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We introduce the naive notion of a relative open book decaitipa for contact
3-manifolds with torus boundary. We then use this to comstrice, minimal genus
open book decompositions compatible with all of the uniaiydight contact struc-
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well, following a pattern introduced by a branched covemfigz*. Some interest-

ing examples of open books without positive monodromy arplexrsized.
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Chapter 1

Introduction

In 2000, Emmanuel Giroux began discussing a powerful wratiip be-
tween the contact geometry of a 3-manifold and the topoldgyg tibered links. An
idea first hinted at by a construction of Thurston and Winkeinper [32], showing
that every fibration on a fibered link (that is, every open bdekomposition) car-
ries a contact structure. That the converse was also trusheasin work of Torisu,
through the study of contact Heegaard splittings. Suchioglships between geom-
etry and fibrations are paralleled in 4-dimensional syntecanifolds in the work
of Donaldson [2] and Gompf [18] interrelating symplectitustures and Lefschetz
fibrations or pencils. In fact, for important examples syeetic manifoldsX* with
suitable compatible Lefschetz fibrations induce contacicsires and compatible
open book decompositions on their boundary 3-manifoldslikgrihe picture in
4-dimensions, Giroux’s uniting of these ideas also inctldeescription of howall

open books compatible with a given contact structure muselaged.

It is this completeness that makes the Giroux corresporeso@owerful.
It has led to the characterization of monodromies for tighitact structures as
Right-Veeringoy Honda, Kazez and M4ti[23] and to the Ozsth-Szab contact

invariant in Heegaard Floer Homology [30], used to greatnityeby Ghiggini,



Lisca and Stipsicz [12], finishing Wu's classification [36}ight contact structures
on small Seifert-fibered spaces. More generally, it has bsed to prove Property

P and the surgery characterizations of the trefoil and figudeots.

However, with all of the great theoretical implications edative few good
examples are known. Using a trick of Akbulut and Ozbagci ¢itle can turn any
Legendrian surgery diagram into an open book decomposifibase often end up
quite complicated and difficult to utilize. One measure afrsaomplexity is in the
minimal genug7]. Knowing that your contact structure is compatible wathopen
book whose pages have genus 0 (so called, planar open bade&s)egy strong
constraints on the types of symplectic fillings it might atdriitnyre [5] showed any
filling must be negative definite. Further, the HF-contacamant must be reducible
[29]. Itis still unclear (though potentially very usefullat higher genus might tell
us. Minimal genus examples have been constructed byrigctberger [31] for
Lens spaces, using a technique knowmadlgng up a diagram This technique has
proved useful in constructing examples on graph manifotdeell [8]. However,
until this paper, all known examples of open book decommostcompatible with

tight contact structures use Stein-fillability to show tiggss.

We construct genus 1 open book decompositions compatikeswery uni-
versally tight contact structure on torus- and circle-daadMost of these have pos-
itive Giroux torsion and so do not admit strong (and hencenpi#lings, though all
of the universally tight contact torus bundles are at leasdkly fillable. The open
books also give us good information about the fillabilityleé$e contact manifolds.

We use our examples to prove that roughly ‘half’ of these rodohs admit Stein



fillings. Further, knowing these examples are genus 1 allssv® give suggestive
evidence that some of these contact structures do not adenit f8lings—we find
open book decompositions whose monodromy cannot have @pdactorization.
We provide examples of open books that are weakly but natglydillable as well

as strongly but not Stein fillable (c.f. Section 4.7).

To do this, we introduce the relatively weak notion of a rigabpen book:
an open book decomposition on a manifold with torus bound&eyprove the nec-
essary compatibility and gluing theorems, and then coas#mi open book decom-
position compatible with Hondakasic slice From this, the rest of the examples
for closed torus bundles are relatively straightforwasgpezially after a particularly
nice relationship to the braid group on two letters is essabld. This parallels the
behavior of basic slices nicely and adds a solid computatibandle that was not

as obvious before.

We finish in chapter 6 with by using branched covering®6fto construct
Stein-fillable open book decompositions$Jf x ¥ for higher genus surfaces. Once
we have a few examples, it becomes straightforward to bpéshdook decomposi-
tions compatible with all of the universally tight contattgtures on circle bundles
overX.. We conjecture that these are also minimal genus, althdwegauthor hasn'’t

an inkling how one might go about proving such a statement.



Chapter 2

Background

2.1 Preliminaries

We will assume a basic knowledge of the theory of contacttiras (for
a good introduction see [6] [28]). All manifolds will be onted, all contact struc-
tures positive and coorientable. Unless otherwise notethamifolds will also be
compact. For background on 4-manifolds and symplecticlogyosee [18], [27],
[28].

2.2 Open Book Decompositions

We say an oriented link is nicely fibered if thereaisyfibration of the com-
pliment where the closure of a fiber is a Seifert surface ferlihk. While this
implies the existence of an open book decomposition, wehesétter term when
referring to a particular fibration, rather than just thélitself. There are two ways

of describing an open bookmbedde@ndabstract

Definition 2.2.1 (Embedded Version)By anopen book decompositiarb of a 3-
manifold M/, we mean an oriented link ¢ M and a fibrationr : M\L — S'. We
require that this fibration be ‘nice’ in that the closure oesyfiber, Cl(7(p)),

p € S'is a Seifert surface fok. The link L is called thebinding of the open book



and the closure of each fibéfi(7—'(p)) is called gpage

Definition 2.2.2 (Abstract Version) An open book decompositias a pair(3, ¢)
where X is a bordered surface and the monodromy Aut™ is an orientation
preserving automorphism af. We require that) restricts to the identity on a

neighborhood of the bounda&y_.

Note that any embedded open book also gives an abstract opkribcom-
position. The converse is not entirely true, as an abstgzan book only determines
an embedded open boaolp to isomorphismWe may choose a particular embed-
ding by first forming the mapping tordsx 7/ ((x,1) = (¢(z),0)) given byo. We
may then form the closed manifolll = ¥ x, S*' U nS* x D?, filling in each
boundary component by gluing in a solid torus. Sirceestricts to the identity
near the)Y, there is a natural decomposition of each componeftbk, S*, into
St x St given by the fiber and vertical® directions. That is, undef, every point
p € 0% traces out a facta$’ in a7? component 0% x, S*. We glue so that this
circle bounds a disk i$? x D?. The other factor is given by a componentit
and is glued to a longitude ifit x D?. These longitudes can be traced into the core
of the solid torus, extending the fibration to the fibered lgnken by the cores of
the solid tori. Thidocal neighborhood of the binding shown in Figure 2.1. The
intuitive image to remember is a Rolodex, with the axis forgrine binding of the

open book and the pages radiating outward just as the cards do

We can arrive at this picture in a more concise way. Agairmftre map-

ping torus given bys, but now collapse out each vertical cirglex S* in each of



Figure 2.1: S* x D? neighborhood of the binding in an open book. The top and
bottom are identified.



the boundary tori. This forms a smooth manifold, each boonttaus collapses to

a circle, the union of all forming the binding.

Examples. S? has three very important open book decompositions with
bindings the unknot and the positive and negative Hopf liHkKs The fibration of
the unkno( is fairly easy to see: Takg® to beRR3 U oo with the unknot lying in the
y, z-plane. One fiber is the obvious disk bounded’hyalso lying in they, z-plane.
To see the rest of the fibration, we think of blowing bubbleslidw the disk as it
blows out into larger and larger bubbles. It ‘pops’ to getdmk containingo in
they, z-plane (the compliment of our first disk). The fibration theraps around
with larger bubbles shrinking back in. We can see this samatidn a different
way. There is a Heegaard splitting 8% into two solid tori,.S; and S;, wheres,
is a tubular neighborhood of the unkndt OnS; we have the fibration by disks
while on S, the fibration is given by the standard neighborhood in Figutewith
boundary a longitude. Thus! describes a mapping torus afiglis the solid torus

filling in the binding.

The Hopf links have a slightly more interesting fibration ahhican also be
visualized. To begin, we descrils# by starting with a tetrahedron and identifying
sides. Let ande’ by two edges that do not share a vertex. Then at eaelaonél¢’,

a pair of edges meet. We identify these edges, think of fanoirn the tetrahedron
to glue the left and right sides to get a thickened disk, aea thrapping the top
around to meet the bottom. This indeed giv&s (One can see the genus one
Heegaard splitting by slicing along a square separatiagde’. The square glues

up into a torus and each component of the compliment glues bp (the interior
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Figure 2.2: Fibration insid&? with binding the positive Hopf link7 . The top and
bottom faces, and front and back faces are identified in ooctstg 5. Adjacent,
a single fiber is shown, a half-twisted band with orientedriatzuy.

of) a solid torus.) The two fibrations are constructed byrglka band connecting

e to ¢ with edges on opposite sides of the tetrahedron, as in Figixe All 4
edges are identified when formistj and the band glues up to become an (twisted)
annulus. Depending on which opposing pair of edges are oheken building the

band, the edgesande’ glue up to form eithef* or H~. The abstract open books

for both H+ and H~ are shown in Figure 2.3.

2.3 Murasugi Sum and Hopf Stabilization

While Murasugi sum is an operation on embedded fibered lirksedse
we give only the abstract definition. Given two open bo@ks ¢;) on 3-manifolds
M; and properly embedded args C ¥;, for i = 1,2 we form the Murasugi sum
(3,0) = (21,01)1(32, ¢2) = (X1059, t1.(d2) 0 12.(¢92)) as follows. Each are;
has an rectangular neighborhoBdwith OR = e;, €}, ;, l;, where the edges; and
e; are ondY; and the arc$; and!; are parallel toy;. To form the new pag&, s,

we plumb; to ¥, along the arcsy;, identifying R, and R, via an (orientation



e} H* H~

Figure 2.3: Abstract descriptions of the open books(aand H*. The pages are
the disk and annulus (resp.) with monodromies given by Dehstd about the
indicated curves.

preserving) map sending the edggsande) to the arcd, andl), and similarlyl,,

[} to ey, €,. There are inclusion maps : ¥; — 3,13, and we may construct an
automorphism of the new page by having eachct only on:;(;), with ¢; acting
first and thenp,. This operation is symmetric but does depend on the choiaecsf
~;. The ambient manifold/ for the Murasugi sunt, ¢) is independent of these

choices, however, and is homeomaorphic to the connected\gushl/;.

