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CHAPTER 1. INTRODUCTION

This thesis considers the problem of identifying two vectors from knowledge of their sum.
Obviously this is impossible in general. However, when a time series of vectors is available
and some structure is assumed on both vectors, identification becomes possible. Th structure
assumed here is that one vector is sparse, that is, most of its entries are zero, and the other
vector lies in a low-dimensional subspace, that is, if the vectors in the time series are horizontally
concatenated they will form a low-rank matrix. Suppose that at each time ¢ a vector my is
observed where

mt:wt—l—ﬁt

with @; sparse and the £; all belonging to some low-dimensional subspace. The goal is to
recover x; and £; at each time .

Even with the assumption that the x; are sparse, and the £; lie in a low-dimensional
subspace, there is still an identifiability problem. Sparse vectors when horizontally concatenated
could form a low rank matrix. Similarly, vectors in the low-dimensional subspace could be
sparse. So it is also assumed that the x; are not low-dimensional and the £; are not sparse.
The property of not being sparse is called denseness, and is quantified in the sequel. Rather
than directly assuming that x; are not low-rank, the results require that the supports of x; for
distinct ¢ be sufficiently different.

As a motivation for our problem, imagine video sequence with a distinct background and
foreground. Suppose for example that a fixed surveillance camera records a scene as a person
walks through. The background images, which do not change very much, can be modeled as
belonging to a low-dimensional subspace. The foreground (person) is small compared to the

size of the image, so can be modeled as a sparse vector.



Figure 1.1: An fMRI sequence

A similar application of background/foreground separation arises in functional magnetic
resonance imaging (fMRI). During an fMRI procedure, images of a patient’s brain are produced
that show which areas are “active” at a given time. This can be used to map out which areas
of the brain are used for different tasks. One can see from Figure 1.1 that the backgrounds
from left to right remain largely similar, and the part that is lit up only covers a small amount
of the overall image.

The above problem can be interpreted in two different ways. If the x; are of primary
interest, the problem is one of sparse recovery. Recently, much work has been done on the
problem of recovering sparse vectors. An example of early work is [1], which demonstrates the
effectiveness of the ¢; norm for sparse reconstruction. In [2], the author considers the following
problem. Let y = Ax + b where x is sparse and b is small noise. That is ||b||2 < € for some
€ > 0. The problem is to recover « from y. It is proved that under certain conditions on the
matrix A, the following convex program will recover @ with error bounded by a small constant
times e:

min | &), subject to ||y — AZ|]2 < e. (1.1)
xr

This procedure will be used as part of a larger algorithm to solve the original problem of
separating x; and £;. The reason (1.1) alone will not work here is that £; is not necessarily

small in magnitude.



Another interpretation of the original problem is as a robust principal components analysis
(PCA) problem. Given a matrix of data, the goal of PCA is to compute a small number or
orthogonal directions along which most of the variability in the columns lie. Because traditional
procedures for PCA are sensitive to outliers in the data, much work has been done to develop
algorithms for PCA that are robust with respect to outliers. In seminal work, Candes et al.
[3] and Chandrasekaran et al. [4] both posed the robust PCA problem as separating a sparse
matrix X from a low-rank matrix L from knowledge of their sum M = X + L. Each proved
that the convex program,

min || X loum + /1Ll subject to X +L = M (1.2)
X,L

will exactly recover X and L under certain (fairly mild) conditions. In the above, 7 is a scalar
parameter, || - ||sum is the vector ¢; norm of a matrix (sum of absolute values of entries), and
|| ]|« is the nuclear norm (sum of the singular values). The problem studied in this thesis can be
viewed as a recursive or on-line version of the robust PCA problem as posed in [3] and [4]. In
this thesis, the goal is to recover the columns of X and L as they arrive. One approach would
be to re-solve (1.2) each time a new column arrives, but this is not computationally feasible
when a real-time solution is desired.

This thesis analyzes versions of an algorithm called recursive projected compressed sensing
(ReProCS). At a high level, ReProCS works as follows: if an accurate estimate of the subspace
where the £;’s lie is available, then projecting perpendicular to this subspace estimate will
nullify most of £;. Let ®; denote this projection. Then ®,m; = ®x; + P1€; where | P2
is small. Finding x; is now a sparse recovery problem in small noise, so (1.1) can be used to
accurately recover x;. By subtracting the estimate of ; from m;, an estimate of £, is obtained.
Finally, the estimates of £; are used to maintain an accurate estimate of the subspace where

the £;s lie as the subspace changes slowly over time.

1.1 Thesis Organization

The format of this thesis is journal papers in a thesis. Chapter 1 introduces the problem

studied and gives some background information.



Chapter 2 contains the paper “Online Matrix Completion and Online Robust PCA,” a
version of which has been submitted to IEEE Transactions on Information Theory and is
under review. Minor modifications have been made to the submitted version for the purposes
of this thesis. This paper proves a complete correctness for the ReProCS algorithm under four
main assumptions: 1) an accurate estimate of the initial subspace is available; 2) the vectors £;
are mutually independent over time, dense, and the subspace where they lie changes slowly; 3)
the support of x; changes ‘enough’ over time; 4) the algorithm parameters are set appropriately.
All of these assumptions are made precise and quantified in the paper itself. I was the primary
author and researcher for this paper. The overall structure of the proof follows that in [5]. The
pieces needed to obtain a complete correctness result were proved by me. Namrata Vaswani
contributed both research and writing.

Chapter 3 contains the paper “Recursive Sparse Recovery in Correlated Structured Noise,”
a paper that is being prepared for submission to IEEE Transactions on Information Theory. In
ongoing work, revisions have been made, and new results have been added to the paper. The
paper in this thesis contains two important improvements over the previous paper. First, the
assumption that the £;s are independent over time is relaxed, and a first order autoregressive
model is used for the coefficients of £;. Second, a subspace update step is added to the ReProCS
algorithm. This update step allows for old directions to be deleted from the estimate of the
subspace, which in turn allows for a relaxed denseness assumption on the low-dimensional
vectors. I was the primary author of this paper and proved the complete correctness result.
Jinchun Zhan did initial research on the correlated model, and Namrata Vaswani contributed
research and writing.

Chapter 4 gives general conclusions and directions for future research.
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CHAPTER 2. ONLINE MATRIX COMPLETION AND ONLINE
ROBUST PCA

A paper submitted to IEEE Transactions on Information Theory

Brian Lois and Namrata Vaswani

Abstract

This work studies two interrelated problems - online robust PCA (RPCA) and online low-
rank matrix completion (MC). In recent work by Candes et al., RPCA has been defined as a
problem of separating a low-rank matrix (true data), L := [l1,0a,... by, ..., 4 .. ] and a sparse
matrix (outliers), S := [z1,%2,...%¢, ..., T, ] from their sum, M := L 4+ S. Our work uses
this definition of RPCA. An important application where both these problems occur is in video
analytics in trying to separate sparse foregrounds (e.g., moving objects) and slowly changing
backgrounds.

While there has been a large amount of recent work on both developing and analyzing batch
RPCA and batch MC algorithms, the online problem is largely open. In this work, we develop
a practical modification of our recently proposed algorithm to solve both the online RPCA
and online MC problems. The main contribution of this work is that we obtain correctness
results for the proposed algorithms under mild assumptions. The assumptions that we need are:
(a) a good estimate of the initial subspace is available (easy to obtain using a short sequence
of background-only frames in video surveillance); (b) the ¢;’s obey a ‘slow subspace change’
assumption; (c) the basis vectors for the subspace from which ¢; is generated are dense (non-
sparse); (d) the support of x; changes by at least a certain amount at least every so often; and

(e) algorithm parameters are appropriately set.



2.1 Introduction

Principal Components Analysis (PCA) is a tool that is frequently used for dimension reduc-
tion. Given a matrix of data D, PCA computes a small number of orthogonal directions, called
principal components, that contain most of the variability of the data. For relatively noise-free
data that lies close to a low-dimensional subspace, PCA is easily accomplished via singular
value decomposition (SVD). The problem of PCA in the presence of outliers is referred to as
robust PCA (RPCA). In recent work, Candeés et al. [1] posed RPCA as a problem of separating
a low-rank matrix, L, and a sparse matrix, S, from their sum, M := L + S. They proposed a
convex program called principal components’ pursuit (PCP) that provided a provably correct

batch solution to this problem under mild assumptions. PCP solves
min | L]« + A|S|sum subject to L+ S = M,
LS

where ||- ||« is the nuclear norm (sum of singular values), ||- ||sum is the sum of the absolute values
of the entries, and X\ is an appropriately chosen scalar. The same program was analyzed in
parallel by Chandrasekharan et al. [2] and later by Hsu et al. [3]. Since these works, there has
been a large amount of work on batch approaches for RPCA and their performance guarantees.

When RPCA needs to be solved in a recursive fashion for sequentially arriving data vectors
it is referred to as online (or recursive) RPCA. Online RPCA assumes that a short sequence of
outlier-free (sparse component free) data vectors is available. An example application where this
problem occurs is the problem of separating a video sequence into foreground and background
layers (video layering) on-the-fly [1]. Video layering is a key first step for automatic video
surveillance and many other streaming video analytics tasks. In videos, the foreground usually
consists of one or more moving persons or objects and hence is a sparse image. The background
images usually change only gradually over time [1], e.g., moving lake waters or moving trees
in a forest, and hence are well modeled as lying in a low-dimensional subspace that is fixed or
slowly changing. Also, the changes are global (dense) [1]. In most video applications, it is valid
to assume that an initial short sequence of background-only frames is available and this can be

used to estimate the initial subspace via SVD.



Often in video applications the sparse foreground x; is actually the signal of interest, and
the background #; is the noise. In this case, the problem can be interpreted as one of recursive
sparse recovery in (potentially) large but structured noise. Our result allows for £; to be large
in magnitude as long as it is structured. The structure we impose is that the £;’s lie in a low
dimensional subspace that changes slowly over time.

In some other applications, instead of there being outliers, parts of a data vector may be
missing entirely. When the (unknown) complete data vector is a column of a low-rank matrix,
the problem of recovering it is referred to as matrix completion (MC). For example, recovering
video sequences and tracking their subspace changes in the presence of easily detectable fore-
ground occlusions. If the occluding object’s intensity is known and is significantly different from
that of the background, its support can be obtained by simple thresholding. The background
video recovery problem then becomes an MC problem. A nuclear norm minimization (NNM)
based solution for MC was introduced in [4] and studied in [5]. The convex program here is to
minimize the nuclear norm of M subject to M and M agreeing on all observed entries. Since
then there has been a large amount of work on batch methods for MC and their correctness

results.

2.1.1 Problem Definition

Consider the online MC problem. Let T; denote the set of missing entries at time ¢t. We

observe a vector m; € R" that satisfies
my = IT’tIT‘tlet for ¢ = train + 1, train + 2, - -+, tmax- (21)

with the possibility that ¢y,,x can be infinity. Here £, is such that, for ¢ large enough (quantified
in Model 2.2.2), the matrix L; := [£1, £, ..., 4] is rank deficient. Notice that by defining my
as above, we are setting to zero the entries that are missed (see the notation section on page
11).

Consider the online RPCA problem. At time ¢ we observe a vector m; € R" that satisfies

my = Zt —+ @ for t = tirain + 1, ttrain + 2, ooy tmax- (22)



Here £; is as defined above and x; is the sparse (outlier) vector. We use 7; to denote the
support set of xy.

For both problems above, for t = 1,2,. .., tiain, We are given complete outlier-free measure-
ments m; = £; so that it is possible to estimate the initial subspace. For the video surveillance
application, this would correspond to having a short initial sequence of background only im-
ages, which can often be obtained. For ¢ > tyain, the goal is to estimate £; (or €; and x; in
case of RPCA) as soon as my arrives and to periodically update the estimate of range(L;).

In the rest of the paper, we refer to T; as the missing/corrupted entries set.

2.1.2 Related Work

Some other work that also studies the online MC problem (defined differently from above)
includes [6, 7, 8, 9]. We discuss the connection with the idea from [6] in Section 2.4. The algo-
rithm from [7], GROUSE, is a first order stochastic gradient method; a result for its convergence
to the local minimum of the cost function it optimizes is obtained in [9]. The algorithm of [8],
PETRELS, is a second order stochastic gradient method. It is shown in [8] that PETRELS
converges to the stationary point of the cost function it optimizes. The advantage of PETRELS
and GROUSE is that they do not need initial subspace knowledge. Another somewhat related
work is [10].

Partial results have been provided for ReProCS for online RPCA in our older work [11].
In other more recent work [12] another partial result is obtained for online RPCA defined
differently from above. Neither of these is a correctness result. Both require an assumption
that depends on intermediate algorithm estimates. Another somewhat related work is [13] on
online PCA with contaminated data. This does not model the outlier as a sparse vector but
defines anything that is far from the data subspace as an outlier.

Some other works only provide an algorithm without proving any performance results, e.g.,
[14].

We discuss the most related works in detail in Sec 2.3.3.
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2.1.3 Contributions

In this work we develop and study a practical modification of the Recursive Projected
Compressive Sensing (ReProCS) algorithm introduced and studied in our earlier work [11] for
online RPCA. We also develop a special case of it that solves the online MC problem. The main
contribution of this work is that we obtain a complete correctness result for ReProCS-based
algorithms for both online MC and online RPCA (or more generally, online sparse plus low-rank
matrix recovery). Online algorithms are useful because they are causal (needed for applications
like video surveillance) and, in most cases, are faster and need less storage compared to most
batch techniques (we should mention here that there is some recent work on faster batch
techniques as well, e.g., [15]). To the best of our knowledge, this work and an earlier conference
version of this [16] may be among the first correctness results for online RPCA. The algorithm
studied in [16] is more restrictive.

Moreover, as we will see, by exploiting temporal dependencies, such as slow subspace change,
and initial subspace knowledge, our result is able to allow for a more correlated set of miss-
ing/corrupted entries than do the various results for PCP [1, 2, 3] or NNM [5] (see Sec. 2.3).

Our result uses the overall proof approach introduced in our earlier work [11] that provided
a partial result for online RPCA. The most important new insight needed to get a complete
result is described in Section 2.4.3. Also see Sec. 2.3.3. New proof techniques are needed for
this line of work because almost all existing works only analyze batch algorithms that solve a
different problem. Also, as explained in Section 2.4, the standard PCA procedure cannot be
used in the subspace update step and hence results for it are not applicable.

As shown in [17], because it exploits initial subspace knowledge and slow subspace change,
ReProCS has significantly improved recovery performance compared with batch RPCA algo-
rithms - PCP [1] and [18] - as well as with the online algorithm of [14] for foreground and
background extraction in many simulated and real video sequences; it is also faster than the

batch methods but slower than [14].
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2.1.4 Notation

We use ’ to denote transpose. The 2-norm of a vector and the induced 2-norm of a matrix
are denoted by || - ||2. For a set T of integers, | 7| denotes its cardinality and T denotes its
complement set. We use () to denote the empty set. For a vector ®, 7 is a smaller vector
containing the entries of « indexed by 7. Define I'r to be an n x |T| matrix of those columns
of the identity matrix indexed by 7. For a matrix A, define Ay := AIy. For matrices P and
Q where the columns of Q are a subset of the columns of P, P\ Q refers to the matrix of
columns in P and not in Q.

For an nxn Hermitian matrix H, H YD U AU denotes an eigenvalue decomposition. That
is, U has orthonormal columns, and A is a diagonal matrix of size at least rank(H ) x rank(H).
(If H is rank deficient, then A can have any size between rank(H) and n.) For Hermitian
matrices A and B, the notation A < B means that B — A is positive semi-definite. We order
the eigenvalues of an Hermitian matrix in decreasing order. So A\ > A9 > -+ > A,

For integers a and b, we use the interval notation [a, b] to mean all of the integers between

a and b, inclusive, and similarly for [a, b) etc.

Definition 2.1.1. For a matriz A, the restricted isometry constant (RIC) §5(A) is the smallest

real number 65 such that
2 2 2
(1 =d5)llzllz < [[Az[]z < (1 + ds)l[z[|
for all s-sparse vectors x [19]. A vector x is s-sparse if it has s or fewer non-zero entries.

Definition 2.1.2. We refer to a matriz with orthonormal columns as a basis matrix. Notice

that if P is a basis matriz, then P'P = 1I.

Definition 2.1.3. For basis matrices P and P, define dif(P,P) = ||(I — PP')P||y. This

quantifies the difference between their range spaces.

If P and P have the same number of columns, then dif (15, P) = dif (P, 13), otherwise the

function is not necessarily symmetric.
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2.1.5 Organization

The remainder of the paper is organized as follows. In Section 2.2 we give the model and
main result for both online MC and online RPCA. Next we discuss our main results in Section
2.3. The algorithms for solving both problems are given and discussed in Section 2.4. The
discussion also explains why the proof of our main result should go through. Section 2.4.3
within this section describes the key insight needed by the proof and Section 2.4.4 gives the
proof outline. The most general form of our model on the missing entries set, 7;, is described
in Section 2.5. A key new lemma for proving our main results is also given in this section. The
proof of our main results can be found in Section 2.6. Proofs of three long lemmas needed for
proving the lemmas leading to the main theorem are postponed until Section 2.7. Section 2.8
shows numerical experiments backing up our claims. We discuss some extensions in Section

2.9 and give conclusions in Section 2.10

2.2 Assumptions and Main Results

Before we give our model on £;, we need the following definition.

Definition 2.2.1. Recall that m; = £; for t = 1,... tyain S the training data. Let Ao be

train

.. . tpons .
the minimum non-zero eigenvalue of % ik mym;’. That is
rain -

terain
AL i | > !
train - — mlﬂ 3 memmy

tons
train =1

1 ttrain
ttrain t=1

Define Ptmm to be the matriz containing the eigenvectors of mymy', with eigenval-

trains @8 1ts columns.

ues larger than or equal to A

We will use A\

train 1D OUr algorithms to set the eigenvalue threshold to both detect subspace

change and estimate the number of newly added directions. We also use j\t;ain to state the slow
subspace change assumption below. We will use Etrain as the initial subspace knowledge in the

algorithms.
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1 ty ta tj tj+1 ty tmax

Figure 2.1: A diagram of Model 2.2.2

2.2.1 Model on ¥;

We assume that £; is a vector from a slowly changing low-dimensional subspace that changes
in such a way that the matrix L; := [£1,£a,... 4] is low-rank for ¢ large enough. This can be
modeled in various ways. One possible model is given below. It assumes that £€;’s are zero
mean, bounded and mutually independent random variables with a covariance matrix that
is low-rank at each time and that changes “slowly” in the following fashion: (a) its column
subspace remains constant for a long enough time and then changes; (b) when it changes, the
number of newly added directions is small and the eigenvalues along the newly added directions

are small for d frames after the change.

Model 2.2.2 (Model on £;). Assume that the €; are zero mean and bounded random vectors
in R™ that are mutually independent over time. Also assume that their covariance matriz X

has an eigenvalue decomposition
Elt] = £, "X PAP/
where P; changes as

[Pi—1 Pinew| ift=1t1 ortyor ... t;
P, = (2.3)

P otherwise.

and Ay changes as follows. For t € [tj,tj+1), define At pew = Ptj,new’ZtPtj,new and assume
that

(At,new)i,i = (Ui)t_tjqij\t_min f07" = 1, e 7Tj,new (2.4)

where ¢; > 1 and v; > 1 but not too large *. We assume that (a) tj1—t; > d for ad > (K+2)a;

Y Our result would still hold if the v; were different for each change time (i.e. vj;). We let them be the same
to reduce notation.
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and (b) for all i, q;(v;)* < 3. Here K and o are algorithm parameters that are set in Theorem
2.2.7.
Other minor assumptions are as follows. (i) Define to := 1 and assume that tiain € [to,t1).

(ii) For j =0,1,2,...,J, define
rj:=rank(P;;) and 7Tjnew := 1ank(P; new)-

and assume that ry < min(n,tj1 —t;). This ensures that, for all t > rj, the matriz Ly is
low-rank. (iii) Define

AT = sup Amax (A¢)
t

as the mazimum eigenvalue at any time and assume that A\t < oo.
Observe from the above that Py is a basis matriz and Ay is diagonal. We refer to the t;’s

as the subspace change times.

A visual depiction of the above model can be found in Figure 2.1.
Define the largest and smallest eigenvalues along the new directions for the first d frames

after a subspace change as

)\-i-

new (= MaX Max  Amax (Agnew) and Ay,

: pew ‘=min  min - Apin (At new)
J t€tyti+d] Jt€ftyti+d]

The slow change model on Ay jew is one way to ensure that

)\‘;ain < A;ew

<A, <3 (2.5)

new train

i.e. the maximum variance of the projection of £; along the new directions is small enough for
the first d frames after a change. Also the minimum variance is larger than a constant greater
than zero (and hence detectable). The proof of our main result only relies on (2.5) and does
not use the actual slow increase model in any other way. The above inequality along with
tjit1 —t; > d > (K 4 2)a quantifies “slow subspace change”.

Notice that the above model does not put any assumption on the eigenvalues along the
existing directions. In particular, they do not need to be greater than zero and hence the
model automatically allows existing directions (columns of P, 1 for t € [t;,%;41)) to drop out

of the current subspace. It could be the case that for some time period, (A¢);; = 0 (for an
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i corresponding to a column of P, 1), so that the ith column of Py, is not contributing
anything to £; at that time. For the same index 4, (A);; could also later increase again to a
nonzero value. Therefore rg + Zgzl Tinew is only a bound on the rank of X for t € [t;,t;41),
and not necessarily the rank itself. A more explicit model for deletion of directions is to let P;
change as

[(131571 \ Pt,del) B,new] if t = tl or t2 or ... tJ
P = (2.6)

P_ otherwise.
where P, 4o contains the columns of P;_; for which the variance is zero. If we add the assump-
tion that [P, —1 Pi new Pionew --- Prynew| be a basis matrix (i.e. deleted directions cannot
be part of a later Pt].,new), then this is a special case of Model 2.2.2 above. We say special
case because this only allows deletions at times t;, whereas Model 2.2.2 allows deletion of old
directions at any time.
For t € [tj,tj41), let Py, := Py,_1 and Ay, = P; /3P, .. Observe that Model 2.2.2 does

not have any constraint on A; .. Thus if we assume that its entries are such that their changes

[Zep1—=Fefla

from ¢ to ¢t + 1 are smaller than or equal to ||A¢new — At+1newl|2, then clearly, AE <

(34 —1) for all ¢t € [t;,t; +d] and all j 2. Since d is large, the upper bound is a small
quantity, i.e. the covariance matrix changes slowly. For later time instants, we do not have
any requirement (and so in particular ¥; could still change slowly). Hence the above model

includes “slow changing” and low-rank 3J; as a special case.

2.2.2 Model on the set of missing entries or the outlier support set, 7;

Our result requires that the set of missing entries (or the outlier support sets), 7y, have
some changes over time. We give one simple model for it below. One example that satisfies
this model is a video application consisting of a foreground with one object of length s or less
that can remain static for at most 8 frames at a time. When it moves, it moves downwards

(or upwards, but always in one direction) by at least s/p pixels, and at most s/ps pixels. Once

2ThlS follows because HEtHQ 2 ||At,newH2 = maxi(vi)t_tj q1>\ and ||Et+1 — EtHQ S HAH'L“QW — At’neWHQ §

max;(v; — 1). Thus the ratio is bounded by max;(v; — 1) <

train
max; (v;)' ™ A (Vi — 1) < maxi(vi) ™Y i,
(3/qi)"% —1 < (3¢ — 1) since ¢; > 1.
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Figure 2.5: Examples of Model 2.2.3. (a) shows a 1D video object of length s that moves by
at least s/3 pixels once every 5 frames. (b) shows the object moving by s at every frame. (b) is
an example of the best case for our result - the case with smallest p, 5 (7;’s mutually disjoint)

it reaches the bottom of the scene, it disappears. The maximum motion is such that, if the
object were to move at each frame, it still does not go from the top to the bottom of the scene
in a time interval of length «, i.e. p%a < n. Anytime after it has disappeared another object

could appear. We show this example in Fig. 2.5.

Model 2.2.3 (model on T;). Let t*, with t* < t**1 denote the times at which T; changes and
let T denote the distinct sets. For an integer o (we set its value in Theorem 2.2.7), assume

the following.
1. Assume that T; = T™ for all times t € [t*,t*+1) with (tF+1 — %) < 8 and |TF| < s.
2. Let p be a positive integer so that for any k,
T A letel — g,

assume that

p*3 < 0.0la.
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3. For any k,
k+a

> |TIN T <
i=k+1
and for any k < i <k + «,

(T Tl A (7l T+ = ¢,

(One way to ensure Zf:rkaﬂ | TN T < nis to require that for all i, |[TE\ TEH| < -

with o <n.)
P2

In this model, k takes values 1,2, ...; the largest value it can take is tmax (this will happen if

Ti changes at every time).

Clearly the video moving object example satisfies the above model as long as p?3 < 0.01q.

3 This becomes clearer from Fig. 2.5.

2.2.3 Denseness

In order to recover the £;’s from missing data or to separate them from the sparse outliers,
the basis vectors for the subspace from which they are generated cannot be sparse. We quantify

this using the incoherence condition from [1]. Let p be the smallest real number such that

Hro

max | P,/ I||3 < for all j (2.7)

and  max [P e I3 < P22

Recall from the notation section that I; is the i*" column of the identity matrix (or i*" standard
basis vector). We bound prg and g7 new in the theorem.
2.2.4 Main Result for Online Matrix Completion

Definition 2.2.4. Recall that 7jnew = rank(Pi; new) and rj := rank(P;;). Define ey =

mMax; I'jnew, and r =1y + Jrpew.

3Let T: be the support set of the object (set of pixels containing the object). The first condition holds since
there is at most one object of size s or less and the object cannot remain static for more than S frames. Since it
moves in one direction by at least s/p each time it moves, this means that definitely after it moves p times, the
supports will be disjoint (second condition). The third condition holds because it moves in one direction and by
at most s/pz with > < n (so even if it were to move at each ¢, i.e. if 41 = tx +1 for all k, the third condition

will hold). Also see Fig. 2.5.
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Also define a; == Py'ly, and fort € [tj,tj11), Gtnew = P new £t Let

vi=max |atlloc  and  Ypew :=max max |la@snewl oo
t J t€tyti+d]

Notice that rank(L) = rank(P,, ) < r. Also, ||al|2 < /ry and fort € [tj,t; +d], ||atnewl2 <

vV Tnew Vnew -

The following theorem gives a correctness result for Algorithm 1 given and explained in
Section 2.4. The algorithm has two parameters - o and K. The parameter « is the number of
consecutive time instants that are used to obtain an estimate of the new subspace, and K is the

total number of times the new subspace is estimated before we get an accurate enough estimate

train and P, .. defined in Definition 2.2.1 and m; as inputs.

of it. The algorithm uses A

Theorem 2.2.5. Consider Algorithm 1. Assume that my satisfies (2.1). Pick a ¢ that satisfies

_[1071 0.03M, 1 A
Cgmm{ 2 7,2)\+a L 74332 :

Suppose that the following hold.
1. dif(P,,,,, , Pi...) < roC (notice from Model 2.2.2 that P, . = Py, = Py);

2. The algorithm parameters are set as:

K = [%-‘ ; and a = C(log(6(K + 1)J) + 11log(n)) for a constant

16,1.2 /Tnew Ynew) !
C> Copa 1= 32 - 1002 216 (‘/Zf Toew? S} (2.8)
(Tnewc)‘t_rain>

3. (Subspace change) Model 2.2.2 on £; holds;

4. (Changes in the missing/corrupted sets T;) Model 2.2.3 on T; holds or its generalization,

Model 2.5.1 (given in Section 2.5), holds;

5. (Denseness and bound on s, 1o, Tnew) the bounds in (2.7) hold with 2s(ro + Jrpew)it <

0.09n and 2srpewpt < 0.0004n;

Then, with probability at least 1 —n™19, at all times t,

1. Hét - BtHQ <12 (\/Z"’ V T'new new)
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2. the subspace error SE; = ||(I — Ptlf’t')PtHg is bounded above by 1072\/C for t € [t; +

d,tis).

Proof. The proof is given in Sections 2.6 and 2.7. As shown in Lemma 2.5.2, Model 2.2.3 is a
special case of Model 2.5.1 (Model 2.5.1 is more general) on 7;. Hence we prove the result only

using Model 2.5.1. X

Theorem 2.2.5 says that if an accurate estimate of the initial subspace is available; the two
algorithm parameters are set appropriately; the £;’s are mutually independent over time and
the low-dimensional subspace from which #; is generated changes “slowly” enough, i.e. (a) the
delay between change times is large enough (d > (K + 2)«) and (b) the eigenvalues along the
newly added directions are small enough for d frames after a subspace change (so that (3b)
holds); the set of missing entries at time ¢, 7;, has enough changes; and the basis vectors that
span the low-dimensional subspaces are dense enough; then, with high probability (w.h.p.),
the error in estimating £; will be small at all times ¢. Also, the error in estimating the low-
dimensional subspace will be initially large when new directions are added, but will decay to a
small constant times /¢ within a finite delay.

Consider the accurate initial subspace assumption. If the training data truly satisfies m; =
£; (without any noise or modeling error) and if we have at least 7y linearly independent £;’s
(if £,’s are continuous random vectors, this corresponds to needing tiain > ro almost surely),
then the estimate of range(P;,,,, ) obtained from training data will actually be exact, i.e. we
will have dif (P, , P;,... ) = 0. The theorem assumption that dif(P,, ., P, ) < ro( allows
for the initial training data to be noisy or not exactly satisfying the model. If the training
data is noisy, we need to know 7y (in practice this is computed by thresholding to retain a

certain percentage of largest eigenvalues). In this case we can let Ao

train D€ the ro-th eigenvalue

1 Lerain / » :
of =) =" mym;’ and P, be the ro top eigenvectors.

The following corollary is also proved when we prove the above result.

Corollary 2.2.6. The following conclusions also hold under the assumptions of Theorem 2.2.5

or 2.2.7 with probability at least 1 —n~'0
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1. The estimates of the subspace change times given by Algorithm 1 satisfyt; < fj < tj+2a,
forj=1,...,J;

2. The estimates of the number of new directions are correct, i.e. Tjnewk = Tjnew JfOT

j=1L...,Jandk=1,... K;

3. The recovery error satisfies:

1.2 (V< + \/Tnew new) t € [t;, 1]
) 1.2 (1.84V/C + (0.83)F 7! rnewmew)  t € [t; + (k — Do, tj + ka — 1],
[1€: — £i]|2 <
k=1,2,...,K
2.4y/C telt;+Katin—1];

4. The subspace error satisfies,

¢

1 t e [tj,fj]
1072/ +0.83"1 te[t;+ (k— Do, tj +ka—1],
SE; <
k=1,2,....K
1072\/6 te [fj + Ka,tjq — 1] .

2.2.5 Main Result for Online Robust PCA

Recall that in this case we assume that the observations m; satisfy m; = £, + x; with the
support of x¢, denoted T¢, not known. We have the following result for Algorithm 2 given and
explained in Section 2.4. This requires two extra assumptions beyond what the previous result
needed. For the matrix completion problem, the set of missing entries is known, while in the
robust PCA setting, the support set, 7;, of the sparse outliers, x;, must be determined. We
recover this using an ¢; minimization step followed by thresholding. To do this correctly, we
need a lower bound on the absolute values of the nonzero entries of ;. Moreover, Algorithm
2 has two extra parameters - £, which is the bound on the two norm of the noise seen by the
/1 minimization step, and w, which is the threshold used to recover the support of x;. These

need to be set appropriately.
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Theorem 2.2.7. Consider Algorithm 2. Assume that my satisfies (2.2) and assume everything

else in Theorem 2.2.5. Also assume

1. The two extra algorithm parameters are set as: € = \/TnewTnew + (VT + /Tnew)VC and
w=TE

2. We have Ty = ming ming. ), 20 [ ()i > 14§

Then with probability at least 1 —n=19,

1. all conclusions of Theorem 2.2.5 and Corollary 2.2.6 hold;
2. the support set T; is exactly recovered, i.e. T =T, for all t;

3. ||@r — @lla = |€ — Lill2 and ||£; — &2 satisfies the bounds given in Theorem 2.2.5 and

Corollary 2.2.6.

The second assumption above can be interpreted as either a lower bound on xyj,, or as an
upper bound on y/Thew Ynew in terms of ;. This latter interpretation is another “slow subspace
change” condition. For the x;’s, this result shows that their support is exactly recovered w.h.p.

and its nonzero entries are accurately recovered.

2.2.6 Simple Generalizations

Consider the subspace change model, Model 2.2.2. For simplicity we put a slow increase
model on the eigenvalues along the new directions for the entire period [t;,t;41). However,
as explained below the model, the proof of our result does not actually use this slow increase

model. It only uses (3b), i.e. Ar < A < Ay < 3A0 Recall that A

+
train — 7‘new and A are

new = 9train- new new
the minimum and maximum eigenvalues along the new directions for the first d frames after a
subspace change. Thus, in the interval [t; + d + 1,¢;41) our proof actually does not need any
constraint on Ay pew.

