M®)(R)N K, is written in the form (80), then det(J(k, I))! = Ne= "9,
where a = cos(f), 3 = sin(f). Let KZ = K. ,nHT(R). Then KZ is a maximal compact subgroup, explicitly
given by

Ko =

oo

{[AB

.t _t t t —
—B,J' AB = 'BA, '"AA+ 'BB =1},
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Sending [ A B to A — iB gives an isomorphism KX = U(2). Recall that we have chosen a,b,c € R

-B A
such that d = b?> — 4ac # 0. In the archimedean case we shall assume that d < 0 and let D = —d. Then
R(v/—D) = C. The group T(R) defined in (9) is given by

T(R) = {{x *_32/2 N _y;b/2] 2,y €R, ¥ +y2D/4 > 0}. (82)
bt 1 _ _lTztyb/2 ye . 2, .2 _
T (R)_T(R)OSL(Q,R)_{[ L x—yb/Q} s xy €R, 2® +y*D/4 = 1}. (83)

x+yb/2  yc

~ CX vi
We have T(R) = C Vla|: “ya z—yb)2

} +— z + y/—D/2. Under this isomorphism T (R) corresponds

to the unit circle. We have

T(R) =T"(R)- {[C C] : (>0} (84)
As in [7], p. 211, let ty € GLy(R)* be such that T'(R) = t,SO(2)t; . We will make a specific choice of t,
a b/2

when we choose the matrix S = [ ] below. It is not hard to see that

b/2 ¢
ttfl
0 ¢

Here, R(R) = T(R)U(R) is the Bessel subgroup. One can check that all the double cosets in (85) are disjoint.

4.2 The Bessel function

Recall that we have chosen three elements a,b,c € R such that d = > — 4ac < 0. We will now make the
a b/2
b/2 ¢

above. Given a positive integer [ > 2, consider the function B : H(R) — C defined by

stronger assumption that S = [ ] € M>(R) is a positive definite matrix. Set D = 4ac — b* > 0, as

B(h) { pia(h) det(J(h, 1)1 e=2mi (S if b € HH(R), (56)

0 if h ¢ H(R),

where I = | il Note that the function B only depends on the choice of S and . Recall the character 8 of

1X
1

we choose 9(x) = =27, Then the function B satisfies

U(R) defined by 0({ }) = ¢(tr(SX)). It depends on the choice of additive character 1, and throughout

B(tuh) = 60(u)B(h) for h € HR), t € T(R), v € U(R), (87)

and
B(hk) = det(J(k,1))!B(h)  forhe H(R), ke KX, (88)

Property (87) means that B satisfies the Bessel transformation property with the character A ® 6 of R(R),
where A is trivial. In fact, by the considerations in [25] 1-3, or by [18] Theorem 3.4, B is the highest
weight vector (weight (—I,—I)) in a holomorphic discrete series representation (or limit of such if I = 2) of
PGSp,(R) corresponding to Siegel modular forms of degree 2 and weight I. By (87) and (88), the function
B is determined by its values on a set of representatives for R(R)\H(R)/KX. Such a set is given in (85).
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4.3 The function W#

Let (7,V;) be a generic, irreducible, admissible representation of GL(R) with central character w,. We
assume that V. = W(7,1¥~°) is the Whittaker model of 7 with respect to the non-trivial additive character
x + 1h(—cx). Note that S positive definite implies ¢ > 0. Let W(®) € V; have weight I;. Then W(® has the
properties

WO (gr(8)) = ¢ OW O (g), g€ GLy(R), r(d) = [_C‘S’f’r(l?g) ig;((g))] € S0(2), (89)
and
WO 5|9 = -V, g CL®, 2 ek (90)

Let I be an integer of the same parity as l1; further below in (101) we will be more specific. Let xo be the
character of C* with the properties

Xolg =wr x0(Q)=¢T for (e CX[¢] =1 (91)
Such a character exists since w,(—1) = (=1)1 = (=1)%2. We extend W to a function on M3 (R) via

WO g) =x0(OWP(g), (€C*, geGLy(R); (92)

see (12). We will need the values of W(® at elements {t 1} for ¢ # 0. For this we consider the Lie algebra

g = gl(2,R) and its elements

O S 5 R TS R )

In the universal enveloping algebra U(g) let A = i(H 2 4+ 2RL + 2LR). Then A lies in the center of U(g)

and acts on V; by a scalar, which we write in the form —(§ + (4)?) with r € C. In particular,

s}« 5 o

1/2
If one restricts the function W to {t t1/2]’ t > 0, then (93) reduces to the differential equation

satisfied by the classical Whittaker functions. Hence, there exist constants a*,a~ € C such that

+ 1/2 v .
WO [t 0}) _Ja wr((4met) H)Wy o (4mct) if t > 0, 0
01 a”w, ((—4met) V)W _iy o, (—4met)  if t <O.