When(X,, ¢5) is the open book given by the positive (resp. negative) Hopf
link in S3, we refer to the Murasugi sum operation as positive (resmatne)
Hopf stabilizationor positive (resp. negativé&jopf plumbing. SinceM, = S3,
this doesn’t change the ambient manifold. In this case etieea more concrete
description of the Murasugi sun. is given by adding a 1-handle 8, and¢ =
¢1 o D, whereD.,, is a single positive (resp. negative) Dehn twist about amyecu
on X dual to the 1-handle (that is, runs over the 1-handle exactly once). This

process can be reversed and is calfedtabilization If (X, ¢) is an open book



where the monodromy can be written= ¢, o D.,, one can simultaneously remove
the 1-handle and the Dehn twibt, and again arrive at a new fibered knot or link
on the same manifold. In the interest of motivation we haegdtiowing theorem,

proved by Giroux and Goodman [16] using the theory of corgtrcictures.

Theorem 2.3.1(Harer’s Conjecture)Any fibered knot irb® can be obtained from

the unknot by a sequence of positive and negative Hopf &iatiins.

2.4 Compatibility and Giroux’s Theorem

For some time now, connections between the world of open Hdeokmpo-
sitions have been found. A first indication was given by a troicion by Thurston
and Winkelnkemper showing how to assign a contact strudtui@n open book
decomposition. Using later terminology, they show that apgn bookcarries a
contact structure. We say that a contact strucfued an open book decomposition
ob on a 3-manifold areompatible(or the open bookarriesthe contact structure)
if there exists a contact formfor £ that restricts to a primitive form on each page of
ob. Later work of Giroux [15] would show that this is true for acgntact structure.
This interplay of contact geometry and topology closelyrors a similar pairing
in 4-dimensions between symplectic structures and Lefzgdlmations and pencils

(c.f. Section 5).

Theorem 2.4.1(Thurston-Winkelnkemper [32])Every open book decomposition
ob of a 3-manifoldM carries a contact structure. Further, any two contact struc-

tures compatible witlab are contact isotopic.

10



Proof. We prove this in two stages, beginning with the easier ‘exis¢’ construc-
tion. Since compatibility is invariant under isomorphisof ipoth contact structure
and open book) we use the abstract definition and build a costiaicture in parts,
first constructing a compatible contact structure on thepmaptorus of the open
book. One can then show how to patch in a standard solid t®rus D?, though

we will postpone this step as it is a corollary of a later lemma

To that end, letX, ¢) be the abstract fiber and monodromy of the open
bookob on M. Let M be the mapping torus af andr : M — S* be the bundle
projection. Lett be the coordinate of! and, by abuse of notation, lét = 7*(dt).
(This will form the vertical component of the contact formPor the horizontal
component, choose coordinates) on each—1,0] x S! end of > wheredy =
{0} x S'. Consider the set of primitive 1-forms ahwhich, are given by1 + r)d6
in these coordinates. This set is non-empty and convex. gkample, let) be a
volume form onX given bydr A df on the ends and total aré@>|. Let a be any
1-form modeled by1 + r)d6f on the ends. Then the 2-forfh— da is 0 on the ends
of ¥ and is additionally exact. Writ@ — da = da’ whered' is a 1-form which is
0 on the ends oE. Thenj = a + o satisfies our criterion.) For any sugh¢*(/3)

also satisfies these conditions and so we can form the 1-fari o
ax = ot + (1 - o(£)d" () + Kdt,

whereo is some smooth, increasing step function [0,1] — [0, 1], flat att = 0

andt = 1.

If K is large enoughy is a contact form. Furthetyx restricts to a primi-

11



tive 1-form on each fiber and so determines a contact streigtbich is compatible
with the fibration on the mapping torus. It is possible (tHowge will postpone
the details for now) to extend the contact structure in a whickvis compatible
with the open book decomposition. For now, we will say onlgtttihere is a suit-
able standard neighborhood of a transverse curve that éstasxtend the contact

structure across thg! x D?s.

To show that any two compatible contact structures are corgatopic we

need the following lemma.

Lemma2.4.2.Letw : M — S! be afiber bundle and a contact form that restricts
to a primitive 1-form on each fiber af. Letdt be the pullback of any line form on

St. Then for anyK > 0 the formax = o + Kdt is a contact form on/.

Proof. The proof is an explicit calculation, noting thétis closed and thatt A do
is a volume form forM (ker(d«) andd /0t both point out positively transverse to

the fibers). We havéa i = da and soax A dag = a Ada+ Kdt ANda > 0. [

We need a slightly more careful assessment for the unigeeasalt on an

open book.

Lemma 2.4.3.Let ob be an open book decomposition of a 3-manifoldand o a
compatible contact form. Choose coordinatésr, p) € S' x D? on (each com-
ponent of) a neighborhood(L) of the binding and assume restricts to 1-form
fdf on each page = c of the open book. There there is a smooth 1-feron M

satisfying

12



1. On the compliment of a tubular neighborhood of the bindingan be given

as the pullback of a volume form ¢t underxr.

2. Onv(L), T = g(r)dp whereg(r) is a smooth step function modeled #y

nearr = 0 and byr = 1 neardv(L) and withg'(r) > 0.

For any K > 0, o + K7 is a contact form that restricts to a primitive form on the

interior of every page o#b.

To prove the ‘uniqueness’ portion of Theorem 2.4.1,dgtanda; be two
contact forms compatible withb. We construct a homotopy of contact formg
between them and apply Gray’s theorem. The associatedat@ttactures are thus
contact isotopic. The homotopy is constructed in three segsn(and is through
forms compatible witlob). We may need to first normalize eachnearL to be of

the form given in Lemma 2.4.3.

1. Froms = 0to s = 1/3 we take the straight line homotopy from, to

ap + K7. By Lemma 2.4.3 this is through contact forms.

2. Froms = 1/3to s = 2/3 we interpolate between, + K7 anda; + K7
(which can also be taken to be the straight line homotopy)./c-> 0 this

is also through contact forms.

3. Froms = 2/3 to s = 1 we again take the straight line homotopy, now from

a1 + K1toa.

13



Further relations were hinted at by Torisu [33], also notingqueness of a
contact structure compatible with an open book but alsagdtiat the operations
of Murasugi sum for open books and connected sum for contagttsres were
compatible. Giroux finalized these connections with théoWing theorem (for a
detailed proof see Goodman'’s thesis [20] or Etnyre’s ndd§s [In particular, he

specified exactly howeveryopen book compatible with a givénmust be related.

Theorem 2.4.4.Giroux [15] For any contact structuré on a 3-manifold)/, there
Is a compatible open book decomposition. If open book degsitqmsob; and
ob, carry isotopic contact structureg and¢,, then there is a sequence of positive

Hopf stabilizationsb; ~ ob’, for i = 1,2 such thaib’ andob), are isotopic.

This is incredible and not terribly expected. According tioo@x, thenall
of contact geometry on a 3-manifol is determined by the topology of the fibered
links on M. This has been an incredibly useful bijection and many phwegsults
have followed it. Honda-Kazez-Matihave shown that an open book decomposi-
tion is compatible with a a tight contact structure if andyoifilevery open book
decomposition iRRight-Veering which generalizes Goodman’s sobering-arc tech-
nique [19]. The Ozsath-Szab contact invariant in Heegaard Floer Homology is

constructed using open book decompositions. as well.

Given the powerful abstract results generated by thisioglship, though,
nice examples of open book decompositions are relativelycec Examples are
known for Lens spaces [31] and Seifert-fibered spaces autdiy plumbing to-

gether disk bundles [4] [8], (though more continue to be tHurWe remark that,

14



other than the examples produced here, all known open bawkgatible with
tight contact structures have positive monodromies andwSfein-fillable con-
tact structures. Akbulut and Ozbagci [1] show how to turn Begendrian surgery
diagram into an open book decomposition, but this oftenlteguhighly complex

and difficult to use diagrams.

In order to construct our examples, we introduce a naive betull gener-
alization of an open book decomposition, one that will allesvto construct com-
patible open book/contact pairs on manifolds with torusratzury. We are able to
glue such objects and hence can find open book decompositimngatible with
(in a reasonable sense) almost all tight contact strucam@®rus bundles oves!.

(Which is to say, there are only finitely many that we cannotdbs.)

15



Chapter 3

Relative Open Book Decompositions

Definition 3.0.1(Embedded version)et M be a compact 3-manifold with bound-
ary a disjoint union of tori. By aelative open book decompositionob of M,

we mean an oriented link C M and a bundler : M\L — S'. We require
this bundle benice in that there exists a decomposition of each boundary torus
St x St inwhich is a projection onto one factor. We also require a neighbmitho
(0,1] x T? = S* x {D*\0} of each component af on which is given by pro-
jection tooD?. We call the closures of the fibers thagesof the open book and

thebinding

Definition 3.0.2 (Abstract version) By arelative open book decompositiorof a
manifold M with torus boundary, we mean a p&¥, ¢) consisting of a compact,
bounded surfac& and an orientation preserving automorphisng Aut(X). We
require¢|ss. = Id. We further require a partition of the componentsoaf into

binding circlesandboundary circlesand that they both be non-empty.

Unlike the closed case, here the abstract definition comespeed with
more information than the embedded. In particular, it gegseferred decompo-
sition of the boundary tori into page a vertical directiogisjng natural identifica-

tions when gluing. To form the ambient manifald, we proceed as we would for
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an open book on a closed manifold. First form the surfaceledne , S*. For each
bindingcircle +, we collapse the vertical slopes in the torus boundary tragey.
The union of the image circles of these tori form thedingof the open book. The
boundary circles are left alone to trace out boundary tofifof We do this so the
gluing of abstract open books makes sense without any additinformation, that
is without specifying which normal directions to the pageachaup. Since this has
no affect on the associated contact structure, only thelaggf the gluing, we
leave this information out of the embedded definition. Thakes the discussions
in Chapter 4 much less cluttered and gives a better analogthe afecomposition

into basic slices.