With a minor modification to our proof, we can prove our result with an even weaker
condition. We need (3b) to hold with A, being the minimum of the minimum eigenvalues of

new

any a-frame average covariance matrix along the new directions over the period [t;,t; +d], i.e.
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With Ay, = ming minq¢y, ;44 a] )\min(é Zz;a_l At new). For video analytics, this translates

to requiring that, after a subspace change, enough (but not necessarily all) background frames
have ‘detectable’ energy along the new directions, so that the minimum eigenvalue of the
average covariance is above a threshold.

Secondly, we should point out that there is a trade off between the bound on g;v;%, and
consequently on Al , in Model 2.2.2 and the bound on p?3 assumed in Model 2.2.3. Allowing
a larger value of g;u;¢ (faster subspace change) will require a tighter bound on p?3 which
corresponds to requiring more changes to 7;. We chose the bounds q,-(vi)d < 3 and pzﬁ < .0la
for simplicity of computations. There are many other pairs that would also work. The above
trade-off can be seen from the proof of Lemma 2.6.14. The proof uses Model 2.5.1 of which
Model 2.2.3 is a special case. For video analytics, this means that if the background subspace
changes are faster, then we also need the foreground objects to be moving more so we can ‘see’
enough of the background behind them.

Thirdly, in Model 2.2.2 we let P,A; P,/ be an EVD of ¥;. This automatically implies that
A, is diagonal. But our proof only uses the fact that A, is block diagonal with blocks A; , and
Ay new- If we relax this and we let P,A; P/ be a decomposition of X; where A; is block diagonal
as above, then our model allows the variance along any direction from range(P;, 1) to become
zero for any period of time and/or become nonzero again later. Thus, in the special case of
(2.6) we can actually allow P; = [(P—1R; \ P, de1) Pinew|, where Ry is an 71 X 7;_1 rotation
matrix and P, q¢ contains the columns of P;_1R; for which the variance is zero. This will be
a special case of this generalization if [P}, 1 P}, new Piynew --- Py new| is a basis matrix.

Lastly, the first condition of the theorem requires that we have accurate initial subspace
knowledge. As explained below the theorem, this means that we can allow noisy training data.
Moreover, notice that if we let 1 = tirain + 1, then new background directions can enter the
subspace at the same time as the first foreground object. Said another way, all we need is an
accurate enough estimate of all but e directions of the initial subspace, and an assumption
of small eigenvalues for sometime (d frames) along the directions for which we do not have an

accurate enough estimate (or do not have an estimate).
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Now consider the denseness assumption. Define the (un)denseness coefficient as follows.
Definition 2.2.8. For a basis matriz P, define ks(P) = |r%a<x | I P||2.
<s

Notice that left hand side in (2.7) is [s1(P)]?. Using the triangle inequality, it is easy to
show that ks(P) < y/sk1(P) [11]. Therefore, using the fact that for a basis matrix [P; P,
(ks([P1 P2)))? < (ks(P1))? + (ks(Py))? (see proof of the first statement of Lemma 2.C.2 in

Appendix 2.C), the denseness assumptions of Theorem 2.2.7 imply that
Ksw = kos(Py;) <03 and kg new = max kos( Py, new) < 0.02. (2.9)
J

The proof of Theorem 2.2.7 only uses (2.9) for the denseness assumption.

The reason for defining k4 as above is the following lemma from [11].

Lemma 2.2.9 ([11]). For a basis matriz P, §(I — PP') = (k4(P))*.

2.3 Discussion

2.3.1 Discussion of the assumptions used

In the previous section, we provide two related results, one for online matrix completion
(MC) and the second for online robust PCA (RPCA). The result for online RPCA can also be
interpreted as a result for online sparse matrix recovery in (potentially) large but structured
noise £;. Notice that our result does not require an upper bound on A* (the maximum eigenvalue
of Cov(€;) at any time) or on ~ (the bound on the maximum magnitude of any entry of P/¢,
for any time t¢). Both these parameters are only used to select ¢, which in turn governs the
value of K and « and hence governs the required delay between subspace change times.

Our results require accurate initial subspace knowledge. As explained earlier, for video
analytics, this corresponds to requiring an initial short sequence of background-only video
frames whose subspace can be estimated via SVD (followed by using a singular value threshold
to retain a certain number of top left singular vectors). Alternatively if an initial short sequence
of the video data satisfies the assumptions required by a batch method such as PCP (for RPCA)

and NNM (for MC), that can be used to estimate the low-rank part, followed by SVD to get
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the column subspace. For online MC, another alternative is to use the initialization techniques
of GROUSE [7] or PETRELS [8] or to use the adaptive MC idea of [10].

In Model 2.2.2, we are placing a slow increase assumption on the eigenvalues along the new
directions, P; jmews for the interval [tj, tj+1). Thus after ¢, the eigenvalues along P; Jomew Can
increase gradually or suddenly to any large value up to A™T. In fact as explained above, our
proof needs the slow increase to hold only for the first d time instants after ¢;, so, in fact, at
any time after t; + d, the eigenvalues along P, new could increase to a large value.

Model 2.2.3 on T; is a practical model for moving foreground objects in video. We should
point out that this model is one special case of the general set of conditions we need (Model
2.5.1). Some other special cases of it are discussed in Section 2.9.

The model on 7; (Model 2.2.3) and the denseness condition of the theorem constrain s
and 8,70, Thew, J respectively. Model 2.2.3 requires s < pan/a for a constant ps. Using the
expression for «, it is easy to see that as long as J € O(n), we have a € O(logn) and so Model

2.2.3 needs s € O(-2—). With s € O(;-2-), the denseness condition will hold if o € O(logn),

logn logn

J € O(logn) and ey is a constant. This is one set of sufficient conditions that we allow on

the rank-sparsity product.

2.3.2 Comparison with the results for PCP and NNM

Let L := [€1,£2,...,4,..] and S = [x1,x9,..., 2, ] Let rmae = rank(L). Clearly
Tmat < 7o + JTnew and the bound is tight. Let spat := tmaxs be a bound on the total number
of missing entries of L or on the support size of the outliers’ matrix S. In terms of ry,; and
Smat, What we need is rpat € O(logn) and Spat € O(%). This is stronger than what the
PCP result from [1] or the result for NNM from [5] need (e.g., the PCP result from [1] allows
Tmat € O (ﬁ) while allowing spat € O(ntmax)), but is similar to what the PCP results
from [2, 3] need.

Other disadvantages of our result are as follows. (1) Our result needs accurate initial
subspace knowledge and slow subspace change of £;. As explained earlier and in [11, Fig. 6],

both of these are often practically valid for video analytics applications. Moreover, we also

need the £;’s to be zero mean and mutually independent over time. Zero mean is achieved
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by letting £; be the background image at time ¢ with an empirical ‘mean background image’,
computed using the training data, subtracted out. The independence assumption then models
independent background variations around a common mean. As we explain in Section 2.9, this
can be easily relaxed and we can get a result very similar to the current one under a first order
autoregressive model on the £;’s. (2) Moreover, Algorithms 1 and 2 need multiple algorithm
parameters to be appropriately set. The PCP or NNM results need this for none [1, 5] or at
most one [2, 3] algorithm parameter. (3) Thirdly, our result for online RPCA also needs a lower
bound on zp,;, while the PCP results do not need this. (4) Moreover, even with this, we can
only guarantee accurate recovery of £;, while PCP or NNM guarantee exact recovery.

The advantages of our work are (1) that we analyze an online algorithm (ReProCS) that is
faster and needs less storage compared with PCP or NNM. It needs to store only a few n x «
or n X Tmat matrices, thus the storage complexity is O(nlogn) while that for PCP or NNM
is O(ntmax). In general tp.x can be much larger than logn. (2) Moreover, we do not need
any assumption on the right singular vectors of L while all results for PCP or NNM do. (3)
Most importantly, our results allow highly correlated changes of the set of missing entries (or
outliers). From the assumption on 7, it is easy to see that we allow the number of missing
entries (or outliers) per row of L to be O(tmax) as long as the sets follow Model 2.2.3%. The
PCP results from [2, 3] need this number to be O(f}:ﬁ) which is stronger. The PCP result
from [1] or the NNM result [5] need an even stronger condition - they need the set (U%*7;) to

be generated uniformly at random.

2.3.3 Other results for online RPCA and online MC

Our online RPCA result improves upon the online RPCA results from our earlier work [11]
for two reasons. First, the result of [11] was a partial result because it required a denseness
assumption on (I — Ptj,nethj,new’)Pt and (I — If’t,*lf’t,*’ — 13t7new}%g7new’)ﬂj7new. Here If’t* and
Hmew are estimates computed by Algorithm 2. Thus, the result depended on intermediate

algorithm estimates satisfying certain properties. In this work, we remove this requirement

“In a period of length «, the set 7; can occupy index i for at most pB time instants, and this pattern is
allowed to repeat every « time instants. So an index can be in the support for a total of pS t“‘ﬁ time instants
and the model assumes pf < % for a constant p.
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and instead provide a complete correctness result. The extra assumption that we need is Model
2.2.3 on T; (or its generalization given in Model 2.5.1 later). Secondly, we provide a correctness
result for a ReProCS-based algorithm that detects subspace change automatically and also
estimates the rank of the new subspace automatically. The algorithm studied in [11] required
knowing ?; and r; new exactly for each j. Algorithms 1 and 2 in this work only require upper
bounds on Tyew, Ynew and J (these are needed to set the algorithm parameters - « and K for
Algorithm 1, and also ¢ and w for Algorithm 2) and a small enough ¢ (need bounds on r, A"
and v to set this). A third minor advantage is that we also provide an algorithm and a result
for online MC.

The proof of our results adapts the overall framework developed in [11]. The two important
additions are: (a) Model 2.5.1 and Lemma 2.5.3 for it, and the way it is used in the proof
of Lemma 2.6.23; and (b) the detection lemma (Lemma 2.6.17), the no false detection lemma
(Lemma 2.6.16) and the p-PCA lemma (Lemma 2.6.18) and the lemmas used to prove these.
(a) allows us to get a complete correctness result; (b) allows us to analyze an algorithm that
does not use knowledge of ¢; or 7 new-

In [20], Feng et. al. propose a method for online RPCA and prove a partial result for their
algorithm. The approach is to reformulate the PCP program and use this reformulation to
develop a recursive algorithm that converges asymptotically to the solution of PCP as long as
the basis estimate P, is full rank at each time ¢. Since this result assumes something about the
algorithm estimates, it is also only a partial result.

Another recent work that uses knowledge of the initial subspace estimate and performs
recovery in a piecewise batch fashion is modified-PCP [21]. However, like PCP, the result for
modified PCP also needs uniformly randomly generated support sets. Its advantage is that its
assumption on the rank-sparsity product is weaker than that of PCP, and hence weaker than
that needed by this work. A detailed simulation comparison between modified-PCP, ReProCS
and PCP demonstrating both these things is available in [21, Fig. 6].

Some other recent works that also study the online MC problem (defined differently from
how we define it) include [6], Grassmanian Rank-One Update Subspace Estimation (GROUSE)

[7] and Parallel Subspace Estimation and Tracking by Recursive Least Squares From Partial
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Observations (PETRELS) [8]. We discuss the connection with [6] in Section 2.4. GROUSE
is a first order stochastic gradient method. It uses rank-one updates to track the underlying
subspace on the Grassmannian manifold. A result for its convergence to the local minimum
of the cost function it optimizes is obtained in [9]. PETRELS is a second order stochastic
gradient method. As explained in [8], in PETRELS, the low-dimensional subspace is tracked
by minimizing a geometrically discounted sum of projection residuals on the observed entries
at each time index. If missing entries are required then they can be reconstructed via least
squares estimation. The subspace is updated recursively so that it is not necessary to retain
historical data indefinitely. If the underlying subspace is fixed and the data stream is fully
observed, then it is shown that the PETRELS estimate converges to the true subspace. In
general, it always converges to the stationary point of the cost function it optimizes [8]. The
advantage of PETRELS and GROUSE is that they do not need initial subspace knowledge.
For our algorithms, when the initial subspace knowledge is not available or initial complete
and outlier-free data is not available, we can also use the PETRELS or GROUSE ideas for

initialization.

2.4 Automatic ReProCS Algorithms for Online MC and Online RPCA
and Why They Work

In this section, we first introduce the automatic ReProCS based algorithm for online MC
and explain why it works (this also provides the key idea why the proof of our main result
would go through). Next, we do the same thing for the online RPCA algorithm. In the last
two subsections (Sections 2.4.3 and 2.4.4), we explain the key insight used by our proof and

give the proof outline.

2.4.1 Automatic ReProCS for Online MC (Algorithm 1)

The model on m; from (2.1) is a special case of that from (2.2) with @; = —I; I7;'¢; and
with the support of x;, Ty known [1]. Thus, we can use a simplification of the ReProCS idea

for online RPCA [11] to also solve the online MC problem.
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Algorithm 1 proceeds as follows. Let Pt_l denote the basis matrix for the estimate of the
subspace where £;_1 lies. If it is an accurate estimate, because of “slow subspace change”,
projecting the measurement m; = x; + £; onto its orthogonal complement will nullify most of
£;. Specifically, we compute y; := ®;m; where ®, := I — 1575_11%_1’. Thus, y; can be rewritten
as

yr = Py + by where by := P4,

and it can be argued that ||b;||2 is small. Since the support of @;, T;, is known, we can simply
recover its nonzero entries by least squares (LS) estimation, i.e. we get @; = I7;(®;)7 y: and
then get an estimate of £; as ¢, = m; — &,. The above approach of recovering #; is equivalent
to that used by Brand in [6]; there they recover £; as an LS estimate of PPt ~ ¢,

Let e, := 4, — ét. With the above, it is easy to see that
er = I, (®,)7; by = I1,[(®1) 7 (1) 7] 17, @

Using the denseness assumption, it can be argued that the RIC of ®; will be small (see Lemma
2.2.9). Under the theorem’s assumptions, and conditioned on accurate recovery so far, we can
bound it by 0.14. Thus, H(<I>t)7-t’(<1>t)%1\|2 <1/(1—-0.14) < 1.2 and so ||e¢]|2 < 1.2||by]|2, i.e. it
is small too (see Lemma 2.6.15).

Projection-PCA (p-PCA). The next step is to use a modification of standard PCA called
projection-PCA (p-PCA), to update the subspace estimate. The reason we need p-PCA is
this. Let ), denote a sum over an « length time interval. In our problem, the error, e,
in the observation/estimate of £, ét, is correlated with £;. Because of this, the dominant
terms in the perturbation seen by standard PCA, é Do 0.0, — é >, 0k, are é > Lrei and its
transpose®. Thus, when the condition number of Cov(¢;) is large, it becomes difficult to argue
that the perturbation will be small compared to the smallest eigenvalue of Cov(£;). With a
large perturbation, either the sin @ theorem [22] (that bounds the subspace error between the
eigenvectors of the true and estimated sample covariance matrices) cannot be applied or it gives

a useless bound.

®When £; and e; are uncorrelated and one of them is zero mean, it can be argued by law of large numbers
that, whp, these two terms will be close to zero and é >, eter’ will be the dominant term.
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Our proposed approach, projection-PCA (p-PCA) addresses the above issue as follows. At
t =tj, let Py := P;,_,, Phew := Py new, and suppose that the subspace range(P;) has been
accurately recovered, i.e. we have 15* so that dif (15*, P,) < 1. Then at a time at or after ti+aif
we project the a previous ét’s perpendicular to 15*, we will considerably reduce the perturbation
seen by the PCA step. We detect subspace change by checking if the maximum singular value of
the matrix formed by these projected ;s is above a threshold. Denote the time at which change
is detected by fj. After fj we use SVD on K different sets of « frames of the projected 4,s to get
improved estimates of the new subspace range(Pyew) in each iteration. To be precise, we get the

k-th estimate, Poey k, as the left singular vectors of (I — P*P*’)[é£j+(k_1)a+1, e ’et}-+ka] with
singular values above a threshold. After each p-PCA step, we update P oas P, = [15* Pnew,k].
Finally at time t = fj + Ka, we update P, as [15* PneW,K].

In the subspace update step, Algorithm 1 toggles between the “detect” phase and the
“ppca” phase. It starts in the “detect” phase. When a subspace change is detected, i.e. at
t = fj it enters the “ppca” phase. After K iterations of p-PCA, i.e. at t = fj + Ka + 1, the
new subspace has been accurately estimated and this time it enters the “detect” phase again.

Why p-PCA works. The reason p-PCA works is as follows. Before the first p-PCA step,
ie. fort e [tj, fj + ), P, = P, and thus the noise seen by the projected sparse recovery step,
by=®L = (I—- P.P,/ )€;, will be the largest. Hence the error e; will also be the largest for the
£,’s used for the first p-PCA step. However because of the projection perpendicular to P, and
slow subspace change, even this error is not too large. Because of this and because e; is sparse
and supported on T; and 7; follows Model 2.2.3, we can argue that lf’new,l is a good estimate,
i.e. dif([ﬁ* Pnew,l], P,ew) < 0.2 < 1. After the first p-PCA step, P = [P* Pnew,l] and this will
reduce b; and hence e; for the ét’s in the next « frames. This and the sparseness of e;, in turn,
will mean that the perturbation seen by the second p-PCA step will be smaller and so Pnew,g
will be a more accurate estimate of range(Pyey) than Pnew,l. This is done K times with K
chosen so that dif ([15* Pnew, K5 Paew) < Thew(. By the theorem assumptions, and because we
can show t; < fj < tj + 2a (we explain this below), it is clear that ¢;,1 > fj + Ka. Thus, the

new subspace added at ¢; is accurately estimated before the next change time ;1.
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Why fj are correctly detected. As explained above, we detect subspace changes by compar-

ing the eigenvalues of (I — P, P,/ D 2,8/ (I—P,P,) to a chosen threshold at every t = ua for

u=1,2,..., Lt‘gj"J when the algorithm is in the “detect” phase. In order to correctly detect fj,
the algorithm first must not falsely detect new directions when none are present and it must de-
tect subspace change within a short delay after it has occurred. The former will occur because
conditioned on accurate recovery of the current subspace, (I — P, P,/ )3, 28/ (I-P,P,)) will
have very small eigenvalues when no new directions are present. If the recovery were exact and
no new directions present, this matrix would be zero. In our case, the recovery is only accurate
and so we show that all eigenvalues of this matrix will be below the chosen threshold (see
Lemma 2.6.16). Next consider detection of the subspace change after it has occurred. When
U= uj = [%-‘ , i.e. when ¢; is in the interval ((u— Da+1, ua], not all of the £,’s in this interval
will contain new directions. Thus, depending on where in the interval ¢; lies, the algorithm
may or may not detect the subspace change. However, in the next interval, [uja+1, (u; +1)a],
all of the £,’s will contain new directions, and we can prove that the subspace change will be
detected w.h.p. (see Lemma 2.6.17). Thus, w.h.p., either #; = u;«, or {; = (u; + 1)a. Thus,

we will be able to show that ¢; < fj <t; +2a w.h.p.

A visual description of Algorithm 1 is shown in Fig. 2.6. This figure uses Definition 2.6.4.
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Algorithm 1 ReProCS for Online MC

Parameters: , K, Inputs: Py, , A o> ™Mt for each t, Output: £;, Py, fj, 75 new,k

Let thresh = )‘;% (this is the eigenvalue threshold that will be used to detect subspace change).
Set P, < Py,...., Pinew < [.], ] < 0, phase < detect.
For every ¢ > ti;ain, do the following:

e Compute y; + ®;m; where ®; < I — PPy
e Estimate Et: ét — my — I’];((‘I)t)'];)'fyt
e If t mod o 3& 0 then IA)t,* — 13’1%—1,*7 H,new <~ P1&—1,1115-W7 1315 — [Pt,* Pt,new]

e If ¢t mod o = 0 then detection or projection PCA
If phase = detect then

A ~

1. Set u = g and compute D,, = (I — pua—l,*f)ua—l,*/)[f(u71)a+17 ol
2. pt,* — IA)tfl,*’ E,new — If)tfl,newa f)t — [Pt,* pt,new]
3. If Amax(é’Du’Du’) > thresh then

phase < ppca, < 7+ 1, k + 0, fj:t

Else (phase = ppca) then

1. Set u = % and compute D, = (I — Pua—l,*pua—l,*/)[f(u_1)a+1, ol
2. 1%7new + eigenvectors (é’Du’Du’,threSh), Pt,* — 1575_17*7 P« [Pt* Pt,new]
3. k< k+1, set 7 pews = rank(P, o)
4. If k=K, then o
phase < detect, P, , < P, P, ew <[]

eigenvectors(,M, thresh) returns a basis matrix for the span of all eigenvectors whose eigenvalue
is above thresh.

2.4.2 Automatic ReProCS for online RPCA (Algorithm 2)

For online RPCA the only difference is that the support for @, 7z, is not known. Hence we
first recover @; by ¢; minimization (or any other sparse recovery method) and then estimate

its support by thresholding. The rest of the steps remain the same as above.

2.4.3 Key Insight for the Proof

The argument given while explaining why p-PCA works in Section 2.4 can be formalized

to show that, w.h.p., a subspace change is detected only after a change has occurred and



32

Algorithm 2 ReProCS for Online RPCA

Parameters: a, K, &, w, Inputs: Htmm, A my for each t, Output: ét, lf’t, fj

t:rain7
Let thresh = % Set P, P;, ., Pinow <[], 7 0, phase « detect.
For every ¢ > tiyain, do the following:

e Estimate 7; (the support of the outlier vector x;) and x;.

1. compute y; < ®;m; where &, « I — P,_1P,_¢

2. solve ming |||[1 s.t. ||y — Prx|]2 < & and let ;¢ denote its solution
3. compute T; = {i: [(@tes)il > w}

4. LS estimate of x;: compute &; = Iﬁ((in)ﬁ)Tyt

e Use all steps of Algorithm 1 with T; + T;.

within 2« frames of the change; and that the subspace recovery error, SE;, will decay roughly
exponentially with each p-PCA iteration and become small enough after K iterations. To
do this we will use the sin@ theorem [22] (Lemma 2.6.20) followed by the matrix Hoeffding
inequality [23] (Lemmas 2.7.5, 2.7.6)) to get high probability bounds on each of the terms in
the subspace error bound obtained by the sin # theorem.

While applying the matrix Hoeffding inequality, we need to use the following key insight
about the structure of E[2 >, (I — P.P.)te,/]. This matrix is the dominant term in the
perturbation seen by the k-th p-PCA step. Here E[.] denotes expectation conditioned on
accurate subspace recovery so far and ), denotes the sum over t € [¢; + (k — 1)a+ 1,%; + ka].
The model on 7; and the fact that e; is supported on 7; can be used to show that this matrix
can be written as the product of a full matrix and a block-banded matrix: for example when
p = 1, the block-banded matrix will be block-diagonal, when p = 2, it will be block-tridiagonal,
and so on. Also, E[1 3", e;e,/] will be a block banded matrix. The 2-norm of a block banded
matrix is bounded by the maximum norm of any block times the number of bands in it and
hence is much smaller than that of a general full matrix.

The lemma that exploits the structure of a block-banded matrix generated due to the model
on 7; is Lemma 2.5.3 given in Sec 2.5. This lemma is used to bound E[2 3~ (I — PPVt

and E[1 Y, e;e//] in the proof of Lemma 2.6.23 in Section 2.7.
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2.4.4 Proof Outline

We will only prove Theorem 2.2.7. Theorem 2.2.5 follows as a corollary of Theorem 2.2.7
because of the following reasons. (1) Algorithm 1 does not compute @; or its support 7;. For
the matrix completion problem, 7y is given. Thus it does not use the parameters £ (which is the
noise bound in the ¢; minimization step) and w (which is the support estimation threshold).
(2) The bound on x,;, and the values of the parameters £ and w are only used in the proof of
Lemma 2.6.15 to show exact support recovery, i.e 7; = T;. Since for matrix completion 7; is
given, Theorem 2.2.5 does not need need the lower bound on xyy.

The proof of Theorem 2.2.7 is given in Sections 2.6 and 2.7. Before this, in the next section
(Section 2.5) we give the most general model on changes in the missing/outlier entries’ set Ty,
Model 2.5.1, and we show that Model 2.2.3 is a special case of this model. Next, we give a key
lemma for sums of sparse matrices supported on rows and columns indexed by 7; satisfying
this model (Lemma 2.5.3).

Section 2.6 begins with defining various quantities needed for the proof. Next, we state the
main lemmas used to prove the theorem, followed by the theorem’s proof. There is a main
lemma associated with each of the three main tasks of the algorithm: 1) accurately recovering
x; and hence £; at each time t (Lemma 2.6.15), 2) detecting (subspace change) when and
only when the subspace has changed, i.e. new directions have been added to the subspace
(Lemmas 2.6.17 and 2.6.16), and 3) successfully estimating the dimension of the new subspace
and updating its estimate by p-PCA (Lemma 2.6.18). To maintain the flow of the argument,
we defer the proofs of these lemmas to the end of the section or to the appendix.

The proofs of Lemmas 2.6.21, 2.6.22, and 2.6.23 that are used together to prove Lemmas
2.6.17, 2.6.16 and 2.6.18 are rather long and are given in section 2.7. The proof of Lemma

2.6.23 uses Lemma 2.5.3 from Section 2.5.



34

2.5 Most General Model on Changes in 7; and a Key Lemma

2.5.1 Most General Model on Changes in 7;

Here we give our most general model on how 7T; (the set of missing entries or the support
set of x;) can change. What we need to prevent is T; occupying the same indices for too many
time instants in a given interval. If 7; does not change ‘enough’ in a time interval of length «,
we will be unable to see enough entries of a given index of £; in order to be able to accurately
fill in the missing ones.

The following model quantifies ‘enough’ for our purposes. The number of time instants for
which an index is part of 7; is determined both by how often this set changes, and by how
much it moves when it changes. The latter is parameterized by p which controls how much the
set moves when it changes. For example p = 1 would require that distinct sets be disjoint, and
p = 2 would mean that at least half of the set is displaced whenever it changes. The parameter
h* € (0,1) represents the maximum fraction of time for which the set remains in a given area
in a time interval of length . The smaller h™, the more frequently the set will need to change

in order to satisfy the model. Our result requires a bound on the product p?h?.

Model 2.5.1. Let p be a positive integer. Split [1,tmax] into intervals of length o. Use T, :=
[(u—1)a+1,ual to denote the u-th interval. For a given interval, Jy, let Ty, fori=1,...,1,
be mutually disjoint subsets of {1,...,n} and let Tyt = 1,2,...,0, be a partition® of the

interval J,, so that

for allt € Ty us Tt C Ty Y Tig1)u Y U Tigp—1)u - (2.10)
Define
hay (Oé; {Ini),u}i:l,...,luv {kﬁi),u}izl,...,lu) = Z=I1I,122TXlu ’\-7(1),u} (2'11)

and define h}(a) which takes the minimum over all choices of T(i).u and over all choices of the

6i.e. the Jiy,u’s are mutually disjoint intervals and their union equals J.,
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partition J(;y -

h(a) := min h (Oz' Ty b N T )
w(®) = oices of mutualty 1D Fowizta g el {Toyatizt, s AT i1, 10
and all choices of mutually disjoint J(;),,t =1,2,...1u

so that Uiilj(i),u = Ju and (2.10) holds

(2.12)

Assume that |T{| < s and that for allu=1,..., [tmax]

07

.01
hi(a) < hta with hT < Op(;

In the above model, h}(«) provides a bound on how long 7; remains in a given “area”,
Tiiyu Y Ti41)u Y+ - UT(i4p—1),u during the interval 7, for the best allocation of 7;’s to a given
“area” and the best choice of the “areas.”

Notice that (2.10) can always be trivially satisfied by choosing I, = 1, T1), = {1,...,n}
and J(1y,4, = Ju, but this will give hy(c;.) = a and hence is not a good choice. This is why we

take a minimum over all choices.

Lemma 2.5.2. Model 2.2.3 is a special case of Model 2.5.1 above with h* = g

o
The proof is in Appendix 2.A.

Some other special cases of the above model are discussed in Section 2.9.

2.5.2 A Key Lemma that uses Model 2.5.1

Lemma 2.5.3. Let sy = |T¢|. Consider a sequence of s; X s; symmetric positive-semidefinite
matrices Ay such that ||A¢lle < ot for all t. Assume that the T; obey Model 2.5.1. Let

M = Z I, A Iz be an n x n matriz (I is an n x n identity matriz). Then
t€Ju

[M]|2 < p*htact < 0.016%a

Proof. We will first prove the lemma for the special case when p = 2. After this, we will
show how to generalize the proof when p > 2. For a given u, let Ty ,, i = 1,2,...1, and
correspondingly J;),, denote the best choices, i.e. the choices that attain the minimum values

in the definition of A («).
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In the rest of the proof, we remove the subscript w from [, and from 7;),’s for ease of
notation. For simplicity of notation, we will let 7(;41), = 0.

For times ¢ € J(4), define Ay to be Ay with rows and columns of zeros appropriately
inserted so that

I Ay = Irum ) At T, Ut - (2.13)

Such an Ay g exists because Tr C T;) U T(i4.1) for any t € J(;),,. Notice that
A ranll2 = [|A¢ll2, (2.14)

because Ay gy is permutation similar to

Since 7T; and T(;yq) are disjoint, we can, after permutation similarity, correspondingly
partition Ay f as

(0,0) (0,1)
At,fuu At,full

(1,0) (1,1)
At,full At,full

for all t € J(4),u-
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Notice that because A; is symmetric, Ailfuol)l = (Ag ful)l) Then,

M=) I;Aldy
teJu

!
:Z Z ITz'>UT<i+1>AtvquIT(wUT(z‘H)/ by (2.13)

i=1t€J(),u
(0,0) (0,1) !
B Z Z i A, fn At7full I7,
- @) (z+1) (1,0) (1,1)
i=11€J) At,full At,full IT(erl)

_ (0,0) / (0,1) (1,0) (1,1) ’
= Z [Iﬁi)At,fquT(i) + 17, Ay b Ty + Iy A b I + I Ay b LT

(i4+1)
=1 tej(i),u
00 l » (
0,0 ’ (1,1 0,0) ,
- IT(l) Z At full IT(l) + Z IT(l) Z At full Z At full IT(z)
tej(l)’u =2 t€‘7<7~ 1)u tEJ(z ),u
(1,1)
+1Ir, Z At full T@
ISVIORS
-1 (
1,0) ,
+ Z I7’('L) Z At full (z+1 + IT1+1) Z At fun I7—(7,)
=1 tej( ), tEJ(Z Yo

Because 7(; and 7 are disjoint for i # k, M has a block tridiagonal structure (by a

permutation similarity if necessary):

By Cuy 0 0
CcC./' B 0
w7 (2.15)
0 Cuy
. 0 0 Cuay By |
here B, A(00) ALY
where Ztej(l) t, i B Ztej(l) t,full’
B = Z At full + Z At full fori=12,3,...,1 (2.16)
tej(z 1),u tej(l) u
and
Cu = Z Ag]f’ull)l fori=1,2,...,1—1. (2.17)

€T (i) ,u
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Now we proceed to bound || M||2.

B(l) C(l) 0 0
C 0
My =
0 Cu-n
0 0 Cuny Bgy |,
By 0 0 0 0 Cy 0 0 0o 0 0 0
0 0 0 0 0 0 Cy) 0 0 0
< + +
0 0 . 0 0 0 0 Cyy o . 0 0
!
0 0 0 By f[0o 0 0o 0 | 0 0 Gy 0

Call the middle matrix C, and observe that CC" is block diagonal with blocks C(i)C(i)’.

So [|C|l2 = max; [|C;)||2. Therefore,

1Mz < max || B[z + 2 max |Cy |2

Z At fun+ Z At full

tej(z 1),u te\./](z u

Smlax Z HAtH2+ Z HAtH2 —|—2mlax Z HAtH2 by (2.14)

t€J(i-1)u t€J(i)u €T (i) u

< max

—|— 2max
(2 3

t€J(i),u

< (othi(a)+oThi(a))+20Thi(a) <40 hTa

The third row used the fact that HAEfu)HHQ < || At funll2 = ||A¢l|2 for any sub-matrix of Ay gy.
This finishes the proof for the p = 2 case. For this case, notice that there are 3 bands

in (2.15) - the diagonal band and one band on each side of the diagonal one. When p = 3,

everything will follow analogously to the above; instead of 3 bands, there will be 5 bands in

the definition of M and we will be able to bound its norm by

3 At(}jl)l by (2.16) and (2.17)
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(Ml <max | > [l + >0 A+ D0 (Al

€T 2)m tET(i-1),u t€J(i)u
—|—2mzax Z HAtHQ“‘ Z HAtHQ
tET(i-1)u tE€T (), u
+2max Y A,
! te€J(4),u

<3othi(a) + 220" hi(a) + oThi(a)) < 90ThTa

Proceeding this way, for a general p, there will be 14+2(p—1) = 2p— 1 bands. Any term in the

central band will contain a summation of HAt over p sub-intervals J(; ,,; any term in the first

I

band away from the diagonal will contain this summation over (p—1) sub-intervals; any term in
the second band away from the diagonal will contain this summation over (p — 2) sub-intervals;
and so on. Thus, we will be summing the quantity c™h™« a total of (p+ 2 Zf;ll i) = p? times

and so we will get | M|z < p?ocThta. X

2.6 Proof of Theorem 2.2.7 and Theorem 2.2.5

As explained in Section 2.4.4, we will only prove Theorem 2.2.7. Theorem 2.2.5 follows as

an easy corollary.