-5
Here, W, 1, ;. denotes a classical Whittaker function; see [2, p. 244], [13]. According to (17), we let x be

202

the character of C* given by -
X(€) =x0(0)~". (95)
We interpret x as a character of M) (R) = C*. We wish to define a function W# of the form
W# (mymank, s) = 557 (mama) £ (k)x (m) W@ (ms), (96)

where m; € MM (R), my € M@ (R), n € N(R) and k € K, for some analytic function f on K. Any
such W# would be a legitimate section of the induced representation Ic(s, X, X0, 7) considered in Sect. 2.3.
In addition, we would like W# to satisfy the right transformation property

W#(gk,s) = det(J(k,I))"'W#(g,5)  for g GR), ke KX, (97)

We need this property so that the function B(g)W# (g, s) will be right invariant under K see (88). The

o0
following lemma gives the precise conditions to be satisfied by the function f so that W# is well-defined.
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4.3.1 Lemma. Let f be a function on K.,. For ¢ € C, set é‘l = 1 ¢ and ég = ¢ 1
1 ¢
1
. cos(0) sin(#) . #
For 0 € R, set 7(0) = 1 . We can define a function W#(-,s) on G(R) by formula
— sin(h) cos(6)
(96) if and only if f satisfies, for all k € Ko, ¢ € S* and 6 € R, the conditions
FGR) = x(Of k), f(Gak) = x0(O)f (R), (98)
F@O)k) = e’ f(k). (99)
Proof. This is obtained by direct computation. ]

We will now demonstrate how to obtain a function f on K satisfying all the required conditions. We define
four functions a, b, ¢, d on K, by

(g) = b-coefficient of J(g'g, I),

a(g) = a-coefficient of J(g'g, I), b
é(g) = c-coefficient of J(g'g, I, d(g) = d-coefficient, of J(g'g, I).

The function J(g, Z) was defined in Sect. 4.1. Here, we have written J(g'g, I) as [Z Z] Since h'h =1 for

all h € KX each of these functions is right KZ invariant. Calculations show that

a(Cig) = Calg), alCag) = alg), b(Crg) = Cblg), b(Cag) = Cbly),

(Crg) = Celg), é(Cag) = Celg), d(Crg) =d(g), d(Cag) = ¢*d(g).

for ¢ € S, as well as

a(f(0)g) = alg), b(F(0)g) = €”blg), &(#(0)g) = e “e(g), d(7(0)g) = d(g)

for all 8 € R.

4.3.2 Lemma. Let | be any integer. Let tq,ts,t3 be integers of the same parity satisfying t; > to > —t3 >
—2l — to. Then there exists a real analytic function f on K., with the following properties.

e Forall h € Kg,
f(gh) = det(J(h,1))~" f(g)-

e Forall ¢ € S*, . R
f(Gig) = ¢" f(9), f(Ceg) = ¢ f(9).

e For all 0 € R, '
F(#(0)g) = e f(g).

In fact, for any integer t > 0 such that all exponents in the function

tatt3 ~
“z ot

flg) = alg) =+ b(g) &(g) 7 d(g)! det(J (g, 1))

are non-negative, this function has the desired properties.
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Proof. This follows from the above transformation properties of a, 13, ¢, d. In order to obtain a well-defined
function, we need to make sure all exponents are non-negative integers. [

With [ being the weight of our Siegel modular form and I; being the weight of our function W € V., we
now make the choice t = 0 and t3 = [; in the above lemma, and ¢; = t5 as small as possible. We obtain the
analytic function on K, given by

_ [ Bg)tdet(J(g. ) ifL<,
1(g) = { é(g) 1 det(J(g, 1)1 if 1> 1. (100)
This function satisfies (98) with
lh —21 ifl <l
— ) _ 1 = i1,
X(C) - XU(C) - C ) where lp = { —1 if 1 >1. (101)
It also satisfies (99), and can therefore be used to define the function W# on G(R) via
W# (mymank, s) = 652 (myma)x(m1 )W (my) f (k). (102)

Here, m; € MW (R), mo € M@ (R), n € N(R) and k € K. It is clear that W#( -, s) satisfies (97), since f
has the corresponding property. By Lemma 2.3.1 of [17], we have

W# (ntuh, s) = 0(u) " *W#(nh, s) (103)
fort € T(R), u € U(R), h € G(R) and
a 1 b++v—D

_ _ _ _ 12
n= 1 —al: o= 9e , D =dac—b°.

Note that, if [ = Iy, then W# coincides with the archimedean section used in [7] and [17].

4.4 The local archimedean integral
Let B and W# be as defined in Sect. 4.2 and 4.3. By (87) and (103), it makes sense to consider the integral

Z(s,W#, B) = / W (yh, 5)B(h)dh. (104)

R(R)\H (R)

Our goal in the following is to evaluate this integral. The function W# (nh,s)B(h) is right invariant under
KX Using this fact and the disjoint double coset decomposition (85), we obtain

Z(s,w#,B):ﬂ/fw#(n Ato{CCJ
1

RX

by {C_l (} ’S>

3 A“[Ccl]

S| )=t dcax (105)
tt_l |:< :|
0 C

see (4.6) of [7] for the relevant integration formulas. The above calculations are valid for any choice of
a b/2

b/2 ¢ } is positive definite. To compute (105), we will fix D = 4ac — b? and make

a,b,c as long as S = {
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D
special choices for a,b,c. First assume that D =0 (mod 4). In this case, let S(—D) := [6 (1)
1
VD 91/2p—1/4

n = 2 ) ‘/? , and we can choose tg = { o-1/2p1/4 |- From (86) we have

1

Mo 247"

o "¢t Ne2mADYH5— i ) > 0,

B ttal{c*c] ):{0 if A < 0.