Definition 3.0.3. Let ob be a relative open book decomposition of a manifbld
with torus boundary and Iétbe a contact structure avi. We will say¢ is compat-
ible with ob if there exists a contact form that restricts to a primitive 1-form on
each page oM\ L. In addition, we have a compatibility condition on each baun
ary torusT' of M. We require the foliation of" given by the contact structure be

the same as that of the pages.

Proposition 3.0.5. The space of contact structures compatible with a givenivedat

open book with non-empty binding is non-empty and connected.

Proof. This is exactly the Thurston-Winkelnkemper constructiathwhe addition
of a boundary condition. We still begin with a primitive 1rfo 5 on X, but now
with two models nead>. depending on whether one is looking at a boundary circle

or a binding circle. On a neighborho@d1, 0] x S! of a binding circle, the model
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is the same and we requireto be given by(1 + r)dd. On a neighborhood of a
binding circle, however; should be modeled bydf. The space of of such forms
is non-empty and convex (as long as the set of binding ciisle®n-empty), and
so we follow the procedures used in the closed case (Thearef) 2nd they apply
equally well here. In particular, the formconstructed in Lemma 2.4.3 preserves
the boundary condition when added to a compatible farom a relative open book
decomposition and so the homotopy induced by Gray's thepreserves the foli-

ation by pages. ]

For simplicity, we first begin with a gluing lemma that willgue useful in

our construction of a compatible form.

Proposition 3.0.6(Gluing, local) Let ob; and ob, be open book decompositions
(or fiber bundles, if the set of binding circles is empty) o@ 3amanifolds\/; and
M, (resp.). Leto; (resp. as) be a contact 1-form oid/; (resp. M) that restricts
to a primitive 1-form on each fiber ob; (resp.ob,). LetT; € M; andTy, C M,
be boundary tori. Suppose there exists smoothly varyingdawates (¢, ) on the
[—1,0] x S* end of each fiber (associated Q) under whicho; = rdf. Then there

exists a smooth fibratiosb and 1-forma on M = M; Up,—1, M, S0 that

1. «is a contact 1-form that restricts to a primitive 1-form orchdiber ofob
2. ob restricts toob,; on each)M;.
3. ker a = ker o; on each)\/;.

4. o = o, outside a neighborhood @f =T, =T, C M.
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Proof. The idea here is to interpolate between the two contact femeach piece

to construct a contact form on the whole. To this end, we must éxtend the
contact structures alorif so we have some overlap to interpolate along. We may
do this in such a way that; remains contact and restrictsitdf on the extended

St x [—1, €) ends of the fibers. This gives us coordingte®, ) on theS! x S' x I
ends of the 3-manifoldd/; and we may glue by the map/; — M, (where it
makes sense) given ly, 0,r) — (z,—0, —r) (for —e < r < e. The restrictions

of the formsa;, andas, to the fibers agree under this identification and so, choosing
any smooth increasing step functign: (—¢,e) — [0, 1], we may make the form

a = ¢(r)ag + (1 — ¢(r))as, Which restricts to a primitive form on the pages.
Notice, we may also use this to fill in the standard neighbodsdn the Thurston-
Winkelnkemper construction. As long as the fibration hasraa form modeled

by rdf near the ends$' x [to,t;] and the prelagrangian tori we glue along have
the same slope, the proposition still holds and we may dtik.gWe will see an

example of this when constructing the open books$6rx X in Section 6.

[]

Proposition 3.0.7(Gluing, general) Letob’ be a relative open books on (the possi-
bly disconnected) manifold/’. Let7; andT; be two boundary tori of\/’, oriented
as the boundaryob’ induces oriented foliations; of 7}, i = 1,2. Lety : Ty — Th

be any orientation reversing homeomorphism which téke® F,. Let M = M /9

be the manifold formed by identifying and7; via . Letob be the (possibly rel-
ative) open book o/ formed by joiningb’. Then there exists a contact structure

on M compatible withob, unique up to an isotopy fixing the boundary, that restricts
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to a contact structure on/’ compatible withob’.

Proof. The construction is straightforward. Since the gluing magcup the ori-
ented pages aoft’, the open book extends . To this, we apply the Thurston-
Winkelnkemper construction as before, now additionaltyuieng the 1-forms on
the pageX of ob vanish transversely along the circledhthat traces out the torus

image of7; 11 T5. This 1-form, then pulls back to a compatible 1-formian. [

We point out that one can prove similar compatibility andimggutheorems
for relative open books without binding components, thatfés fiber bundles.
These can also very useful, for example showing up in thestborWinkelnkemper
construction. We will use these in Section 6.2 to constrpetnobook decomposi-
tions compatible with theS*-invariant contact structures on circle bundles. While
relative open books with binding can always be equipped waathtact structures
that are tangent at the boundary tori, fiber bundles can ogtllgse to tangency
(though arbitrarily so). This makes it somewhat difficultdetermine the Giroux
torsion, say, of a contact manifold using an open book decsitipn, knowledge
that is extremely useful in determining the contact madifofillability (c.f. Intro-

duction and Section 4.7.1).
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Chapter 4

Open Book Decompositions of torus bundles

4.1 The Classification of Contact Structures on Torus Bundles
and 7?2 x I.

One of the first classifications of tight contact structures wf those on
torus bundles in work done independently by Giroux [14] amehéth [21] [22]. We
follow the classification of Honda rather intimately and asech of the terminol-
ogy presented there. As such, we give a rather cursory @i the main results.
For a good survey of the techniques used, see [13]. The foipdefinitions are

from [22].

To any slopes in R? associate its standard anglés) € RP! = R/7Z.
Fora,, @, € RPY, let [ay,as] be the intervalay, as] € R wherea; € R is any
lift of a; with a; < s < a7 + 7. We say a slope is betweens; and s, if

(s) € [a(s1), also)]-

Let £ be a contact structure di¥ x I with convex boundary and assume

o]

the dividingI'; set on each boundafl} has two parallel components with slope
i = 0,1. We say¢ is minimally twistingif every convex torug” x ¢ has a dividing
set with slopes betweens; ands,. For a minimally twistingg, the I-twisting of

¢ is given by, = a3 — ap. For a generak, cut (77 x I,¢) into minimally
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twisting segmentd}, =~ 72 x I, k = 1,...,1 and add up the I-twisting of each:
Br =B+ By

We say a tight contact torus bundle is minimally twisting in theS*-
directionif every decomposition along a convex fiber results in a maligrtwisting
T? x I. Define theS!-twisting 351 to be the supremum of the I-twistingoor, (3;)
over all decompositions along convex fibers. Hekeor,. () is given bynr, n € Z,

wherent < z < (n + 1)« (in essence, the modulusfloor function).

Theorem 4.1.1(Theorem 0.1 of [22]) Let M be aT?-bundle overS* with mon-
odromyA € SL(2,7Z). Then, up to contact isotopy, the tight contact structumes a

completely classified as in the table below.

1. (Universally tight contact structures.) For eagh there exist infinitely many
universally tight contact structures, all isotopic as pafields but distin-
guished by theré!-twisting 34:. Depending o, the set of possible values

for Bg1 is {2mm|m € Z=°} or {(2m — 1)7|m € ZT}.

2. Additionally, there are finitely many others. These ameimally twisting and
virtually overtwisted. (There are non-minimally twistingceptions to this
when M is a circle bundle ovef™ with Euler classe > 1. There are two,

with 551 = 7, which are isotopic only when= 2.)

Definition 4.1.1 (Basic Slice) A basic sliceis a tight, minimally twisting contact
structure o™ x I with convex boundary. The dividing set on each boundary is
composed of two parallel essential curves. The sloges p/q ands; = p'/q¢

must satisfypq’ — p'q = 1.
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Additionally, basic slices are equipped with a signor —, which is de-
termined by the relative Euler class of the contact strectuvery basic slice is
SL(2,Z)-equivalent to one with slopes = 0 ands, = 1. These can be con-

structed by taking the contact structure®hx [0, 1] given by the form
LT s
a = sin (Z(t - 1)) dx + cos (Z(t - 1)) dy,

or —« for the basic slice with sigr-, and perturbing the boundary tori to
be convex. According to the classification, all tight cohssteuctures can be con-
structed by gluing together basic slices. The universailigttfamily in Theorem
4.1.1 can be constructed using all basic slices of the sagneasid whose gluings
match up the signs. Under these circumstances, the cottactise given by glu-
ing along convex tori is the same as that given by gluing alamedagrangian tori,
provided it is foliated by leaves whose slope is the sameaslithding set of the

convex torus.

It is under these circumstances that we may additionallg ¢he relative
open book decompositions. Thak the open books constructed using the relative
open books of basic slices will be in the universally tighthily of Theorem 4.1.1.
To see that we can construct open books compatible with eadiact structure in
this family, we need to show two things: an example withtwisting < 27 and how
to add a ‘Giroux twist,’ i.e. addr to 3. We also construct compatible open books
for some of the minimally twisting, virtually overtwistedrhily. In Section 4.6 we
construct relative open book decompositions compatibté wontinued fraction

blocks that have at least two positive basic slices. Thestillsonly one way to
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Figure 4.1: Relative open book decompositions for a basie sli

glue two different continued fraction blocks together,ugb, and only one way
to glue these up to form a (closed) open book. Thus we are @naldonstruct
open books compatible with the very few highly interestikgraples of contact
structures (those that might be tight but not fillable) ugimgtechniques presented

in this paper.

4.2 A Basic Slice

We begin with a prototypical example and show how to get inedadpen
books for any basic slice. To start, we describe an embeddtnd™ x I of the
relative open book decomposition pictured in Figure 4.1 givé a compatible
contact structure. Here, the ends of the annulus are boycdates and trace out
the boundary tori in front and back at= 0 andt = 1, while the center puncture is

a binding circle and will be filled in.