2.6.1 Definitions

Definition 2.6.1. Define e; to be the error made in estimating xy and ;. That is
e; :::f:t—mt:&—ét

Definition 2.6.2. Define the interval
TJu = [(u—1)a+ 1,ua].

Also define u; to be the u such that t; € J,. That is

=[]
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For the purposes of describing events before the first subspace change, let ug := 0. Also define

Notice from the algorithm that this will be an integer, because detection only occurs when t

mod a = 0.
We will show that, under appropriate conditioning, w.h.p., i; = u; or i; = u; + 1.
Definition 2.6.3. Define

P(j) ::-Ptj fOTjZO,l,...,J
P(j)’* = P(jfl) = Pt]-_l and P(j),new = Ptj,new fOT’j = 1, ey J

At = P(j),*lft and At new ‘= P(j)mewlet fOT te [tj, tj+1)
Thus, for t € [tj,tj41), £ can be written as

Qg «

)

£ = [P« P newl = Pj) 1@t + Pj) newt,new

Qt new

and Cov(£4;) = X; can be rewritten as

A O Py

; 3)5%

%= [Py)e Pj)new] ,
0 At,new P(j),new

Definition 2.6.4. For j=1,2,...,J and k=1,2,..., K define
1. 15(1),* .= P, (the initial estimate) and 15(]4)7* = Iafj_lJrKa. If all subspace changes are

correctly detected, this is the final estimate of Pj) . = Pj_1).

2. P(j),new,o =[] and P(j),new,k = P,

fj +ka,new *

This is the k™ estimate of Pj) new (again,

conditioned on correct change time detection).
Notice from the algorithm that
1. Pt,* = P(j)v* for all t € [72;1 + Koz,fj + Ka — 1]

2. -pt,new = P(j),new,k for all t € jﬁjJr(kJrl)
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P, =Py, e s s X
B,new = H P, = Ij(f)v* P(J')JIEWJ P, = -P(]),* -P(j),new,k] P, = .P(]'),* -P(_y').new,K] = P(J+1)_*
/—/%
| | | | | e | |
tj i ti+a £+ 20 £+ ka ti+(k+Da &+ Ka ti+d i1

‘ | Q¢ new ‘ ‘ o < Vnew

Figure 2.6: A diagram to visualize Algorithm 1 and Definition 2.6.4. The k-th
projection-PCA step (at t = fj + ka) computes the top left singular vectors of (I —

P(j),*P(j),*/)[££j+(k:—1)a+17££j+(k—1)a+2’ = '££j+ka]-

3. At all times P, = [Pt* IE’t’new]. Thus P, and If’t,new update at every t = fj + ka,

k=12,...,K,57=1,2,...,J while Pt* updates ateveryt:fj_l—i—Ka,j:Q,...,J.

4. Pt—l,* 1 E,new at t = Ltj + ka and so P(j),* 1 P(j),new,k

~ ~

D. <I’t = (I — P(j)7*P(j)7*/ — P(j),new,kp(j),new,k,) when t € jﬂj—l—(k’-‘,—l)? for k = 1, 2, oK -1
6. &, =(I— 13(]-)’*13(]-)’*’) when t € [tj,fj + ] (recall that fj = U;0).
7. ¢t = (I — P(j_j’_l),*.p(j_‘_l)’*/) When t - [tA] + Ka + 1,tj+1 — 1]

Using the notation from the above definition, Figure 2.6 summarizes Algorithm 1.

Definition 2.6.5. Recall that for basis matrices P and Q, dif(P,Q) = |[(I — PP")Q]|>.
Define

1. (= dif (P, Py )

2. Cj,new,k = dlf([P(]),* P(j),new,k]7 P(j),new)

Recall SE; = dif(If’t,Pt). Notice that if subspace change times are correctly detected, for t €
Ja;+ks SEt < Ciw + Cnewk—1 for k= 1,2,... K; fort € [tj,fj + a], SE; < 1; and for t €

[t + Ka+1,t11 — 1], SE; = (g1,
Definition 2.6.6. Define

1.¢f o= (ro+ (5 = Drnew)C
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b3tk
2. =1, ¢ : k=1,2,...,K where ba, ba |, and b
CJ new, 0" J,new, k- bA — bA,L — b’H,k; fOT’ where bA, DA 1, ana O3y g
are defined in the remainder of this section. Their expressions are given by (2.21), (2.22),

and (2.23).

We will show that these are high probability upper bounds on (j« and (jnew, . under appropriate

conditioning.

)\+

j,new,k—1 new)

As we will see later, ba =~ Ay, ba, 1 = §+ 2\t and byy g, ~ quﬁ + 2)\++

Here ~ means we are giving only the most dominant term for each expression. Thus,

¢t ~ 2V/P2ht o (S (Cnew k-1 new—‘_cJr A7)
j,new,k Now — + 2)\-1- _ QWQS-F new k— 1)\Xew + CJF 2)\+)

By using (2.5), the bounds on ¢ from the theorem, and the bound on p2h*, one can show that

this decays roughly exponentially with & (see Lemma 2.6.14).
Definition 2.6.7. Define the random variable
Xy :={ai,...,au.}

Definition 2.6.8. Recall the definition of D, from Algorithm 1. For j = 1,...,J, k =

1,..., K, and for a = u; or a = u;j + 1, define the following events

DET? := {ii; = a}

PPCAJ/,C = {a] = a and rank(P( ) new, k) = Tjnew and (jnewk < Cjnewk}

NODETS? = {&j = a and Apax (é’Du'Du/) < thresh for all u € [t; + K + 1,uj41 — 1]}

Loend = {Cix <19} N {)\max (éDu’Du’) < thresh for all w € [1,u; — 1]}

F(;,O = Fj—l,end N DET?

T¢, =T, NPPCA%,
L Uj Uj Uj+1 Uj+1
o Tjena i= (T3 NNODETS ) U (T3 nNODETS ™)

We misuse notation as follows. Suppose that a set I' is a subset of all possible values that a

r.v. X can take. For two r.v.s’ {X,Y}, when we need to say “X € T' and Y can be anything”
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we will sometimes misuse notation and just say “{X,Y} € I'.” For example, we sometimes say

Xu; € T'jend- This means Xu;—1 € I'jend and ay fort € Ju, are unconstrained.

Definition 2.6.9. Define

1. Let Djpew := (I — P(j)y*lf’(j)y*’)P(j)jnew @R E; ewRjnew denote its reduced QR decompo-

sition, i.e. let Ejnew be a basis matriz for range (Djnew) and let Rjnew = Ejnew Djnew-

2. Let Ejew,1 be a basis matriz for the orthogonal complement of range(FE; new). To be

precise, Ejnew, 1 is an n x (n —1;) basis matriz so that [Ejnew Ejnew,1] s unitary.

3. Foru=uj+1andu=1ua;+k fork=1,...,K, define A,, A, 1, A, as

1 . . . .
Ayi=— > Bjnew! (I = Py Py V0l (T = Py Py ) Ej e
teEJu

1 L L
Ay =~ > Ejnew, (I - Py Py )l (I - Py Py ) Ejnew, 1
teETu

and let
Au 0 Ej,newl
A’u = |: Ej,new Ej,neW,J_ :|
0 Au,J_ Ejmew,L/
4. Foru=wu;+1andu=1u;+k fork=1,..., K, define M, and H,, as
. ) 1 . . .
M= (I - P;).B;).) (a > M/) (I = Py P),)
te€Tu

and

H, =M, — A,

Remark 2.6.10. Recall the definition of D, from Algorithm 1.
Conditioned on I'j_1 end, for u=u; +1, Pua_L* = 15(3-),* (in other words all j — 1 previous
subspace changes were detected) and thus, for this value of u,

1
~D., D, = M,.
o

In this case, M, is the matriz whose maximum eigenvalue is checked to detect subspace change.
Conditioned on Fi{), foru=d;+k, k=12,... K, Pua_L* = 15(]-)7* and thus, for these
values of u also,

1
~D,D,) = M,.
Q@
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In this case, M, is the matriz whose eigenvectors with eigenvalue above thresh form }A)(j)jnewjk

(see step 2 of Algorithm 1). In other words, M, has eigendecomposition

A 0 P, '

EVD A ~ u (J)new,k
M, = P(j),new,k P(j),new,k:,L R R ,
0 Au,L P(j),new,k,J_

Definition 2.6.11. Define
1. ksx = ks(Py)) and Kspew = max; £s(Pj) new)-

2. Kk} :=0.0215. As we will show later in Lemma 2.7.8, this upper bounds ||I7;'Djnewll2

under appropriate conditioning.

3. ¢t :=1.2. Aswe will show later in Lemma 2.6.15, this upper bounds ¢; := ||[(®:) 7 (®1)7:] 7 |2

under appropriate conditioning.

Remark 2.6.12. The entire proof uses Model 2.5.1 on T;. By Lemma 2.5.2, Model 2.2.3 is a
special case of it. In particular, this means that (a) Model 2.2.3 also implies p*h™ < 0.01 and
(b) Model 2.2.3 also allows us to use Lemma 2.5.3. This lemma is used in the proof of Lemma

2.6.23 in Section 2.7.

2.6.2 Five Main Lemmas for Proving Theorem 2.2.7

Fact 2.6.13. Observe that 'Sy both for a = wuj and a = u; + 1 implies that u; < 4; < uj + 1.
Thus, in both cases, t; < fj < t; 4+ 2. So with the model assumption that d > (K + 2)a, we
have that Ja;+r C [tj,t; +d] for k =1,2,...,K. This fact is needed so that we can use the
“slow subspace change” inequality, (2.5), to bound the eigenvalues along the new directions,

and so that we can bound @ new|oo Y Ynew-

Lemma 2.6.14. [Ezponential decay of the bound on (jnewr (similar to [11, Lemma 6.1])]

Under the conditions of Theorem 2.2.7,

py < 0.83" + 0.847pew(

jnew,k —

This lemma follows by applying simple algebra on the definition and using the bounds

assumed on ¢, A and p?hT in Theorem 2.2.7. A detailed proof of this lemma is given in

Appendix 2.B.
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Lemma 2.6.15 (Sparse Recovery Lemma (similar to [11, Lemma 6.4])). Assume that all of

the conditions of Theorem 2.2.7 hold. Recall that SE; = dif(]st, p,).
1. Conditioned on I'j_1 ena, fort € [t;, (u; + 1)a]

(a) 61 :=l[(B)7"(e)7:] M2 < &F =12,

(b) the support of x; is recovered exactly i.e. ’7AZ =T; and e; satisfies:
e =ay —xy =4 — b = I [(®,) 7 (®)) 7] L1,/ ®4,. (2.18)
(¢) Furthermore,

SE; <1, and

||etH2 < ¢+( ;r*\/;’Y + V Tnew'ynew) <12 (\/E"i_ V Tnew new)

2. For k=2,3,...,K and 1 = u; or 4j = u; + 1, conditioned on F?,J/éfp fort € Ja;+r =
(4 + k — D)o+ 1, (4 + k)al, the first two conclusions above hold. That is, ¢y < ¢T and

e; satisfies (2.18). Furthermore,

SE; < Cf + ¢ and

Sk j,new,k—1

Het||2 < ¢+(<]+,*\/'F'7 + C;new,k—l\/ Tnewfynew) <1.2 (184\/6 + (0-83)k_1\/ Tneanew)

3. For 4j = uj or u; = u; + 1, conditioned on F?,J'K, fort € [(u; + K)o+ 1,tj41 — 1], the

first two conclusions above hold (¢; < ¢+ and e; satisfies (2.18)). Furthermore,

SE; < C;;L* , and

ledla < ¢F ¢ vy < 120/

Notice that cases 1) and 3) of the above lemma occur when the algorithm is in the detection
phase, while during the intervals for case 2) the algorithm is performing projection-PCA. In
case 1) new directions have been added but not estimated, so the error is larger. In case 2),
the error is decaying exponentially with each estimation step. Finally, case 3) occurs after the
new directions have been successfully estimated and contains the tightest error bounds.

The proof is given in Appendix 2.C.
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Lemma 2.6.16 (No false detection of subspace changes).
1. The event F;LJK and so also the event I'jena tmply that (i1 < Cj++1,*'
2. P (NODETS? | F?}K) =1 fora=wuj ora=u;+1.
Lemma 2.6.17 (Subspace change detected within 2« frames). For j=1,...,J,
P (DET"* | Tj_1,end, DET™) > paet,1 := 1 —pa — pu.
The definitions of pa and py can be found in the remainder of this section.

Lemma 2.6.18 (k-th iteration of pPCA works well).
P (T | T5p1) =P (PPCAS, [ Ty 1) > Pppea i=1 —pa —DpaL — P

for a =wu; or a=wu;+ 1. The definitions of pa, pa,1, and py can be found in the remainder

of this section.

The above lemma says that, conditioned on k — 1 previous successful p-PCA steps and on
accurate recovery of P(;_y),, the probability of correctly estimating r; new and of a successful
k™ projection PCA step is lower bounded by Pppca- This is true whether the new directions

are detected at u; or at u; + 1.

2.6.3 Proof of Theorem 2.2.7
Corollary 2.6.19. The above lemmas imply that P (Tjend | T'j—1.end) > Pdet.1 - (Pppea)™

Proof. Let

Pdet,0 ‘= P (DETU] ’ 1—\jfl,end) .
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From the above lemmas, we get that

P(Tjend | Tj—1,end) = IP’((DET“J’ NPPCAY) N---NPPCAY, N NODETS}’ )U
(DET™ N DET%*! nPPCAY,™ - nPPCAY N NODETS ™) | Fj_l,end>
—P (DET%‘ NPPCAY N---NPPCA% | rj,l,end)
4P (DET“J‘ NDET“* N PPCAY ™ N nPPCAY | rj_l,end)
> DPdet,0 * (pppca)K + (1 - pdet,O) * Pdet,1 * (pppca)K
K K
> DPdet,0 * Pdet,1 * (pppca) + (1 - pdet,O) * Pdet,1 * (pppca)

= Pdet,1 * (pppca)K
X

Proof of Theorem 2.2.7. Theorem 2.2.7 follows from Corollary 2.6.19 and the assumed
lower bound on «. Notice that by Lemma 2.6.14, the choice of K, and Lemma 2.6.15, the
event I' jonq will imply all conclusions of the theorem.

By the first assumption (accurate initial subspace knowledge) and the argument used to

prove Lemma 2.6.16, we get that P(I'g eng) = 1. By the chain rule,

J
]P)(FJ,end) = H IP)(Fj,end | 1_‘j—l,endv 11]‘—2,end7 o >F1,end> FO,end)-
j=1

Because Fj—l,end c Fj—2¢3nd c...C I‘1,end c FO,enda we get

J
P(Tjend) = [ [ P(Tjena | Tj—1end)
j=1

J

> deet,l : (pppca)K = (pdet,l : (pppca)K)J
j=1

>1-p 0

The last line is by the lower bound on « assumed in the theorem and the fact that pge,1 >

Pppea- X
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2.6.4 Key Lemmas for Proving of Lemmas 2.6.16, 2.6.17, and 2.6.18

Before proving the lemmas from the preceding subsection, we introduce several lemmas
which will be used in the proofs.
The following lemma follows from the sin# theorem [22] and Weyl’s theorem. It is taken

from [11].

Lemma 2.6.20 ([11], Lemma 6.9). Atu = 4;+k, ifrank(la(j)memk) = 7jnew, and if Amin(Ay)—
[Au 12 = [Hull2 > 0, then

[Hul|2
C',new,k <
J )\min(Au) - ”Au,L”2 - H%UHQ

(2.19)

The next three lemmas each assert a high probability bound for one of the terms in (2.19).

In the following lemmas, let

_ TnewCAirain

2.20
100 ( )
—ac2(A— )2 —ornew2C2(AT . )2
Let pA := Tnew €Xp < 801%0(2;]:;:,)4 ) + Tnew €XP < = 8.10402(.45mm) > and
ba = (1= ((f)*) Anew — 26 (2.21)
Lemma 2.6.21. Fork=1,..., K,
P (Amin (Aa,4k) > ba | Xa,46-1) > 1—pa
for all X -1 € T} with i; = uj or 4 = uj + 1.
The same bound holds for Amin(Au,+1) when we condition on Xy, € T'j_1 end-
- new2 2 5\7.< 2
Let pa,1 := (N — Tnew) €Xp < k 8-1%(52 tzain) >
and
ba, = ()22 +e (2.22)

Lemma 2.6.22. Fork=1,... K,
P (Amax (Aa,4k,1) <bar | Xaj4r-1) > 1—pa

for all Xﬁj+k,1 S Fqﬁc_l with 4; = uj or @j = u; + 1.

The same bound holds for )\maX(Auj-&-l,L) when we condition on Xy, € I'j_1 end-
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Let

- _O”'new2<2(S‘t_rain)2
PrT TP 32 1002(6F)2(VE + /e Taew )

2,2/ — 2
+ nexp —OTnew”C ()‘train)

4
8- 1002 (¢+(\/Z + /Toew new))

_arneW2C2(5\‘;am)2
n exp .
32 -1002(¢ + v/C/Toow Ynew )2

and
bar i := 2bge i + bee i + 2bF

where

T (VPR (GLPAT + R A L) ¢

[(CI*)QAJF + ;,rnew,k—ﬁ‘ievv} <W¢+> te

bﬂe,k =

, PP (7)) ((GL)PAT + (K5 Aew) +e
eek ‘=

PPhE (@) ((GL)POT) + (Grewn1) M) + €
and

bF = (CJT*)2>\+ + €.
Lemma 2.6.23. Fork=1,... K,
P ([Ha;+kll2 < bk | Xojon-1) > 1—px

Jor all X, 151 € Fﬁ%l with 4; = uj or i; = u; + 1

_|_

(2.23)
k=1
k> 2
k=1
k> 2
(2.24)

The same bound (k =1 case), i.e. ||[Hy,v1ll2 < b3, also holds with the same probability

when we condition on Xu; €'j1end-

The above lemmas are proved in the next section (Section 2.7). The proofs use Fact 2.6.13.

2.6.5 Proofs of Lemmas 2.6.16, 2.6.17, and 2.6.18

Proof of Lemma 2.6.16. Recall that T enq := (r;‘fK mNODETs;‘J) U (r;{f; ' N NODETS!"* 1).
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1. By the definition of I'%, both for ij = uj and @ = uj+1, Giw < ¢, = (ro+(j —1)7new)C

and (j g < (Inew’ - Lemma 2.6.14 and the choice of K imply that C < Tpew(. Thus,

,new, K

<j+1,* < Cj,* + Cj,new,kz < CjJ;L* = (TO +jrnew)c-

IP’(NODETS?j | r?fK) = P()\max(éDuDu) < thresh for all v € [4;+K+1,uj1—1] | F;LJK>

for 4; = uj or 4; = u; + 1.

As shown in 1), F;L’K implies that dif(P(j+1)7*,P(j+1)7*) < ;r+1,* = (10 + Jrnew)C. Recall
that P(ji1). = Pj). Also, for v € [4; + K + 1,uj41 — 1], Iaua,l,* = P(j+1)7*. Also, for all

t € Jy for these u’s, £y = Pjyar = P 1) .at. Therefore,

1 1 . . AR R .
)\max *’DuDu - Amax - I - Pua— *Pua— */ E E ! I - Pua— *Puoc— */
(222, (a > VP ik P, ))

1 . .
= Amax (a Z (I - P(j+1),*P(j+1),*,)(P(j)at - et)
teJu

(Pyyae —e)' (I — P<j+1>,*13’<j+1),*’)>

< (G ) 200G+ (67

A,
<¢+) C)\traln — %‘
The bound on e; comes from Lemma 2.6.15. The penultimate inequality uses the bound

¢ < “a‘“ assumed in Theorem 2.2.7. X

The next two proofs follow using the following two facts and the four lemmas from the

previous subsection.

Fact 2.6.24. For an event £ and random variable X, P(E|X) > p for all X € C implies that

P(£|X €C) > p
Fact 2.6.25. Using the bounds on ¢ and on p*h™* and using (3b), we get

ba > 094X, > 0. 94X

train

ba, L < 0.011\;

train

bk < 024X

train®

Thus, ba — by, > 0. 5\_.. = thresh and ba, i + by <O. 25\ . < thresh.

train train
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Proof of Lemma 2.6.17. We will prove that P (DET“J'+1 | Xuj) > Pet,1 for all Xy, € T'j 1 enda-
In particular, this will imply that P(DET% ™1 | Xu;) > Pdet,y for all Xy, € T'j_q eng N DET™
and so we can conclude that P(DET% 1 | I'j_1.ends DET") > pyeg 1.

Recall that M, = éDu’Du’, and observe that
P (DET**! | Xy,) =P (Amax(Mu,11) > thresh | X,,)
By Weyl’s Theorem

)\max<Mu]-+1) 2 )\max(Afuj—f—l) + )\min(%u]-—f—l)
2 )\maX(AuJ-+1) - H,"l«uj—i-lHZ

2 )\min(Auj—i—l) - H?'tuj—&—lH2

When X,; € I'j_1end, Lemmas 2.6.21 and 2.6.23 applied with e given by (2.20) show that
Amin(Auy;+1) > ba and [ My, 11]]2 < byg1 with probability at least 1 —pa — pp = paet,1- Using

Fact 2.6.25, ba — byg1 > thresh and so the lemma follows. X

Proof of Lemma 2.6.18. To prove this Lemma we need to show two things. First, conditioned
on F%_l, the k' estimate of the number of new directions is correct. That is: 7} pew k = Tjnew-
Second, we must show (j new,k < C;fnew’k, again conditioned on F?jcfl.

Notice that 7 new,r = rank(P(j),new,k). To show that rank(ﬁ(j)ynevv’k) = 7'jnew, We need to

show that foru=4;+k, k=1,..., K, X (M) > thresh and A, ., +1(M) < thresh. To

T new
do this we proceed similarly to above.
Observe that, M, = A, +H,. By Fact 2.6.25, b4 > b . Combining this with Lemmas
2.6.21 and 2.6.22 gives, Amin(Ay) > Amax(A,, 1) with probability at least 1 —pa —pa, | under
the appropriate conditioning (conditioned on P?f/%-ﬁ' Since A, is of size 7jnew X 7jnew, this
means that A\., . (Au) = Amin(Ay) and A, o 11(Ay) = Amax(Ay,1). Using this and Weyl's

Theorem,
A7’j,new (Mu) 2 )\rj,new (‘A’u) + )\min (HU)

Z )\Tj,ncw(Au) - HHUHZ

= )‘min(Au) - HHu”Q
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and

)\Tj,ncw+1(MU) S A7"]’,ncw“l’1('/4'uf) + )\maX(Hu)
<A e t1 (A) + ([ a2

= )\max(Au,L) + ||HuH2

with probability at least 1 —pa — pa, | under the appropriate conditioning. Using Lemmas
2.6.21, 2.6.22, and 2.6.23 applied with € given by (2.20) and Fact 2.6.25, we can conclude that

with probability greater than pppea, A (My) > ba — by > thresh and A, +1(My) <

Tj,new
ba 1 + by i < thresh. Therefore rank(]f’(j)vneka) = Tjnew With probability greater than pppca
under the appropriate conditioning.

To show that (; newx < C;fnew,k, we also use Lemmas 2.6.21, 2.6.22, and 2.6.23 applied with €
given by (2.20). Using rank(ﬁ(j)mew,k) = 7jnew and applying Lemma 2.6.20 with these bounds

gives the desired result. X

2.7 Proofs of Lemmas 2.6.21, 2.6.22, and 2.6.23

2.7.1 Some definitions, remarks and facts
Definition 2.7.1. Define the following for k =0,1,..., K. Recall that P(j),new,o =[]

1. Dj,new,k = (I - P(j),*ﬁ)(j),*/ - P(j),new,kp(j),new,k:/)P(j),new' Thus Dj,new = jnew,0-

2. Dj,*,k = (I - P(]),*P(j),*/ — P(j),new,kp(j),new,k/)P(j),* and D],* = Dj7*70.

3. Recall that (jnew,0 = || Djnewll2; (newk = [[Djnewkll2, Gix = [|Dj«ll2. Also, clearly,

[Djskll2 < [Djsll2 < G-

Definition 2.7.2. For ease of notation, define

Et = (I — P(])V*P(])V*,)Et

Remark 2.7.3. In the rest of this section, for ease of notation, we do the following.

o We remove the subscript j from Djnew i, Ejnew, and Cjnewr €tc. and from everything

in Definitions 2.6.3, 2.6.4, 2.6.5, 2.6.9 and 2.7.1.
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o Similarly we also let X := X@j+k and I'y, .= ijk for both i; = uj and 4; = ujp1. More

precisely, whenever we  say P (event|Xp_q1 € T'x_1) > Py we  mean

; +1
P (event|Xuj+k_1 IS F?,Jk—l) > po and P (event|Xuj+1+k_1 € F;.Lfkil) > pp.

e Finally, Y, refersto ) ;. ; foru=1d;+k
Also, note the following.

e The proof for the bound on A, for u = u; + 1 is the same as that for uw = 4; + 1 since in
both cases 15157* = 1-:’(3-)7* and H,new =[] for allt € J,. The same is true for the bounds
on Ay;q1,1 and Hoji1-

Fact 2.7.4. When X;_1 € T'1_1,
1. HD*Jg_l”Q < ;r* fOT k= 1, PN ,K.
2. || Dpew k—1ll2 < ¢t fork=1,..., K+ 1 (by definition of I'y_1 ).

new,k—1

3. Recall that 7. o=1

new,

4. 1[(@)7 (@) 7] 2 < ¢ (from Lemma 2.6.15)

5. Amin(Rneanew/) > 1_(<:_)2 (thiSfOHO’LUS because HP*/ new”2 = ”P*(I_P*P*/)/PnewHQ <
ey

6. Enew'Dyew = Enew' Enew Ruew = Ruew and Eyey, 1 'Dyeyw = 0.
7. 4y = D.a;  + DyewQinew-
8. e satisfies (2.18) with probability one, i.e. e = I7[(®¢)7.'(®1)7:] 7' (Dijrat . +
Dicy —1@ new) -
2.7.2 Preliminaries

First observe that the matrices Dyew, Rnew, Enew, Dx, Dpew k-1 are all functions of the
random variable Xj_1. Since X;_1 is independent of any a; for ¢t € jﬁj+k, the same is true

for these matrices. All terms that we bound for Lemmas 2.6.21 and 2.6.22 are of the form
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éZtejﬁﬁk Z; where Z; = f1(Xk_1)Yifo(Xk—1), Y; is a sub-matrix of ata,’, and fi(.) and
f2(.) are functions of Xj_1. Thus, conditioned on Xj_1, the Z;’s are mutually independent.

All the terms that we bound for Lemma 2.6.23 contain e;. Using Lemma 2.6.15, conditioned
on Xj_1, e satisfies (2.18) with probability one whenever Xj_; € I'y_;. Using (2.18), it is
easy to see that all the terms needed for this lemma are also of the above form whenever
Xi_1 € I'py_1. Thus, conditioned on X 1, the Z;’s for all the above terms are mutually
independent, whenever X;_1 € I'p_1.

We will use the following corollaries of the matrix Hoeffding inequality from [23]. These are

proved in [11].

Corollary 2.7.5 (Matrix Hoeffding conditioned on another random variable for a nonzero mean
Hermitian matrix [23, 11]). Given an a-length sequence {Z;} of random Hermitian matrices
of sizen xn, arv. X, and a set C of values that X can take. Assume that, for all X € C,
(i) Z;’s are conditionally independent given X; (ii) P(hI X Z; < b I|X) = 1 and (iii)
bsI = 13" E(Z,|X) < baI. Then for all e > 0,

2

1 —Q€
P (Amax (aZ:Zt> < by + e‘X) >1—nexp (8(()2—1)1)2> forall X €C
e

1 —
P(}\min (Oé;Zt) >b3—€X> Zl—nexp <8(b2—bl)2>fora”X€C

Corollary 2.7.6 (Matrix Hoeffding conditioned on another random variable for an arbitrary

2

nonzero mean matrix). Given an a-length sequence {Z;} of random matrices of size ny X na,
a rv. X, and a set C of values that X can take. Assume that, for all X € C, (i) Z;’s are
conditionally independent given X ; (ii) P(|Zi||2 < b1|X) =1 and (iii) |2 >, E(Z¢| X) |2 < bo.

Then, for all € > 0,
P(lez
o £ ¢

2.7.3 Simple Lemmas Needed for the Proofs

)

X) >1—(n1 +ng)exp <a€> forall X €C

<by+
=n2Te 32h, 2

2

Lemma 2.7.7. For j=1,...,J and k=1,..., K, for all X4, 451 € r;fj,;fl

1. 0= E [at,*at,*/ Xﬂj+k—1] = At,* = AT
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2. Aewl 2 E [@pnew@inew’ | Xajr-1] = Atnew = Mewd and A < Aoy < Moy <

new train — new — new —

3\

train
3. E [at,*at,newl | Xﬁj—&-k—l} =0

with 4; = u; or u; = u; + 1.
The same bounds also hold for summation over t € juj+1 when we condition on Xuj €

11]‘—1,end-

Proof. The proof follows from Model 2.2.2 and Fact 2.6.13. The only reason we need Xg, 151 €
F?”kil is to apply Fact 2.6.13 which allows us to lower and upper bound in the eigenvalues of

At new by Ao and Al and then use (3b). X

new

Lemma 2.7.8. Assume that the assumptions of Theorem 2.2.7 hold. Recall that Dyew =

D, cw,0. Conditioned on X1 € I'j—_1,
| I7' Dpewll2 < k1 :=.0215 (2.25)
for all T such that |T| < s.

The proof is in Appendix 2.B.

2.7.4 Proofs of Lemma 2.6.21 and 2.6.22

Proof of Lemma 2.6.21. We obtain the bounds on A, for u = u; +k for Kk =1,2,..., K and
@; = uj or uj + 1. For u = 4 + k, recall that A, := ézt Enew’ft@Enew.
Notice that Enewlét = Rnewat,new + Enew/D*at,*- Let Z; = Rnewaunewat,newaneW,? and

let Y; = Rnewat,newat,*,D*/Enew + Enew/D*at,*at,neW,RneW/a then
A >EZZ +£ZY (2.26)
u a - t o - t .

Consider 23°, Z;. (1) The Z’s are conditionally independent given Xj_i. (2) With
probability 1, || Z;]l2 < Tnewnew?. (3) Using a theorem of Ostrowoski [24, Theorem 4.5.9],
conditioned on X;_1 € Ti_1, Amin (E[é Do Zt|Xk;_1]) = Amin (Rnew(é Do At,new)Rnewl) >
Amin (Rnew Rnew’) Amin (é > Aunew) > (1 - (¢H)?)Agow- The last inequality uses Lemma 2.7.7

new:*

and Fact 2.7.4.
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Thus, applying Corollary 2.7.5 with e given by (2.20), we get that, for all X3 1 € T'x_1,

_ 2 2
( mm( ZZt) = 1— C*)> new_e — > Zl—?"newexp (M). (227)

: / / / / /
Consider Y; = Rnew@tnew@it s Dy’ Enew + Enew Dy@t @t new' Ruew'- (1) The Yi’s are con-

ditionally independent given Xj_;. (2) Using the bound on ¢ from the theorem, [|Y;| <
24/ Tnew”C Y new < ZWCJ'ﬂ < 2 holds with probability one for all X;_; € I'y,_;. Thus,
under the same conditioning, —2I <'Y; < 2I with with probability one. (3) By Lemma 2.7.7,
E (23, Y| X)—1) =0 for all X;_; € Ty_;.

Thus, applying Corollary 2.7.5 with € given by (2.20), we get that, for all X;_; € Ty

( min ( ZY;) > —e X“) >1 —cexp< OTnew tram)2) (2.28)

8-100% - (4)2
Combining (2.26), (2.27) and (2.28) and using the union bound, we get the lemma. X

Proof of Lemma 2.6.22. Remark 2.7.3 applies.

We obtain the bounds on A,, | for u = u; +k for k =1,2,...K with 4; = u; or u; + 1. For
all these u’s, recall that A, | = é > Enewyj_,étgt/EnewA_. Using Epeyw, | Dhew = 0, we get that
Epew, 1"t = Buew,1'Diays. Thus, Ay 1 = 530, Z; with Zy = Enew,1' Diarars' Dy Byex 1 -

Using the same ideas as for the previous proof we can show that 0 < Z; < r(¢H)22I < I

and E (13, Z;|X},_1) = (GF)?ATI. Thus by Corollary 2.7.5 the lemma follows. X

2.7.5 Proof of Lemma 2.6.23

Proof of Lemma 2.6.23. Remark 2.7.3 applies. Using the expression for #, given in Definition

2.6.9, and noting that for a basis matrix E, EE' + E| E," = I we get that

1 PN A ~ A
Ho==3 <(I—P Plee/ (I — P.P.))— (bie/ (I — P.P.)) + (I — P.P.)ed,) + (Ft+Ft’))
@ teJu
where
Ft = Enew,J_Enew,J_/étEt/EnewEnewl-
Thus,

1 -
[Hull2 < ZHa Xt:&et’ (2.29)

1 /
+ HO{ ;etet

1
2”@1@ 2
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Next we obtain high probability bounds on each of the three terms on the right hand side of
(2.29).