Next we rewrite the argument of W# as an element of MN K,

)
n Cfl
w7
[ L(Pac?) 7 |
\| 2 HEE) l
Di(<2+2< 2)2
Di(cﬂ-;*)%
_ D*i(<2+2<*2)_% |
1 —i¢?
1
o [’EO ;30]’ where ko=<<2+<-2>-1/2[ﬂ.< gﬂ] e Su(2).
—ic2 1
With f as in (100), we have
2 =2\ —(I+l2)
Al = ()
Therefore, by (102),
¢
i
W#(U C 1 —1 78)
]
_ Z-l+l2(C2 ZC_Q)*U“?) )\D_%(CQ +C_2)—1 3(5+5)wT()\>_1W(0)({/\Dé(;2*‘242) (1)])

Let ¢ € C be such that w,(y) = y? for y > 0. It follows from (94), (106) and (107) that
Z(s,W#,B) = 'l+l2a+7rD—%s—%+%(4w)%/ N
01

242 ) —3s—349-1-1y
2

Wi i
27

The substitution u = ({2 + ¢~2)/2 leads to

oo o0
Z(s,W#,B):il+l2a+wD*%*%+%(4w)%//A?’S*%“*%u*%*%%*l*l?
1 0

28
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, (47T)\D1/2<+TC)6_2WAD PR (= AT dC dN.

] . Then

(106)

(107)

(108)



A
Wiy . (4mADY )20 2w 82 gy,

4.7 BN

We will first compute the integral with respect to A. For a fixed u substitute z = 47AD?u to get

w\:

Ly
5

oo
. _3s_lig 354 3_ _ T dx
Z(S,W#7B):zl+l2a+7rD 3s 2+2(47T) 3s+35 l+q/ 65—21— l2+q/ " 35 341 —du
0

1

Using the integral formula for the Whittaker function from [13, p. 316], we get

Z(s,W# B) = iltlqtaD 35543 (4)~3s+3-1+a

FBs+1—-1+%5 —2)r (35+l—1—ﬂ—g /ufﬁHlflMdu
1
(4m)~3sti—lte T(Bs+1—-1+2 - IBs+1—-1-2 —4)

_ sl 4 y—3s—5+%
=1 a D 272
i 6s+20+1ly—qg—1 I'3s+1—4 —1_19)

(109)

Here, for the calculation of the u-integral, we have assumed that Re(6s+2]413 —¢—1) > 0. In all of this we
assumed D = 0 mod 4. If D = 3 mod 4, one can proceed as in Sect. 4.4 of [17]. We summarize the results.

4.4.1 Theorem. Let [ and D be positive integers such that D = 0,3 mod 4. Let S(—D) = [D/4 1] if

(1 41/1;)/4 1{2} if D =3 mod 4. Let B : GSp,(R) — C be the function

defined in (86), and let W# (-, s) be the function defined in (102). Let lo € 7 be as in (101). Then, for
Re(6s 4+ 20 + 1y — g — 1) > 0, the local archimedean integral (18) is given by

D =0 mod 4 and S(—D) = [

(4m)~3st3-lte DP@s+1—-1+Z - IBs+1-1-2 1)

Z(s,W# B) = itlgtgrp3s—5+3
( ) 6s+20+1lp—qg—1 I'3s4+1-4 —1_19

(110)
Here, q € C is related to the central character of T via w,(y) = y9 for y > 0. The number r € C is such that
(93) holds.

Note that, if [ > I, so that [ = —I;, the formula in the theorem simplifies to

PBs+1l—-1+Z-OI'3s+1-1-2 - 1)
I(3s+1-4+1-49) '

+
Z(s, W# B) =i~ ll%wD—?’s—%% (4m)~3st3-1+a (111)

In particular, for | = I;, we recover Theorem 4.4.1 of [17]. We point out that in our present approach
the number [y (the GLg weight) can be chosen independently of I (the GSp, weight), including the case of
different parity.

5 An application: special values

Let A be the ring of adeles of Q. Let m be a cuspidal, automorphic representation of H(A) associated with
a holomorphic Siegel cusp form ® of degree 2. Our local results are strong enough to obtain an integral
representation for the GSp, x GLy L-function L(s,m x 7), where 7 is an arbitrary cuspidal, automorphic
representation of GLo(A). In the case that 7 comes from a holomorphic cusp form of the same weight as
®, but with arbitrary level and character, we will use the integral representation to obtain a special L-value
result that fits into the general conjecture of Deligne on special values of L-functions.
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5.1 Siegel modular forms and Bessel models

We would like to apply the theory outlined above to the case where m comes from a holomorphic Siegel
modular form of full level. Following [7], we will impose a condition on the Fourier coefficients of this
modular form guaranteeing the existence of a suitable Bessel model for 7. Let I's = Sp,(Z). For a positive
integer | we denote by S;(I's) the space of Siegel cusp forms of degree 2 and weight [ with respect to I's. Let
® € 5;(T'2) be a Hecke eigenform. It has a Fourier expansion

(P(Z) _ Z a(S,@)e%m(Sz),
5>0

where S runs through all symmetric, semi-integral, positive definite matrices of size two. We shall make the
following assumption® about the function ®.

a b/2
b/2 ¢
discriminant of the imaginary quadratic field Q(v/—D).