To describe an embedding ¥ x I, we follow the construction of then

ambient manifold from the abstract relative open book. tFiiem the surface
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Figure 4.2: An embedded picture of the mapping cylinder fagchm in Figure
4.1.

bundle whose monodromy is given. Here the page a pair of pants, which we
will think of as a punctured annulus. To build the mappingugmwe take: x I
and glue viap, which is given by a single Dehn twist about a curvgarallel to
the center boundary component. We can describe this byaithsading> x S* and
doing —1-framed Dehn surgery (relative to the page) along a copy lging on a
fiber. When we fill in the neighborhood of the binding, we do sathgy framing
traced out byp. In the diagram this is given by a vertical afcwhich is a0-framed

filling using identifications in Figure 4.2.

We may simplify this picture slightly by a procedure analogto the Rolf-
sen twist operation on surgery diagrams of 3-manifolds. pjgyaa Rolfsen twist,

we need two components of a surgery diagram: a canand a meridiamn, which
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7

Figure 4.3: Changing the framing curve in Figure 4.2 by a Raltsest.

7

Figure 4.4: A vertical annulus connecting the binding tolitbhendary torus at= 0.
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Figure 4.5: New fibration after shearing along the verticeddus in Figure 4.4 and
filling in with the standard fibration of a neighborhood of thiading.
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bounds a disk punctured by. To apply a Dehn surgery alorfg € M with fram-
ing curvef C Jv(K), we cut out a solid torus neighborhood@fand reglue by a
mapm : 9(S* x D?) — OM that sends the meridional digkx 9D? to f. Remov-
ing neighborhoods gf and K from M, the disk bounded by becomes a properly
embedded annulus. We may cut along this annulus and twistljtsineously alter-
ing the framing curves for both and K, giving a new surgery presentation of the

same manifold.

For our purposes, the annulus we cut and shear along willdarthulus
component of a pag& cut along~y (the —1-framed curve in Figure 4.2). If we
shear in the correct direction, thel-framing for~ will become amco framing and
the0-framing f on the vertical solid torus becomes-a framing, as given in Figure

4.3.

We can take this one step further and shear along a verticailas con-
necting the boundary torus at= 0 to the binding (shown in Figure 4.4). Again,
the correct shearing takes the framing curve on the bindirsgnberidian curve and
takes the fibration to that given in Figure 4.5. Here we fill medghborhood of the
binding by anco-filling that takes the longituda to the(—1, 1)-curve bounding a

fiber in the fibration.

Only one fiber is shown in Figure 4.5. To see the rest, tramsla fiber

vertically.

To construct a compatible contact structure, look at theamirform on
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T? x [0,1] discussed before
(T T
sin <Z(t - 1)) dx + cos <Z(t - 1)) dy.

One can show the associated contact structure is the isdtothat ofa =
dy + (t — 1)dz. ker da = Oy whose Reeb vector field is everywhere vertical. This
vector field is is positively transverse to the fiber, positvtangent to the binding
at and vertically (that isy-) invariant and so exhibits a compatibility between our
desired contact structure and our open book. If we pertwglbtundary tori to be
(minimal) convex, we will have a minimally twisting contasttucture with minimal

convex boundary and slopes= 1 ands; = 0, i.e. abasic slice

Both signs of basic slice are isomorphic. We can switch the sgnpati-
ble with the open book by changing the orientation of the ilfand binding) and
replacinga with —«. However, the difficulty lies in gluing. For contact structs
with convex boundary, one can glue usigy map that preserves the slope of the
dividing set. When gluing an open book, you need to match uptieated fibra-
tions and so only ‘half’ of the allowed convex gluings aregibke using the relative
open book decompositions on basic slices given here. licpkat, after gluing the
relative open book decompositions that we have createdghs sf the basic slices

agree.

4.3 Exhibiting the Open Books.

The set of all possible open book decompositions on torudibarobtained

by gluing the relative pieces are shown in Figure 4.6. Afteseyving some sim-
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ple properties and correlating with some difficult work of iidia, we can find a
complete set of open books compatible with the family of arsally tight con-
tact structures (and some others). The following is proweSidction 4.5. Identify

T? = R?/Z*. Our conventions are thdt, = R?/Z? x [0,1]/(x,1) ~ (Ax,0)

Theorem 4.3.1.Let A € SL(2,Z) and T4 be the associated torus bundle ov&r.
Then each contact structure in the universally tight faroflyrheorem 4.1.1 can be

carried by an open book described by Figure 4.6.

An immediate consequence is the following theorem (promeSiction 5).

Theorem 4.3.2.Let A € SL(2,Z) and T4 be the associated torus bundle ov&r.
Then either (and possibly botfi), or 7", admits a Stein-fillable contact structure.
In particular, the universally tight contact structure @y (or 7" 4) with twisting

AL = 0is Stein fillable.

We prove slightly more than that, however. Since any comtectifold with
positive Giroux torsion cannot be strongly (and hence $ftilable, these examples

are the unique Stein fillable and universally tight contéictcture on7’s. A

4.4 Preliminary Results and the Relation to the Braid Group

We begin with some notation. L&t ord denote the set of words i, b, a=!, b=1}.
To each letter we associate the relative open book decotigposhown in Figure
4.7. We should read these diagrams as representing an op&roba manifold

with boundary where the interior punctures represent theibg curves and the
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Figure 4.6: General picture for the open book decomposttampatible with¢,, on
a torus bundle. The page is a punctured torus. The monodegiyen as a Dehn
multi-twist along the signed curves.

edges of the annulus trace out a pair of torus boundariessighed curve on each

page segment presents the monodromy of the open book as awlstin

To any wordw € Word, we can then associate an open book with torus
pages by stringing together the annular regions assodatedch letter inv and

identifying the remaining pair of circle boundaries to foarmany-punctured torus.

) \ B
SN \ KR
A ' H Lo
: ' | !
H ' H H H
i ! i H H H !
. ' HE N
HE ' - HE
o ' HE H
. H i o +
H ! ' H : H !
F ' Vo HE
: ! P H
ol ' Vo Vol
Vo Vo Vo
! N !

Figure 4.7: Relative open book decompositionsdands—!. The diagrams for
a~! andb are the same with the signs reversed.
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The monodromy is given by Dehn twists along the union of al ¢sfigned curves.
We will denote this open bookb,, = (X, ¢,,) and the ambient manifold/,,,

whereX,, is the page of the open book.

Remark 4.4.1. The diagrams for™, n € Z are not relative open book decomposi-
tions, as they do not have binding components and do not eazontact structure.
One should view the™ as auxiliary gluing data, describing how the normal direc-
tions to the page are matched up when gluing two relative opek decomposi-

tions. This poses no problems to our setup and we mentionyitfontlarification.

The following lemma describes how two words might descriee same

contact structure.

Lemma 4.4.2(Braid Relation) Suppose the words, v € Word are related by a
sequence of braid relations 'b~'a~! = b=ta~'b~1. Then the associated (relative)

open booksb,, andob, are stably equivalent.

Remark 4.4.3. Before exhibiting a proof, we point out that the relati@ = bab
does not hold at the level of contact structures as it inlvaegative stabilization.
It can thus change the contact structure (and possibly thadiopy type of the
plane field). However, any word containing the leties not right-veering (indeed,
it contains a sobering arc) and so gives an overtwisted cdrgaacture. We will

ignore these for the remainder of the paper.

Proof. The proof itself is straight forward, involving only the kann relation on the
4-punctured sphere. The braid relation that does hoddlig='6=! ~ a~1b~1a 1.

We begin with a segment given lby'a~1b6~! as in Figure 4.8.
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Figure 4.8: Diagrams fou"'0~'a~! before and after the lantern relation. The
destabilizing arc is shown.
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We think of the page as a 4-punctured sphere and apply therharglation
to get the diagram on the right. The obvious destabilizimgstabeled, resulting in
the open book described by 'v~'a~!. Notice that this also implies the compatible
contact structures are isotopic. While we do not have a camplearacterization
as in Giroux’s Theorem, we do know that Hopf stabilizatiord aestabilization
amount to adding or removing a contés#, ¢.,4), and so do not change the isotopy

type of the contact structure.

]

Thus we have shown that the braid relation holds at the levebntact
structures via the stabilization/destabilization of opewnks, giving us a map from
equivalent open books to the Braid group. This map descendsmeaning full

way to Aut™ (T?). There is a natural map
U Word — Aut™ (T?) = (a, blaba = bab, (ab)® = 1d) = SL(2,Z)

and we often abuse notation and usgv) to denote the automorphism and the as-
sociated element ¢f.(2, Z) with the assumption we've identifief?® with R?/Z>.

We will show that/,, = T% Xy, S*.

Lemma 4.4.4.Let M be the ambient manifold of the open badk,. ThenM is
homeomorphic to the torus bundlg = 7% xy(, S', whose monodromy is given

by A = U(w).

Proof. The proof follows directly from the cut-and-paste constiut of the open

bookob,,, building the surface bundbe,, x4, S* and filling in near the binding. We
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point out the following fact which will be used in the consttion of the mapping

torus.

Fact: Let vy be a curve embedded on a fikéof a surface bundl@/. Then
the manifold obtained by Dehn surgery g@rwith framingpf — 1 (resp.pf + 1)
is isomorphic to the surface bundle obtained by cuttidgalong F' and regluing
by a positive (resp. negative) Dehn twist, along~. Equivalently, if¢ is the
monodromy of M measured by a return map f0, then the monodromy of the
surgered manifold i® o D.,. (Here,pf is the framing ofy given by a pushoff along

the fiberF.)

For our purposesp,, is a multitwist along a union of curvds, and so we
can formX,, x,,, S* by doing Dehn surgery along the imageloin %, x {pt.} C
¥, x S. In order to more easily picture this we identiy, x S* with 73 = R3/Z3
with vertical tubes drilled out for each of the binding compats (that is, the fibers
of the bundle are horizontal slices) anditting onS* x S* x {1/2}. Topologically,
the binding glues in to form a O-framed Dehn filling, which wiew as O-framed
Dehn surgery along the cores of the vertical tubes. Blowingrdihne components
of I which are meridians to the vertical tubes (now O-framedeyrgurves) gives
a surgery presentation aff composed oft:-1-Dehn surgeries il along curves
that lie onvertical tori {pt.} x S' x S'. a andb correspond te-1-surgeries, while
a~! andb~! give +1-surgeries. The page framings are the same as that of the
vertical tori and hence give a monodromy presentation ofrastbundle overs!

corresponding td (w).
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Proof.
Figure 4.9: An Open Book Decomposition for the Stein FillaBtentact Structure
onTs.