Consider || 37, Ztet’HQ. Using Lemma 2.6.15, e; satisfies (2.18) with probability one for all
X1 €Tk,

Let Z; := lie,'. (1) Conditioned on Xj_1, the various Z;’s used in the summation are

mutually independent, for all X1 € T'y_1. (2) For X1 € T'y_1,
”ZtHQ = Hétet/H2 < ( j\/;’}’ + v Tnew’Ynew) (¢+( j\/;’y + Cr—ltew,k—l\/ Tnew7new)) = b3
holds with probability one. (3) First consider the k& > 2 case. When X 1 € T'y_q,

1 ~
feaen

1 _
- Z [(D*At,*D*,k—l/ + DneWAt,neanew,k—1/> I’E [(Qt)’ﬁl(q)t)’ﬁ] 1172/}
t

’ 2

a 2

1
< [)\max (Ot Z <D*At,*D*,k71/ + DnewAt,neWDnew,k71/>
t

1/2
/
(D*At,*D*,k—ll + DneWAt,neanew,k:—ll) )]

Auma (; > (Trl@)r' @07 I ) (Inl(@07 (@0)7) 1) )

t

< ((C;* AT + Ifew,k_ﬁrfew) (W ¢+>'

The first inequality is by Cauchy-Schwarz for a sum of matrices. This can be found as Lemma
2.D.2 in Appendix 2.D. The second inequality uses Fact 2.7.4 (for the first term of the product)
and Lemma 2.5.3 with o© = (¢1)? (for the second term of the product).

23 DuA Do I [(®0) 7 (®0)7) 7| we
proceed exactly as we did for the k > 2 case. We can bound this by ({)2\* \/pzihidfr.
L5 DoewAsnewDnew,o I7:[(®4) 7 () 7:) " 17 X we apply Lemma 2.7.8 to get”

| Dnew,o'I7;]|2 < k& . Using this and Fact 2.7.4, we can bound this by £} Af,¢T. Thus, when

new

Now consider the £k = 1 case. To bound

To bound

"Notice that if we want to use the bound of Lemma 2.7.8, we cannot also apply Lemma 2.5.3 for this term.
We can get a simpler proof by not using Lemma 2.7.8 at all and proceeding exactly as we did for the k > 2 case;
but doing this will require a much tighter bound on p?h* than what we currently need.
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X()EF(),
E|— Ee’}Xo
% tEt

1 _
E [(D*At,*D*, + DnewAt,neaneW/) I’E[((I)t)’ﬁ/(q)t)'ﬁ] 1I’7§,}

2

2
< (VPR (CH2NF + K X ) 67
Thus, by Corollary 2.7.6 with e given by (2.20), we get that, for all X} 1 € T'x_1,

1 ~ —arnewzcz(jf . )2
P Hije ’H <bpor|Xpq | >1— train)_ | 2.
( P ter ||, < beep| Xi—1 | 2 n exp (2.30)

32 - 1002b3>
Consider Hé Y .ee||2. Let Z; = erey/. (1) Conditioned on Xj_;, the various Z;’s in the

summation are independent, for all X} 1 € T'x_;. (2) Using Lemma 2.6.15, conditioned on
X1 €Tk,
2
0=2%7; = (¢+(Cj\/;7 + C;ew’kfl\/ rneanew)) I:=0b1

with probability one. (3) By Fact 2.7.4, when X1 € I'y_1,

1 /

— ZE [etet ‘Xk—l]

>

1 _
== > I5((@0) 7 (®)73] llﬁ/(D*,k—lAt,*D*,k—llJr
t

Dnew,kflAt,neaneW,kf{) I7§ [(‘I)t)Tt/((I)t)Tt]_lI’Tt/

When k = 1 we can apply Lemma 2.7.8 to get that ||Dpew,o I7;|l2 < £F. Then we apply

Lemma 2.5.3 with ot = (¢1)? ((G)2AT + (k5)2 A

new). This gives
0<E [Z etet"XO] = p2h+(gb+)2((qj)2>\+ + (/@j)Q)\:eW)I for all Xy € Ty.
t

When k > 2 we can apply Lemma 2.5.3 with o™ = (¢1)? ((C:F)Q)\+ + (¢t )QAITGW> to get

new,k—1

that,

0=<XE

3 etet"Xk_ll ~ p2h+(¢+)2((cj)2A+ + (Cr;w,k,l)QArTew)I for all Xj_1 € Tp_,.
t

Thus, applying Corollary 2.7.5 with € given by (2.20), we get that, for all X3 € T'y_1,

1 —ar2 (A, )2
P H— ee’H <boor| X i) >1—ne newS Aurain)” | 2.31
( o zt: tet ||, = Veek| k-1 | = Xp 8- 1002b,2 ( )
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Finally, consider Hé o FtH2 Since Epew, 1 Dhew = 0,

g p! /
F1t = EneW,J_EneW,J_ etet EnewEnew

/ / /
= neW,J_EneW,J_ (D*at,*)(D*at,* + Dnewat,new) EpowErew

(1) Conditioned on Xj_1, the F;’s are mutually independent, for all X; 1 € I'y_;1. (2) For
Xy €lp,

HFItHQ < (C:—)QT'YQ + Cj\/ TTnew Y Ynew = bs

holds with probability 1. (3) For Xj_1 € I'y_1,

REMIES

Applying Corollary 2.7.6 with e given by (2.20), we get that, for all X;_1 € T'y_1,

1 e 2C2 (AT )2
¥ (HQXt:FtHQ <bp X;H) >1-nexp ( Onew C (Aurgin) ) (2.32)

32 - 1002b5°
Combining (2.29) with (2.30), (2.31) and (2.32) and using the union bound, we get the lemma.

1
<|i s wans
2 o t

< (GNP =br
2

The expression for py given in the lemma uses the bounds on ¢ from the theorem and uses the

loose bound ¢ . <1 (to get a simpler expression for the probabilities). X
J,new,k—1 g p p p

2.8 Simulation Experiments

In this section we provide some simulations that demonstrate the robust PCA result we
have proven above. More detailed simulations using real data can be found in [17].

The data for Figure 2.7 was generated as follows. We chose n = 256 and ty,.x = 15,000.
Each measurement had s = 20 missing or corrupted entries, i.e. |7;| = 20. Each non-zero entry
of &y was drawn uniformly at random between 2 and 6 independent of other entries and other
times t. In Figure 2.7 the support of x; changes as assumed in Model 2.2.3 with p = 2 and
B = 18. So the support of x; changes by § = 10 indices every 18 time instants. When the
support of x; reaches the bottom of the vector, it starts over again at the top. This pattern
can be seen in the bottom half of the figure which shows the sparsity pattern of the matrix

S=[x1,...,2,,.|
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To form the low dimensional vectors £;, we started with an n x r matrix of i.i.d. Gaussian
entries and orthonormalized the columns. The first rg = 10 columns of this matrix formed
Py, the next 2 columns formed P1) ey, and the last 2 columns formed Po) newe We show
two subspace changes which occur at ¢t; = 600 and t2 = 8000. The entries of a;, were drawn

uniformly at random between -5 and 5, and the entries of a; new Were drawn uniformly at random

between —\/31);%" X;rain and \/31);%" X;ain with v; = 1.00017 and ..

train

=1 (and ¢; = 1). Thus
(At new)ii = vf_tj S\t;ain as assumed in Model 2.2.2. Entries of a; were independent of each
other and of the other a;’s.

For this simulated data we compare the performance of ReProCS and PCP. The plots show
the relative error in recovering £;, that is ||€; — £;||2/||€||2. For the initial subspace estimate Py,
we used Py plus some small Gaussian noise and then obtained orthonormal columns. We set
a = 800 and K = 6. For the PCP algorithm, we perform the optimization every « time instants
using all of the data up to that point. So the first time PCP is performed on [my,..., m,]| and
the second time it is performed on [my, ..., my,] and so on.

Figure 2.7 illustrates the result we have proven. That is ReProCS takes advantage of the
initial subspace estimate and slow subspace change (including the bound on 7yeyw) to handle the
case when the supports of x; are correlated in time. Notice how the ReProCS error increases
after a subspace change, but decays exponentially with each projection PCA step. For this
data, the PCP program fails to give a meaningful estimate for all but a few times. The average

time taken by the ReProCS algorithm was 52 seconds, while PCP averaged over 5 minutes.

Simulations were coded in MATLAB® and run on a desktop computer with a 3.2 GHz processor.

2.9 Extensions

In this section, we first give other models on changes in 7; that are special cases of the
general model Model 2.5.1 and hence can also be used in Theorem 2.2.5 or 2.2.7. The next
three subsections discuss various other results that can also be proved using the proof techniques

developed in this work.
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Figure 2.7: Comparison of ReProCS and PCP for the RPCA problem. The top plot is the
relative error ||€,—£;||2/]|€:||2. The bottom plot shows the sparsity pattern of S (black represents
a non-zero entry). Results are averaged over 100 simulations and plotted every 300 time
instants.

2.9.1 Other Models on Changes in 7;

We give here other models on changes in 7; that are special cases of Model 2.5.1.

Model 2.9.1. Suppose that T; consists of consecutive indices and is of size s or less, i.e.
|T:| < s. When Ty is not empty, let o; denote its smallest (topmost) index. Let p1 be an integer.

We assume that o, satisfies the following Bernoulli-Gaussian model:
0t = [or  mod n] where o; = o1 + 0; (1.18 + Wt)
P

where w; ~ N(0,02) (Gaussian) and 0; ~ Bernoulli(q). Assume that {w;}, {0} are mutually
independent and independent of €;’s. Taking the mod with respect to n describes the process
of the set Ty starting over at 1 when its topmost index exceeds n (this models a new object

appearing after the old one has disappeared; notice that at any t T; could be empty as well, i.e.
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T3)

Ja)u Je2)u

Figure 2.8: Model 2.9.2

there may be no object).

n— 10
2tmax

1.2 L : 28 2
Assume that s < =% ¢ > 1 — ( )P for a [ that satisfies p°= < 0.01, and 0° <

52
4000p2 Tog(n) *

Model 2.9.2. Suppose that T; consists of s consecutive indices and suppose that it moves down
the vector by between 1 and m indices at every time t. When it reaches the bottom of the vector,

we assume that it starts over at 1. Assume that s < 0.0025a and m < #==.

Model 2.9.3. In both models above we let T; contain consecutive indices. This models a moving
1D object of length s or less that enters the scene and eventually walks out, and then another
object of length s or less may come in. However notice that nothing in our general model,
Model 2.5.1, requires the indices to be consecutive or contiguous in any way. Thus in both of
Models 2.9.1 and 2.9.2 above, instead of one moving object, we can also have multiple moving
objects as long as the union of their supports is of size at most s and satisfies one of these
models. Also, with minor changes, the object(s) instead of leaving the scene can reflect back up

and start moving in the other direction as well.

Lemma 2.9.4. If tyax < n'Y, then Model 2.9.1 is a special case of Model 2.2.3 (and hence a

special case of Model 2.5.1) with probability at least 1 —n =19,
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Proof. The proof has three steps. (a) We first use standard arguments about a Bernoulli
sequence [25] to prove that the object moves at least once every § time instants with probability
at least 1—0.5n710. The choice of ¢ ensures that this holds. (b) Next we use a standard Gaussian

—10

tail bound argument to show that, with probability at least 1—0.5n7"", when it moves, it moves

2 ensures this. (c) The

by at least s/p indices and at most 1.2s/p indices. The bound on o
above two claims ensure that, w.h.p., the object remains static for at most 8 frames at a time
and when it moves it moves by at least s/p indices and at most 1.2s/p indices. Notice that all
the motion is in one direction. Motion by at least s/p in one direction ensures that after the
object moves p times, i.e. after p changes of T;, the sets are disjoint, i.e. T n 7+ = ¢,

Motion by at most 1.2s/p in one direction and 1.2%05 < n ensures the third condition of Model

2.2.3 holds even when the object moves at every frame. X
Lemma 2.9.5. Model 2.9.2 is a special case of Model 2.5.1 with p =2 and h* = s/a.
See Figure 2.8 for a diagram of the model and the idea behind its proof.

Proof. For the sake of clarity, we will prove the case when the object moves exactly 1 index at
every time ¢. The only difference in the general case is the construction of the J;) .

Consider an interval J,,. Let t, := (u — 1)a + 1 denote the first time in J,. Without loss
of generality (because we can re-label the indices) let the object start at the top of the vector.
That is 77, = [1,s]. Let I, = [2]. Let Tg, = [(i = 1)s + 1,is] for i = 1,2,..., | 2|. If 2 is not
an integer, also define T(fﬂ)“ = [|2] s+ 1,n]. Define Ty = [tu + (1 — 1)s,ty +is — 1] for
1=1,2,..., L%J If € is not an integer, also define ‘7([%1)“ = [ty + L%J Syty +a—1].

Clearly J(;),, as defined above are a partition of J,. Also, by construction, for all t € J;) 4,
Tt € T(i),u U T(i+1),u- This follows from three facts 1) the assumption that 7, = [1, s] (which is

just a renumbering of the indices to make the numbers clearer) 2) the object moves down by

n—s

exactly one index at each time ¢t and 3) m < , so that once an index leaves Ty, it will not

«
return in the next a time instants. A simpler way of stating fact 3) is that the total motion is

)
such that 7; does not return to where it started i.e. Ty, N Tr, 40 = 0.
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Notice that |7, | < s for all i. (With the possible exception of the last set, they all have
size exactly s.) So under the assumptions of Model 2.9.2 b} (a) < s, which satisfies Model 2.5.1

< 0.0025a = &3¢ = 00e. X

with At = 57 2

A
«

2.9.2 Analyze the ReProCS algorithm that also removes the deleted directions

from the subspace estimate

The tools introduced in this paper — (a) Lemma 2.5.3 and the way it is applied to bound H,,
in Lemma 2.6.23; and (b) the detection lemma (Lemma 2.6.17), the no false detection lemma
(Lemma 2.6.16) and the p-PCA lemma (Lemma 2.6.18) — can also be used to get a correctness
result for a practical modification of ReProCS with cluster-PCA (ReProCS-cPCA) which is
Algorithm 2 of [11]. This algorithm was introduced to also remove the deleted directions from
the subspace estimate. It does this by re-estimating the previous subspace at a time after the
newly added subspace has been accurately estimated (i.e. at a time after fj + Ka). A partial
result for this algorithm was proved in [11].

This result will need one extra assumption — it will need the eigenvalues of the covariance
matrix of £; to be clustered for a period of time after the subspace change has stabilized, i.e.
for a period of dy frames in the interval [t; +d+1,t;41 — 1] — but it will have a key advantage.
It will need a much weaker denseness assumption and hence a much weaker bound on 7 or ryat.
In particular, with this result we expect to be able to allow r = rpat € O(n) with the same

assumptions on s and Syt that we currently allow. This requirement is almost as weak as that

of PCP.

2.9.3 Relax the independence assumption on /;’s

The results in this work assume that the £;’s are independent over time and zero mean;
this is a valid model when background images have independent random variations about a
fixed mean. Using the tools developed in this paper, a similar result can also be obtained for
the more general case of £;’s following an autoregressive model. This will allow the £;’s to be
correlated over time. A partial result for this case was obtained in [26]. The main change in

this case will be that we will need to apply the matrix Azuma inequality from [23] instead
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of matrix Hoeffding. This is will also require algebraic manipulation of sums and some other
important modifications, as explained in [26], so that the constant term after conditioning on

past values of the matrix is small.

2.9.4 Noisy and Undersampled Online Matrix Completion or Online Robust PCA

We expect that the tools introduced in this paper can also be used to analyze the noisy
case, i.e. the case of m; = x; + £; + w; where w; is small bounded noise. In most practical
video applications, while the foreground is truly sparse, the background is only approximately
low-rank. The modeling error can be handled as w;. The proposed algorithms already apply
without modification to this case (see [17] for results on real videos). The reason that our tools
will directly extend to the noisy case is this: the sparse recovery step is already a noisy sparse
recovery one, its analysis will not change if we also add in more noise due to w;. If £; and w;
are assumed independent, then there should be few simple modifications to the analysis of the
p-PCA step as well.

Finally, we expect both the algorithm and the proof techniques to apply with simple changes
to the undersampled case m; = Ayxi+ Bl +w; as long as B, is not time-varying, i.e. By = By.

A partial result for this case was obtained in [27] and experiments were shown in [17].

2.10 Conclusions

In this work, we obtained correctness results for online robust PCA and for online matrix
completion. Both results needed four key assumptions: (a) accurate initial subspace knowledge;
(b) slow subspace change and mutual independence of the £;’s according to Model 2.2.2; (c)
some changes in the set of missing entries (or in the set of outlier-corrupted entries) over time,
one way to quantify what is needed is given in Model 2.2.3; (d) a denseness assumption on the
columns of the subspace basis matrices of £;; and (e) algorithm parameters are appropriately
set.

Ongoing work includes obtaining the results mentioned in Sections 2.9.2, 2.9.3 and 2.9.4.
Besides these, we expect the proof techniques developed here to apply to various other problems

involving PCA with data and noise terms being correlated.
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2.A Appendix A:
Proof that Model 2.2.3 on 7; satisfies the general Model 2.5.1

Proof of Lemma 2.5.2. Consider an interval J,,. We will construct one set of mutually disjoints
sets {7(i)u}i=12,..1, that are subsets of {1,2,...n} and a partition {J;) 4 }i=12,...1, of Ju so that
for all t € J;)4, (2.10) holds and so that hy(c; {7()u}, {JG)u}) < B for this choice. Since
L% (a) takes the minimum over all such sets, this will imply i} (a) < 8. By setting h™ = 8/«
and using the Model 2.2.3 assumption p?3 < 0.01a, we will be done.

Recall from Model 2.2.3 that T; = T for all t € [tF, t*+1) with t**1 —t# < g and |T¥)| < s.

Let t, := (u— 1)a + 1 denote the first time index of 7,. Let k, be the index k for which
ty € [tF,t*+t1). In other words, 7, = T«). Define I, to be the number of intervals [tF, t5+1)
that have non-empty intersection with 7,. So [, is one plus the number of times 7; changes in

the interval 7,. For i =1,2,...1, — 1, define
Tiiyu = TN T,

and set T(;,) . = Tlhuttu=1] "~ Clearly 1, < . Thus, by the Model 2.2.3 assumption (for any k
and i such that k < i < k+ o, (TH\ TEH) A (TE\ 7)) = §), the T;),’s are mutually
disjoint.

Next, define a partition of 7, as
j(l)’u = [tku+l—17tku+l) m ju for Z — 17 27 . lu

By Model 2.2.3 1 < tj4q — t < B for all k. Since Ji3), C [tF+ T thF) T | < B for all
i=1,2,...1,.
Notice that for all t € J() ., Tt = Tleuti=1] = Qo if we can show that TTeti=1 C T(i)u Y

Ti+1)u Y Tigp—1), for all i = 1,2,...1,, we will be done since this will imply hy(a) < 8.
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To show this, set k =k, +¢ — 1. Then,

Tkl — Ty U [T A 7R+
C 721)7’“ U 722‘-1—1),'11, U [T[k] N T[k-‘rl] N T[k+2}]
_ 7—(@) LU 7-(1'-1—1) WU [T[k] N T[k+1] N T[k+2} \ T[k+3]) U [T[k] N T[k+1] N T[k+2} N T[k+3}]

C Tiiyu U Tis 1) U Tiigoy U [TH A 7 o k2l o ksl
Continuing in the same manner as above, we get,

T[k] - 7{@.)# U 7Zi+1),u U---U 7-(i+p—1),u U [T[k] N T[k‘f'l] N---N T[k"rp]]

= 7?2)771» U 7?@’+1),u U---u ,r(i—i-p—l),u (233)

The last line is because T N 71F+el = ¢ by Model 2.2.3. X
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2.B Appendix B:

Proof of Lemma 2.6.14 (bound on (; newk) and of Lemma 2.7.8

Proof of Lemma 2.6.14. This proof’s approach is similar to that of [11, Lemma 6.1]. The
details have some differences because our main result now uses different assumptions.
This lemma uses Model 2.5.1. As shown in Lemma 2.5.2, Model 2.2.3 is a special case of

this general model.
bae i

with the terms on the RHS defined in Lemmas
ba—ba 1 — by

Recall that

jnewk =

2.6.21, 2.6.22, 2.6.23.

Recall that € = 0.01rpew( A Divide the numerator and denominator by A~ Define

train® train®

[P0 (692065 ) + 26867 () k=1

train

[ ()2 e 1+2W¢+} (;W) k> 2

train

C = [ 2h+((f)+ 7“+2\/W¢+ C+ T+ 2( C .) } (5\?4_ ) +0.05

train

-

train

At
Dy, :=1—(¢)* = (¢}L)? <A ) Cinewh—1Bk = Tnew((Ci +.02)

Then,

By,
+ +
jnevvkS J,new,k— 1D +TnewC

Recall that k1 = 0.0215 and ¢ = 1.2. It is not difficult to see that C new.k is an increasing

function of p?ht, r, ¢, (/\;‘ram and )‘t‘::l and C mew k—1- Consider £ = 1. Using CJ new,0 = 1 and
the upper bounds assumed in Theorem 2.2.7 on the above quantities, we get that ( mew,1 < 0.18.

Thus, o = 1. Using this and the fact that (;new i 1s an increasing function of

j new,1 < Cj new

+ + +
C] new k—17 W€ can show by induction that ]newk < Cj,new,kq Thus, C mewk < Gjnew,1 < 018

forall k=1,2... K.

Using C < 0.18 and the bounds assumed in Theorem 2.2.7 on the other quantities we

,new,k

get that

Fewk < 0:83CT o k1 + 014700 C

jnew,k —
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Using this, we get

k—1
Chuews < 0-83CH e i1 + 0147000 C < G 0(083)F + > (0.83)7(0.14) ryenC

j,new,k — 1 Jj,new,0
1=0

<t (0.83)11‘C 4 i(O.SS)i(0.14)TneWC

— Sj,new,0
=0
< 0.83% + 0.847newC.
X

Proof of Lemma 2.7.8. Recall that Djnew = (I — P(j)7*P(j),*/)P(j),neW‘ Then || I7' Djpewll2 =
||IT/(I_p(j),*p(j),*/)P(j),newH2 < HIT,P(j),newH?_'—”P(j),*/P(j),newH? < ’{S(P(j),HeW)_'—|’P(j)=*/(1_
P PGy i) Py mewll2 < s (P mew) + G The event Xy g1 € T'j5_; implies that ¢j. <

;r* < 0.0015. Thus, the lemma follows. I



70

2.C Appendix C:

Proof of the Compressed Sensing (CS) Lemma (Lemma 2.6.15)

This proof’s approach is similar to that of [11, Lemma 6.4]. The details have some differ-
ences because our main result now uses different assumptions. The proof uses the denseness
assumption and subspace error bounds (. < C;f* and (jnewk—1 < C;fnemk_l, that hold when
Xa;+k—1 € F%,l for 4; = wj or 4; = wj + 1, to obtain bounds on the restricted isometry
constant (RIC) of the sparse recovery matrix ®; and the sparse recovery error ||b:||2. Applying

the noisy compressed sensing (CS) result from [19] and the assumed bounds on ¢ and ~, the

lemma follows.

Lemma 2.C.1. [11, Lemma 2.10] Suppose that P, P and Q are three basis matrices. Also,

P and P are of the same size, Q' P =0 and ||(I — PP)P|y = (.. Then,
1. ||(I = PP)PP'|s=||(I - PP")PP'| = |(I - PP)P|> = (I - PP)P|>=¢,
2. |PP' — PP'||, <2|(I - PP")P|y =2
3. 1P'Q|2 < ¢
4 VT=C <o (- PP)Q) <1

We begin by first bounding the RIC of the CS matrix ®;. We will use the notation x2(P)

to mean (ks (P))>.

Lemma 2.C.2 (Bounding the RIC of ®; [11, Lemma 6.6]). Recall that ;. := H(I—l-:’(j)7*1-ﬁ’(j)7*’)P(j)’* l|2-
The following hold.

1. Suppose that a basis matriz P can be split as P = [Py Ps] where Py and Py are also basis

matrices. Then k?(P) = Maxr 1< 1L P2 < k2(P1) + K2(Py).
2. HE(P@),*) < (HS,*)Z ~+ 2(, for all j
3' KS(P(j),HeW,k’) S %s,new + Cj7new7k + Cj,* for a'll j and k.

~

4. Fort e [(uj—1 + K)a+1,(t; + 1)a), 64(P;) = I{g( (j)’*) < (/157*)2 + 2 %
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5 Fork=1,...,K—1, fort € [(a+k)a+1,(a;+k+1)a] 35(®;) = Hg([ﬁ(j)v* P(j),new,k]) <

Hg(fj(]),*) + KE(P(j),new,k) < (HS,*)2 + 24]',* + (Ks,new + Cj,new,k + gj,*)2‘

Proof. 1. Recall that x2(P) = max 7|, [|[I7'P|[3. Also, | I/ P|3 = || I[Py P][P Py Ir|2 =
HIT/(P1P1/ + PQPQ/)ITHQ < HI’]‘/P1P1/I7‘H2 + ||I7'/P2P2/I7’||2. Thus, the inequality fol-

lows.

2. For any set T with ’7—‘ S S, ||I7',P(j),*||% = HIT,P(j),*P(j),*/ITH2 = ||I7J(15(j),*15(j),*/ —
PPy + Py Py N Irl2 < | IF (Py) o Py =Py o Py o I o | I Py Py )2 <
2G5« + (ksx)?. The last inequality follows using Lemma 2.C.1 with P = P . and

3. By Lemma 2.C.1 with P = P ,, P = 13’(]-),* and Q = P new; HP(j)7new,p(j)7*H2 < Gxe
By Lemma 2.C.1 with P = Pj) new and P = Py o s [|(T=P(j) new Py mew’ ) Py mew k|2 =
(I = Py mew i Py mew i) Py mewll2-

For any set 7 with |T| < s, HIT/P(]‘),new,kH2 < |1I7(I - P(j)vneWP(j)meW/)P(J')7H6W7kH2 +
17 P mew Py me Pigy mew |2 < I = Py new Py mew’) Py mew illz + 117 Py mew |2 =
(T =Py mew k Py mew k) Piiymewll2H 1 I7 Py newll2 < 1D mew s |21 Py Py’ Py mewll2+

|1 I7' P(j) newll2- Taking max over |T| < s the claim follows.
4. This follows using Lemma 2.2.9 and the second claim of this lemma.

5. This follows using Lemma 2.2.9 and the first three claims of this lemma.

Corollary 2.C.3.

1. Conditioned on I'j_1end, fort € [t;, (4 + 1)a], d5(P) < dog(Py) < (K2s4)? + 2{;* <

0.1 <0.1479, and ||[(20) 7" ()7 "2 < 5@y < 1.2:= 7.

2. Fork=2,...,K and 4; = u; oru; = uj+1, conditioned on F?,]é—p fort e [(4j+k—1)a+
1, (’LAL] + k)a]; 5s(¢t) < 62s(q)t) < (525,*)2 +2 ;t* + (’i2s,new + C;r ew,k—1 + ;;)2 < 0.1479,

and ”[(‘I’t)']'t,(@t)'n]ilug S #(‘I’t) <1.2:= ¢+.
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3. For 4 = uj or 4; = uj + 1, conditioned on F?fk, fort € [(4; + K)a + 1,t41 — 1],

0s(®t) < G25(Pr) < (m25)” +2¢], < 0.1 < 0.1479, and ||[(4)7 (P72 < 5@y <

1.2:=o™T.

Proof. This follows using Lemma 2.C.2, the definitions of I';_1 ¢nq and I‘?j , and the bound on
¢t from Lemma 2.6.14. X

j,new,k—1

The following are straightforward bounds that will be useful for the proof of Lemma 2.6.15.

Fact 2.C.4. Under the assumptions of Theorem 2.2.7:

T VO <
e

® Crown1 < 08371 + 084100 (from Lemma 2.6.14)

b gjfnewjk_l')/new < 0-83k_17new + 0.847new(Ynew < 0-83k_1’7new + 03\/Z

Proof of Lemma 2.6.15. We will prove claim 2). The others are done in the same way.

Recall that T3, implies that (. < ¢, and jnews—1 < ¢,

new,k—1"

a) Fort € [(ﬁj—i—k—l)a—i—l, (ﬂj—i—k)a}, b, = <I_.ﬁt_1.pt_1/>£t = Dj,*,kflat,*+Dj,new,k71at,new-

Thus, using Fact 2.C.4

HthQ < Cj,*\/;’Y + Cj,new,kfl V T'new Vnew
< VT + (0835 ey + 0.841/C)\new
RV rnew0-83k_17new + \/E(\/;‘F 0~84\/Tnew) <&

b) By Corollary 2.C.3, a5(®;) < 0.15 < v/2 — 1. Given |T;| < s, ||bs]|2 < &, by the theorem in

[19], the CS error satisfies

4r/1 + G (By) ¢ <7

1— (V2 + 1)024(P;)

Hi't,cs - mt”? <

c¢) Using the above, |[#;cs — Ttlloc < 7€ Since miner; [(®¢)i] > Tmin and (z4)7 = 0,
mine7; |(&t.es)i| > Tmin — 7€ and max;e 7. [(#r.cs)i| < 7€ If w < Tamin — 7€, then 7; O 7. On
the other hand, if w > 7€, then 7{ C T;. Since w satisfies 7¢ < w < Tpin — 7€, the support

of x; is exactly recovered, i.e. T; = T;.
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d) Given 7; = T;, the least squares estimate of x; satisfies ()7, = [(®¢)7:] g = [(®¢)7.]T (P i+
®.4;) and (&)7 = 0. Also, (®¢)7,'®; = I7,/®, (this follows since (®;)7, = @Iy, and
®,/®; = ¥,). Using this, the error e; := &; — x; satisfies (2.18). Thus, using Fact 2.C.4 and

the bounds on ||a¢||ec and ||@¢pew||o, for t € [(4; +k — 1)a+ 1, (4 + k)a,

HetH? S ¢+(C‘]—t_*\/;ry + C;,_neW,k—l V Tnew new) S 1.2 (106\/C + (0'83)’671\/ Tnew’Ynew)

The last inequality follows from Lemma 2.6.14.
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2.D Appendix D: Proof of Cauchy-Schwarz inequality for matrices

Lemma 2.D.1 (Cauchy-Schwarz for a sum of vectors). For vectors x; and y,

<gwt’yt>2 < (Z}II%H%) (Zt:HytH%)

Proof.
2 2 2
N 2 Y1 T Y1
(Z wt/yt> = [331/7 cee ,CCO/] <
t=1
(e [e%
- (et ) (S
t=1 t=1
The inequality is by Cauchy-Schwarz for a single vector. X

Lemma 2.D.2 (Cauchy-Schwarz for a sum of matrices). For matrices X; and Y:,

2
1 &
—D XY/ < dmas (aZXtX/> m< ZYth>
t=1 2 t=1

Proof of Lemma 2.D.2.

2

| = e o (thxm’)y
llyll=1
@ 2
— /
= g | 2 (X
lyll=1
- 2 = 2
1Xv(ly | { 1Y vl
H t t=1 t=1
o
= XX/ z - ! Y, Y,
e K e S Y0
«
= Amax (Z XtXt’> Amax (Z YA@’)
t=1 t=1

The inequality is by Lemma 2.D.1. The penultimate line is because ||z|3 = ’z. Multiplying

both sides by (é)2 gives the desired result. X
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CHAPTER 3. RECURSIVE SPARSE RECOVERY IN CORRELATED
STRUCTURED NOISE

A paper prepared for submission to IEEE Transactions on Information Theory

Brian Lois, Namrata Vaswani, and Jinchun Zhan
Abstract

This work studies the problem of recursive robust principal components analysis (PCA).
At each time ¢, suppose that a vector m; = £; + x; is observed. The vectors £; lie in a slowly
changing and dense low-dimensional subspace. The vectors x; are sparse and their support
changes frequently enough. The goal is to recover x; and £; at each time ¢ and to maintain
an estimate of range(€y,...,#£;). This work improves on existing results by assuming a more
general autoregressive model for the low-dimensional vectors £;. It is proven that under certain
model assumptions, with high probability, the practical ReProCS algorithm exactly recovers
the support of ay, and the error made in estimating a; and £; is bounded by a small value that
depends on the accuracy of the initial subspace estimate. Also, all of the subspace changes
are detected within a certain delay, and the error made in estimating the new subspace decays

below a small value within a finite delay.

3.1 Introduction

Principal Components Analysis (PCA) is a tool that is frequently used for dimension re-
duction. Given a matrix of data D, PCA seeks to recover a small number of directions that
contain most of the information in data. This is typically accomplished by performing a sin-
gular value decomposition (SVD) of D and retaining the singular vectors corresponding to the

largest singular values. A limitation of this procedure is that it is highly sensitive to outliers
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in the data set. Recently there has been much work done to develop and analyze algorithms
for PCA that are robust with respect to outliers. A common way to model outliers is as sparse
vectors [1]. In seminal papers Candes et. al. and Chandrasekaran et. al. introduced the Prin-
cipal Components Pursuit (PCP) convex program and proved its robustness to sparse outliers
[2], [3]. Principal Components Pursuit poses the robust PCA problem as identifying a low rank
matrix and a sparse matrix from their sum. The program is to minimize a weighted sum of
the nuclear norm of the low rank matrix and the vector #; norm of the sparse matrix subject
to their sum being equal to the observed data matrix. The results in [4] improve upon those
in [3]. Other methods such as [5] model the entire column vector as being either correct or an
outlier. Some other works on the performance guarantees for batch robust PCA include [6],
[7], and [8]. All of these methods require waiting until all of the data has been acquired before
performing the optimization.