Assumption: a(S,®) # 0 for some S = [ } such that b? — 4ac = —D < 0, where —D is the

Strong approximation allows for the definition of an adelic function ¢ = ¢4 on H(A) by

$(vhocko) = pz(hoo)' det(J (hoo, 1)) '@ (hoo (1)), (112)

where v € H(Q), hoo € HT(R), ko € [] H(Z,). Here I = [Zi], and J(g,Z) = CZ + D for g = {ég]
p<oo

and Z in the Siegel upper half space. Note that ¢ has archimedean weight (I, 1) and is a lowest weight vector
with respect to the action of the Lie algebra. The complex conjugate function ¢ has weight (—I, ) and is

a highest weight vector; if ¢ lies in a space of automorphic forms realizing a representation m, then ¢ lies in
a space of automorphic forms realizing the contragredient representation 7. Let ¢ = [[ 4, be the character

P
of Q\A which has conductor Z, at every finite prime p and such that ¢ (2) = e for z € R. Let

[QO] if D=0 (mod 4),
01
S(-D) = (113)

1+D
[ 1 1] if D=3 (mod 4).
2
Our quadratic extension is L = Q(v/—D). Let T be the subgroup of GLy defined in (9) with S = S(—D).

Let A be an ideal class character of Q(v/—D), i.e., a character of
T(A)/T@QT®R) [T (T(Qy) NGL2(Z,)),

p<o0

+
N

to be specified further below. Note that if we write A = ®, A, with characters A, of L), then A is trivial

and A, is unramified for each finite v. We define the global Bessel function of type (S, A, ) associated to ¢
by

By = [ @0 armn (1)
Zu (A)R(Q\R(A)
where 6( [1 )1(}) =Y(tr(S(—D)X)). From [25, (1-17), (1-19), (1-26)], we have, for ho, € HT(R),
____ h(=D)
Bj(hoo) = pia(hoo)! det(J (hog, I)) L e T (S th) N At ) " a (S, @), (115)

3The “Assumption 2” from [7] and [17], namly that [ is a multiple of the number of roots of unity in Q(v/—D), is no longer
needed in our current approach.
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and Bj(hs) = 0 for hoe &€ HT(R). Here, h(—D) is the class number of Q(v—D), the elements t;,
j = 1,...,h(=D), are representatives of the ideal classes of Q(v—D), and Sj, j = 1,...,h(—D), are
representatives of the SLo(Z) equivalence classes of primitive semi-integral positive definite matrices of dis-
criminant —D corresponding to ¢;. Thus, by the Assumption above, there exists a A such that Bj(l4) # 0.
We fix such a A. Let B be the space of Bessel functions generated by Bj under right translation. Let
B =B, ®...®B; be a decomposition into irreducible components. Each B; has a holomorphic discrete series
representation with scalar minimal K-type (I,1) as its archimedean component, and a spherical representa-
tion determined by the Hecke p-eigenvalues as its component at a finite prime p. Therefore, all the B; are
isomorphic. It follows from the uniqueness of local Bessel models that all spaces B; are identical, i.e., B is
irreducible*. If 7 = ®m, is any of the irreducible components of the automorphic representation generated
by ¢, then the representation of H(A) on B is # = ®7,. Since the vector By is H(Z,) invariant for each
finite p, and a highest weight vector at the archimedean place, it follows that By is a pure tensor. More
precisely,

By(9) = a(A) [] Bulop): 9= (gp)p € H(A), (116)

p<oo

where B, is the function given in (86), where By, p < 0o, is the spherical vector in the local Bessel model
h(=D)

Ba, 0,4, (7p), normalized by B,(1) =1 (see Sect. 3.2), and where a(A) = > A(tj)a(S;, ®).

j=1

5.2 Elliptic modular forms as adelic functions

Let S;(N, x’) be the space of holomorphic cusp forms on the complex upper half plane h; of weight [ with
respect to 'g(IV) and nebentypus x’. Here N = Hp p™? is any positive integer and x’ is a Dirichlet character
modulo N. Then ¥ € S;(N, x’) satisfies

(az+b
cz+d

) =X/ (d)(cz +d)'¥(z) for z € h; and [i Z} € Ty(V) (117)

and has a Fourier expansion
U(z) =) be®™n=, (118)
n=1

We will assume that ¥ is primitive, which means that ¥ is a newform, a Hecke eigenform, and is normalized
so that by = 1. We will now define a function fy on GL2(A) associated to ¥. For this, let w = Quw, be the
character of A*/Q* defined as the composition

A =Q~ XRI X ( H Z;) — HZ; — H(Zp/pnpzp)x o (Z/NZ)X L(CX.
p<oo p|N p|N

By definition, for primes p { N, the local character w;, of Q) is unramified and satisfies x'(p) = wp(p)~t.
Furthermore, ws is trivial on R} and we(—1) = (—1)%

Furthermore, for any positive integer a coprime to NV,

X'(a) =[] wpla). (119)

p|N

For primes p|N, wy is trivial on 1 + p™Z,.