Corollary 1. Any word in{a,a™*, b~} gives an open book decomposition corre-

sponding to a weakly-fillable contact structure.

We begin by showing the open book givendy= (a3b)~ corresponds to
the unique Stein-fillable contact structuggon 7°. By Lemma 4.4.4, the ambient
manifold M, is T3. To see this is Stein fillable, we use only ts&r relation of
[10] to present,, as a product of positive Dehn twists (conjugates of the stahd
generators). (In fact, this does more. It gives a Lefschétation on7? x D?
exhibiting a Stein structure.) Thus any cover(é{,,, ob,,) gives a weakly-fillable
open book decomposition. Take the cover that givés) —>". (We will see later
that these have Giroux torsion 1 and so cannot be Strongly fillable.) Now take
an arbitrary wordv in {a,a™!, 5=}, which we will consider up to cyclic permu-

tation and canceling adjacemt ! pairs. We will use the braid relation to ensure
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that the lettera—! occurs at most three times in sequence. Assume we have the
subwordb~'a b~ C v. Since(a b la a" ~ b7 (a7 at), we can write

b~ la b ~aa b tata (b ~ ab~ (a1~ q b1 and thus reduce the
length of any string ofi—!'s. Lastly, notice we may insert the letiemto any word

via Legendrian surgery. Thus, after possibly modifyingsing the braid relation as
above (and ensuring that! occurs some multiple of 3 times) of we can realize it
via Legendrian surgery on the weakly-fillable contact maldifyiven by(a3b) 3",

showing it is weakly-fillable. [

4.5 Construction of Minimal Examples

We prove Theorem 4.3.1 here. We follow Lemma 2.1 of [22] $5€2, Z)
to find easy matrix representatives for each torus bundie tlaeir factorizations
(this data is summed up nicely in the tables following Theofel of [22]). Using
this, we can find words ifi ord that exhibit universally tight contact structures with
small twistingin the S'-direction, i.e.35:1 < 27. We can then produce every contact
structure by addindaba)~* segments to our small twisting examples, increasing
Bs1. To measure the twisting, we use the word to cut the toruslbuntb 72 x I,
thinking of ¢ = 0 as an incoming boundary arid= 1 as an outgoing one. The
pages have an angle on the vertical tori (and are given bynaitjvé vector inZ>
or its angled € [0,2m)), not just a slope, and we usé.(2,Z) to assume the fiber
att = 1 has angl€1,0). For ease, we orient the angletat 0 the wrong way, that
is, as an incoming boundary of the page and not by the outwamtiad. We can

then measure the twisting by following the progression efdahgles of the pages.
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(In one sense, this is an oriented version of examining thstitwg of a convex
decomposition by looking at the progression of the slopabeflividing sets.) To
that end, identify7? = R?/Z? and letb~! = < _11 (1) ) anda = ( (1) i )
Moving fromt¢ = 1 to ¢ = 0, after crossing each basic slice the angle of the pages
of the open book changes and the contact planes rotate altimg.viFor example,
supposew = a*ob~tak2b=1. .. gF»-1p=1aF», Which we read from left to right as
we move fromt = 0 to¢ = 1. To compute the angles of the pages we end with
s, = (1,0) and work backwards towards= 0. Thens,_; = a*-1b~1(1,0) and

similarly s,,_; = a*— - - - b~ta*"b~! and so forth. To begin, lef = ( _01 (1] ) =

01
w its image inSL(2,Z) under¥. Conjugacy classes of elementsSif(2, Z) can

bab, T = ( L1 ) = a. We will abuse notation and associate to every word

be divided into three groups dependingdriA). We enumerate the possibilities

below:
Proof. Proof of Theorem 4.3.1

1. Elliptic: |Tr(A)| < 2

(@) A = —S Ais a rotation byr/2. We factorA = a='b~ta~!. This is
a decomposition into a single basic slice and so has smaltihgi and
fs = 0.

(b) A = S Alis a rotation by—7/2. We factorA = (a~'b~'a"1)?. This
decomposition has 3 basic slices, with boundary angles- (1,0),

sy = (0,1), s; = (—1,0), so = (0, —1). It has small twisting 3} = .
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(c) A= —-T-1S. We factor:A = a=2b—ta~!. Again, this has a single basic

slice. 5§ = 0.

(d) A = —(T-159)% We factor: A = a'b1. This is a single basic slice
and sog§ = 0.

(e) A = T7'S. We factor: A = (ba)~. Each(ba)™! is the SL(2,7Z)
equivalent of a rotation by /3, so the decomposition into 5 basic slices

has small twisting ang = .

(f) A =T2?-1S. We factor: A = (ba)~*. This has small twisting by the

previous argument ané, = =
2. Hyperbolic:|Tr(A)| > 2

@ A=1TrSTnS...- TS, wherery < —2 andr; < —2. We can rewrite
this asA = a™(aba)a™ (aba)---a™(aba) = a™2ba™+2...a"™+2p,
Now we conjugate again to swapandb to getA = boab’ia---b'ka
with »; = r; + 2 < 0 andr{, < 0. Since, the exponent fdris always
negative, this word gives a weakly fillable contact struetuFurther,
notice that ifw is any word composed of the lettersandb~! (that is,
there are na~'s involved), then¥ (w) is a matrix with positive entries
and so all of the angles lie between) andx /2. This gives an open

book with small twisting ang{ = 0.

(b) A = —-T70ST"S ... TS, wherer, < —2 andr; < —2. Again, we

choose the factorization above, but with the sign rever$ad gives a

39



word A = (aba)~2b"0ab™a - - - bka With v/ = r; +2 < 0 andr}, < 0.

The total twisting in this case is less than/2 ands! = .
3. Parabolic]Tr(A)| = 2. A = +T",n € Z. Cases:

(@) A=T",n > 0. These are the circle bundles oZ&rwith Euler number
n. The illegal factorization is! = a", which we alter toAd = (aba)~*a".
This word has small twisting (indeed it is given as Legendsargery

on (13, &)). Technically, these examples hasg = 27 (see footnote).

(b) A = Id. ThisisT?. The factorizationsl = (aba)~* = (a®b)~! give &,
the unigue Stein fillable contact structure 6, which was shown in
the proof of Corollary 1 in Section 4.4. We will see this in mdetail

later. Again, an odd case withy: = 27 (see footnote).

(c) A =T" n < 0. While the immediate factorization id = a", this
word doesn’t correspond to an open book. Conjugaté te v", since
n < 0, to get an open book with angles = (n — k, 1). This has small

twisting andfs: = 0.

d) A = —-T", n € Z. The appropriate factorizations here ate =
(aba)~2a™. The decomposition is into two basic slices, with = 0

if n>0andgt =mifn<O0.

Footnote: While these technically havés: = 27, Honda [22] lists these as having
Bs1 = 0. By the vagaries of terminology, these examples still havew torsion

equal to 0 (since Giroux torsion measures an embedding afsadlinterval of full
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twisting into the contact manifold). Both examples have pasrepresentatives for

the monodromy and so are Stein fillable.

4.6 Virtually Overtwisted Continued Fraction Blocks

In addition to the basic slices used in constructing theensally tight con-
tact structures on torus bundles, we have examples ofwelgpen books fotontin-
ued fraction block&nT? x I. As long as there are at least two positive basic slices,
we can build compatible relative open books that have maggtive basic slices
hidden within them. Continued fraction blocks, in essencestings of equivalent
basic slices; one can rearrange their order (swapping imedat positive and so
on) without changing the isotopy type. A continued fractidock with p positive
basic slices would be carried by the relative open kiodk We’'ll build more withk
negative angh — k positive basic sliceg; — £ > 2. We first show how to construct
the examples, following a surgery description discovengdbhibnenberger [31].
We then mimic Honda'’s classification, completing the opeokismon Lens spaces
whose compatible contact structures are distinguishedtdyhern classes of the
Stein fillings, following results of Lisca and Mat|25]. Since there is a unique way
to complete each contact structure and each completiostiact, we know each of
the basic slices is distinct. Further, since we can detexwimch contact structure
on L(p, 1) we complete to, we deduce the decomposition of the contifraetion

block into positive and negative basic slices.

Schinenberger [31] gave examples of open book decompositimmallf
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Figure 4.10: Continued fraction blocksF(p, k) onT? x I with p basic slices,

p — k positive andk negative. The page is a punctured annulus with two boundary
circles. The bold circles are the binding.

contact structures on Lens spaces by finding nice Legendtiegery diagrams.
The idea is tooll up the surgery diagram so that each successive surgery is done o
a stabilization of a pushoff of the previous. Since we nedy arsingle continued
fraction block, we will describe the procedure for only tlesiest diagrams (those
obtained by a single Legendrian surgery on the unknot) aod slow to extract the
appropriatel™ x I segment from it. The continued fraction blocks we will lodk a
are described in Figure 4.10. Each requires at least twaiymbasic slices, which

we can think of as hugging the negative basic slices, ergtni@ contact planes

all glue with the correct orientation when we stack the corgd fraction blocks
together. Whert = 0, all the basic slices are positive and we have the diagrédm
constructed before. A proof that the ambient manifold is&dil™ x I follows in

Section 4.6.1.

To distinguish the different examples, we embed each intapam book for

L(p+2,1), by capping off each boundary circle with the open book iruFégt.11.
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Figure 4.11: A relative open book @it x D? used to cap off the continued fraction
blocks.

This gives the standard neighborhood of the bindingS(in< D?) and we fill by a
map that glues the pages together. If we perturb the preiggma gluing torus to
become convex, the dividing curves have slope paralleld@#ges, and so looking
on the boundary of the solid toruBk, has slop&). Thus, there is a unique way to
extend¢ to a tight contact structure over (ead$) x D?. The capped of diagrams

are shown in Figure 4.12.