In this work we consider an online or recursive version of the robust PCA problem where we
seek to separate vectors into low dimensional and sparse components as they arrive, using the
previous estimates, rather than re-solving the entire problem at each time ¢. An application
where this type of problem is useful is in video analysis [9]. Imagine a video sequence that has
a distinct background and foreground. An example might be a surveillance camera where a
person walks across the scene. If the background does not change very much, and the foreground
is sparse (both practical assumptions), then separating the background and foreground can be
viewed as a robust PCA problem. Sparse plus low rank decomposition can also be used to
detect anomalies in network traffic patterns [10]. In all such an applications an online solution

is desirable.

3.1.1 Paper Organization

This paper is organized in the following way. The signal model, assumptions, and main
result are given in Section 3.2. Here we explain special cases of support change of x; that will
satisfy our assumptions. Section 3.3 contains our most general support change model. Proofs
of the support change results can be found in Appendix 3.B. A description of the Algorithm

studied is in Section 3.4.



79

The main theorem (Theorem 3.2.15) is proved in Section 3.5. Proofs of the main lemmas
used to prove the theorem are given next in Sections 3.6 and 3.7. Some preliminary and simple
results used in the proofs are deferred to the Appendix. Appendix 3.A contains lemmas for
exchanging the order of a double sum (Lemma 3.A.1), Cauchy-Schwarz for matrices (Lemma
3.A.3), and the matrix Azuma inequality from [11] and associated corollaries (Lemmas 3.A.8 -
3.A.10).

In Section 3.8 we introduce a more general subspace change model and a corresponding
algorithm. A result analogous to Theorem 3.2.15 is proven in Section 3.9. Finally, in Section

3.10 we provide some simple simulation results that demonstrate the theoretical results.

3.1.2 Problem Definition

At time t we observe a vector m; € R” that is the sum of a vector from a slowly changing

low-dimensional subspace £; and a sparse vector ;. So
mt:£t+:ct fOI‘t:1,2,...,tmaX,

with the possibility that t.x = 0c0. We model the low-dimensional £€;’s as £; = P;a; for a basis
matrix P; that is allowed to change slowly over time. Given an estimate of the initial subspace
15(0), the goal is to obtain estimates @; and £, at each time ¢ and to periodically update the

estimate of P;.

3.1.3 Contribution

The ReProCS algorithm for online sparse + low-rank matrix recovery (online robust PCA)
was first introduced and analyzed in [12]. That paper contained a result that assumed certain
properties of the algorithm estimates, and as such was only a partial correctness result. In
Chapter 2, by building on proof techniques introduced in [12], a full correctness result was
proven for the same ReProCS algorithm. Experimental evaluation of ReProCS is done in [14].
Here it is shown that with practical heuristics used to set its parameters (some of which are

different from the algorithm parameters used in our correctness result), ReProCS has signifi-
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cantly improved recovery performance compared to other recursive ([15, 16, 10]) and even batch
methods ([2, 9, 16]) for many simulated and real video datasets.

A limitation of the result of Chapter 2 was that it assumed independence of the £;’s over
time. For the video application, this means that the background images' are independent over
time, and in most cases this is not a valid assumption. In this work, we are able to remove this
assumption and replace it by a more realistic first order autoregressive (AR) model assumption
on the £;’s. The ReProCS algorithm itself does not need knowledge of the AR model or its
parameters. Under this model and only one extra assumption compared to Chapter 2, we can
obtain a correctness result. The extra assumption needed is a bound on the ratio of the squared
maximum value to the variance of any entry of a; (which will later be defined as the coefficients
of £; with respect to an orthonormal basis). We show that as long as algorithm parameters are
set appropriately, a good enough estimate of the initial subspace is available, slow subspace
change holds, the subspaces are dense enough, and there is a certain amount of support change
at least every so often, then the support can be exactly recovered with high probability, the
sparse and low-rank matrix columns can be recovered with bounded and small error, and the
subspace recovery error decays to a small value within a finite delay of a subspace change. Use
of the AR model requires new proof techniques beyond what were used in Chapter 2. We need
to use the matrix Azuma inequality from [11] instead of the matrix Hoeffding inequality from
the same paper. Before applying the matrix Azuma inequality, we must also perform algebraic
manipulation of sums so that the previous term on which we are conditioning is small. This is
done in Lemma 3.6.3 which is proved using Lemma 3.A.6. Lemma 3.6.3 is used in the proof of
Lemma 3.5.22 which is also significantly different.

A second contribution of this work is that we assume a subspace change model that allows
for both addition of new directions and removal of existing directions from the subspace, and we
also study a partly practical modification of the ReProCS with cluster-PCA (ReProCS-cPCA)
algorithm introduced in [12]. ReProCS-cPCA improves upon ReProCS in that it also includes
a subspace re-estimation step that allows removal of deleted directions from the subspace

estimate. We obtain a correctness result for this algorithm under all the earlier assumptions

technically the background image minus a mean background image
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and a clustering assumption on the eigenvalues of the covariance matrix of £; after the subspace
change has stabilized. A key advantage of this result is that it significantly relaxes the denseness
requirements and consequently needs a much looser upper bound on the rank-sparsity product
compared with our result for ReProCS. The ReProCS result needs a bound that is tighter than
what PCP needs (PCP is a batch method while ReProCS is online) but the bound needed by
ReProCS-cPCA is comparable to that of PCP. In fact, ReProCS-cPCA does not need a bound
on the rank of L as long as the delay between subspace change times increases in proportion
to log J where J is the total number of subspace change times in the entire sequence and J is
known. The requirement that the length of time between subspace times increases with J is a
consequence of the probabilistic signal model, and not the algorithm. Another way to interpret
the result is that the probability of incorrect recovery increases only linearly with J. However
this result has a significant limitation. Unlike the practical ReProCS algorithm, the ReProCS-
cPCA algorithm is not fully automatic. It needs information about the eigenvalue clustering
which at this point we cannot set automatically. (See the discussion in Section 3.8.3.)

To the best of our knowledge, this is among the first few works that provides a correctness
result for an online (recursive) algorithm for sparse plus low-rank matrix recovery or equiv-
alently for online robust PCA. As an easy corollary, we also have a result for online matrix
completion. In this case, the support of x; is the set of missing entries, and this is known.
Online algorithms are needed for real-time applications; even for offline applications, they are
faster and need less storage compared to batch techniques. Moreover, online approaches can
provide a natural way to exploit temporal dependencies in the dataset. In our case, we show
that ReProCS uses slow subspace change to allow for significantly more correlated support sets
of the sparse vectors than do the various results for PCP [2, 3, 17]. Partial results have been
provided for online sparse plus low-rank matrix recovery in our earlier work [12], and also in
later work by Feng et. al. [18]; however, all require an assumption on intermediate algorithm
estimates. We discuss these and [19, 20] in Sec 3.2.6. There is some more recent work on online
robust PCA algorithms and their experimental evaluation, e.g. [15], [21].

The new proof techniques developed in this and earlier works [12, 13] are needed because

in our case, the error e; = £; — ¢, is correlated with the true data £;. This is an artifact of how
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we obtain the estimates £;. Standard results for PCA such as those in [22] cannot be used,

because they assume that the noise is independent of or uncorrelated with the noise-free data.

3.1.4 Notation

We use lowercase bold letters for vectors and capital bold letters for matrices. We use x’
for the transpose of a vector & and similarly A’ for the transpose of a matrix A. (Everything
is real, so this is also the Hermitian adjoint). The 2-norm of a vector and the induced 2-norm
of a matrix are denoted by || - ||2. We refer to a matrix with orthonormal columns as a basis
matriz. Notice that for a basis matrix P, P'P = I. For a set T of integers, |T| denotes its
cardinality. For a vector x, x7 is a smaller vector containing the entries of x indexed by 7.
Define I to be an n x |T| matrix of those columns of the identity matrix indexed by 7. Then
let A7 := AI+. For matrices P and Q) where the columns of @ are a subset of the columns of
P, we will use the notation P\ Q to mean the matrix of columns in P and not in Q. Using our
column subscripting notation, for an n xr matrix P, if Q = Pr, then P\Q := Py 7 = PF.

For integers a and b, we write ¢ mod b for the remainder when a is divided by b. We use
the interval notation [a, b] to mean all of the integers between a and b, inclusive, and similarly
for (a,b) etc. For a matrix A, the restricted isometry constant (RIC) 65(A) is the smallest real
number 5 such that

(1= ds)llz]3 < A3 < (1+ )13

for all s-sparse vectors x [23]. A vector x is s-sparse if it has s or fewer non-zero entries. For
Hermitian matrices A and B, the notation A < B means that B — A is positive semi-definite.

For an Hermitian matrix H, H EYP UAU’ denotes its eigenvalue decomposition. Similarly

for any matrix A, A YO UV’ denotes its singular value decomposition.

For basis matrices P and @, define
dif(P,Q) := (I - PP')Q|2.

It is not difficult to show that this function is symmetric when P and @ are the same size. (See

for example [12]). We will use the function dif as a measure of the error made when estimating
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range(Q) by range(P). We use the hat to denote estimation of the column space of a matrix.
So range(P) is an estimate of range(P), but P is not necessarily an entry-wise estimate of P.

We will use P for probability and E for expectation. For a sequence of random variables
Zi,...,2Z;, the notation

Ei1(Zy) := E[Z4|Zy, ..., Z; 4]

and

Et_l[Zt‘X] = E[Zt|X, Zl, ey Zt—l]

For an event (set) I', we use I for the complement of T

3.2 Model Assumptions, Main Result, and Discussion

3.2.1 Model on ¥
Model 3.2.1.

1. Subspace Change Model for £,
Let t; for j = 1,...,J be the times at which the subspace changes. For the sake of

notation, let to = 0 and tj41 := tmax- We assume €, = Pyay for allt =1,. .. tyax, and

[Pi_1 Pinew] ift=1t1 orty or ...ty
P, = (3.1)

P_ otherwise

where P; is a basis matrixz for all t.

Let rj = rank(P;;) and ¢jnew = rank(P; new)-
2. Assumptions and notation for a;. We assume the following model on ay:
a; =bai_1 + vy

for a scalar b < 1. Set ag = 0. Also assume E[vy] = 0, the vy are mutually independent

over t, bounded, and the matriz A, ; := Cov(1y) is diagonal.

At t =t; the length of the vector a; increases from rj_1 to ;. From (3.1) it is clear that
fort < t;, Ptj,new’ﬁt = 0. Therefore, for the autoregressive model, the last (r; —rj_1)

entries of a; begin at 0.
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Define
(a) ~ := Wo (Since vy is bounded, v < 00.)
_ _ infy Amin(Auy) + . 8Pt Amax(Ant)
(b) X ‘_1_—b2(md)\ = T—

and assume that 0 < A~ < AT < o0.

By induction it is easy to see that

latlleo = [Ibat—1 + villoo < bll@s—1ljoc + [[Velloc < by + (L= b)y <.

Definition 3.2.2. Define

Py =P, forj=1,...,J

Py = P

Pj) mew = Pij new

Because Py is a basis matriz, Py, L Py new- Define r; =

and Cpew = max; rank(Pjy new). Observe that

ry=rank([£1,..., L)) and 15 <710+ Jepew =T

Qt

)

Fort € [tj,tjy1), £ can be written as € = [Pj) s P(j) new] , where

at,new

ai .= P(j)7*’£t and  Qppew := P(j),newlﬂt
Definition 3.2.3. Asin (3.2), fort € [tj,tj11), define
Vi ' = W)y —cjmen] 4 Vinew 7= (V) —¢; new+1m)]
and define A,y := Cov(vy). Also define Ag s := Cov(ay).

Observe that

Aa,t = bQAa,tfl + Au,t

From the above equation, it is clear that A,; is also diagonal and

(1 - b2t)A7 S )\min(Aa,t) S Amax(/xa,t) S (1 - b2t)A+'

max; rank P(j).
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Definition 3.2.4. Define
At
fi= e

Notice that f is a bound on the condition number of A, ; at any time ¢.

Definition 3.2.5. Define Aqy = Cov(asy) and Aginew := Cov(@inew). Similarly define

Aty = Cov(vyy) and Ayt new = Cov(Vinew). Then

A t,% 0 Ay,t,* 0
Agy=| and A, =
0 Aa,t,new 0 Al/,t,new
Definition 3.2.6. For an integer d, define

max; maXee(t; ¢ +d) | Venew||oo

1. Ynew = (1 — b)
Amin (A w Amax (A w
2. Mew '=mMin  min —mm( V’tQ’ne ) and )\:ew ‘= max max e HLIew] ( V’tz’ne )
Jteltytj+d 1-b Joteltyti+d 1—0

In the theorem we assume upper bounds on Ynew and A

Sew- Lhis ensures that the projection of

L, along the new directions is “small” for some time (d frames) after a subspace change.

Definition 3.2.7. Define

n = e and n _ new
o e =

Observe that if a; is a scalar random variable, then 7 is the ratio of the maximum absolute
value (of a;) squared to the variance. For a continuous random variable uniformly distributed
on the interval [—v,~| one can easily compute n = 3. Moreover, if the i-th entry of a; is a
continuous random variables that is uniformly distributed in [—~;, ;] and if this is true for all
times t, then v = max; v; and we still get n = Mpew = 3.

Subspace Change Model with Deletions. The above simple model only assumes new
directions get added to the subspace but nothing gets removed. We work with this model for
notational simplicity. Our results in this section will also hold if it is replaced by the following

more general model.

Model 3.2.8. Signal Model 3.2.1 holds with P; = [(P;—1R;) \ Piola Pinew) at t =t;’s. Here
R; is an arbitrary rotation matriz. (By using a rotation matriz, we allow the removal of any

direction in range(P;_1).)
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In Section 3.8, we study a more general ReProCS algorithm called ReProCS-cPCA that
includes a deletion (by subspace re-estimation) step. Our result for that algorithm is based on

Signal Model 3.2.8. With one extra assumption, we are able to prove a stronger conclusion for

ReProCS-cPCA.

3.2.2 Denseness coefficient

Below we give the definition of the denseness coefficient k.

Definition 3.2.9. For a basis matriz P, define ks(P) = |1r%1|a<x | I P||2.
<s

As described in [12], ks is a measurement of the denseness of the vectors in the subspace
range(P). Notice that small ks means that the columns of P are dense vectors. The reason

for quantifying denseness using ks is the following lemma from [12].

Lemma 3.2.10. For a basis matriz P, §;(I — PP') = (ky(P))>.

3.2.3 Model on x;
Let T; := {i: (x); # 0} be the support set of &; and let
§ 1= max | T¢]
be the size of the largest support, and let

Trmin = irgf 5161171_3 [(@4)q]

denote the size of the smallest non-zero entry of any ;.
In order to prove our result, we require that the supports of x; be sufficiently different.
Below we give two possible models that will imply the most general conditions required (given

in Section 3.3).

Model 3.2.11. Let o > 1 be a scalar. Suppose that the support of x; is of fixed size less than
or equal to s, consists of consecutive indices, and moves down the vector at least every 3 time
instants. Moreover, each time it moves, it moves by at least % indices and at most pas indices.
Stated differently, the support of x; remains the same for no more than 3 time instants, and

when it moves, it moves by no fewer than g indices and no more than pos indices.
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Model 3.2.12. Suppose that the support of x: consists of s or fewer consecutive indices and

moves down the vector by between 1 and m indices at every time t.
Figure 3.5 on page 98 illustrates the above support change models.

Remark 3.2.13. For both of the above models, when the support reaches the bottom of the
vector, we assume that it starts over at 1. This models a moving 1D object of length s or less
that enters the scene and eventually walks out, and then another object of length s or less may
come in. The requirement of consecutive indices and downward (as opposed to upward) motion
are done for simplicity and ease of understanding. Our results still hold under permutations
(relabeling) of the indices. We could also make a small modification and assume that the object

is reflected back up (down) when it reaches the bottom (top). See Remark 3.3.6.

Remark 3.2.14. Nothing in our most general support change model or our algorithm requires
only one object in the support of ;. The models above are simple examples that capture the
intuition of our general model.

3.2.4 Main Result

Theorem 3.2.15. Consider Algorithm 3. Pick a ¢ that satisfies

¢ < min 107% 1.5x107% 1 0.01\~
= r2 r2f 32 232 [

Suppose
1. (I = Py Py ) Pgyll2 < 7oC;
2. The algorithm parameters are set as:

e thresh = AT_;

_ | log(0.16¢cnew() | .
° K= [ “Toz(04) W’

L4 5 = v/Cnew Ynew + (\/; + 4/ Cnew)\/z;

o w=TE;
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o a=C(log(35KJ)+ 11log(n)) for a constant C > Cygq with
+e)4

Coaq :=20%-8.482 >/
add (Cnewc)\_)z’

3. Signal Model 3.2.1 on ¢; holds with b < 0.1 and

(a) tjiz1 —t; >d> (K +2)a forall ji.e. the delay between change times is “large”;

(b) ainew is “small”
1. v/ Cnew Ynew + (\/; + 4/ Cnew)\/z < %;
i A, <V2AT;
1. b2 CnowMnew Aoy < 0.5A7 (because b < 0.1, this will be satisfied if CoowMnew Moy <
5017 );
4. The support of x+ changes enough so that for the a chosen above, Signal Model 3.2.11

holds with B = h*a and

[912 ht <0.0025, and pasa < n

or Signal Model 3.2.12 holds with s < (6 x 107)a and a < 2.

5. The low dimensional subspace is dense such that

k2s(Py)) < 0.3 and max kos (P new) < 0.02.
j

Then, with probability at least 1 —n~19, at all times t

A

1. The support of x; is recovered exactly, i.e. Ty = T¢;

The estimate of the subspace change time satisfies t; < fj <tj+2a, forj=1,...,J;

3. The estimate of the number of new directions is correct, i.e. Cjnewk = Cjnew fOT ] =

1,...,0Jandk=1,... K;
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4. The recovery error satisfies:

~

1.2 (v + v/Coew Tnew) te [t1]

" o < 1.2 (1.84V/C + (0.4)* 71 /enewmew)  t € [t + (k — D)o, b + ka — 1],
Ly — Ttlj2 >

k=12,... K

2.41/C teltj+Ka,tj —1];
5. The subspace error SE; := ||(I — P,P/)Py||y satisfies:
1 t e [tj, t}]

SE: < 91072/C+ 041 te [fj+ (k- Dadj+ka—1], k=1,2,....K

10_2\/2 te [fj + Ka,tjq — 1] .

Remark 3.2.16. When b = 0 (a;’s are independent), the bound ¢ < 2'22}32; gets removed

because 1/b> — oo; and the third requirement in condition 3b) gets removed. Thus, when b = 0,
the above theorem is the same as the main result in Chapter 2 even though it provides guarantees

for a practical version of the ReProCS algorithm studied in Chapter 2.

3.2.5 Random Support Change

We give here a commonly used Bernoulli-Gaussian motion model that satisfies our support

change assumptions with high probability.

Model 3.2.17 (Taken from Chapter 2). Consider one-dimensional motion of the support of

x¢, and let o4 be its center at time t. Suppose that the support moves according to the model

ot =041+ 0 <1.18 + m) and
0
o =0; modn

where ;. is Gaussian N'(0,02) and 0, is a Bernoulli random variable that takes the value 1 with
probability q and 0 with probability 1 — q, and 0 > 1 is a constant. Taking the modulus with
respect to n describes the process of the support starting over at 1 when it reaches n. Assume

that {p}, {0:} are mutually independent and independent of {vy} fort =1,... tmax-
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Lemma 3.2.18 (Taken from Chapter 2). Signal Model 3.2.17 satisfies the assumptions of

g2

Signal Model 3.2.11 with g9 = %2 with probability at least 1 — n=10 if 6% < Wlog(n)’

1
n—lO

>1 ’ d toax < ni0
— | =—— ] , and tmax < n'".
= (2(tmax+0‘)> *

Proof. To prove the above lemma, we will be done if we can show

1. the support changes at least once every § instants with probability greater than 1 — ”;m;

2. when it changes, the support moves by at least % and not more than 1.2% indices with

10

probability greater than 1 — "5

Item 1) follows using simple arguments for Bernoulli random variables [24] while item 2) follows

using a Gaussian tail bound. The complete proof is in Appendix 3.B. X

Corollary 3.2.19. Consider Theorem 3.2.15 with condition /) replaced by Signal Model 3.2.17

with

(i1) tmax < n'Y

2

2 S
< .
(iii) o= < 400002 log(n)’
1
n—10 B (2.4x10~2)a
) g>1— ("), = 20 e
() a2 (2(tmax + a)) iforafB [o]?

Then all its conclusions will hold with probability greater than or equal to 1 — 2n~10.

Corollary 3.2.19 follows by combining Lemma 3.2.18 with Theorem 3.2.15.

3.2.6 Discussion

The above result needs an accurate estimate of the initial subspace, a slow subspace change
assumption, a support change assumption, and a denseness assumption. If a short sequence
of background only training data is available (which is often true of surveillance video), then

the initial subspace estimate is easy to obtain by ordinary PCA. Otherwise, one could use a
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batch method for robust PCA on an initial sequence to set 15(0) before starting the ReProCS
algorithm.

Consider the subspace change model. This model (along with the bound on ey from the
theorem) assumes that after a subspace change, ||@¢new| s and therefore also ||Ag ¢ newll2 are
initially small. After ¢;+d, ||@snew||co can be as large as v = max; ||a||, and the eigenvalues of
At new can increase up to A1 either immediately or gradually. Thus a new direction added at
time ¢; can have magnitude as large as v and variance as large as A by ¢; +d. Since we assume
that ¢; + d < tj41, this will occur before the next subspace change time. As demonstrated in
[12], such a slow subspace change assumption is valid for backgrounds in real video sequences.

Consider the support change models. Both Models 3.2.11 and 3.2.12 are valid and commonly
used models for foreground object motion in videos. Of course these are only special cases.
Nothing prevents multiple moving objects (see Section 3.3.1). In the rest of this discussion we
use Model 3.2.11. If we assume Model 3.2.11, our result requires s < 5=. If J < Cin for some

constant C, then using the definition of «, this bound holds if s < C’g@, for a constant Cs.

Thus, this model allows s € O(5z7;) and r = 79 + Jepew € O(n). As we explain next, our

denseness assumption restricts the requirement on r to r € O(logn).

Consider denseness. The way s is defined, our denseness assumption simultaneously places

restrictions on denseness of £;, and on r and s. As done in [2], we could assume x1(P)) < /5"

and £1(P(j) new) < ’lc% where p and ji take any value between 1 and . It is easy to show

that ks(P) < /sk1(P) [12]. Thus if

ZsCnew 771(0.02)2,

then our assumption of ras(Pry)) < 0.3 and os(P(j)new) < 0.02 will be satisfied. Since we

_n_
logn

require s € O(-2—), this means we can allow r € O(logn) to satisfy the above.
Comparison with other work.
Let L =[£1,€s,...,£4,.. ] and X = [x1, T2, ..., x4, ] Define ry, := rank(L) and Spyat :=

| support(X)|. For our model, Spat = Stmax, and rmas = 7 < 7. From the above discussion,

we see that the ReProCS result allows

> and .t € O(logn). (3.5)

logn
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The above requirement on Syt and g is stronger than that used by [2] (which studies

the batch approach PCP). The result in [2] allows

n
Smat € O (Ntmax) and rpay € O ((logn)2> .

But, up to differences in the constants, (3.5) is the same as the requirement found in [25] (which
also studies the PCP program and is an improvement over [3]), except that [25] does not need
specific bounds on Syt and rmat; it only requires rmatSmat € O(ntmax). The comparison is not
direct though because our result does not need denseness of the right singular vectors of L or
a bound on the vector infinity norm of UV’, while [2, 3], and [25] do. Here L W sy
The reason for our stronger requirement on Spyatmas 1S because we study an online algorithm,
ReProCS, that recovers the sparse vector x; at each time ¢ rather than in a batch or a piecewise
batch fashion. Because of this, the sparse recovery step does not use the low dimensionality of
the new (and still unestimated) subspace.

Because we only require that the support changes after a given maximum allowed duration,
it can be constant for a certain period of time (Model 3.2.11), or it can change only a little

at each time (Model 3.2.12). This is a substantially weaker assumption than the independent

or uniformly random supports required by [2] and [20]. As we explain in Chapter 2, if we

consider the whole matrix X, then at most 1;886 non-zero entries per row are allowed by our
result. Thus, for ry,e > 5000, this also is a significant improvement over [25] which requires
at most tm% non-zero entries per row. Therefore, an important advantage of our result is that
it allows for highly correlated support sets of «;, which is important for applications such as
video surveillance that involve one or more moving foreground objects or persons forming the
sparse vector x;.

Now consider works that also use initial subspace knowledge. Our result improves upon
[12)’s results by removing the denseness requirements on (I — P(j)’newP(j)mw’ )Pt and (I —
Ia(j)7*13(j)7*’ — 15t7neW15157neW’ )P(j),new and thus provides a complete correctness result. It also
improves on the results of Chapter 2 as explained earlier by studying a fully automatic version
of ReProCS and assuming an autoregressive model on the £;’s. In [18], Feng et. al. propose a

method for online robust PCA and prove a partial result for their algorithm. The approach is
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to reformulate the PCP program and use this reformulation to develop a recursive algorithm
that converges asymptotically to the solution of PCP as long as the basis estimate P, is full
rank at each time t. Since this result assumes something about the algorithm estimates, it is
only a partial result. Another work of Feng et. al. [19] on online robust PCA does not model
the outlier as a sparse vector but defines anything that is far from the data subspace as an
outlier. Another recent work that uses knowledge of the initial subspace estimate is modified-
PCP [20]. However, like PCP, this also needs uniformly random supports. Moreover it is a
piecewise batch approach.

Limitations. One limitation of this work is that we do not prove exact recovery of x; or
4.

In order to set the algorithm parameters as assumed in Theorem 3.2.15 one would need
knowledge of the model parameters v, Ynew, 70» Cnew, AT, A, and J. This is a rather impractical
assumption; however, as shown below in Corollary 3.2.20, if an initial sequence of just £;’s is
available, then this limitation can be handled with some additional assumptions.

Suppose that an initial sequence of just £;’s without any sparse corruptions is available.
In the video surveillance application, this would correspond to having a short sequence of
background only frames. Such a sequence can be used to obtain 13’(0) (as the eigenvectors
corresponding to non-zero eigenvalues of Z?:”f“ £:£4,') and to estimate several of the required

model parameters. Let ., be the length of the sequence and assume that P; is constant for

terain
1
AT = Anax E L8y
<ttrain o )

the duration. Define

t=1
1 ttrain
AT i=min\; | —— 0.0,
Ai#0 ’ (ttrain tZ:;
tirain
ro := rank <Z Etﬁt’>
t=1
v:i= max || P/l co-
te[lvttrain}

Assume that

1. cpew = 0.179 and Ypew = 0.17y
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)\max A-I/
g, Amax (Avt) 3 gy
1—02
)\min (Ay,t) _
3. 1_7[)2 Z A~ for all ¢

4. Cj,new < Cpew = 0.17q for all j

[l oo

d. T—b

<~ for all ¢

6 wo < Ynew = 0.17 for t € [t;,t; + d] for all j.
Under these assumptions, the only remaining unknown parameter is J. In Theorem 3.2.15,

knowledge of J is only used to control the probability with which the result holds. Therefore,

we can state the following corollary.

Corollary 3.2.20. Suppose that the above assumptions hold. In Theorem 3.2.15, replace the J
in the expression for a with a 1, and suppose that all of the remaining assumptions of Theorem

3.2.15 are satisfied. Then all of the conclusions will also hold with probability at least 1 —Jn =10,

Another limitation is that Signal Model 3.2.1 only allows for additions to the subspace.
The more realistic model (Signal Model 3.2.8) also allows removals from the prior subspace.
Nothing in our proof changes if we incorporate removals into the signal model, and we have

the following corollary.

Corollary 3.2.21. Theorem 3.2.15 also holds with Signal Model 3.2.1 on £; replaced by Signal
Model 3.2.8.

Intuitively, Signal Model 3.2.8 is a special case of Signal Model 3.2.1 because Model 3.2.8
restricts the subspace where the £; can lie. However, because of the minimum variance re-
quirement (A7) of Model 3.2.1, we need technically need a separate proof. The proof remains
the same; the only difference is that instead of estimating span(F;)), the algorithm will main-
tain an estimate of span([P(O), Py news -+ - P(j)mew]). Notice that when there are no directions
deleted, these are equivalent. Another way of describing this is that although directions are
deleted from the subspace in Signal Model 3.2.8, Algorithm 3 does not delete anything from

its subspace estimate. In Section 3.8 we introduce another algorithm (Algorithm 4) that does
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remove old directions from its subspace estimate. A result similar to Theorem 3.2.15 is proven
for this algorithm as well.

A fundamental limitation of our analysis approach is the assumption that there is a signifi-
cant delay between times when the low-dimensional subspace changes. A more realistic model
would allow the subspace to change more frequently.

Another limitation of the ReProCS algorithm is that it does not use the fact that the ‘noise’
seen by the sparse recovery step has a low dimensional structure. The modified PCP program
from [20] uses this structure, but because of the piecewise batch approach cannot handle highly
correlated supports of the sparse component like ReProCS (see the simulations is Section 3.10).

The sparse recovery also requires a lower bound on x,i, to recover the support.

3.3 Most General Support Change Model and a Key Lemma

We give here the most general support change model under which our result holds. We will

show that this includes the preceding signal models as special cases.

3.3.1 Most General Support Change Model

The model given below is a simple generalization of the support change model used in

Chapter 2.

Model 3.3.1. Let p be a positive integer. Split [1,tmax| into intervals of length o. Use [Ty, :=
[(u—=1)a+1,ual to denote the u-th interval. For a given interval, Ju, let T(y) fori=1,...,1y

be mutually disjoint subsets of {1,...,n} such that for every t € 7,
Te € Tiyu Y Tirnyu Y UTrp-1yu  for some i (3.6)

For these T(;),, s define

h (a; {ﬁi),u}u:17_“7[tnf><-‘) =

i=1,...,lu

max  max ‘{t €EJu + Tt €Ty Y Tiig1)uYU U 7Zi+p_1)7U}‘ (3.7)

u=1,..,[tmax] 4
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Now define h*(c) which takes the minimum over all choices of T(;) .,

h* () = min h|a;{T; _ tmax 3.8
( ) All choices of ’ { (z),u}u_;"..7( max ( )
mutually disjoint i=1,...,ly

T(i),u satisfying (3.6)

Assume that h*(a)) < hta for an ht < 1.

In the above model, h*(«) provides a bound on how long the support of x; remains in a
given area during an interval 7.

Notice that (3.6) can always be trivially satisfied by choosing I, = 1 and T(1),, = {1,...,n},
but this will give h(a;{7(;)}) = o and hence is not a good choice. This is why we take a
minimum over all choices.

The following corollary is the most general form of our result.

Theorem 3.3.2. Suppose that the conditions of Theorem 3.2.15 hold, but instead of /), assume

that Signal Model 3.3.1 holds with p*?ht < .0024. Then all its conclusions will hold.

In Sec. 3.3.3, we show that Signal Models 3.2.11 and 3.2.12 are special cases of Signal Model
3.3.1 and hence Theorem 3.2.15 is actually a corollary of Theorem 3.3.2. The rest of the paper

will prove Theorem 3.3.2.

3.3.2 Key Lemma

Under Signal Model 3.3.1, we can obtain the following lemma for a matrix M = Y, I1; A, I7;’
(i.e. a sum of matrices supported on rows and columns indexed by 7;). This lemma tells us
that, because of the support change model, such a matrix is actually block banded: for o =1
it is block diagonal, for ¢ = 2 it is block tri-diagonal, and so on. Hence its 2-norm is much
smaller than the sum of the norms of the individual matrices. As we will see later, the error,
e, in recovering x; (which is equal to the error in recovering £;) at times ¢, is supported on
Ti. As a result the matrix ), e;e;/ has this form. Moreover, certain matrices obtained when

bounding ), £.e;" also have this form.

Lemma 3.3.3 (Taken from Chapter 2). Let s; = |T¢|. Consider a sequence of sy X sy symmetric

positive-semidefinite matrices Ay such that || A¢|l2 < ot for allt. Assume that the T; obey Signal
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Model 3.53.1 and the assumptions of Theorem 3.3.2. Let M = Z I A Iz be an n x n matrix

teTu
(I is an n x n identity matriz). Then

M|z < p*hTac™ <0.00240Ta

Proof. This lemma is proved in Chapter 2. X

3.3.3 Unifying the signal models

Lemma 3.3.4. Suppose that Signal Model 3.2.11 and the conditions assumed in Theorem 3.2.15
hold. Recall that this means that the support of @+ is of a constant size s and moves by at least
S

" indices, and at most ogs indices, at least every [3 time instants, B = hTa, [g}z ht < 0.0024

and gosa < n. Then Signal Model 3.5.1 holds with p = [o] and h™ = /«.