Let KO(N) := [[ K9 (p™Z,) [] GL2(Z,) with the local congruence subgroups K% (p"Z,) = GLa(Z,) N
p|N pIN

] as in (58). Let Ko(N) := ][ Ko(p"™Z,) [[ GL2(Z,), where Ko(p"Z,) = GLao(Z,) N

[1 +p"Z, Zy
p|N pIN

P Ly Ly

4Since multiplicity one for GSp(4) is still an issue, we are being careful here and avoid assuming that ¢ itself generates an
irreducible representation.
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[pnzz %p} . Evidently, K(©(N) C K(N). Let A be the character of Ko(N) given by
p Lp

a4 =Tt (120)

p|N

With these notations, we now define the adelic function fg by

fu(ymk) = k)

det(m)l/qu(ozi~t—ﬂ)7 (121)

(vi+ o) \~i+4d

where v € GL2(Q), m = {3 ?} € GLJ (R) and k € Ky(N). Using (117), (119) and (120), it is easy to check

that fy is well-defined. Let Viy be the space of right translates of fg, on which the group GLy(A) acts by
right translation to give an irreducible, cuspidal, automorphic representation 7 = 7. Note that the central
character w, of T is given by the character w associated to x’.

5.2.1 Lemma. Let 7 = ®T7, be the decomposition of T into a restricted tensor product of local representa-
tions. Let the global character 1) be as in Sect. 5.1. Consider the function

WO = [ vy

Q\A

}9) dz,

which is a vector in the global ¢! Whittaker model W(r,4~') = @W(7,,9, ") corresponding to the
automorphic form fy. This function is a pure tensor of local Whittaker functions,

WO (g) = T W), 9= (g) € GL(A). (122)

p<oco

For each finite p, the function WZSO) is the local newform in W(Tmzpp_l) described in Lemma 3.4.2. If the
normalization is such that W,go)(l) =1 for all finite p, then

O [t0]y _ [ e /2 ift >0,
P I A e a2

The constants appearing in (94) are a* = (47)~""/?b; = (47)~"/? and a~ = 0. Furthermore,

W (g{_“s’isr(l?g) zg;((z)) }) =W (g)  forall g€ GLy(R), 6 € R. (124)

Proof. By definition, the function fy, and hence the function W) is right invariant under K © (p™» Z,) for
each finite p. Our requirement that ¥ is a newform implies that n,, is the conductor of the local representation
7. This implies that W (%) factors as in (122), and that ngo) is the local newform, for each finite p. Formula
(123) follows from a standard calculation. The equality a* = (47)~%/? follows from the fact that for the
classical Whittaker function in (94) we have ir = [ — 1 (for the discrete series representation of lowest weight
I under consideration) and the explicit formula

Wi oo () = e %/ 2g1/2 for all z > 0. (125)

2072

The property (124) follows from (121). ]
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5.3 Choosing the global characters

In the following we will make a choice for the section fa (g, s) € Ic(s, X, X0, T) appearing in the global integrals
(26) and (27). We will choose fp as a pure tensor ®f, via the middle isomorphism in (24). Each f, will
be chosen to be the local section corresponding to the function W# from the local integral representations
obtained in Theorem 3.5.1 (non-archimedean case) and Theorem 4.4.1 (archimedean case). We have to make
sure, however, that the local data entering these theorems, in particular the characters x, xo and A, fit into
a global situation.

5.3.1 Lemma. Let L be an imaginary quadratic field extension of Q. Let w = ®w, be a character of
Q*\A*. Let Iy be an integer such that (—1)"2 = w.(—1). Then there exists a character xo = ®Xo,, Of
L*\AJ such that

i) the restriction of xo to A* coincides with w, and

ii) X0,00(¢) = (" for all ¢ € S*.

Proof. Since w is trivial on L* N A* = Q*, we can extend w to a character of L*A* in such a way that
w|,, = 1. Since §' N (LXA*) = {#1}, we can further extend w to a character of S*’L*A* in such a way

that w(¢) = ¢’ for all ¢ € S*. For each finite place v of L we will choose a compact subgroup U, of oz)v
such that w can be extended to STL*AX* (HU<OO Uv), with w trivial on HU<OO U, and U, = oz,v for almost
all v. Hence, the U, should be chosen such that w is trivial on (H Uv) N STL*A*. We consider the

v<00
intersection
([] vo)nstoax= (] vo) nC**( ] ). (126)
<00 <00 p<oo
Let zax be an element of this intersection, where z € C*, o € L* and « € HP<OO Z,y. We have a €
L* N[yco0 9.0 = 07, which is a finite set, say {a1,...,ap}. For i such that a; ¢ Q, choose a prime p

such that a; ¢ Z, . Then choose a place v lying above p, and choose U, so small that «; ¢ UyZ,y . Then the

intersection (126) equals
(I vo) nc@*( I z)- (127)

v<o0o p<oo
We can choose U, even smaller, so that w is trivial on this intersection. We can therefore extend w to a
character of
1
S'A( ] o) =L ( [] U)( I 2)- (128)
<00 V<00 p<oo