Each of the tight contact structures b(p, 1) is given by Legendrian surgery
on the unknot. We will use this description to determine \Wwlgontact structures

they represent and use this data to distinguish them.

To describe the open book decompositions, we begin withnkeat, Leg-
endrian realized on a page of the open book given by the pesitopf link A .
The page and contact framings are bethand so Legendrian surgery gives a con-

tact structure ori.(2, 1) compatible with the open book shown in Figure 4.14.

To exhibit the contact structures fpr> 2 we add left and right zig-zags to

the front projection (up and down Legendrian stabilizagipmgiving the diagrams
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Figure 4.12: Continued fraction blocks embedded iftp,1). The page is a
sphere. The bold circles punctures representing the gndin

Figure 4.13: Legendrian surgery diagrams for distinct aoinstructures ofi(p, 1).
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Figure 4.14: An open book decomposition with annular pagehfe unique tight
contact structure oh(2, 1) (the left and right boundaries are identified).

shown in Figure 4.13. We can add zig-zags to an open book dexsition as well.
By stabilizing the open book times along one component & and(p + 2) — k-
times along the other, we can Legendrian realize any of tifiereint stabilizations
on a page of an open book féF. An example of such a stabilization is shown
in Figure 4.15. Removing one of the Dehn twists along a cureaetilaverses the
annulus leaves an open book f&t. Such a curve is a stabilization of the standard

unknot.

Lisca and Maft [25] showed the diagrams in Figure 4.13 give non-isotopic
contact structures for differert (these can be distinguished by the Chern classes
of the Stein fillings given by Legendrian surgery) and so therobooks in Figure
4.12 are compatible with distinct contact structures. Sithere was a unique way

to complete the continued fraction block, each must alsadtendt.

These pieces allow us to construct ‘most’ of the remainingnolpook de-
compositions on the circle bundles = 7™ and the positive hyperbolic bundles.

As an example, we give an open book on the hyperbolic torudllbumith A =
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FETAYS

(p-2)-k

Figure 4.15: Planar open books for the tight (Stein-filljolentact structure on on
b=*ab’ab—?ab’a compatible with a virtually overtwisted contact structimd=igure

4.16.

4.6.1 Another Surgery Description

Itis fairly straightforward, using the surgery descriptaf the ambient man-
ifold provided by an (relative) open book, to see the openkbad@compositions
CF(p,k) are indeed of? x I. In order to illustrate more clearly the behavior of
the embeddings of these open books, however, we will proceadlightly more
detailed way. We build up the surgery description of Figud®Z4and show it gives
T? x I. Since we already know the »—%-2) segment gives @2 x I, we assume

thatk = p — 2.

Without the dotted circle in the monodromy, the open book stadiliza-

tion of the relative open bookA, /d), with page a punctured annulus, where the
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Figure 4.16: An open book compatible with a (Stein-fillablgjually overtwisted
contact structure on the torus bundle with= b=*ab’ab=5ab’a.

_ 2
o \

1
1
1
S e e = -

/

\

p-2 4

VU ---VUV

\

Figure 4.17: Relative open book and embedded picture begjrthe description
of the continued fraction block'F'(p).

47



puncture is a binding circle and the boundary componentsftfare boundary cir-
cles (the manifold iss' x D?#S! x D? given by 0-surgery on a vertical curve in
T? x I). The first stabilization is of6 and adds a meridian of b to the binding,
which becomes a longitude in the surgery picturel8nx I. We can see the em-
bedded fibration by looking at the fibration for a basic slicé. (Figure 4.5) and
adding a O-surgery on a vertical curve. The secpnrd?2 stabilizations are off:,
and addp — 2 meridians ofu to the binding. We can see an embedded descrip-
tion of this in Figure 4.17. The diagram depidt$ x I with its O-framed vertical
curve and the rest of the binding obtained by stabilizatwinss core. We can see
the fibration by looking again at the basic slice of Figure @vBose binding i)
addingp — 2 meridians to this binding and a O-framed vertical curve. phe?2
meridians alter the fibration only in a neighborhoogi@nd only by adding twisted
bands to the original fibers. The curyas a stabilization of a parallel copy of
one positive ang) — 2 negative. In particular, the framing efgiven by the page is
1 — p and so Legendrian surgery is smoetp-surgery. Ignoring now the fibration,
~ is a meridian to the O-framed vertical curve. A slam dunk gesnthe surgery
picture to al /p-framed vertical curve, which can again be Rolfsen twistethé
boundary. While it is non-trivial to follow the fibration thugh these last two steps,

the surgery description does indeed givex 1.
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4.7 Some Examples
4.7.1 Weakly but not Strongly Fillable

Recent work of David Gay [9] proves a conjecture of Eliashbary con-
tact structure with nontrivial Giroux torsion cannot beosgly fillable. This is an
extremely useful in determining the fillability of a contattucture. In particular, of
all the universally tight open books on torus bundles, omlg bas non-zero Giroux
torsion, and so the rest cannot be strongly fillable (thougleak filling is easy to
construct by taking the appropriate Lefschetz fibratiorr dv&). The relative open
book (aba)~*is aT? x I segment with non-trivial Giroux torsion. This is not to say
that any open book decomposition containing a region isphiorto (aba) ! has
non-trivial Giroux torsion, however. The compatible cantstructure onaba)~*
includes only wherfaba) ! is glued to anotherelativeopen book. As long as there
is another binding component somewhere, then we can canthadob has non-
trivial Giroux torsion. If (aba)~! is instead glued to a fiber bundle (c.f Section 6.2),

the contact structure might be Stein fillable, as is the casé*.

4.7.2 Strongly but not Stein Fillable

The first examples of strongly fillable contact structurest ttannot sup-
port a Stein filling were constructed by Ghiggini [11]. We sheare given by
Legendrian surgery along a curve in the contact structuwegpatible withw,, =
(a='b71)(aba)~*". The Legendrian curve an be realized on a page of this opéa boo

decomposition. The resulting open book is given in Figuis4.

Without the Dehn twist along the longitude added to the momoy, this
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Figure 4.18: Open book decomposition for a Strongly filladbatact structure that
doesn’t admit a Stein filling.

open book is only weakly fillable. After the surgery, the nfalki becomes a ho-
mology sphere and so any weak-filling can be perturbed intmagfilling. Some
clever manipulations of Heegaard Floer Homology are useshtav the contact

structure cannot be Stein fillable.

4.7.3 An Interesting Example with Zero Giroux Torsion

There is one interesting family of non-examples in Theore®35 namely
the circle bundles over the Klein bottile= —7™ which we will write as(aba) 2a™ =
a”2b"ta"2b~! = w,. Forn > 0 these are Stein fillable (use the 2-chain relation),
but forn << 0 these do not have monodromiesiirehn™, as follows. Suppose

bw, € Dehnt for somen < 0. This gives a factorization,, = 0,0sa;%a) > =
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~1 - - - v, Where eachy is a right-handed Dehn twist on the twice punctured taius
Rearranging gives a presentatiofd, = v, - - - y.a2a; 2. Any such presentation
gives an elliptic fibration ovef? with 2 sections of square-1 and—n + 4 + k
singular fibers. However, the classification of elliptic &bons is known: if the
number of singular fibers i$2m, the fibration isE(m) which is not minimal for
n > 1, thereforen > —8. Notice, though, that we can apply the braid relation
to getw, = w!, = b2a1b"2a~1. While this is very close to being iehn™,

it too cannot be written as a product of Dehn twists#ox —5, since no elliptic
fibration admits more than 9 disjoint sections of squatgand son > —5). Either
these give examples of fillable contact structures with Girmrsion7'or = 0 that
do not admit a Stein filling, or this gives an example where caredestabilize out
of Dehn™. There is still a candidate Stein fillable contact struci{fe admits a
Stein filling) given by taking the minimally twisting contlastructures o’y with
A =T", cutting along a minimal convex torus and regluing by a rotaby 7. We
cannot construct compatible open books for these contacttstes using the tech-
niques presented here, however. It is true (though outkelet¢ope of this paper)
that these contact structures are Stein fillable, which easelen by looking at the

right surgery diagram.
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Figure 4.19: Curves on the twice punctured torus generaiting

52



Chapter 5

Stein Fillings

There are many equivalent definitions of a Stein manifoltHdimensions.
In [17], Gompf details a handle calculus for Stein 4-mamifoultilizing work of
Eliashberg [3] and Weinstein [35]. The 0-handle is the statidymplectic 4-ball
with convex contact boundary®. Symplectic 1- and 2-handles can then be added,
requiring that the 2-handles are attached along Legenknats with the appropri-
ate framing. After every stage the boundary 3-manifold ritb@ contact structure.
This geometric picture is paired with a more topologicaladiggion by Loi and
Piergallini in [26], where the Stein condition of [17] is stio to be equivalent to a
positive allowable Lefschetz fibratioar PALF. While this relation isn’t as strong
as the Giroux correspondence (nor does it cover all symipleohtact manifolds),
itis a good 4-dimensional parallel. It is in this languagat tive construct our Stein
fillings.

A Lefschetz fibratiomn a 4-manifoldX is a singular fiber bundle : X —
¥, that is there are finitely many critical poinfs;} C X of 7 and away from
the fibers containing the critical points,is a fiber bundle. Each fiber containing a
critical pointz—! (7 (x;)) is animmersed surface callediagular fiber = has a local

chart near each critical point, given (in complex coorddsabyr (21, 20) = 27+ 22.

53



If the complex orientation agrees with that &fthen the critical point is called a
positive singularityand otherwise it is called megative singularity Each singular
fiber has a natural local description. Let's suppose the oritical point in the
singular fiberF is p;. Taking any arey € X from F to a nearby smooth fiber—(q),
we may look at the totally real disk lying in the local chamandp;, containingp;
and lying above the arg. This disk is called théhimbleof p; and its boundary in
7~1(q) is called thevanishing cycles of p;,. The singular fiber” can be obtained
from a smooth fiber by collapsing Further, letX,, be the preimage underof a
small neighborhood it of v. 7= (0X,,) is a fiber bundle ovef*. The fiber is
that ofr and the monodromy is given by a single Dehn twist ahopbsitive (resp.
negative) ifp; is a positive (resp. negative) critical point of A critical value is

allowableif the associated vanishing cycle is homologically esse¢imiH; (X).