The proof uses the same technique as in Chapter 2 and is given in Appendix 3.B, also see

Figure 3.5.

Lemma 3.3.5. Suppose that Signal Model 3.2.12 and the conditions assumed in Theorem
3.2.15 hold. Recall that this means that the support of x moves by between 1 and m indices at
every time t, s < (3 x 1074 a and o < . Then Signal Model 5.5.1 is satisfied with p = 2 and

ht =s/a.
The proof is simple and is given in Appendix 3.B, also see Figure 3.5.

Remark 3.3.6. In Signal Models 3.2.11 and 3.2.12, if we replace the assumption that the
support restarts at 1 when it reaches n, and instead assume that it is reflected back up the
vector, then a form of Lemma 3.3.3 still holds, but the conclusion becomes | M ||z < 2p*hTot .

The statement of Theorems 3.2.15 and 3.3.2 would then need the tighter bound on p>ht < .0012.

In Lemma 3.2.18, we have already shown that Signal Model 3.2.17 is a special case of Signal
Model 3.2.11. Above we have finished showing that both Signal Model 3.2.11 and 3.2.12 are
special cases of Signal Model 3.3.1. In the rest of the paper, we assume Signal Model 3.3.1 and
use Lemma 3.3.3 to prove Theorem 3.3.2. Theorem 3.2.15 follows as a special case of Theorem

3.3.2, which is the most general form of our result.
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Figure 3.2 Signal Model 3.3.1 with Figure 3.3 Disjoint Figure 3.4 Signal Model 3.2.12

0=23 Supports (Signal
Model 3.3.1 with
0=1)

Figure 3.5: Support Change Models

3.4 The Automatic ReProCS Algorithm

The ReProCS algorithm was introduced in [12]. A more practical version including heuris-
tics for setting the parameters was given in [14]. The basic idea of ReProCS is as follows.
Given an accurate estimate of the subspace where the £;’s lie, projecting the measurement
m; = x; + £; onto the orthogonal complement of the estimated subspace will nullify most of
£;. The denseness of £; implies that this projection will have small RIC (Lemma 3.2.10) so
the sparse recovery step will produce an accurate estimate &;. Then, subtraction also gives a
good estimate b = my — @y Using these ét, the algorithm successively updates the subspace
estimate by a modification of the standard PCA procedure, which we call projection PCA.

Algorithm 3 is the same algorithm given in Chapter 2. The detailed description is given in

Section 2.4
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Algorithm 3 Recursive Projected CS (ReProCS) [12]

Parameters: &, w, a, K, thresh

Input: my, Output: &y, ét, Pt, fj, Cjnew,k

Note§: using Pt,*,f’t,new, P = [1515* If’t,new]

Set P« < Pg);, Pinew <[], j < 0, phase < detect
For every t > 0, do the following:

1. Estimate 7; and x; via Projected Compressed Sensing:

(
(

a) Projection: set ®; < I — Pt_lpt_l’, compute y; < Pymy

)
b) Sparse Recovery: compute &; s as the solution of ming ||x|/1 s.t. ||yr — Prx|l2 <&
(c) Support Estimate: compute T; = {i : |(d¢.cs)i| > w}

)

(d) LS Estimate of x;: compute (&;)4. = ((@t)ﬁ)Tyt, (it)jzc =0

2. Estimate Et: ét — my — ii)t.
3. If t mod « 7‘é 0 then Pt,* — Pt—l,*7 Pt,new <~ ﬁ)t—l,neW7 Ii.t — [ﬁ.t,* ﬁ)t,new]

4. If t mod o = 0 then detection or projection PCA
If phase = detect then

(a) Set u = % and compute M, = (I — Iaua_L*Pua_L*’) (é Zgi(u—l)a—kl ETET’) (I —
Puo—1:Pua-14)
(b) Update P, < Pi_14, Pipew < Piotinews P+ Py
(¢) If Apax(My) > thresh then
i. phase <— ppca, increment j <— j + 1, reset k < 0
i @) < u, t; =t
Else (phase = ppca) then

(a) Set u = £ and compute M, = (I — Puo1+Puo1.)) (é > (u—1)at1 éTéT’) (I —
Puo1Pua1)
(b) Increment k < k + 1
(c) Update P, oy eigs;nvectors(Mu,thresh), P« P_,and P, [15,5* P, pew).
Set ¢jnew,k < rank(P; new)-
(d) fk=K
i. Set phase < detect
ii. Update 15,5* + P, and R,new «— []

The function eigenvectors(M, thresh) returns a basis matrix for the span of all eigenvectors
whose eigenvalue is above thresh.
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3.5 Proof of Theorem 3.2.15

We will prove Theorem 3.3.2 which will imply Theorem 3.2.15.

3.5.1 Definitions
Definition 3.5.1. Define
Ju = [(u—1)a+ 1, ual.

Also define u; to be the u such that t; € J,. That is uj := {%1 For the purposes of describing
events before the first subspace change, let ug := 0.
Also define i := % Notice from the algorithm that this will be an integer, because detection

only occurs when t mod a = 0.

We will show that with high probability, @; = u; or 4; = u; + 1.

Recall that

1. P(]),* =

2. P(j),new = Pt. new -

Definition 3.5.2. For j=1,2,....J and k=1,2,..., K define

~ ~

1. Py, = t 1+ Ko This is the final estimate of P;) . = Pj_y).

2. Py newo = ] and P e =P

t +ha,new is the k' estimate of Py new-

Notice from the algorithm that
1. Pt’* = P(j),* for all t € [t;,; + Ka — 1]
2. Ist,new = P(j),new,k for all t € jﬁj+(k+1)a

3. At all times P, = [13,5* Pt’new]. Thus P, and Pt,new update at every ¢ = fj + ka,

k=1,2,...,K,5=1,2,...,J while 15“ updates at everyt:fj_l—i—Ka,j:2,...,J.
4. -pt—l,* L -lat,new

5 &, = (I — P(j)7*P(j)7*/ — P(j),new,kp(j),new,k,) when ¢ € [’@j + ka+ 1, ﬂj + (k: + 1)0(]
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Definition 3.5.3. Recall that for basis matrices P and Q, dif(P,Q) = |[(I — PP")Q|>.
Define

1. (= dif (P, Py )
2. Cj,new,k = dlf([p(]),* P(j),new,k]? P(j)mew)
Recall SE; = dif(]f’lg, P,), and notice that for t € Joyk, SE¢ < (v + Cnew k—1-

Definition 3.5.4. Define

1. Cj'* = (ro+ (j — 1)cnew)<

b
2. g(;fnew =1, C;:new = ﬂ’k_ (the right hand side depends on C;_Lnew)
ba—ba 1 — by

where ba, ba, 1, and by j, are defined in (3.11), (3.12), and (3.13), respectively.

Definition 3.5.5. Define the random variable

Xy ={v1,. .., Vua}

If assuming Signal Model 3.2.17 (random support change), then both {0;} and {u:} for t =
1,...,tmax are also included in the definition of X, for all w. Thus whenever conditioning on

an Xy, they can be treated as deterministic.

Definition 3.5.6. For j =1,...,J, k=1,...,K, and for a = uj or a = u; + 1, define the

following events

e DETY := {i; = a}

PPCA?JC = {aj = g and rank(f?(j),newgk) = Cjnew aNd (jnewk < glj,new}

NODETS] := {i; = a and Amax (M) < thresh for all u € [4; + K + 1,uj41 — 1]}

F?,O = ijl,end m DET?

Djend = (T} NNODETSY ) U (T33! nNODETS} ™)
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o I'0end := {Ci,x < 7ro¢} N {Amax (M) < thresh for all v € [1,u; — 1]}

We misuse notation as follows. Suppose that a set I' is a subset of all possible values that a
r.v. X can take. For two r.v.s’ {X,Y}, when we need to say “X € T and Y can be anything”
we will sometimes misuse notation and just say “{X,Y} € I'.” For example, we sometimes say

Xu; € Ujena- This means Xy;—1 € Ujena and vy for t € Jy; are unconstrained.

Definition 3.5.7. Define e; to be the error made in estimating xy and £;. That is
€¢ Zziﬁt—$t:£t—ét

3.5.2 Main Lemmas

Fact 3.5.8. Under the assumptions of Theorem 3.2.15, é < (cnew()?. To see this, observe that
the lower bound for o has (cuew()? in the denominator, and everything else in the expression

y y new2
is greater than or equal to 1. (Notice that B5&— > 1)

Lemma 3.5.9. Under the conditions of Theorem 3.2.15,
Cinew < 04" 4 0.84¢pen ¢

Proof. This claim follows by applying simple algebra on the definition and using the bounds

assumed on «, ¢, and b in Theorem 3.2.15. In particular, we use the fact that é < (cnew()?

(Fact 3.5.8). Detailed proofs of similar results can be found in [12] and [13, Lemma 6.2]. Those
Mfew

proofs define the quantity g := 22w and assume g < v/2. Although we do not explicitly define

Anew

new

n
g, our assumption that At < +/2\~ implies that :\\:‘:ﬁ < /2, because Ajew = A~

For the purposes of review, we have included a proof of this lemma in Appendix 3.C. X

Lemma 3.5.10 (Sparse Recovery Lemma (Chapter 2, Lemma 2.6.15)). Assume that all of the

conditions of Theorem 3.2.15 hold. Recall that SE; = dif(]f’t, p,).
1. Conditioned on T'j_q ena, fort € [tj, (u; + 1)a]

(a) ¢r = ||[(®)7 (Be)7:) " 2 < ¢ = 1.2.
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(b) the support of x; is recovered exactly i.e. ’7AZ = T; and e; satisfies:
€ = it — Xy = Et — ét = I7;[(<I’t)7;/(<1’t)7;]_117;'<11t£t. (39)
(c) Furthermore,

SE; <1, and

||etH2 < ¢+(C;7r*\/7j7 + +/ Cnew'}/new) <1.2 (\/E + v/ Cnew'Ynew)

2. For k = 1,2,...,K and 4; = u; or 4; = uj + 1, conditioned on F?}ﬁ_l, for t €
(4 + k — 1)a+ 1, (4 + k)al, the first two conclusions above hold. That is, ¢y < ¢T

and e; satisfies (3.9). Furthermore,

SE; < CJT* + ¢ and

j,new,k—1 7

||etH2 < ¢+(Cj—t_*\/7j7 + C;:new’kfl\/ Cnew new) <1.2 (184\/6 + (0-4)k_1\/ Cnew'Ynew)

3. For tj = uj or 4j = uj + 1, conditioned on Fin, fort € [(4j+ K)o+ 1,tj4q — 1], the

first two conclusions above hold (¢ < ¢+ and e; satisfies (3.9)). Furthermore,

SE; < CJZFL* , and

ledlz < ¢V <120/

The proof in Chapter 2 wuses the facts that under the various conditionings,

rank(ﬁ(j)7k,17new) = Cjnew; Gjx < C;,r*a and jnew,k—1 < Clj—l,new'
Lemma 3.5.11.
1. The event F;LJK and so also the event I'jena tmply that (i1 < Cj++1,*'
2. P (NODETS] | FiK) =1 fora=wuj ora=mu;+1.
Lemma 3.5.12. Forj=1,...,J,
P (DET" ! | Tj_1,ena, DET™) > paes,1 := 1 —pa — pau.

The definitions of pa and p3 can be found in Lemmas 3.5.20 and 3.5.22 respectively.
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Fact 3.5.13. Observe that F?,o for a = u; or a = uj + 1 implies that u; < 4; < u; + 1.
Thus, t; < fj < tj + 2a. So with the model assumption that d > (K + 2)a, we have that
Jaj+k C [ty tj +d] for k=1,2,..., K. This fact is needed so that the tighter bounds on anew

hold from condition 3b in the Theorem.

Lemma 3.5.14.
P (T | T5p1) =P (PPCAS, [ Ty 1) > Pppea i=1 —pa —DpaL — P

fora=wu; ora=wuj+1. where pppca :=1—pa —pa,1 —pu. The definitions of pa, pa,i, and

py can be found in Lemmas 3.5.20, 3.5.21, and 3.5.22 respectively.

The above lemma says that whether the new directions are detected at u; or u; + 1, con-
ditioned on k — 1 previous successful projection PCA steps, the probability of a successful k"

projection PCA step is lower bounded by pppca-

Corollary 3.5.15. Let
Pdet,0 ‘= P(DETUJ ’ Fjfl,end)
and therefore, 1 — pget,o = P (DET“J' | Fj—l,end)-

From the above lemmas, we get that

P (Tjend | Tj1ena) = P((DET" N PPCAJ N+ 1 PPCAY} N NODETS;?)U
(DET™ NDET*%*' nPPCAY, ™ N+ nPPCAY ' NNODETS} ) | Fj*l,(%nd)
_p (DET“J’ NPPCAY N---NPPCA" | rj_l,end)
+P (DET“J NDET“* N PPCAY N N PPCAY | Fj,l,end)
> Ddet,0 - (pppca)K + (1 - pdet,O) * Pdet,1 * (pppca)K
K K
> Pdet,0 * Pdet,1 * (pppca) + (1 - pdet,O) * Ddet,1 * (pppca)

= Pdet,1 ° (pppca)K

Proof of Theorem 3.3.2. Theorem 3.3.2 follows from Corollary 3.5.15 and the assumed
lower bound on a. Notice that by Lemma 3.5.9, the choice of K, and Lemma 3.5.10 , the

event I'jonq will imply all conclusions of the theorem.
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By the first assumption of Theorem 3.2.15 and the argument used to prove Lemma 3.5.11,
we get that P(I'gend) = 1.

Next, we have by the chain rule,

J

]P)(FJ,end) = H ]P)(Fj,end | 1—‘j—l,enda F]'—2,6nda s 7F1,end7 I‘O,osnd)'
j=1

Because 11j—1,end - 11]’—2,end c..-C Pl,end - 1—‘O,endv we get

I
-

]P)<FJ,end) IPD(Fj,end | Fjfl,end)

<.
Il
—

)K

Y%
-

DPdet,1 - (pppca

<.
I
—-

= (pdet,l : (pppca)K)J

>1-—p 10

The last line is by the lower bound on « assumed in Theorem 3.2.15. X

3.5.3 Key Lemmas for Proving of Lemmas 3.5.11, 3.5.12, and 3.5.14

Before proving the lemmas from the preceding section, we introduce several lemmas which

will be used in the proofs. Their statement requires the following definition.

Definition 3.5.16. Recall from Algorithm 3 that M, = é Zteju (I—Pua,l,*lf’m,17*’)&&’([—

P,o—1+Pua—14"). Using the definition of P foru=u;+1oru=1u;+k,

3)r

L 1 ; 5 F
Mo = (I - Py .Pj).") (a > M#) (I = Py Py).)-
teJu

Define

QR

1. Let Djyew := (I — IE’(j)’*P(j)’*’)P(j),new = EjewRjnew denote its reduced QR decompo-

sition, i.e. let Ejpew be a basis matriz for range (Djnew) and let Rjnew = Ejnew' Djnew-

2. Let Ejew,1 be a basis matriz for the orthogonal complement of range(FEjnew). To be

precise, Ejew, 1 15 an n X (n—1;) basis matriz so that [Ejnew Fjnew, 1] is unitary.
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3. Foru=uj+1andu=1u;+k fork=1,...,K, define Ay, A, 1, Ay and H, as
1 . . . .
Ay = o Z Ej e (I — Py Py )k (I — Py Py ") Ejnew

teJu

1 L .
Ay si= = Binewt (I = Py Py )l (I = Py o PG ) Ejmew, 1.
teETu

and let

Au 0 Ej,new,
A, = |: Ej,new Ej,new,L

and

Recall that for the above values of uj,

L 1 ;5 5 B
M., = (I - P Py),) (a 2 Etetl) (I = P« P).)-

teJu

When v = 4; + k for a k < K, M, is the matriz whose eigenvectors with eigenvalue above

thresh form P(j),new,k (see step 4c of Algorithm 3). In this case, My, has eigendecomposition

A 0 P !

EVD ~ A U (j),new,k

My =" Py news P (j),k,new,L] . . ,
0 A, Py knew, L

Note: we use Ay, Ay 1, and H, for w = u; +1 or for u = 4; +1,...,4; + K. With
the appropriate conditioning, all these u’s lie in the interval [uj + 1,u; +d — 1] and from the

assumptions in the Theorem, in this interval a; new s “small”.

The following lemma follows from the sin # Theorem [26] and Weyl’s theorem. It is taken

from [12].

A~

Lemma 3.5.17 ([12]) At u = ﬂj +k, ifrank(P(j)ynewk) = Cjnew; and if )\min<Au) — HA%J_HQ —

[Hull2 > 0, then

§ [#l

g',n w,k > (310)
e Amln(Au) - ”Au,J_”2 - HHUHQ

The next three lemmas each assert a high probability bound for one of the terms in (3.10).
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Definition 3.5.18. For ease of notation, define the function

F(a,€br) == exp <8(li€;>

In the following lemmas, let

€ = 0.01cnewCA ™.

Remark 3.5.19. In the next three lemmas we use quantities ba, ba, 1, and by . These are
not to be confused with the autoregression (AR) coefficient b used for the AR model on a; (see

Signal Model 3.2.1).
Let
PA = cF (@, €, CnewTnew~) + 3(7 + Coew ) F (4, €, 24/Cnew™ Y Vnew ) + (7 + Crew ) F (0, €, 4y/Crow ™Y Ynew)
and
b2
ba = (1—( ;F*)Q)(l — b)) Ay — € — 2(;* (vanw'y + 4e> . (3.11)
Lemma 3.5.20. Fork=1,..., K,
P (Amin (Ad,4k) > ba | Xa;46-1) > 1—pa
for all X, 11 € F?fkq with 4; = uj or 4; = u; + 1. Also,
P (Amin (Au;41) > ba | Xu;) 2 1—pa
Jor all Xy; € T'j_1 ena-
Let pa | ==1F (a,e, (ij*)2r72> and
ba = (G20 + (1= 0)AY +6). (3.12)
Lemma 3.5.21. Fork=1,... K,
P (Amax (Aa,4k,1) <bar | Xa4r-1) > 1—pa

for all Xﬁﬁk,l S Fqﬁc_l with 4; = uj or @ = u; + 1.

The same bound holds for "Auj+1,L||2 when we condition on Xy; € I'j_1 eng-
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2
Let py = nF (a,e, [(;5+ ({;;\/F’y + /Cnew new):| >+TF (o, €,79%) +CnewF (@, €, Cewnew?) +

3(7" + Cnew)F(aa €, 2\/ CnewT'Yynew)

+ (T + Cnew)F(aa €, 4\/ CneWT'Y'YneW) + CnewF (Oé, €, T72) + 3(T +

Cnew ) F (0t €,21/Crow Y Ynew) + (T + Cnew ) F (€, €,41/Crow™ Y new )- Define k1 := .0215. Also let

where

and

be == ((},)

by = ba g + 2by i, + 2bs,

PPRH ()2 (CL)P (0% + (1= B)AT)+

P2t ()2 (k)2 (02 cnewTnew? + (1 — b2)Afow )+ k=1

2- p2h+(¢+)2 +C+ b2\/ T'CnewY Ynew

PG 0 + (L= BN+
p*ht(6F)? (Cj new,k— 1) (0 Cnewmew” + (1 — b° )Aew )+ k22

2. ,02h+(¢+) Cj—t— j,new,k— 1b V T'Cnew Y Ynew

"is+<b26newf)’new2 + (1 — bQ)ArTeW + 6)—|—
b (2
CJ «Fs (a(l—bQ) \/mf)/new")/ + 46) +
2
C;_* (mm’}’newf}’ + 46) ](Z)"'

(GLPEr? + (1= AT + )
+C;,rnew,kfl(b26new’}/new2 +(1- b2 ))\;rew +e)
k>2
2
Cj’ Jnew,k—1 (ﬁm’}hew'}/ + 46)

|+ (Oé(lbiibz)\/cnow,}/ncw')"i‘zlﬁ) } (\/p2h+¢>+)

2
0+ (=P 40+ 6 (g

v Cnew " Ynew?Y + 46) .

(3.13)
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Lemma 3.5.22. Fork=1,... K,
P ([[Hakll2 < baun +e | Xij4h-1) > 1—pu (3.14)

Jor all Xg; 11 € F?]é_l with 4; = uj or i = u; +1

The same bound (with k = 1) holds for ||Hu;11ll2 when we condition on X,; € T'j_1 cnd-

The above lemmas are proved in the next section (Section 3.6). The proofs use Fact 3.5.13.

3.5.4 Proofs of Lemmas 3.5.11, 3.5.12, and 3.5.14
Proof of Lemma 3.5.11. Recall that Tj.ena := (T % "NODETS}" ) U (T3 nNODETS} ).

1. By the definition of I‘;LJK for &4 = wuj or &4 =u; + 1, (j« < C;L* = (1o + (J — 1)cnew)¢ and
Gr < CfnewK. Lemma 3.5.9 and the choice of K imply that ¢ < cCpew(. Thus,

j,new, K —

Cigix < C;LJFL* = (70 + Jcnew)C. This holds for 4; = u; or 4; = u; + 1.

92 IP’(NODETS?j ‘ P”;JK) = ]P’()\max(Mu) < thresh for all v € [u; + K +1,uj4q1 — 1] | F;%)

for 4; = u; or 4; = u; + 1.

As shown in 1), F;‘JK implies that dif(lf’(j+1)7*,P(j+1),*) < ]J'r+1,* = (19 + jcnew)(. Notice

that for u € [ﬂj + K+ 1ujpq — 1], Puoz—l* = P(j+1),*, P(j+1)’* = P(j), and £; = P(j)at.

)

Therefore,

1 ~ ~ ~ A A~ ~
)\maX(Mu) - Amax (a Z (I - Pua—l,*Pua—l,*l)etetl(I - Pua—l,*Pua—l,*/)>

1 R R
= Amax (a > = PP, ) (Pya — e
t€EJu

(Pjyar — ) (I - P<j+1>,*15(j+1),*')>

< (<;F+17*)2T,.)/2 + 2¢+(<j—"—+1,*)2r’72 + (¢+)2(C;_+1,*>2T’Y2

<4(eT)*N"
-
?.

IN

The bounds on e; come from Lemma 3.5.10, and the penultimate line uses the bounds assumed

on ( in Theorem 3.2.15.
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X

Fact 3.5.23. Using the bounds on ¢, b < 0.1, AL < V27, crewewAew < 50A™ from the

Theorem and Fact 5.5.8 (which gives £ < (cnew()?), we get:

ba > 0.94X\,, > 0.94\~
bai <0.011A~

by < 0.2407.

Thus, ba — bggr > 0.5A7 = thresh and ba | + b < thresh.

Proof of Lemma 3.5.12. We will prove that P (DET“J'+1 | Xuj) > Pet,1 for all Xy, € T'j_1 end-
In particular, this will imply that P(DET% 1 | Xuj;) > Pdes,y for all Xy, € T'j_q ena N DET™
and so we can conclude that P(DET% 1 | I'j_1.ends DET") > pyet 1.

Observe that
P (DET% ! | Xy,) =P (Amax(Muy, 1) > thresh | X))
By Weyl’s Theorem

Amax (Mu;+1) 2 Amax (A1) + Amin(Hu;+1)
> Amax(Au;+1) = [Huj+1l2
> Amin(Auj+1) = | Huj11l2
>ba— by,
\-

>
- 2

When X,; € I'j_1 end, Lemmas 3.5.20 and 3.5.22 give high probability bounds on )\min(AujH)
and [[#Hy,11]]2 respectively. So the above inequality holds with probability greater than or

equal to 1 — pA — P = Pdet,1- =

Proof of Lemma 3.5.14. To prove this Lemma we need to show two things. First, conditioned
on F?}c_l, the k' estimate of the number of new directions is correct. That is: Cjnew,k = Cjnew-

4 . .. U
Second, we must show (j new,k < ijnemk, again conditioned on Fj,kfl'
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Notice that ¢ pew i = rank(lf’(j)yneka). To show that rank(l—:’(j)memk) = Cjnew, We need to
show that for u = d;+k, k=1,..., K, A, ..., (My) > thresh and A, . +1(M,) < thresh. To

do this we proceed similarly to above. Observe that, M, = A, + H,. By Weyl’s Theorem

)\Cj,new (Mu) Z ch,new (‘Aﬂ) =+ AHlln(?-tu)
2 )\Cj,ncw('A'Ut) - ||7-l'u||2

= )\mln(Au) - H%UHQ
The equality is because A, is of size ¢jnew X Cjnew and Amin(Ay) > Amax(Ay, 1 ). Similarly,

Acj w1 (M) < Acj o1 (Au) + Amax (Hu)
S )\nglew‘i‘l(A’U‘) + HHUH2

= )\max(Au,J_) + ||HuH2

Using Lemmas 3.5.20, 3.5.21, and 3.5.22 and Fact 3.5.23, we can conclude that with probability

greater than 1 — pppea, A M) > ba — by > A7 /2 = thresh and A, ., +1(M,) <

¢ mews
ba, i + by < A7 /2 = thresh. Therefore rank(]i’(j),new,k) = ¢j new With probability greater than
1 — Pppca-

To show that (jpewr < C,j’new, we also use Lemmas 3.5.20, 3.5.21, and 3.5.22. Using

rank(P(j) new,k) = Cjnew and applying Lemma 3.5.17 with these bounds gives the desired result.
X

3.6 Proofs of Lemmas 3.5.20, 3.5.21, and 3.5.22

3.6.1 Key Lemmas Needed for the Proofs

Recall from the notation section that for a sequence of random variables Z;, we use the
notation E;_1[Z;] to mean the expectation of Z; conditioned on all of the previous Z;’s. That
is:

Ei_1[Z] :=E[Z)| Z:, ..., 2]
and

Ei1[Z| X] :=E[Z| X, Z1,..., Zs—1].
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Lemma 3.6.1. For j=1,...,J andk=1,..., K, for all Xg, k-1 € F?’]}g,l

1
1.0 = — Z Ei-1 [apaes | Xajrr-1] = Var1.ai1: + (Auy)e =< (b2r72 + (1 -

tEJﬁj+k
b2))\+)I
2\ — 1 / 2 /
2. (1 —b ))‘new = E Z K¢ 1 [at,newat,new Xaj+k—1] =b At —1 new@t—1,new +(Ay,t)new =
t€Ja;+k
2 2 2
(b CnewYnew ( —b ))‘I—rew)
1 2
3. — Z Ei1 [at,*at,new, ‘ Xﬁj—i-k—l] =0 atfl,*atfl,new,
tejﬁj+k

with 4; = u; or tj = u; + 1. The only reason we need the assumption Xaj+k-1 € F?’k_l s to
apply Fact 3.5.13 which allows us to use the “ainew small” bounds.

The same bounds also hold for summation over t € juj+1 when we condition on Xuj €

I'j_1end-

The proof is given in Section 3.7. We implicitly use Fact 3.5.13 in the proof.
Using |lat.ats|l2 < 792, |Gt new@inew’ |2 < CYnew” (this holds because of Fact 3.5.13) and
applying the matrix Azuma inequality (Lemma 3.A.9 in the appendix) to the first two claims

above gives the following lemma.

Lemma 3.6.2. Forj=1,...,J andk=1,..., K,

Amax Z atrary | SV + (L=0)AY +e | Xoqp1 | 2 1—1F (a,e,79%)

teJu +k

tEJu Stk

2
max Z at newat neW S b Cnew Ynew +( —-b ))‘Iew +e€ XﬁjJrkfl 2 1-
teJu +k

2. P (Amm Z At newat, new (1 - b2))‘;ew — € ‘ Xﬂj—i—k—l > 1_7‘/’_(@7 €, CneW’YneWQ)

TF(Oé €, Cnew Ynew )

for all Xﬁj+k_]_ S F% with @; = u; or t; = u; + 1.
The same bounds also hold for summation over t € juj+1 when we condition on Xuj S

I'j_1end-
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Lemma 3.6.3.

1

/

P H - g At new At x
(6%

tejaj+k

1-— 3(7“ + cneW)F(aa €, 2\/ CneWT’Y’YHeW) - (T + Cnew)F(a’ €, 4\/ Cnewr’)ﬂynew)-

b2
, < m\/ CnewT Ynew’Y + 4€ Xﬂj+k—1 >

Jor all X, 11 € F?}) with 4; = u; or 4; = u; + 1.
The same bounds also hold for summation over t € juj+1 when we condition on Xuj S

I'j_1,end-
The proof is also in Section 3.7. We use Fact 3.5.13 in the proof.

Remark 3.6.4. Whenever Lemma 3.6.2 or 3.6.3 is applied, we set € = 0.01cpew(A™.

Lemma 3.6.2 follows directly from Lemma 3.6.1 and the matrix Azuma inequality. Lemma
3.6.3 needs more work to get the é factor. This is needed because v can be large, and the cross

term a;pewat .’ will appear later without an appropriately small factor multiplying it.

Remark 3.6.5. It is possible to also bound )\max(é Yt Qi new@inew’ ) and )\max(é Yo asay)
using the same approach used in Lemma 3.6.3. This would give a é multiplying the I)an,m'ynew2

terms.

Lemma 3.6.6. Assume that the assumptions of Theorem 3.2.15 hold. Conditioned on Xﬁﬁk,l S

I’?,Jk_l for i; = uj or i; = uj + 1,
| I Djpewll2 < k7 :=.0215 (3.15)
for all T such that |T| < s.

Proof. Recall that Dj yew = (I - p(j),*p(j)ﬂ*,)P(j),nevv'
Then HIT, j,new”2 = HIT/(I — P(j),*P(j),*/)P(j),newH2 < HI'T/P(j),neWHQ + ”P(j),*lp(j)meWH? <

’is(P(j),new) + ||P(j),*/(I - P(j),*P(j),*/)P(j),newH2 < ’QS(P(j),new) + (j- The event Xﬂj+k—1 €

I, implies that (j. < ¢f, < 0.0015. Thus, the lemma follows. X
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3.6.2 Proofs of Lemmas 3.5.20, 3.5.21, 3.5.22

Definition 3.6.7. Define the following

1. Py pewo =[] (empty matriz)

2. Djnewi = (I= PPy " = Py new k- Py mew k) Pliymew- Recall that Djyew = Djnew0-

A~ A~

3. Dj,*,k = (I — P(j),*P(j),*/ — P(j),new,kp(j),new,k/)P(j),* and Dj7* = Dj7*70

4. Recall that Gio = [[Djnewll2; (newk = [1Djnewkll2; Gx = [Djxll2- Also, clearly,

HD.]’*zkH2 S €j7*'
Remark 3.6.8. In the rest of this section, for ease of notation, we do the following.

o We remove the subscript j from Djyew ks €tc., Ejnew etc. and (jnew i etc. (from every-

thing in Definitions 3.5.3 and 3.5.16).

v

o Similarly we also let Xy := Xy, 1, and Ty, 1= Fq;]k Thus, if we say P (event| Xy_1 € T'x_1)
po we mean that P (event]Xu].+k_1 € Fﬁ:—l > po and P (event\Xu].+1+k_1 € szktll) >

bo.
e Finally, Y, refersto ), foru=d;+k, k=12,.... K, j=12,...,J.
Also, note the following.

e Recall that Ty is included in the definition of Xi_1, so conditioned on Xy_1, the T; are

determinaistic.

e The proof for the bound on A, for u = u; + 1 is the same as that for uw = @; + 1 since in
both cases 151;* = Is(j),* = 13(]-_1) and 15757new =[] for allt € J,. The same is true for the

bounds on Ay 11,1 and Hyj41-
Lemma 3.6.9. When X;_1 € I'p_q,
1 |Dspalla <Gy fork=1,... K.

2. || Drew,k—1ll2 < Cl:l’new fork=1,..., K (by definition of T'y_1)
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3. |[(®) 7 (@) 7] 2 < ¢t (from Lemma 3.5.10)
4- Amin(Rneanew/) 2 1-— (C;:*)Q

Proof of Lemma 3.5.20. We obtain the bounds on A, for u = u; +k for k =1,2,..., K and

Uj = uj or uj + 1. For u = 1, + k, recall that A, := é Zteju Ejpew' (I — 15(3-)7*15(]-)7*’)&2/@ —

Fj) «Fj),« ) Ejnew.
Notice  that  Enew' (I — Py).Py. Y =  RuewGinew + Enew'Diays.
Let Zt = Rnewat,newat,new,Rnewlv and let

It - lznewat,newat,*/D*/Enew EneW/D*at,*a't,newlllnew/a then
A, = E Z + E Y, (3 16)
u . t : t .

Consider Y, Z; = Y, Ruew@t newQt new Bnew - With probability 1, || Z:]|2 < chewYnew>. Us-
ing a theorem of Ostrowoski [27, Theorem 4.5.9], Amin (Z¢) = Amin (Ruew @t new@t new Rnew’) >
Amin (Rneanew,) Amin (at,newat,new/)-

Conditioned on Xj_1, the matrix Ryey is a constant. Using Lemma 3.6.2,

1 _
P <>\min <a zt: Zt) > (1 - ( ;*)2) [(1 - bz))‘new - 5] ’ Xk—l) >1- cnewF(Ol, €, Cnew’Ynew2)~
(3.17)
for all Xp_1 € I'r_1.