Uy,. The group (128) is of finite index in C*L* (][, ., 0f ,), and
therefore of finite index in A} (using the finiteness of the class number). By Pontrjagin duality, we can now
extend w to a character xo of A} with the desired properties. L]

in such a way that w is trivial on J],__

We apply this lemma with w = w,, the central character of the representation T of GLy(A) generated by the
cusp form ¥, and with Iy = —I. We let xo = ®xo,, be a character of L*\A[ satisfying properties i) and ii)
of the lemma. Let y be the character of L*\A} defined by

X(©) =AM ()Y (AL, (129)
where A is as in Sect. 5.1. Since A, is trivial, we have
Xoo(€) = X0,00(¢) = ¢ for all ¢ € S™. (130)
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5.4 Defining the global section

Let the characters x and x( be chosen as in the previous section. Let fy be the function defined in (121),
and let W be the corresponding Whittaker function as in Lemma 5.2.1. We extend W (® to a function on
GU(1,1; L)(A) via

WO (¢g) = xo(QOW P (g)  for ( € A}, g € GLy(A).

If W,SO) are the local components of W(®) as in (122), then the extended function factors again as W) (g) =
[L<w W% (g,) with local functions extended to GU(1, 1; L,)(Q,) = M®(Q,) via
W (C9) = x0p(OW"(g)  for (€ L}, g € GLa(Qy).

Here, L, is the quadratic algebra L ®g Q,. Let s be a complex parameter. For each finite prime p, let
Wf( -,5) be the element of Iy, (s, Xp, Xo0,p, Tp) defined at the beginning of Sect. 3.5; see in particular (65).
Recall that the support of W7 (-, s) is contained in M (Q,)N(Q,)nH (Z,)T'((por,)"), where o, is the ring
of integers in L,, and where I' denotes a principal congruence subgroup as in (39). The element 7 is defined
in (27). For the archimedean place we define WZ(-,s) as in Sect. 4.3. Since we are considering the case
Iy = I, the function f in (100) simplifies to f(g) = det(J(g,I))~" for all g € K. Hence, the formula for
WZ(-,s)is

W# (mimank, s) = 5572 (myma) Xoo (m1) WO (my) det (J (k, 1)), (131)
where my € MM (R), my € MP(R), n € N(R) and k € K. The local functions W (-, s) for all places p
define a global function

W#(g.s):= [] WHgps),  9=1(9) € QU225 L)(A). (132)

p<oco

Hence W#( -, 8) is an element of the global induced representation Iy (s, X, X0, T)-

5.4.1 Lemma. The function W# (-, s) has the following properties.

i) Let n be the element of G(Q) defined in (27), and let nx be the element of G(A) whose p-component
is i for p|N and 1 for pt N. Then

W#(g,5) =0 if g & MA)N(AnKKE(N) = M(A)N(A)ny Koo KE (N).
ii) W#(-,s) is right invariant under the compact group

KE(N) =[] H@Zy)T((por,)™) [] G(Z,)-

pIN ptN
iii) We have
W#(gk,s) = det(J(k, 1)) 'W#(g,s)  forall g€ G(A), k € K. (133)
iv) If m = mymg, m; € MO (A), n € N(A), k = kokoo, ko € KZ(N), koo € Ko, then
W (mnnnk, s) = 057 (m)x(m1) det(J (koo, 1)) "W © (my). (134)

Recall that §p(mimsy) = \NL/Q(ml)m(mz)_lP-

Proof. i), ii) and iii) are immediate from properties of the local functions. iv) follows from (65) and (131).m
Now let fo(-,s): G(A) — C be the element of Ic(s, X, X0, 7) corresponding to W#(-,s). By (23),
1
falg:s)= Y W#( A g 8) g€ G(A) (135)
) A 9 ) -

AeQ* 1
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5.4.2 Lemma. The function fa(-,s) has the following properties.

i) falg,s) = 0if g & M(A)N(A)nn Koo KE (V).
ii) fa(-,s) is right invariant under the compact group Kﬁ (N).

iii) We have
falgk,s) =det(J(k, 1))~ fa(g,s)  forallge G(A), k € K. (136)

iv) If m = mymy, m; € MO (A), n € N(A), k = kokoo, ko € KZ(N), koo € Ko, then
1.g _
Falmnnyk, s) = 83" (m)x(my) det(J (koo, 1)) ™" fu (m2). (137)

Proof. i), ii) and iii) follow from the corresponding properties of the function W#(-,s) given in Lemma
5.4.1.

iv) Using (134), we calculate

1
_ - A
fa(mnnnk, s) = Z w (m1 A\ mannnk, s)
AeQX 1
1
lis A _ A
=X ) e ) WOt )
AeQx
1
1. _ A
= 5B (m)x(ma) det(S (koo 1) S WW[ 1]m2>
reQx
=627 (m)x(m1) det(J (koo, 1))~ fu (ms).
This concludes the proof. [

5.5 The global integral representation

Observing (28), (29) and (30), as well as the local Theorems 3.5.1 and 4.4.1, we now obtain the following
result.