Theorem 5.0.1.Loi-Piergallini [26] A Stein surface is equivalent, up toilentation
preserving diffeomorphism, to a positive allowable Lefschibration with bounded

fiber and baseD?.

The proof involves taking a Legendrian handle diagram fer $itein sur-
face and showing (by explicit manipulation of the diagrah®gttit corresponds to
a branched cover af8? x B? along a positive braided surface (in the terminol-
ogy of Rudolph this is a ‘quasipositive surface’) and henca RALF. Indeed, the
boundary of a positive braided surface is a quasipositiegddn S3. (A braid is
quasipositivef its braid word is a product of conjugates of positive halidts.)

We can make this braid transverse to the trivial open book“fwith binding the
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braid axis) and branching along this braid gives an open beckmposition on the
cover whose monodromy is explicitly positive. Most impaittg, all this can be
done so that the Stein structure supported by the PALF irtdaa®ntact structure

on the boundary that is carried by the open book decompasitio

This is an example of a more general topological observati@t (X, )
be a PALF with bounded fibeX and baseD?. Thend(X,r) is an open book
decomposition 00X . This is immediate from our abstract construction of an open
book decompositiond(.X, 7) has two components, the mapping torugp:, and
the solid torioX x D?. These two components are glued together so that boundary
of each disk iDX x D? gets glued topt x S* in the mapping torus and so creates

an open book decomposition.

Let Dehnt denote the monoid iMut*(X) generated by (isotopy classes

of) positive Dehn twists.

Corollary 5.0.2. A contact manifold M, &) is Stein fillable iff it is compatible with

an open book decomposition with positive monodraiy,Dehn™.

Proof. We have seen that the boundary of any PALF over the disk itshemi open
book with positive allowable monodromy. Further, the ingdicontact structure
and open book are compatible. The other implication is jgsblavious but with
one thing to note here: any positive monodromy can be madeaintllowable
positive monodromy. Such an alteration is straightforw&eéplace any Dehn twist

about a null-homologous curve with a chain relation on the punctured surface
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C X bounded byy. (Note, this can be done in many ways, and different relation

may give different Stein fillings.) O

Theorem 5.0.3.Let A € SL(2,Z) and T4 be the associated torus bundle ov&r.
Then either (and possibly botit), or 7" 4 admits a Stein fillable contact structure.
In particular, there is a unique universally tight, Steindille contact structure on

eitherTy or T 4.

This is essentially a corollary of the previous sectionngshe factoriza-
tions given above. In particular, the factorizations usied ghonodromies that can
be written as a product of positive Dehn twists. The uniggen#e will use the

following relations in the braid group.

Proposition 5.0.4. The following relations hold in the mapping class group of a

bounded surface

1. The chain relations ([34]). Ahainof curves on a orientable surface is a
collection of smoothly embedded curfes}?_, such that each; intersects
only the curves;_; and~;,; and only transversely and at a single point (set
Y = Va1 = 0). Then an interval neighborhood ofy; is a compact surface
Y. If nis evenY has a single boundary component. kdde a positive Dehn
twist aboutd>: and D; a positive Dehn twist abouf;. Then the following

holds in the mapping class group Bf

§ = (DyDy- --Dn)@”“).

56



If » is odd, ¥ has a two boundary components. lebe a positive Dehn
multitwist abou’¥ and D; a positive Dehn twist about. Then the following

holds in the mapping class group Bf

§ = (DDy--- Dﬂ)(nﬂ)‘

2. We want to point out that the woftd; D,)® on the punctured torus is braid
equivalent to bott{ D, D, D;)* and (D3 D,)3, giving two additional (equiva-

lent) relations on the punctured torus.

3. The star relation [10] (c.f proof of Corollary 1). Lét be the three-punctured
torus andw;, i = 1, 2,3 and 5 be the curves ol as given by Figure 5.1. Let
0 be the positive Dehn multitwist abodt, D; the Dehn twist about; and

Dy that about3. The following holds in the mapping class groupgbf

§ = (D1DyD3Dg)?

Recalling the factorizations of Section 4.5, we construatnasly positive
open books as we can. First some conventions. As beforeytavail w € Word
we can associate an open book decomposition of the torusebliad,). The page
will be a punctured torus, denotédand the monodromy will be denoted By ¢
will always have a presentation in Dehn twists given by thedmo. Beginning
with the first letter ofw, label the meridian curves corresponding tozérnin w by
«;. The longitude of the torus will be denoted By Again beginning with the first
letter, denote the boundary components_dby ¢;. We will use D; to denote the

positive Dehn twist about;, Dg for that abouts andd; for the Dehn twists about
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Figure 5.1: Curves on the 3-punctured torus used to presestdn relation.

curves parallel to the boundary componenidVe will used to mean the total Dehn

multitwist about all components of the boundary of the page.

Example. Using the open book decompositionBt given by (a3b) =3 we
label the three meridian curves, ¢« = 1,2,3. The longitude is5 and the three

boundary circles ar&, i = 1,2, 3 as shown in Figure 5.1 for the star relation.

1. Elliptic: |Tr(A)| < 2

(@) A=—-S=a"'"1at. Inthis case], admits a Stein filling. Take the
open book given by, ~'b~!a~!. The page is a punctured torus, and the
monodromy is given by = §D;%. We use the chain relation on the
punctured torusj = (D?Ds)*. Theng = Ds(D3Dg)3, which gives a

positive monodromy.
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(b) A=S = (a"'v"1a"t)3. T4 admits a Stein filling. Take the open book
(a= '~ tat)? with ¢ = 6D;2D;2D, 2. Using the star relation =
(DyDyD3Dg)3, we can writep = (Dy.DyD3) ™" Dg(Dy DyDs) DDy Dy D3 Dy,
Since this is a product of conjugates of positive Dehn twists a pos-

itive monodromy.

() A= -T71S = a2 1a"t. T4, admits a Stein filling. Take the open
booka=3b~! with ¢ = §D;>. Using the chain relatiof = (D3 D)3 we
can writep = Ds(D3;Dg)?.

(d) A = —(T7'8)? = a~'b~!. T4 admits a Stein filling. Take the open
booka~'b~! with ¢ = §D;'. Use the chain relation geét= Ds(D;Dj)°.

(€) A=T718 = (ba)™® =a b ta3b"1a"2b!. T,y admits a Stein filling.

Take the open book2b~'a=3b~'a=2b~!. Use the star relation to write
¢ = Do(D1DyD3) > D3(D1D2D3)*(D1 D2 D3) "' DB(D1 Dy D3) Dy,

which is again a product of positive Dehn twists.

(f) A=T?-1S = (ba)~*. T admits a Stein filling. The open book corre-
sponding to the wordba)~* with monodromyg = 6D;'D;'D; D!
can be written with a positive monodromy using a version ef skar
relation for the 4- (or more) punctured torus found by Korknzend
Ozbagci in [24]. For ease, though, we apply the braid refatad
choose the word=2b='a=2b~'a~'b~'. This givesp = dD;?D;*D;".
Appealing again to the star relation (or adding positivesta/io the pre-

vious example) yields a positive word representing
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2. Hyperbolic:|Tr(A)| > 2

(@) A = boab™a---bka with v, =< 0 andr), < 0. T4 admits a Stein fill-
ing. Indeed, the monodromy for the wobtiab™1a - - - b"+a is explicitly

positive.

(b) A = (aba)~2b0ab™a---b"ka with v/ = r; + 2 < 0 andr}, < 0. In this
case, it is not clear whe'h, admits a Stein filling. It is not likely that
all these examples are Stein fillable (c.f. Example 2 of $ecti.7, the
circle bundles over the Klein bottle with negative Euler rioar). How-
ever, if there are sufficiently marmgs in the word, we can repeatedly use
the lantern relation to ‘collect’ the boundaries (in anywehfom 1 to 9
groups) and then apply the one of the chain or generalizededédions
(of [24]) to realize the monodromy as positive. As an examtake
the wordw = (aba)2b~2a3b2a*b~2a® = (aba) 2a?b~2a®b~2a’*b~2a’.
Look at a segmentb—2a. On this region, the page is a 4-punctured
sphere and the monodromydgs= . Applying the lantern relation, we
get a new presentatiah = o~ (c.f. Section 4.4) where separates a
pair of pants containing the two binding circles. Thinkifgyas a new
boundary component of the page, we continue ‘collecting’ tbund-
aries into two groups, giving us a new presentation of theadaomy
¢ = ¢'6,D;25,648,, where¢' is positive. We can use the 4-star rela-
tion of [24] on the 4-punctured torus = ((D;D3Ds)(DyD4Dg))* to

eliminate theD;? and write¢ as a positive word.
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3. Parabolic]Tr(A)| =2. A= £T",n € Z. Cases:

(@ A =1Tm"n > 0. We choose the word = (a®h)3a". As mentioned
previously, these examples are given by Legendrian suefy? and
so are Stein fillable.

(b) A = Id. ThisisT?. The factorizationA = (aba)~* = (a3b)~! gives
&, the unique Stein fillable contact structure ‘Bfy which was shown
in the proof of Corollary 1 in Section 4.4. We recall the proséd only

the star relation.

(c) A =1T" n < 0. Choose the factorization (of the conjugate)= ",

which is explicitly positive and so is Stein fillable.

(d A = —T" n € Z. The appropriate factorizations here ate =
(aba)~2a". Whenn > 0 we can use the chain relation on the twice
punctured torus to realiz¢ as positive. Whem < 0 though, the sit-
uation becomes much more interesting. koe —1, —2, —3 one can
(with a little effort) find a positive presentation fgr Whenn < —5,
though, Example 2 of Section 4.7 gives an argument whgpesn’t ad-
mit a positive presentation. This is very strong evidened ghcontact
structure compatible withw cannot be Stein fillable (though a proof
does not yet exist). (Note: there is another likely candidat the Stein
fillable contact structure(s) dfiy, though construction of a compatible

open book is not possible using the techniques of this paper.