: / / / ! /
Consider Y; = Rpew@tnew@it s Dy Enew + Enew D@t Q¢ new' Rnew - By Lemma 3.6.3

1 b?
min| > — + BZEEETN new ! Jnew ’ — >
P<A (G2¥)= 26 (e +4¢) | 3 1)‘

1- 3(7” + CHEW)F(Q> €, 2\/ CnewT’Y’)/new) - (T + CneW)F(a7 €, 4\/ cnew"”'}"}’new) (318)
for all X;_1 € I'y_1. Combining (3.17) and (3.18) the lemma follows. X

Proof of Lemma 3.5.21. Remark 3.6.8 applies.
We obtain the bounds on A, | for v = 4; + k for k = 1,2,..K and 4; = u; or u; + 1.
For u = ﬁj + k, recall that Au’J_ = é Zt Enew,J_/(I - P(j)y*P(j)y*/)ftft/(I — P(j)7*P(j)7*/)Enew,J_-

By their definitions, Enew, 1’ (I — P(j). Py )0 = Enew,1'Diays. Thus, A, | = 23, Z, with
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Zy = Epew,1'Diayyar D,/ E,ey . Conditioned on Xi_1 € 1, || Z]l2 < ( ;*)27"72. Using

Lemma 3.6.2, we get that

( max( ZAUL> ]*) (B?ry? + (1 = DH)AT +¢)

Xk—l) > 1—rF <a767( ;?*)27’72)
(3.19)

for all Xp_1 € I'_1. X

Proof of Lemma 3.5.22. Remark 3.6.8 applies.

Consider the H, term. For ease of notation, define

Using the expression for H,, given in Definition 3.5.16, and noting that for a basis matrix F,

EE + E E,’' =TI we get that

1

Hi= o 2 (1= Py . P yered (T = Py P).)
teJu

— (Gl (I = Py Py ) + (I = Py Py edd) + (Fi+ Ft'))

where

g p! /
Ft = Enew,LEnew,L etet EnewEneW .

Thus,

I , 1
[Hullz < H Zetet 2”(1;@@ ZHQ Zt:Ft 2 (3.20)
Next we obtain high probability bounds on each of the three terms on the right hand side
of (3.20).
Consider Hé >-ierel||2. Using Lemma 3.5.10, e; satisfies (3.9) with probability one for all

X1 € T'y_1. Expanding this expression gives

!/
erei' = (Inl(®@0)7 (@0)7] 7 I/ @oty ) (T (@) (@)) " B @18, )

2
From Lemma 3.5.10, conditioned on X 1 € T'x_1, |lere;/||2 < [qﬁ (C;*\/F’y + /Cnow new)} .

This is a looser but simpler bound obtaining by using C <1.

,new,k—1
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We can further decompose e;e;’ as

ee; = term; ; + termy; + terms; + termg,t’

where

termi; = I7;[(®:)7(®4) 7] I1' D h-1a1,4004' Dot I [(B0) 7, (20) 73] 177!
termy; = I’E[((I’t)'ﬁ,(@t)'ﬁ]_1ITt,Dnew,k—1a't,newat,new,Dnew,k—llI’E[(q)t)’ﬁ/(q)t)’]}]_lIﬂl
termsy; = I7;[(®:)7:'(®4) 7]~ 17 Do jom1a1,4 @t new Drew ot I7: [(®0) 7' (B4) 73]~ 177

Then by Lemma 3.6.1,

Eii[termy 4| Xy 1] = I (@) 7 (@) 7]~ 173/
D, 1 (Var—1 a1 + (Ayp)e) Dot I [(24) 7 (®4) 73] 7

B¢ [termy | Xp_1] = I7,[(®4) 7 (®4) 7] 17, Drew k-1 (b*Gt—1 new@t—1 new’ + (Avt)new)
Diew 1 I7;[(®1) 7' (®0)7:) ' I

Ei_1[terms | Xi_1] = I, [(®:) 7, (®0) 7] ' I7

D, ;. 10*a;— 1401 new Drew i1 I7:[(®0) 7' (®)) ;) 17/

The following uses Signal Model 3.3.1, Lemma 3.3.3, and Lemma 3.6.1. When k£ = 1 we

use Lemma 3.6.6 which gives the bound ||Dyew o' I7; |2 < k7

éZEt—l[termlﬂXk—l] < p*ht(g%)? (e ) (6°ry* + (1= b*)AT)
; 2

1
o D Eyaftermyy| Xp ]| < p?hT(¢1)? (k) (B cnewnew” + (1 — D) Aoy
: 2

1
— D Eeaftermy | Xp || < p?h T (6F) 2K (L0 Tenowy new-
t 2

And when k& > 2,

Y EBfterm X[ < g6 G + (L= BN
t 2

1
a ZEt—l[teer,t‘Xk—l] S P2h+(¢+) (gj new,k— 1) (b Cnew Ynew +( —b )A:lrew)
t 2

1
E Z Et—l[term?),t‘kal] < p2h+(¢+) C new K 1b V TCnew Y Tnew -
t 2
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Thus by Lemma 3.A.10 (Azuma Corollary)

1
P(||5 X erer]], <
( az;etet y = 2.k T €

Xk1> >1—nf (a,e,2 [¢+ ((I*\/Fq/ + /Cnew new)]2>
(3.21)

for all Xp_1 € I'p_4.

Next, consider Hé Do Etet/HQ' Observe that when Xj_1 € I'y_1,

Etet = (I P(]) *P(])7*/)(P*at,* + Pnewat,new)(P*a't,* + Pnewat,new)/q)t/I’E [(‘I)t>72/(<1)t>7§]_117§/

= (D*at,* + Dnewat,new)(D*,kflat,* + Dnew,kflat,new)/ITt [(q)t)ﬁ/(q)t)ﬁ}_lI’Tt/
Redefine

/ ~1
terml,t = (D*CLL*CLL*ID*’kfl/ + Dnewat,newat,new/Dnew,kf1/> Iﬁ[(q)t)ﬁ ((I)t)ﬁ] I77:/

/ -1
term2,t = (D*at,*at,new,Dnew,k—ll + Dnewat,newa't,*/D*,k—ll) I’E[((I't)Tt ((I)t)Tt] I77,,

When k£ = 1 we use Lemma 3.6.6 which gives the bound || Dpey'I7; ||2 < k. By Lemma 3.6.2,

IP(Hl > termy,

tEJu +1

g[(j,*) (0272 + (1= B)AY +¢)

+ C] new,k—1s (b CHeW%leW +(1-0 ))‘r—few +e }dﬁ_‘ X0>
> l—rF (Oé, €, T72) —clF (a, €, CneW’Ynewz) .

for all Xg € I'y. And by Lemma 3.6.3,

P(Hl Z termgt

tEJu

b2
|:C;7r jnew, k—1 j <Oé(1 _ b2) v Cnew " Ynew”Y + 4€>

b2
+ C]—t_* (O[(l—bQ)V Cnew T Vnew”Y + 46) :| ¢+ ‘ XO)
> 1 —3(7 + cnew) F (%, €, 24/Crew™ new) — (7" + Cnew ) F (¢, €, 41/CrewT™ ) Ynew)

for all Xy € Ty.
When k& > 2 we apply Cauchy-Schwarz (Lemma 3.A.3) to term;,.

Here X; = (D.ay,.0t,.' Dy 1+ Dyowtnon@tnow' Drowi1') and Yi = Ir[(@:) 7' (1) 7]~ .
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We can bound the norm of é >, X X} using Lemmas 3.6.2 and 3.6.9. By Lemma 3.3.3 we get

i;YtY/

< p2h+(¢+)2

So when k > 2,

]P’(H; Z termLtH2 < {((f*)z( 2+ (1= b)AT + o)+

tEJﬁj+k
Gruowir (Penestnen? + (1= 0N, + )] (VPR 67 )| XKoo 1>

>1=71F (a,6,1%) = chewh (0, €, Crewnew”) -

for all X;_1 € I'y_1. Similarly, using Lemmas 3.3.3, 3.6.3, and 3.6.9,

1 I b2
P(Ha Z teer,tH |:<'-], Cj new,k—1 (Mmﬁ’ne\w'y + 46) —+

t€Taj+k
b2
;,_* ((1(11)2) V Cnew T Ynew Y + 46) :| ( V p2h+¢+> ‘ Xk—l)
>1- 3(7° + Cnew)F(aa €, 2\/ cneWT’Y’Ynew) - (T + Cnew)F(ay €, 4\/ Cnewr77new)

for all Xp_1 € I'r_1.

Thus,
1 -
P (Ha Et:etet/HQ < by ‘ Xk—l) >1—7rfF (a,e,r*ﬁ) — Cnewl (o€, Cnew’ynew2) _

3(7' + CneW)F(av €, 2v CneWT’Y’YneW) - (T + CHGW)F(a7 €, 4W’Y’Ynew) (322)

for all X;_1 € I'r._1.

Finally, consider |1 3, Fi||,. Notice that

I
g p! 1
E = EneW,J_EneW,J_ etet EnewEnew
/ / /
= EneW,J_EneW,J_ (D*at,* + Dncwat,ncw)(D*alt,* + Dncwat,ncw) E,cwEpew
/ / /
= EneW,J_EneW,J_ (D*at,*)(D*at,* + Dnewat,new) EnewEnew

i / ’ I n' I
= EneW,LEnew,L (D*at,*at,* D, + D*at,*at,new Do ) EewEnew
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Then by Lemmas 3.6.2 and 3.6.3,
1
P (Ha ;FtHZ < bg ‘ Xk-1 € Fkl) > 1 — cpewh (o, 6,79 | Xio1) —

3(7" + CneW)F(av €, 2\/ CnewT’VW/neW) - (T + Cnew)F(au €, 4\/ CHEWT’Y’YneW) (323)

for all X1 € I'p_;.
Using (3.20), (3.21), (3.22) and (3.23) and the union bound, for any Xj_; € T'y_1, we get

the result.

3.7 Proof of Lemmas 3.6.1 and 3.6.3

Proof of Lemma 3.6.2. For the first claim, begin by observing that a; .a; .’ is positive semidef-

inite. We also have

Eii|ar ey | Xp—1] = Eeo1[(bar—1,4 + Vi) (bap—14 + Vi) [ Xi—1]
= Et—l[b2at—1,*at—1,*/ + bat—l,*Vt,*/ + th,*at—l,*/ + Vt,*Vt,*/’kal]
= bQGt—l,*at—l,*/ + Au,t

< (P2 + (1 =) I

The cross terms are zero because of Lemma 3.A.4. Notice that v , is zero mean and independent
of vy, for 7 < t,and @i, ...,a4_1 4 are functions of {v,,} for7=1,... .t —1.

Claim 2 is done in exact same manner, except that we also need the fact that Apin(A+B) >
Amin(A) 4+ Amin (B).

Claim 3 uses the same expansion and the fact that 14 has diagonal covariance, so

E[Vt,*Vt,new/‘kal] =0. X

Proof of Lemma 3.6.3. By Lemma 3.A.6 with ¢, = Qo (a;+k—1)at1news Br = Vri(a,;+k—1)at1new

Cr = Qry(a;+h—1at+1s A fir = Voy a4k 1at14 for 7=0,1,..a — 1, we get

Z At newlit s = Z (Z1i+ Zo;+ Z3;+ Zy;) + Zs
tEJaj+k iEJaj-Hc

with
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1— bQ(a—i)
ARES (1_62)Vz',new’/i,*/7
i—1 j
(1 — b=y . )
Z2774 = Z 72b1’ Z2Vi’newyi27* )
i2=(ﬁj+k‘fl)a+1 L=0
(tj+k)a 2a—i
1 — p2a—iz)y
s +Zk> “ A(l_m)b”” it new i
12=(Uj at+l—
bi+1(1 _ bQ(a—i)) , ,
44 = 1— 02 (Vi new@(i;+k—-1)ax T @(i;+k—-1)anewVisx )
b2 (1 — b
Zs = (1—b2)a(ﬂj+k—1)a,newa(ﬁj+k—1>av*/

Using ||[¥t]|co < (1 —=0)7, [Vt newlloo < (1 — b)Ynew, and the geometric series formula, we get
the following norm bounds (recall that b < 1):

(1 — %) (1 —b)
140

L. HZLZ'HQ < V Cnew " Ynew Y < vV Cnew " Ynew Y

2. HZQKL'HQ < V Cnew T Ynew Y
3. HZS,Z'HQ < V Cnew T Ynew”Y

4. "Z4,i|’2 < Qm’ﬁlewf}/

b2
5. |Zs]2 < m\/cnewr%lew’y

The bounds 1-4 may be somewhat loose, but they are only needed to lower bound the probability
of the good event. Bound 5) will appear in the C,I new €XPrEssion, so we retain the b’s.

In all expectations, we need to condition on X;_; for all X;_1 € I'y_1 in order use Fact
3.5.13. This is necessary to ensure that the tighter bound ~new applies for the given time
interval. By diagonal covariance E;_1[Z7 ;| X;_1] = 0. The proof of E;_1[Z>;] = E;_1[Z3,] =0
is shown below. E;_1[Z;;] = 0 because the v are zero-mean and Q (o, +k—1)a is constant

conditioned on X;_1. Z5 will be the non-zero term.
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Ignoring the scalar coefficients,

i—1
/
Ei—1[Z2,;] =E;i— E Vj newVis
iQZ(ﬂj+k—1)a+1
1—1
—E|u: .
= Vi new Vi,
in=(it;+k—1)a+1

i—2
’
g Vi_1newVig * »

io=(itj+k—1)a+1
i—3

/ /
g Vi_2newVig,x 5+ V(ﬁj+k—1)a+2,newy(ﬁj+k—1)a+1,*
in=(t1;+k—1)a+1

=0
Notice that everything else in the above expression is independent of v; new, S0 by Lemma 3.A.4

the expectation is zero.

Similarly (again ignore scalar coefficients for simplicity) and letting o = (4; + k)a + 1

a—1
Va—i—1,newVis

Ei1[Z3:] =E;i—1

io=a—1
a—1
/
=E Vo—i—1new § Uiy x
ia=a—1
a—1
Vo—inewVig,* »
to=a—i+1
a—1 a—1
Vo—i+1newVig,x 5+« Va—2newVig,* | -
to=a—1i+2 io=a—1

As before, all terms are independent of v,_;_1 so the expectation is zero by Lemma 3.A.4.
Using the Azuma inequality,

1 a—1
1. P ( a Z Zl,z’ < 6) >1- (7“ + Cnew)F(aa ¢, 2\/@'}”}%@\7)
1=0

1 a—1
E Z Z2,z’ <el|>1- (T + Cnew)F(aa €, 2\/ CnewT'Y'Ynew)
1=0

IN
™

IN
(@)

>1- (T + CneW)F(aa €, 4\/ CnewT'Y'Ynew)

104—1
3. P ( - ;Zg,,»

) >1-— (T + Cnew)F(Oé, €,24/ Cnewr77new)

1 a—1
52 Za
@ =0
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b2

1
5. P <Haz5 ) < a(l _ b2) \/Cnewr7new7> =1

Combining the above yields the claim of Lemma 3.6.3.

3.8 Alternative Subspace Model and Algorithm

3.8.1 Deletion Model
Recall Signal Model 3.2.8 which assumes
[PtflRt \ Pt,old Ijt,new] ift= t; or tp or .. .tJ

P, =

P otherwise

(3.24)

According to this model, at the change times ¢;, some directions in the span of P;_; may be

removed, and new directions may be added.

In this section we will intoduce an extension of Algorithm 3 which deletes directions from

the estimate of span(P;) by re-estimating the previous subspace before begining to estimate

new directions by the same projection PCA procedure. We prove a result similar to Theorem

3.2.15 for this algorithm.
Definition 3.8.1. Define
® Chew i= mjax Cj,new

J

Cdif := max E (Cj,new - Cj,old)
i=1

r; := rank(P;)

® Tmax ‘= MaXT; = 1o + Cdif
J

r =10+ JCnew

In order to generate a new estimate of the subspace, we need a clustering assumption on the

eigenvalues of A, ; after the subspace change has stabilized. The reason for the cluster-PCA

algorithm and clustering assumption is that the condition number of A,; may be large, and

the error in the PCA step, e;, is correlated with the true data £; [12].
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Model 3.8.2. Assume Signal Model 3.2.8 and assume:
1. During the interval [tj41 — da,tj41 — 1], Aqy is constant

2. There exists a partition Gj1,Gj2,...,Gj9 of the index set {1,2,...,r;} with

minjeg, , Ai(Aat; -1) > MaXieg, 1 Ai(Aatjy-1) for k=1,...,9 — 1 that satisfies
Gg<gt and Y <X and ¥ <0V

for a g™ > 1 but not too large and a X < 1. Where

155 AilAaty—a;) g AilAati—a)
g 1= max —- and X = max . .
J:k min Ai<Aa,tj+1fd2) J:k min )\’L‘(Aa,tijlfdz)
€6k 1€Y; k

Notice that § > 1 and measures how close the eigenvalues within a cluster are, and x <1 and

measures how far apart the adjacent clusters are.
Definition 3.8.3. Define

1. Gjj = (P(j))gj’k to be the eigenvectors corresponding to the eigenvalues indexed by Gj i,

so range(P;)) = range([Gj1 Gjz2 ... Gjy]);
2. Cj = |Gk = rank(Gjr), so 22:1 Cik =Tj;

3 Ak = MiNieg; , Milieft, , —dt;,1—1] Ni(Aayt) and

+ . .
Aj,k T maXlegj,k ma‘xte[tj+1—d2,tj+1—1] AZ(Aayt)

A AT, -

PR ) o Nkl e ~ S _

4. ik = /\J__k and X = f\__k (notice § = max;j gjr and X = max;j h;)
Js Js

3.8.2 Performance Guarantee for Algorithm 4

Theorem 3.8.4 (Correctness result for Algorithm 4 under Signal Model 3.8.2). Pick a ¢ that

satisfies
, 1074 1.5 x 1074 1 0.01A~
¢ < min 2 27 327 12 3.2 (-
(Tmax + Cnew) (Tmax + Cnew) f (Tmax + Cnew) Y b (Tmax + Cnew) Y
Suppose

1. (I = Py P ) Pgyll2 < 7oC;
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2. The algorithm parameters are set as:

_ | log(0.16¢cnew() | .
e K= [ g1og(0.4) W’

L4 5 = v/Cnew Ynew + (\/’F + 4/ Cnew)\/z;

w="7¢&;

a = Ci(log(6KJ) + 11log(n)) for a constant Cy > Cagqq with

Cadd == éi(—]o)2 max{16, (1.2¢)*}

o & = Cy(log(509J) 4+ 11log(n)) for a Cy > Cye with

8-100% - 42 . 244
(CnewCA™)?

Cael 1=
3. Signal Model 3.8.2 holds with b < 0.1 and
o dy > (K +2)a and do > 9ta + 2a;

® ti1—t >di+ds forall j;

v/ Cnew Ynew 1 (\/77 + 4/ cnew)\fc < zinin 5
9 <V2;
bQCncwnnowg < 0.5 (as before, because b < 0.1, this will be satisfied if chewMnewyg < 50

)

4. The clustering assumption holds with g* = 1.5, x™ = 0.2, and 97 = 3.

5. The support of x; changes enough so that for o and & as chosen above, Signal Model
3.2.11 holds with 8 = h* min{«, &} and
[0]? Bt < 0.0024, and gys max{a,a} <n
or Signal Model 3.2.12 holds with s < (6 x 10~*) min{a, &} and max{o,a} < Z.
6. The low dimensional subspace is dense such that

e max; ros(P;)) < 0.3;

o max; ks (P new) < 0.02.
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—10

Then, with probability at least 1 — 2n~"", at all times t

1. The support of x; is recovered exactly, i.e. 7} =T
2. The estimate of the subspace change time satisfies t; < fj <tj+2a, forj=1,...,J;

3. The estimate of the number of new directions is correct, i.e. Cjnewk = Cjnew fOT J =

1,....,0Jandk=1,... K;

4. The recovery error satisfies:

1.2(\/&4‘ \/Cnew7new) le [tj?tj]

1.2 (1.84v/C 4 (0.4)F 1 fepewmmew) t € [t; + (k — Do, t; + ka — 1],
[T¢ — @¢l[2 <

k=1,2,....K

2.4,/C teft;+Ka,tj —1]

\

5 Forj=1,...,J,t; <t; <tj+2a.

6. The subspace error SE; := ||(I — P,P/)Py||y satisfies:

1 tc [tj,fj]

SE: < 91072y/C+ 0451 tellj+ (k—Da,ij+ka—1], k=1,2,.... K

1072/ te [t} + Ko, tj1 —1].

3.8.3 Discussion

First we point out a significant limitation of the above result. Theorem 3.8.4 and Algorithm
4 assume that the clusters G;; are known a priori. This is not a very realistic assumption, as
determining the clusters would require knowledge of all the eigenvalues of the true covariance
matrix Ag ;.

Let us compare the result for ReProCS (Algorithm 3) with that for ReProCS-cPCA (Algo-
rithm 4) for the more general subspace change model. The ReProCS result needs

K25 ([Pos Pinew; - - - » Prnew]) < 0.3 while ReProCS-cPCA only needs max; rkas(P(;)) < 0.3
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and max; HQS(P(]')’HGW) < 0.02. Recall that L := [€1,€a,..., 4. ], X = [x1,T2,..., %4, ],
Tmat = rank(L) and spyat = |support(X)|. Also recall that in our model syt < Stmax.
Clearly rank([Py, P news - - - » Pinew]) = mat, and so rmat < 79 + Jcnew. Thus if we assume

K1([Po, Pinew, - - - » PJ7neW])2 < prmat/n, and K1(Pjnew) < fitnew/n then ReProCS needs
208Tmat < 0.09n and 2fiscpew < 0.0004n

where rmat < 79+ JCnew. The support change model (Signal Model 3.2.11) requires s € O(-2-)

logn

and J € O(n). Thus, if s grows as n/logn, then ry,, can only grow as logn. Thus, ReProCS

allows

Nlmax

logn

Smat € O < > and ryat € O(logn)

As explained earlier this is a stronger requirement than PCP which allows

n
Smat € O(Ntmax) and ryar € O ((logn)2>

On the other hand, using an argument similar to the one above, ReProCS-cPCA only needs
2us(ro + cqir) < 0.09n and 2fischew < 0.0004n.

The support change model (Signal Model 3.2.11) requires s € O(y;z,;) and J € O(n). Thus if
s grows as n/logn, ro can grow at most as logn; however, cpey needs to be constant because

of the lower bound on z,;,. Since rpat < 19 + Jcnew, this means ¢ can grow linearly with

n. Thus, ReProCS-cPCA allows

tmax
Smat € O (n > and ryat € O(n)
logn

This requirement is comparable to what PCP needs: the requirement on syt is slightly stronger

than PCP while that on 7y, is slightly weaker.

3.8.4 Cluster-PCA Algorithm (from [12])

In this section we present the ReProCS algorithm with cluster-PCA as Algorithm 4. Tt
performs the same subspace change detection and estimation of new directions as ReProCS,
but it differs in that at each subspace change time it performs a re-estimation of the previous

subspace that effectively removes old directions from the estimate of P;.
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One way to re-estimate the current subspace would be by standard PCA: at t = £j+1,
compute
ij+1—20¢
P, + eigenvectors Z 0.0

T=£j+172a7d

Using the same proof method as used for Theorem 3.2.15, it can be shown that, as long as
f= ﬁ—f is small enough, we can show that this will give an accurate estimate of range(Py;)).
However f cannot be small because our problem definition allows large noise, £;, but assumes
slow subspace change. To resolve this problem, we recover the eigenvectors in clusters where
the ratio of the largest to smallest eigenvalue in each cluster is small. We also have to assume
that these clusters are sufficiently far apart from each other.

In a process that we call cluster-PCA, Algorithm 4 sequentially recovers eigenvectors cor-
responding to groups of eigenvalues that are close to each other and separated from the rest of
the eigenvalues. The eigenvectors corresponding to the largest eigenvalues are recovered first.
After this, the data is projected perpendicular to the estimated subspace to recover the eigen-
vectors corresponding to the next largest cluster. This process continues until all of span(P(j))
has been estimated. All of this takes place at t = fjﬂ using the estimates ¢, from the intervals
[(fj41 — Y& —2a) + (k — D@+ 1, ({41 — Y& — 2a) + k], k=1,...,9.

The motivation for the cluster-PCA step is Signal Model 3.2.8 where at the times when new
directions are added to the subspace, some may also be removed. This is a more appropriate
model when the sparse signal x; is the signal of interest. Under this model we are able to relax
the requirements needed to prove a similar performance guarantee to Theorem 3.2.15. The
difference is that instead of needing span([£y,...,#4; .. ]) to be dense, we only require span(P;)
to be dense for all t. Of course when no directions are removed from the subspace, these are

equivalent, because span(P;) C span(P,y1) for all ¢.

3.8.5 Proof of Theorem 3.8.4

Definition 3.8.5. Redefine 15( to be the estimate of P(j) , = Pj_1) after the cluster PCA

3) 5% 3)5%

step. That is 15(3-)7* = 1%] Previously we had defined 15(3-)7* to be the estimate of Pj) . after

the final projection PCA (addition) step, so this new definition is a natural extension. In both
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Algorithm 4 Recursive Projected CS with cluster-PCA (ReProCS-cPCA)

Parameters: algorithm parameters: §, w, a, &, K, model parameters: A™, 9, and ¢;
Input: n x 1 vector, my, and n X rg basis matrix 15(0).

Output: n x 1 vectors &; and ét, a basis matrix If’t, fj, Cjnew,k-

In step 4(c)ii of Algorithm 3, include the following cluster-PCA (cPCA) step.
Re-stimate range(F;_1)) by cluster-PCA (in order to remove the deleted directions)

1. set éjfl,O < H
2. Fori=1,2,---,1,

o let Gj_1det;i = |Gj-1,1,Gj-12,...Gj_1,-1] and compute

~ o 1 A A ~ ~
Mcpca = (I — Gj_l,det,iGj—l,det,i/) E Z ETET/ (I — Gj—l,det,iGj—l,det,i,)

o G,_1,; + eigenvectors(Mpca, ; Cji)
End for
3‘ set E — [éj—171 - é]—l,”&]’ p*7t — -pt7 and -lstmew «— []

The function eigenvectors(M, , ¢) returns the matrix containing the eigenvectors corresponding
to the c largest eigenvalues.
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bi=p, = (Py-nR)) \ Pjoa P(j)-nw]‘

1 t Lo tj tit1
Figure 3.7 Signal Model 3.2.8
l?i = P(l)-* - - . . . . . .
P pew = [ b= [P(J),* P(])An,w.l} P, = {P(j),* P’(])me.k:l P, = | Py« Pyynew,x
—_—— —_——
| | f f f f f f | |
tj fj tj+a f)+21» tj+ ka f]+(k+1)n f,+K(y ti+d tjg—2a—da

Figure 3.8 Algorithm 4

A, constant and

obeys clustering assumption

Figure 3.9: Diagrams for Signal Model 3.2.8 and Algorithm 4

cases, 15(]-)7* is the final estimate of Pj_y).

With the new definition of 15(3-)7*, the statement of the definition of (j« remains the same:

The tilde (7) will be used to indicate objects in the cluster PCA proof that have corre-

sponding parts in the projection PCA proof.

Definition 3.8.6. Redefine

1. C:‘ "= TmaxC

2. 52' =

bA,k - bA,k,J_ - bit,k
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Here b?-l,k = 52 + l~74,1C + 567]6. Where,

by = p? I (61) 2 (rmax + Cnew) 22 (B2 + (1 = 0)AY) +
2

d(lb—bQ)rryQ +(1- b2))\+ + 6> ("max + Cnew)C <W¢+) +
bir’y? + (1 - b2)/\jf,€ + e> ("max + Cnew )¢ <\/[Th+¢+)

54,k = (r()

3 2 b2 b?
b67k — TC <65(1_b2),r,)/2 + 46) + mr’ﬂ + 4e + (T<)2 <d(1—b2)r72 + (1 - bQ))\;_k; 1 ) +
b2 (r¢)? b
(arm+4) + A ()
)

2
2 2y +
i (0 e+ ).

Also, let
2 -2 21y — 2,2 b 2 ri¢?
bay=(1—7C) [(1 -0\, — €] —W(Mm +4e> THim

b2 b2
B 22 12\ + - vy 2 12 + .
bap. =1 <a(1—b)m + (1A, 1+e> 2rg(d(1_b2)m +(1 b)AJ7k+e>

b2 2 2\\+
<&(1 _b2)r'y +(1-b ))‘j,kﬂ —|—e> )

To prove Theorem 3.8.4 we need to define a new event that says the (j, k)™ cluster PCA

step was successful.

Definition 3.8.7. Define

G, )Gin

< }
2

[0 :=Tj1ena NDET*NCPCAj_;;N---NCPCAJ_, 5y fora=wuj ora=u;+1

CPCAY, = {H(I_

and redefine

The definitions,

[y =15, NPPCAJ, fora=u; ora=wuj+1

Djend = (T NNODETS}") U (T33! nNODETS )

remain the same.
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Lemma 3.8.8.

P (CPCA%,, | T'j_1end, DETS, CPCAY,,...,CPCA%; 1) > pepea

fora=uji1 ora=uj1 + 1.

Fact 3.8.9.

L If G <G and Gnewk < G Jor k=1, K then dif(P; 10, Pj) < G + CnewC

2. If i < G for k= 1,...,9, then (i1 = dif(Pji1)., Pji1)s) = dif(l%j

Tmax( = C;’_

Py) <

+17

N

3. Thus the event I'jong tmplies dif (P,

£j+Ka’P(j)) < G+ cnewC. The event L' implies

G < G5 = TmaxC for a =u; or a =wujy1. Thus the event F;P’k_l also implies this.
Corollary 3.8.10. Combining Lemmas 3.5.11, 3.5.12, 3.5.14, and 3.8.8 gives
9 K
P(Tjend | Tj—1.end) = IP((DET“J’ ﬂ CPCAY, ﬂ PPCA;{;C)U
k=1 k=1
9 K
(DET“J’ NDET"*! (| CPCAY T, (| PPCAYT 1) | rjlyend>
k=1 k=1

9 K
=P (DETu] ﬂ CPCA;J_L,C ﬂ PPCA;L’]]C ‘ I‘jl,end>
k=1 k=1
o K
+P <DET“J’ NDET%*! () CPCAYT, () PPCAY | rj_l,end>
k=1 k=1
> Pdet,0 - (pcpca)ﬂ . (pppca)K + (1 - pdet,[)) * Pdet,1 * (pcpca)i9 : (pppca)K

> Ddet,1 - (pcpca)l9 : (pppca)K

3.8.6 Proof of Lemma 3.8.8

Definition 3.8.11. Define

Tig = | (i1 — 06— 20) + (k— D) +1, (ij41 — 9a — 20) + k&]

Definition 3.8.12. Define
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and

[ =T} 1ena NDET% NCPACAY | | N---N CPCAY |
for i; = uj or 4j = uj + 1.

Definition 3.8.13.

~ R ~ . . ~ . .
1. Let Djy cur & ok ,curd g cur denote its reduced QR decomposition. So Ej i cur is a basis

matrix, and Rj,k,cur s upper triangular. Let Ej,kycur’J_ be a basis matriz for the orthogonal

complement of range(E; j cur)-

2. Using Ejcor and Ejj cur1 , define
Ajp = 23 B (T CiranCinaet’) €t (T - GypaeCinae’) B
7,k -—5 Z 7,k cur — Uk, det gk, det tLt — Uk, det gk det 7,k,cur
teZix

A 1 - / A A / / A A !
Ajp 1 = z E E;}cur,1 (I — G k,det G ket ) Ll (I — G k,det G ket ) E;jcur,1
tGi—j,k

and let
A n !
A g R Ajk 0 Ejkcur
gk Ej,k,cur Ej,k,cur,J_ ~ ~ ,
0 A E;cur,1
3. Define
o=~ S (T - GnaeCipae) 68 (T - GiaerCipae’) — A
%j,kza Z — G kdetGjk,det ) ey — G raetGjkdet | — Ajk
tEi-j,k

From Algorithm 4,

1 A A I\ ppt A A /
5 (I — G k,det Gk det ) £ily (I — G k,det Gk det )
tefj,k
) . Ajp 0 Gjx'
= | Gik Gik . "
0 Aji. Gjk.L

Define fj,k = dif([(;’jjl, ...,Gj1],Gjk). Recall Lemma 3.5.17, which for the matrices above
says that if Amin(A;x) — | Ak Lll2 — [|[Hjxll2 > 0, then

> 7Lk l2

Ei < ] L (3.25)
T Nin(Ajk) — 1A e

l2 = 1 Hxl2
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Lemma 3.8.14.
IP)<)\min <Aj,k> 2(1 - T’ZCZ) [(1 - bz))‘lz - 6]
b2 7’2C2 -
_ 202 7 N2 >
V1—r22 (d(l —" +4e> (rC—i— e ’ X1
>1-— ’I”F(d, €, Cnew’}/z) - 2(3(2T)F(6&, €, QTVQ) - (2T)F(0~57 6,47“’)/2)).
for all Xp_1ely_y.
Lemma 3.8.15.
Pl A (A- ) <r?¢? Lr 2L (A=A +e) +
max 7.k, L) = &(1 _ b2> v Ji.k—1

b’ 2 2
2 —_— 1-— T
r¢ <d(1—b2)r7 + ( b))\m—l-e>—|-

b2 ) )
(6{(1—[)2)7,72 + (1 — bZ)AIk—f—l =+ 6) ‘ Xkl) 2 1 — ?)TF(Oé, 6,7”'}/2)
for all Xk:—l S fk—l-

Lemma 3.8.16.