5.5.1 Theorem. Let ® € S;(T's) be a Hecke eigenform satisfying the Assumption made in Sect. 5.1. Let ¢
be the adelic function corresponding to ®, and let w be an irreducible component of the cuspidal, automorphic
representation generated by ¢. Let T be the irreducible, cuspidal, automorphic representation of GLa(A)
generated by a primitve cusp form ¥ € S;(N, x'), where N is a positive integer and x' is a Dirichlet character
modulo N. Let the global characters x, xo and A, as well as the global section fx € I¢(s, X, X0, T), be chosen
as above. Then the global integral (26) is given by

o L(3s + 5,7 X T)
Z(s, fa ¢) = ( II YP(S)) L(6s + 1,w;1)L(??s +1,7 x AZ(A)) e

p<oo

with

l
I(3s+ 3 —32)
6s+1—1

Here, AZ(A) is the automorphic representation of GLa(A) obtained from A via automorphic induction. The
factor Y, (s) is one for almost all p and depends on T,; its precise definition is given in Theorem 3.5.1. The
constant a(A) is defined at the end of Sect. 5.1.

Yao(s) = a(A)r D375 (47)3s+3-% (139)
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Proof. Everything follows from the local Theorems 3.5.1 and 4.4.1, but we have to observe certain normal-
izations. For example, the global Bessel function Bj differs from the product of the local Bessel functions
B, (used in the local theorems) by a constant; see (116). This explains the factor a(A) in (139). Recall
that X0|A>< = w, and A’AX = w,; = 1. Therefore, by (129), X|AX = w-l. It follows that 7 x (X‘Ax) >~ 7.
Substituting this into Theorem 3.5.1, we obtain the finite Euler factors in (138). By Theorem 4.4.1, in its
simplified version (111), the archimedean Euler factor is given by

ir g 1 _ g
Z(S, WiaBoo) _ ,L‘lfll iwaiss—ng% (47T)735+%fl+q F(SS -1+ 2 2)11_‘(381—1_1 1 2 2).
2 IBs+l1-4+1-19)

(140)

Here, ¢ = 0 since the archimedean central character is trivial on R<y. The number [, the GLy weight, is
equal to I; see (124). We have at = (47)~/? by Lemma 5.2.1. Furthermore, ir = £(I — 1) for the discrete
series representation in question. Substituting all of these quantities leads to formula (139). ]

Remark: While, for simplicity’s sake, we have formulated the theorem above only for 7 coming from a
holomorphic cusp form of the same weight as ®, our local theorems are flexible enough to obtain an integral
representation with 7 as above and 7 an arbitrary cuspidal, automorphic representation of GL2(A). In this
more general case we would let [; € Z be any of the weights occuring in 7, and let Is be the integer defined
in (101). Then the hypotheses of Lemma 5.3.1 are satisfied, so that we obtain global characters x( and Y.
We would define a function f : K., — C asin (100) and WZ : G(R) — C as in (102). The non-archimedean
sections Wf would be chosen as above. With these choices, equation (138) still holds, with Y (s) replaced

by a(A) times the archimedean local zeta integral given in (110).

5.6 The classical Eisenstein series on GU(2,2)

* X

For Z = { ] € Ho, let us denote zoo by Z*. Let Z = 4('Z — Z) for Z € Hy. Let Im(z) denote the

* 299

imaginary part of a complex number z, and let I = [z J € Ho.

5.6.1 Lemma. Let fa be the function defined in (135). For any g € GT(R),

—

¢ detg(I) \3s+t3-3

l l *

= det I —_— v I . 141
Proof. This follows from a direct calculation as in as in Lemma 5.4.1 of [17]. [ ]

As in Sect. 2.5, let

E(g,sifa)= >, falyg.9).
YEP(Q\G(Q)

This series is absolutely convergent for Re(s) > 1. By Lemma 5.4.2 iii), this function satisfies E(gk, s; fo) =
det(J(k, 1))~ E(gk,s; fo) for all ¢ € G(A) and k € K. It follows that the function on G(A) given by
wo(g) "t det(J(g, 1)) E(g,s; fo) is right invariant under K.,. Since K., is the stabilizer of I € Hy, we can
define a function £ on Hy by the formula

s 11
£(2,5) = palg) ™ det(J(g, D) Elo, 5 + £~ 2o 1), (142)
where g € GT(R) is such that g(I) = Z. The series that defines £(Z,s) is absolutely convergent for
Re(s) > 3 —1/2 (see [11]). We have [ > 10 (see [12]), so that one can set s = 0 to obtain an Eisenstein series
E(Z,0) on Hy. It follows from Lemma 5.6.1 that £(Z,0) is holomorphic. This Eisenstein series is a modular
form of weight [ with respect to
T%(N) == G(Q) N GT(R)KE(N).
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Its restriction to ha is a modular form of weight I with respect to Fﬁ(N )N H(Q) = Spy(Z). We remark
that the Eisenstein series constructed in [17] defines, upon restriction to ho, a modular form with respect to

a certain congruence subgroup I' ﬁ(N ) of level N. The fact that the Eisenstein series £ obtained above is
a modular form with respect to the full modular group Sp,(Z) is a direct consequence of the choice of the
non-archimedean sections Wf in Sect. 3. Let