We'd also like to point out that the factorizations above e#so apply to
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the minimally twisting but virtually overtwisted contadtsctures. The continued
fraction blocks constructed in Section 4.6 have positiveousomies. This is gives

us a mostly complete proof of the following theorem.

Theorem 5.0.5.Let A = T", n < 0 or A = boab"1a---b'ka with r/ =< 0 and
ry < 0. Then all of the tight, minimally twisting contact structsien?’, are Stein-

fillable.
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Chapter 6

Universally Tight Contact Structures on S*-bundles.

6.1 A Branched Cover Construction ofT? x D?

A reader might notice that much of the detail above hingesronraler-
standing of the open book decomposition @, &,). This was indeed the first
example found, though the techniques were very differemhfthe preceding ma-
terial. Since it is of independent interest, we will disctise construction here.
Recall from the discussion from Chapter 5 that every Steirasartan be realized
as a branched cover @* along a positive, braided surface (which Rudolph has
shown to be analytic). The boundaries of such surfaces aasippsitive braids
and the branched cover on the 4-ball restricts to a branahest on the boundary
S3. There is a Stein structure d@f x D?, given as a tubular neighborhood of the
Clifford torus inC2. This has a natural Stein or symplectic product decompuwsiti
into two annuli factorsA x A. Now, this has an easy description ag & x Z/2
branched cover oves? x B? given by branching each factor along a pair of points.
(That is, branchB? x B? along a pair of fiberd3? x {p;, p»} to getB? x A, and
then branch over a pair of annyli;, ¢} x A to getA x A.) This is a 4-fold cover

with immersed branch locuB given by the union of a pair of vertical fibers and a

63



pair of horizontal fibers,
B? x {p1,p2} U{q1, 2} x B*.

The boundary of the branch loci#sis a 4-component link given by taking
the positive Hopf link and pushing off an unlinked copy as igufe 6.1. This link
lies nongenerically on the boundary trivial open book degosition of 53 (this
has binding the unknot, thought of as the braid axis; the page disks); two
components are transverse to the pages of the open book pesition but two
components lie on (distinct) pages. One can branch an opa deEcomposition
along any link transverse to the fibers so we would like toypbrf to be transverse
to the open book, i.e. a braid. There is an action by an arceshehts inSU(2)
(beginning at the identity) that perturtis so it is nongeneric with respect to the
product decomposition ofi?. This arc takes the components Hfthat lie on a
page to thg1, 1)-cable of the transverse components. This puts the linkraal
position and hence transverse to the open book and is shomigume 6.1. One
convenience here is that the brdids a pure braid (each strand connects back to
itself) and so we can describe the braid in terms of Dehn $wisthe mapping
class group of the disk with 4 marked points, as in Figufe We then follow the

branching description to determine what the page and monogdof the cover are.

We branch over a single pair of marked points first. Each Detst tifts to
a pair of Dehn twists in the cover. Then monodromy on the am(how with 6
marked points) is given in Figure 6.3. The base locus in thvercis shown (in red).

Taking the second branching, this time over 4 points, ead¢inDwist again lifts to
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Figure 6.1: The branch sétand its perturbation to a braid transverse to the open
book.
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/ —
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Figure 6.2: A Dehn twist presentation of the pure braid

65



Figure 6.3: The monodromy and marked points on the annutastak first 2-fold
cover.

two in the cover. The page becomes a 4-punctured torus. Thedanomy is shown
in Figure 6.4. This open book decomposition correspondsieéovtord (aba) 4,
which can be shown to have a positive monodromy. Looking netosely, one
can see that the Stein filling (that is, the PALF) correspogdo this positive word
is actually7? x D?. Indeed, using the relations on the punctured torus given in
[24], one can find positive presentations of the monodromagsesponding to all
the words which are braid equivalent teba)~* and do not contain the letter,
only a=!. Since each of these relations actually describes a Lefsg®ancil on
CP?, it is a reasonable conjecture that all of the positive pregi®mns for these
nice open books df*® actually describe a Clifford torus i6P? sitting nicely as a
sub-fibration of the Lefschetz pencil.

This procedure can be generalized in many directions. Thedais to
increase the number of vertical or horizontal fibers in theeldacusB. This results
in similar open book decompositions on the boundaries o6than surfaces x Y,

whereX. andX’ are any once- or twice-punctured surface.
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Figure 6.4: The final monodromy on the 4-punctured torus #fite second 2-fold
cover.

6.2 S'-bundles

Once we've seen a few examples of open books created by l@@hmciv-
ers, it becomes very easy to construct all of fHeinvariant contact structures on
circle bundles over any higher genus surface. We'll begih wifew examples and
proceed to the general construction. The first example cérossthe easy gener-
alization of the construction af? x D2. Branch oveR x 2n fibers to arrive at the
diagram ofob on S x X in Figure 6.5, which can be isotoped to that of Figure 6.6.
(Note: one can still follow the construction with an odd nwenbf fibers, but the
diagrams are less convenient, and since they aren’'t negessaavoid presenting
them.) Across each of the central necks, we se¢cém)~2 diagram, which we
know to be &l x I segment where the pages and contact planes rotatedoffip

over. On the compliment of these regions, the monodromyigaltand we use this
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Figure 6.5: An open book decomposition 8f x 3 as the contact boundary of
A x F.

description to build the open book in pieces. IE¢tbe a twice punctured genus
surface,; = 1,2. Take the trivial fibrationg’; x S' and glue together along two
T? x I segmentd; and/, given by(aba)~2. As oriented fibrations though, th&
direction of the total space and of the open bookMnx S! (say) do not agree.
However, we can still build a contact structure compatibiwb that is invariant

in the S! direction.

More generally, we can build open book decompositions caitmipavith all
of the contact structures given by Honda (Theorem 2.11 paf{32]) in his clas-

sification on circle bundles. The universally tight contstctictures are determined
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Figure 6.6: An easier visualization of the open book decasitjpm of S' x 3.

by a dividing sefl” on X and all areS*-invariant. Let) be a circle bundle over a
surfaceX. In the classification, one defines a projection function(M, &) — D
that take<t to the dividing set of a minimal ‘pseudo-section’ df. One cutsM
along a convex torug tangent to thes! fibers and with vertical dividing curves and
looks at the dividing set of a minimal convex sectionMdf = M\T = S! x ¥,
whereY) is ¥ cut along a non-separating curve. To build and open bookrdeco
position compatible with such an example, we begin with argsgble dividing set
on X (without homotopically trivial components), build the cpatible open book
for S x ¥ and describe how it needs to be altered to arise at an openfboak

non-trivial circle bundle.

Theorem 6.2.1.LetI" be a dividing set o without homotopically trivial compo-
nents. Let be the associated universally tight contact structureSénx X (with
ts1 = 0). Then an open boak carrying¢ can be described as follows. Begin with

Y as the page. For every component_ I', replace an interval neighborhood of
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Figure 6.7: A dividing set ot and its corresponding open book decomposition.

v C 3 with the open book segmefatha) 2.
An example is given in Figure 6.7.

Proof. Notice first that if we swap the positive and negative regidhe contact
structures are isomorphic (simultaneously change thetatiens onS* andX}) and
so the abstract open book doesn’t notice which region is lwhite construction

begins as above, first by finding an embedding i#itoc . We then show there is a
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compatibleS!-invariant contact structure that realizes . as convex with dividing
setl’. The first part of this we discussed already. Denote the coeus of:\I" by

F;, i =1,...m and the components &fby v;, j = 1,...n. Build the open book
by taking the trivial fibrationg”; x S! attaching byl x I segments with relative
open book decompositioriaba)~2. We build the compatible contact structure the
same way, making sure each piecéisinvariant and ensuring thg! factors glue
together nicely. On each;, construct a contact structure following the model in the
Thurston-Winkelnkemper construction. Since the monogrmnrivial, the contact
structure isS*-invariant and the boundary is a union of prelagrangiantbere the
foliation on each by the contact planes can be made arlyt@ase to the pages.
That is to say, the contact planes begin rotating just pasttigle of the pages.
On each/; segment, we take the contact form givendy= sin(t)dz + cos(t)dy

in coordinategz, y,t) on T2, x[0, 7]. The fibers ofS* x ¥ intersect/; along the
annuliy = const. and agree with the pages near the boundaty ahd everything

is invariant in they direction. In order to glue, we extend our interva[te:, 7 + €|,
and then rescale in thet direction near the boundaries, ensuring the contact planes
glue smoothly to those on thE. This doesn’t change thginvariance and since
the gluing matches up th&' andy directions (sometimes switching orientations),
the resulting contact structure $8-invariant and hence universally tight. Further,
using theS! factor as a contact vector field, any figex ¥ is convex with dividing
setI” (further this dividing set is minimal among all convex suda isotopic to a
fiber). We may also use this to guarantee compatibility (opBsition 3.0.6, since

we could just have easily have matched Stedirection to the Reeb field fom,
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giving a contact vector field o/ which is positively transverse to every page of
the open book and to the contact planes, ensuring the eséstd#a contact form

that restricts to a primitive form on each of the pages.

We may modify this picture slightly and construct open boftkshe non-
trivial circle bundles. When the Euler class is negative, areachieve this by sprin-
kling b~! segments arounl' x F; portions of the open book fa#! x 3. Further,
the contact structure is independent of how these arellistd as the open books
are all stably equivalent. To see this, isotope the diag@en guncture is adjacent

to anl;, giving an(aba) b~ region, which is braid equivalent to! (aba) 2.

Fore(M) > 0, we perform Legendrian surgery on the contact structure on
S' x ¥ corresponding to the same dividing $et Along each!; there is al™ of
vertical Legendrian curves (lying on the page(@fa)—2) with twisting number 0.
Legendrian surgery inserts annto the middle of this word and is smooth-1)-
surgery, giving a circle bundle with positive Euler numbAgain, one can show
the contact structure is independent of the choices by stpthie open books are
stably equivalent. To push anfrom one/ segment to another, connect the two
regions with a one handle and canceling Dehn twist along eecuthat intersects
each 'middle’ region exactly once. Using a sequence of bralations, we can
turn onea on I into anotherc and then back into an on a different/ and then

destabilize. n
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