E(Z,0) =) b(S,E)e*m (5D

S>0
be the Fourier expansion of £(Z, 0), where S runs through all hermitian half-integral (i.e., § = [il ?} Jt1,t3 €
2 l3
Z, V=Dt € 0g/=p)) positive semi-definite matrices of size 2 x 2. By [10],
b(S,8) €Q for any S. (143)

Here Q denotes the algebraic closure of Q in C. The following lemma shows that the global integral Z (s, fa, )
defined in (26) (with ¢ replacing ¢) can be expressed as the Petersson inner product of two classical modular
forms.

5.6.2 Lemma. We have
to1
6 2

aan(E):% / E(Z,0)8(2)(det(Y))' 3 dX dY,

Sp4(Z)\b2

Z(

where Z = X +1iY.

Proof. The proof follows exactly as in the proof of Lemma 5.4.2 of [17]. It is even simpler in this case since
&(Z,0) is a modular form with respect to Sp,(Z). L]

5.7 The special value

If ' € S;(T'9) is a Hecke eigenform, then the subfield Q(®’) of Q, obtained by adjoining the Hecke eigenvalues
of ' to Q, is a totally real number field. For a subring A of C, let S;(T'2, A) be the space of modular forms
whose Fourier coefficients are contained in A. By [14], we can assume that ® € S;(T'2, Q(®)). Arguing as in
the proof of Lemma 5.4.3 of [17], we get the following result.

5.7.1 Lemma. We have

=]

z( (@%’ng) o "
where
(®, D) = / ®(Z2)®(Z)(det(Y)) "3 dX dY.

Sp4(Z)\b2

Let (U, U); = (SLo(Z) : T1(N))™Y [ |¥(2)|?y' 2 dx dy, where T'1(N) := {[z b] €Tlg(N) :a,d=1
T1(N)\b1
(mod N)}. We have the following generalization of Theorem 4.8.3 of [7].

5.7.1 Theorem. Let ® be a cuspidal Siegel eigenform of weight | with respect to I's satisfying the assump-
tion from Section 5.1 and ® € S;(T® Q(®)). Let ¥ € Sy(N,x’') be a primitive form, with N = [[p™
any positive integer and x' any Dirichlet character modulo N. Let wg and Ty be the irreducible, cuspidal,
automorphic representations of GSp,(A) and GL2(A) corresponding to ® and ¥. Then

L(t -1 X 7 _
(53— 1,78 X Ty) co.
7T5l—8<q),q>><\p,\y>1

(145)
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Proof. By Theorem 5.5.1, we have

l 1 fA gg) _ C7‘r472[ L(é — 1,7Tq> X 7~'\11>
T L(l - 2,wr YL(5E, 7o x AZ(A))’

23

(146)

where

: I 1
— —l+5 9—4l+6 Y| D
C = a(A) D™+ 27456 (91— 5)! ||N|Yp(6 >

p

For p|N, the Y, are defined in Theorem 3.5.1. We first claim that C' € Q. Note that, since w, is a character
of finite order, we obtain L, (I — 2, wp_l) € Q. It follows from an argument as in the proof of Proposition 3.17

of [19] that L,((I — 1)/2,7, x AZ(A,)) € Q. This gives Y, (1 — 1) € Q in all cases, except if 7, = o, x S,

with o, unramified, 3, ramified, (%) =0 and B,Xx1,/q, is unramified. In this case,
[ 1 L,(1—2w;?t
V(= — =)= i b ) . (147)
6 27 1-A(w)(wef) Hp)p~t/2H1/2

We have wr = 1 and A(wy) = £1. Using the fact that a(p)8(p) = wp(p) € Q and Ly ((1—1)/2, 7, x AZ(A,)) €
Q, it can be deduced from the third line of (76) that 3(p) € Q. It follows that the right hand side of (147)
lies in Q. This proves our claim. Now it is well-known that

L(I—Q,w;l) E@ (148)

=2

(see, e.g., [15], VIL.2; the adelic L-function L(s,w; 1) coincides with the Dirichlet L-function L(s,y’), and
we have (—1)!=2 = x/(—1)). Using [23], by the same argument as in the proof of Theorem 4.8.3 in [7], we
get
L5, 7 x AZ(A))
T2, W)y

The assertion now follows by combining (146), (148) and (149) with Lemma 5.7.1. L]

€Q. (149)

In [7], special value results for full level elliptic modular forms are obtained. In [1], holomorphic modular
forms for full level, a range of weights and all critical values are considered. In [20], certain squarefree levels
for both the Siegel cusp form and elliptic cusp form are considered.
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