P(|’7:Lj,k|’2 <by + 2Dy, + 2be . | Xk—l) >1—nf (& ¢ (¢)¢?)
- TF(&v €, 7”72)
= 3(320)F (@,2r9) = 20)F (@€, 4r9))
- Q(TF(d, e,cnewy2)>.
for all Xk:—l S fk—l-

Combining the above three lemmas gives Lemma 3.8.8.

3.9 Proofs of Lemmas 3.8.14, 3.8.15, and 3.8.16

3.9.1 Minor Lemmas for Proving the Main Lemmas

Definition 3.9.1. Define
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A~ A~ ~ ~

1. Gjrdet = 1Gj1,Gj2,-..,Gjr-1], Gjrdet = |Gj1,Gj2,-..,Gjr-1],
Gj,k,undet = [Gj,k+17 Gj,k+27 ce 7Gj,19]; Gj,k,cur = Gj,k;

R / - / . lp .
2. At det ‘= Gdet,k et; Qi cur ‘= Gk,cur Et; and Q¢ undet ‘= Gundet,k et:

L A A / - ._ a a / D =
3. Djcw := (I—=Gj1aetGjrdet’ )Gjks Djgdet := (I—Gjk,det Gjkdet’ )Gy kdets Djkundet =

. R / .
(I — Gjr,detGjk,det’ )Gk, undet

!/

Lemma 3.9.2 (Sparse Recovery for j.j,k’)- Deﬁne (I.(j),K = I_P(j),*P(j),*/_p(j),new,KP(j),new,K .

Assume that all conditions of Theorem 8.8.4 hold. If (j. < ;r* = Tmax( and Cjnew,x < cC,

then for all t € ij,k,
1. 1@y k Pill2 < (rmax + cnew)C
2. (@))% (@)6)7) M2 < 0T = 1.2,
3. T =T,
4. ee = IT[(® ) k)7 (B().6) 7] I @) e Prae and |lec]|2 < ¢7V/C.
We will use the following fact throughout.
Fact 3.9.3. As before,
1. T'j_1ena tmplies NODETS?,l fora=wu;_1 or a=uj_1+ 1 which implies fj > tj.
2. DET;-” implies that fj <tj+a.
3. DET}”Jrl implies that fj <t;+2a.

4. The above facts combined with the model assumption do > Y&+ 2« imply that conditioned
on ijl,end N DETq;jJrl, j:ng - [tj-‘rl —do,tjy1 — 1] forg=1,....J and k = 1,...,¢
and U; = uj or U; = uj + 1. Thus, during these intervals, the covariance matriz Aq; s

assumed constant and obeys the clustering assumption.

Remark 3.9.4. As in the addition proof, we will remove the subscript j at various places.
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The following two lemmas are proved the same way as their counterparts in Section 3.6

(Lemmas 3.6.2 and 3.6.3 respectively). As before, when they are applied, we will use ¢ =

0.01cpew(A™.

Lemma 3.9.5.

1 b? 5 5
1. P )\max (6& Z a't,detat,det/ S MT’Y + (1 -b ))\Zk—l +e€ ‘ Xk:—l Z
t

m
<.
o

1 b? 9 5
3. P )\max (d Z at,undetat,undet/ S mT7 + (1 —b ))\;:k-l-l + €
tel; i
1—rf (&, ery?)

Y

1 _
4- P [ Amin 5 Z aft,curat,cur, > (1 - b2)/\j,k — € kal
tEij,k

1 —7F (&, € cnewy?).
Results 1) and 2) also hold for at geta:’ and a;curay’ respectively.

Lemma 3.9.6.

b2 ~
< 77*72 +4de | Xp_1 | >

P
)

1 Z /
= Qi det At cur
Q=

teL; i

1 —3(2r)F (&, €,2rv%) — (2r)F (Ge, 4772).

v

2 + de X1

1 /
P ’ ‘ 5 § At det Ot undet

< -
— a(l -2
- s A )

1 —32r)F (&, € 2rv%) — (2r)F (@e, 4772).
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v 4 de | Xpo | >

1 /
= g Q¢ cur @t undet
(6%

tEij,k

< 7
o~ a(l—0?)

1 —3(2r)F (&, €,2r7y?) — (2r)F (de, 477%).
Lemma 3.9.7. [12] When XM_l S fj,k_l,

1. HDj,k,detH2 < Tmax€

pand ||2 (Tmax + Cnew)zc2
undet >~
\/1 Tmax + Cnew)2€2

We are now read to prove Lemmas 3.8.14, 3.8.15, and 3.8.16. Because the lemmas apply for

3. |Ejxcu’D;

all j, we will often omit the subscript j for convenience. Also, Z will be used to mean Z .
t tEijk

Proof of Lemma 3.8.14.
Recall Ak = ZteI (I Gdet kGdet k ) Etet' (I — édet,kédet,k/) Ek Observe that

k—1
o/ A ~ >, SAE -
E;, (I - E G;iiGji ) £y = Ryaycor + B/ (Dges k@t det + Dundet k0t det)
i=1

Let Z; = Ryaicor and Yy = E}/(Dget k@t det + Dundet, k@t undet) Then

~ 1
A > - Z ! ! / .
R Z ' Z) + Z,Y! + Y, Z, (3.26)

Consider 1 3, Z,Z,'. Using a theorem of Ostrowoski [27, Theorem 4.5.9], we have that

mln ( Z ZtZt ) Z )\min(RkRk : mln ( Z at curat CU.I‘)

By Lemmas 3.9.5 and 3.9.7, we get that

( min ( ZZtZt> (1—1r%¢?) [(1- b2))\,; — €] ‘ Xk_1> >1—7F (&€ cnew?).

for all Xk;—l S fk—l-
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Next consider the term é > ZYY
1 1 - - N -
= Z Zt}ft/ = = Z Rka't,cur (at7det/Ddet,k’/ + at7undet/Dundet,k/> Ek
a5 a7
Y Do/ By + R Do’ B
= & k@t cur@t det det,k £k + kAt cur@¢ undet undet,k Kk
¢
By Lemmas 3.9.6 and 3.9.7, we get that
P [ Ami EZZth’ > —/1— 122 <b2 ry? +4e> r¢ + _ ¢ ( X1 | >
g - a(l— ) N -
1—2(3(2r)F (@, €,2ry%) — (2r)F (Ge, 4r7%)).

for all Xk:—l S fk—l-

Therefore

P(Amm (Aj) = (0 =) [(1 =127, — 4

-2 1—r2C2<b2r2+4e r(—i-& ‘f(
at—)" Vi@ |

> 1 —7F (&, € cnewy?) — 23(2r)F (&, €, 2r72) — (2r)F (de, 4rv?)).

for all Xk—l S fk—l-

Proof of Lemma 3.8.15.

Recall Ay, =15,z Ep)/ (I — okl (;j,i(;j,/) 08 (I i éj,l-(;j,/) Ey.. No-
tice that because E~k7J_/ <I — Zf:ll (A;'j7ié'j,i’> (el = 0,
E; ' (I -yt G’j,iéj/) £, = Ej. (Dot £ @t det + Dundet k@tundet). S0 Ag | can be writ-
ten as

A 1 H T - - - /
Ak,J_ = a Z Ek,l_ (Ddet,kat,det + Dundemkat,undet)(Ddet,kat,det + Dundet,kat,undet) Ek,J_-
t

Expanding the above gives

A 1 n 1 1 ! T / 2 ! T /
A= F Z E; | (Ddet,kamdetat,det Dyt i + Dget kOt det @t ,undet Dundet, k' +
t

> ! 7 / = ! 7 /
Dundet,kat,undetat,det Ddet,k + Dundet,kat,undetat,undet Dundet,k )Ek,J_-



139

By Lemmas 3.9.5, 3.9.6 and 3.9.7,
A 2,2 bQ
P Amax (Aj,k,J_> ST’ C (MT’Y +( b ))\]k 1 +€) +

2r¢ <b2 ry? + 4e> +
-

b2 5
(54(1_52)7“7 +(1— bz))‘+k+1 + 5) ‘ Xy 1> >1-=3rF (a,e, 7"72)

for all Xk;—l S fk—l-

X

Proof of Lemma 3.8.16. For Ease of Notation, define ¥;; := <I— G’jkdeté’j,k det’) and
Ft EkE;C W, 164,/ 1Ek. LEk 1’. Using the expression for ’H] & given in Definition 3.8.13,
adding and subtracting F; + F}/, and noting that E,E};’ + Ek7J_Ek7l' = I we get that

8 1 .
He=~ > (‘I’k—letet,‘I’k—l — (Uprlres Op 1 + Pp_rel Uy 1) + (Fp + Ft'))
¢

Thus

+2 (3.27)

~ 1
Hil2 < || = '
Tl < 3 3 eee

1 1 -
zH S we| 12| LS R
« P 2 (6 7

1. First consider |1 37, ete)/||2. By Lemma 3.9.2, when Xj_1 € Ty_q,

2

er = It (2, k)7 (@), 1)) 173 @) i Pray

and |les|]2 < (¢1)?¢. By the same argument as Lemma 3.6.1,

i [etetl‘Xk—l} = I7[(®), )7 (®).5) 7] 171 @)k Pi(bPar 101" + Ay
P/'® ) kI7[(® ) k)7 (R 607 7

< (PR (0T)2 (Pmax + Cnew)2C (D2 ry? + (1 = B)AT)) I

Applying the Azuma corollary (Corollary 3.A.9) gives,

< p2h+<¢+) (Tmax +Cnew) CQ( 7”)/ +( -b ))\Jr)
2

)=

1- TLF(&, € (¢+)4<2)
(3.28)

for all Xk—l S fk_l.
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2. Next consider Hé > W1l

/ 2 - - !
W, _1liey = (Dkat,cur + Dyet kAt det + Dundet,kat,undet> €

~ ~ ~ at,cur /
= | Dget,k@¢,det + [Dk: Dundet,kz] e
Q¢ undet
- ~ o~ Qt cur
= | Dget k@t det + [Dk Dundet,k]
Q¢ undet

(I7Z[((P(j),K)72/((1)(]'),[()7?]71172/q)(j),KP(j)at)/

~ a't,cur /
(227

_ ) .
= | Dget k¢ det@t + [Dk D nget i
Q¢ undet

(I7[(® ) 5)7 (@) x) 7] 7 @)k Py

Let,

- ~ o~ Qi cur
/ ) / /
Xt = | DgetkQtdetat + [Dk Dundet,k] ai | Py ®u).x
Q¢ undet

and
_ /
Y, = Iﬂ[(‘I’(j),K)ﬁ/(‘I’(j),K)ﬁ] 117?

Then by Lemma 3.A.3, which is stated and proved in the appendix,

2
1 1
< Amax | = X: X/ x| = YY)
= \ma a Z t<4xt >\ma a Z tdt
2 teT; g, tel; i,

1
— Z U 1le
@ t

The reason for using Lemma 3.A.3 is so that Lemma 3.3.3 can be applied to Y;. For X,

we use Lemmas 3.9.2, 3.9.5, and 3.9.7. This gives,

P (HO}C ; \I/k_letet/
(rma + enew)C (ViPh76% ) +

2 ~
<d(1b_bg)7”72 + (1 - bz)/\;:k + 6) (Tmax + Cnew)c (\/ ,02h+¢+> ‘ Xkl)

b 2 2
) < (r¢) (07(1—52)7“7 +(1-0b )>\++e>

> 1 —rF (& €ry?)

for all Xk—l S fk_l.
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3. Finally consider Hé Do .F~1t”2 Recall that F} = EkEk'\Ilk,lﬁtEt’\I'k,lEk’lEkJ_'. We will
use the fact that E’k, /Dy, = 0 to simplify this expression.
F, = EE/Y)_16,4/%;, 1E;  Ey '
= EkEk/(Dkat,cur + Ddet,kat,det + bundet,kat,undet)
(Dot k@4 det + Dundet k@t undet) Er, L By, 1

Therefore,

1 -
(Jizn

b2 9
< _ 4
2_r( <d(1_b2)7’7 + e>+
b2 9
_— 4
d(l—bQ)rfy + 4e+

b2
(r¢)? (d(l_bg)m? + (=0 + e> +
b? 9
r( <&(1 — b2)’l“’)/ + 4e> +

(r0)° G
= (e o)

(r¢)? ¥, . )
e aom ™ TN ve) [ K ) 2
1-— 3(3(2r)F(d, €, 27“72) — (27‘)F(5[€,47"}/2)> — 2(TF(d, €, cnew72)>
for all Xk—l € fk—1~
Therefore,

P(||?lj,k||2 < by+2ba s, + 2b6 s ‘ X,H) >1—nF(&e (67)4¢2)
- T.F(&7 €, 7"72)
— 3(3(2r)F(d, €, 27“72) — (27“)F(de,4rv2)) — Q(TF(d, e,cneW'yQ)).

for all Xj,_; € Tx_;. The quantities l~)2, l~74yk, and 367k were defined in Definition 3.8.6.
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3.10 Simulations

In this section we show the results of simulation experiments that demonstrate the result
we have proven. The results can be seen in Figures 3.10 and 3.11. In both cases, results are
averaged over 50 simulations.

For both figures, we set n = 256 and ty.x = 8200. The low-dimensional vectors £; were
generated the same way for both figures. There are 3 subspace changes, so J = 3. The subspace
changed at times t; = 701, to = 3701, and t3 = 6201. The bounds on the entries of a; and
Qi new Were v = 600, and ynew = 5 respectively. At each subspace change, 4 new directions
were added, and 4 were removed. Therefore c;pnew = ¢jolq = 4 for j = 1,2,3. The algorithm
parameters were set as follows: a = 100, K = 12, thresh = 2%, € =+/2and w=0.1.

The difference in the two figures is how the supports of the sparse vectors x; are generated.
In Figure 3.10, each index of x; was non-zero with probability 0.0586 (so the size of each
support is around 15) independently of other indices and other times ¢. In Figure 3.11, all of
the supports of &; were of size 10 and obeyed Signal Model 3.2.11 with ¢ = 2, and 8 = 25 (so
ht =2 =0.25).

For this simulated data, we compare ReProCS, ReProCS-cPCA, PCP, and mod-PCP. In
order to compare with the batch methods PCP and mod-PCP, we ran those algorithms every
2« frames, using the observations m; from the previous 2« time instants. As one can see in
Figure 3.10, the error made by ReProCS after a subspace change is very similar to that made by
PCP. However, as ReProCS recovers the new directions, the error decays exponentially (notice
that the y axis is logarithmic) as we have proven in Theorem 3.2.15.

In Figure 3.11, the supports of @; are highly correlated. This causes a problem for the
batch methods and one can see that ReProCS has significantly better recovery compared to
PCP and even mod-PCP when the supports of x; are correlated.

The last thing to notice is the difference between ReProCS and ReProCS-cPCA. Both of
the figures demonstrate the results we have proven. That is, for both algorithms the error is
initially large, but decays exponentially thereafter. Because ReProCS only adds new directions

to its estimate of the subspace, the final error after a subspace change increases with j. The
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—%— ReProCS
—=4A— ReProCS-cPCA
—+—PCP
mod-PCP

| | | | | | | |
0 1000 2000 3000 4000 5000 6000 7000 8000 9000

Figure 3.10: Support of X determined by Bernoulli model. The y axis is 1Z:=2¢l2

[EAP

cluster PCA step in ReProCS-cPCA re-estimates the subspace, so that the error decays down

to a value that does not increase with j.
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10

—*—ReProCS
—A—ReProCS-cPCA

—+—PCP
—+—mod-PCP

0 1000 2000 3000 4000 5000 6000 7000 8000 9000

Figure 3.11: Support of X obeys Signal Model 3.2.11. The y axis is =l

[EXAE

3.A Preliminaries

Lemma 3.A.1 (Exchanging the order of a double sum).

a—1 t a—1la—1
DIDIELED DI
t=0 i=0 i=0 t=i

Proof. Define [statement] to be the Boolean value of statement. Then,

-1 ¢
3:5:%%-}:0<2<ﬂm<t<a—ﬂm%

t=0 i=0 tyi

=Y 0<i<t<a—1]zy
t,

=Y 0<i<a-1]i<t<a— 1y,
t,i

—Zz;: TtYi

=0t
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Lemma 3.A.2 (Cauchy-Schwarz for a sum of vectors). For vectors x; and y;,

(éw!m)Q =< (;Ilwt!@) (Z:IIMI%)

Proof.
2 2 2
N 2 Y1 1 Y1
(Zﬁaﬁ = |[=/, =] | < : : =
t=1
Ya Lo 5 Yo 5
[0 (03
(St (S o)
t=1 t=1
The inequality is by Cauchy-Schwarz for a single vector. X

Lemma 3.A.3 (Cauchy-Schwarz for a sum of matrices). For matrices X; and Yz,

2
1 e
'O&ZX}EYZ/ S max( ZXtXt> max( ZKE)
t=1 2

Proof.

2

2
‘Il = max |2/ XY/ |y
S i Z:

= max X,/ x)
| > (X

i 1=
«
< o ( thwm) (S 1)
lyll=1 N=1
(634
:|Ii£l||axlw "x - I??axyz YY) y

= )\max (Z XtXt/> )\max (Z }ItYi/)
t=1

t=1
The inequality is by Lemma 3.A.2. The penultimate line is because ||v||3 = v'v (used with

v = X/x). Multiplying both sides by (é)2 gives the desired result. X

Lemma 3.A.4. Let X, Y, and Z be random wvariables. Assume that X is independent of
{Y,Z}. Then

E[XY|Z] = E[X]E[Y|Z]
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Proof. By the chain rule, fx y|z(%,y|2) = fx|v,z(z|y, 2) fy|z(y|z). Because X is independent

of both Y and Z, fx|y,z(xly,2) = fx(z). D

Remark 3.A.5. Adopt the notation that if the lower limit of a sum exceeds the upper limit,

then the sum is empty and therefore equal to zero.

Lemma 3.A.6. Let ¢, be a sequence of vectors such that
Cr = bcT—l + pr

for a scalar b. Similarly, let ¢ = bcr—1 + fur. Then

a—1
Z c ¢ = Z (Z1; + Zai + Z3; + Zy;) + Zs
=0
where
1— b2(a i)
Zl,z’ = (l_b)lhﬂ'z )
(1 _ b2(a z))
Zai = Z BT

i2=0

a—1 ;
| pla—iz)y )
Zyi= ), (1_b2>b’“2 i1y,

lo=a—1
pitl(1 — p2(a—i) ~ R
47 = (1 2 )(ﬂic—ll + C—1Hz")
b2(1 —b*@ _
Z5 _ (1 — b2 )0_10_1/

Proof. We start with some simple expansions.

a—1
Z CTCT = Z bcﬂ'fl + ’-‘LT)(bETfl + INJ/T),
=0
— T T !
= Z <br+1c1 + Z bT—iMi> (bT+151 + Z pr—i ~¢>
. =0

a—1 7 T

_Zb2T+1C 1C—1 +ZZZb2T - ZQNzNWLQ

7=0 i=0 i2=0

a—1 T

Z Z B e+ b2 (3.29)
7=0 i=0
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By summing over the b’s, the first term is equal to Z5. Applying Lemma 3.A.1 to the cross

terms and summing over the b’s, we get

a—1 7 a—la-1
Z Z b27’+1—zc_1ﬁi/ + b2T+1_Zﬂié—1/ — Z Z b27+1—z (c—lﬂ*i/ + Hié—l/)
7=0 =0 i=0 7=i
a—1 ., i
pitl(1 — b2(a—z) ~ ~
= (1 2 )(NiC—ll +co1f1)
=0

a—1
= § Zy
=0

The remaining three terms, Z;, Zs;, and Z3; will all come from the middle term in (3.29)

We apply Lemma 3.A.1 to term2, split the innermost sum into 3 parts, and use the fact that

Z?;ol x; = Z?;ol Ta—1—i

a—1 7 T o a—la—1 T o
DD D VT = ) Y BT
7=0 t=0 122=0 1=0 7=1% i20=0
a—1la-1i-1 a—la-1
(S lit i _ bQT—i—ig o b2'r—2i o~
plit inner sum) = Z Z Z wifti, + Z Z it +
i=0 7=i i2=0 i=0 T=i

a—1la—1 T

Z Z Z b2'r—z'—i2 ,Ufillig/

i=0 T=i iz=i+1

a—11—1 a—1 o a—1la—1 '
(switch indices) = Z Z Z BT R g Z Z b i+
=0 i2=0 7=1 =0 7=1

a—1 a—1 a—1

Z Z ZbQT i— Z2l“l’ll’l’742

1o=t+1 T=19

-1 a—1 a—1la—1
(apply fact) D) 9D SRS 9 ST
=0 i2=0 7=4 =0 7=1
a—1 -1 a—1

_|_

Z Z prrlesloi=izy,

1=0 io=a—1i T=1i9

(geometric series) =Y [Zoi+ Z1; + Z3]
X

Fact 3.A.7. For an event £ and random variable X, P(E|X) > p for all X € C implies that

P(E|X €C) > p
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Theorem 3.A.8 (Matrix Azuma). [11, Theorem 7.1] Consider a finite adapted sequence Z; of

n X n random Hermitian matrices, and a fixed sequence A; of Hermitian matrices that satisfy
Ei1[Z;] =0 and Z2 < A2 with probability 1.

Define the variance parameter

],

P ()\max <§t: Zt> > e> < nexp (;i)

The following corollary extends the above result to the case where E;_1[Z;] # 0 and also

Then, for all € > 0,

includes conditioning on another random variable.

Corollary 3.A.9 (Matrix Azuma conditioned on another random variable for a nonzero mean
Hermitian matrix). Consider an a-length sequence {Z}1<i<q of random Hermitian matrices of
size nxn given a random variable X . Assume that, for all X € C, (i) P(bI X Z; < boI|X) =1,

for 1 <t <o and (i) bsI < L350 By 1(Z|X) = bal. Then for all e >0,
P (A 1Za:z <bit+eX|>1-ne —ac

max - — € - - X o/1 1 \9

ol )= P\ 8, — b1)2
P ( Ain [ ~ f:Z >bs—e| X | >1-ne —oc

min - i} - i} - X 571 1 \O

st t e P 8(b2 — b1)?

Proof. 1. Let Y} := Z; — E,_1(Z;|X). Clearly E;—1(Y;|X) = 0. Since for all X € C,

P(biI = Z; < byI|X) = 1 and since for an Hermitian matrix, Apax(.) is a convex
function, and Apin(.) is a concave function, b1l < E;1(Z¢|X) <X boI for all X € C.
Therefore, P(Y;? < (b — b1)?I|X) = 1 for all X € C. Thus, for Theorem 3.A.8, 0% =
|30 (ba—b1)2I||2 = a(by—b1)?. For any X € C, applying Theorem 3.A.8 for {Y;}i=1,._a

conditioned on X, we get that, for any € > 0,

P (Am (1 ) ,‘Yt> <e
«
t=1

By Weyl's theorem, Amax(237,Y)) = IAnax(2X0,(Z0 — E1(Zi]X)) >

Amax (2 32001 Zt) + Amin (2 00 —Ei1(Z4]X)).

X | >1—ne o’ forall X eC
—mexp | ———
P\ Sy — )2
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Since mm( Zt 1 —Ee- I(Zt‘X)) = maX( Zt 1 B 1(Zt’X)) > —by,
thus )\max(a YY) > )\max(a > iy Zi) — ba. Therefore,
P (A 1za:z Sbi+elX | >1-ne € ) fralxec
max | — < € —nexp | ——— r
(0% =1 t 4 P 8(b2 - b1)2
2. Now let Y; = E;_1(Z:|X)—Z;. As before, E;_1(Yz|X) = 0 and conditioned on any X € C,

P(Y? = (by — b1)%I|X) = 1. As before, applying Theorem 3.A.8, we get that for any

e >0,
—e?
max Z}/t <6 >1—TLeXp W fOI‘aHXGC
By Weyl’s theorem, max( Zt W Y2) = max( Zt VB (Ze|X) — Zy))
> Amin(3 Yoy Er-1(Z:| X)) + Amax(2 Yoiey —Zi) =

mm( Zt 1Ei1(Z4] X)) — mm( Zt 1 Zy) > b3 — mm( Zt 1 Z;) Therefore, for any

e >0,

We can further extend this to the case of a matrix which is not necessarily Hermitian.

by — b1)?

Q\'—‘

NS )Zbg_e

—ae€?
X|>1—nexp <8(> forall X € C

Corollary 3.A.10 (Matrix Azuma conditioned on another random variable for an arbitrary
matrix). Consider an a-length adapted sequence {Z} of random matrices of size ni X ng
given a random variable X. Assume that, for all X € C, (i) P(||Z¢||2 < b1]X) = 1 and (i1)

Hé Y1 Eem1(Zy|X)||2 < ba. Then, for all € > 0,
P 2302 <t X)) 21t +mgenp (o,
ol Ty =TT ) = LTI P §(2by)2

0o M
Proof. Define the dilation of an n; x ng matrix M as dilation(M) := . Notice
M 0

that this is an (n; + na2) X (n1 + ng) Hermitian matrix [11] . As shown in [11, equation 2.12],

Amax ( dilation(M)) = || dilation(M) ||z = || M]|2 (3.30)
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Thus, the corollary assumptions imply that P (|| dilation(Z;)||2 < b1|X) =1 for all X € C. By

(3.30) and the definition of dilation,

1 1
— ) " E;4[dilation(Z;)| X] = dilation < > Et_l[Zt]X]> < boI
« t « t

Thus, applying Corollary 3.A.9 to the sequence {dilation(Z;)}—1 ., we get that,
P (A 1Za:d'1t' (Z) <b+}X >1— (ny +n2) —0\ forall X € C
max | — ilation < € >1—(ny+ng)exp | —— | fora
@ = V)= PRSP Tap2
Using (3.30), Amax (= >p; dilation(Z;)) = Amax(dilation(1 30, Z;)) = |1 38, Zi||2 gives

the final result. X
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3.B Proofs of Support Change Lemmas

Proof of Lemma 3.2.18. We now provide the complete proof for 1) and 2) in the proof sketch.

For 1) we have by the bound in [24]

P (The object moves at least once every § instants in the interval 7,,)

=P (The bit sequence 0(,_1)q+1 - - - ua does not contain a sequence of 3 consecutive zeros)

> <1 —(1-¢q)’ )
(0%

> (1—(1—q)5) :

a—(B+1

We need the object to move at least once every [ time instants in every interval J,. We have

tn(llax ‘Ia

[

P (The object moves at least once every [ instants in every Jy,) > (1 —(1—¢)? )
(fmax+1)

> (1-(1-q)) i

> 1= (tmax + @) (1= )"

n—lO .

This probability will be greater than 1 — *5— if

-1 < n—lO )
1= 2 (b + )

To prove 2), consider the probability of having motion of at least % indices whenever the

|~

object moves. This will happen if p; > —0.1% for t =1,...,tmax. Also, if puy < .lg, then the



object will move by fewer than 1.2%

v

0.1s) e
P (w1 <2)
1%

Y

Y

>
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indices. Using a standard Gaussian tail bound,

202

2 tmax
e (—(%) )
1 _

0.1s  /
TO'S 2T

—(0.15)2) \ max
20202 )

2000 exp (
1—

s\ 2w

tmax

20 7400011%(”) exp (—201log(n))

V2r

20 1

1—t
e /2| 40001og(n)
—20

1—

exp (—201log(n))

n

1
- tmaxi T
V207 \/log(n)

1 pl0-20
1 - -
V207 +/log(n)
n—10
1—

1

2

For simplicity we assume n > 2, so that /207 log(n) > 2.

Finally, by the union bound

IP(Q) and 3) hold) —1- IP’<2) or 3) does not hold) >1-2

Proof of Lemma 8.3.4. Consider an interval of length «. The assumption that the maximum
motion each time is by at at most gos indices with gosa < n ensures that once an index is
removed from the support, it does not return for the next « time instants. Thus without loss

of generality, we can renumber the indices so that the object starts at index 1 at the beginning

of the interval.

Notice from the model that for a given choice of 7;)’s, h(a) is an upper bound on h*(a).

Thus, as long as we can construct one set of mutually disjoint 7(;)’s for which (3.6) holds and

nfl()

for which h(e; {T)}) < hTa we will be done.

=1-n"

10
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Let TVl for j = 1,...,m be the distinct supports (in order) of x; for t € J,. That is
T; = TV for some j. Now define T = TN 76+ for 4 =1,...,m — 1, and Tim) = TIm | We

will show that these 7(;) are disjoint. For a j > 1,

Tio 0T = (THATE) (70 704)

_ 7l A (T[m])C AT A (T[j+1})c

The model assumes the support moves in a single direction, so, for a j > i, if TV intersects
with 71 then it also necessarily intersects with 711, Thus, 71 N (7'[””)0 NnTul =9

Next we show that 71! C Ty Y-+ UTjso—1)- We use the fact that TUl N Tlite = ¢,

TVl = 7V N (T[j+1])c] U TV A7 A (7i+2he . o [Tl n. o (T e
= [T U [TV N Tl U U [Tl N7+ n...n Tito-1)]

ST U Tty U---UT4e-1)

Notice that by construction, 71N T # (). This along with the fact that the support changes
at least once every 3 time instants and the fact that once an index is removed from the support,
it does not return for the next o time instants, implies that h(a) < B for this choice of 7(;’s.

Since h*(a) < h(a) and since h™ = 3/a we are done. X

Proof of Lemma 5.3.5. For this model, we choose 7(;) = [(j — 1)s + 1,js] and let p = 2. The
assumption that a < > ensures that no indices re-enter the support after being removed in
an interval 7, (which has length o). Because the support moves down by at least one index
at every time ¢ and no indices are re-visited, h*(«) < s. Therefore h* = £. The assumptions

then imply that p?hT < .0024, which satisfies Corollary 3.3.2. X
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3.C Bounding C,j’ ow |For the purposes of review|

b3
ba—ba — by
Let € = 0.05¢pew(A™. Divide the numerator and denominator by A, and use the bounds

Recall that C,jnew =

+
fz&andg::\\iﬂtodeﬁne

A new
¢

PO 5D G rowpr) + 26507 | (Do 225 4 (1= 82)g) +

20 (62 + ¢ 2 | (0 )

new

k=1

PHE S et + 2806 (Penen 27 4 (11— 1)) +
24/ p?ht ot
2p2h+(¢+) +<+* 048 b2(§) :| (bQ\/TCneW’Kynew>

new

PR ODHGR + 207 (R + 2G| (Bt + (- 8)f) +

)\new

29t

:a(l—l;) *an- b?)} (b WW’”W) +0.25

new

Cy =

PR GAG ) + 2P (G + 20 r] (P (- f) +

new

k>2

e } G \/m%ew) +0.25

1 Y Tnew
Dy =1 — 2 foct 1| (2 ey e ) _
1 G 8 26| (v )
2

2 2
|:( j,*) :| <b )\new (1 —b )f) —
C]—",_new,k—lBk - Cnewcck —0.15

Then,

By,
+ +
new,k < new,k— lD + CnewC

It is not difficult to see that By, Cy, Dy are increasing functions of C:ew w1 and of r, f, g, and
¢. Since n > 1, so nf > f. Thus b*nf + (1 — b?)f is increasing in b and so By, Cy, Dy, are also
increasing in b.

Using the bounds assumed in Theorem 3.2.15 and since ¢, = 1, we can get that C

new,0 —

0.15. Using this and the fact that By, Cy, Dy are increasing functions of C new k—1° by induction,

we can show that Cnew 5 S C new k—1 and thus, for all £ > 1, C+ < 0.15.
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Using ¢ < 0.15 and the bounds assumed in Theorem 3.2.15, we can show that

new,k

gl::new < 0'4€;,_new,k—1 + 0'5cneW€

Thus,

[1]

[7]

8]

k—1
Crnew < 04CT ko1 +0.5¢new( = ¢ (0.4)F + 2(0.4)i(0.5)cnew<
1=0

< ¢ (04)% +> (0.4)1(0.5)cnew
=0

< 0.4% 4+ 0.84cnew(
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CHAPTER 4. GENERAL CONCLUSIONS

In this work correctness results for two versions the ReProCS algorithm were proved. In
Chapter 2, results were obtained for both the online matrix completion problem and the online
robust PCA problem. It was shown that if 1) the algorithm parameters were set appropriately,
2) the £, are independent over ¢ and lie in a dense low-dimensional subspace that changes slowly
over time, and 3) the support of &; changes enough with ¢, then the ReProCS algorithm will
accurately recover x; and #; at each time t.

Chapter 3 analyzed a modification of the ReProCS algorithm that included a cluster PCA
step. This allowed for directions to be removed from the estimate of the subspace where the
£, lie. Also in this paper, the assumption that the £€; be independent was relaxed, and an
autoregressive model was assumed on the coefficients a;.

In ongoing work, we have been able to remove the assumption that the eigenvalue clusters
are known a priori. Using the same proof techniques (Weyl’s inequality and the Matrix Ho-
effding inequality), we can show that for each i, \; (Zt 66, ) is close to A\; (3°, €:4"). Thus,
the clusters can be detected automatically.

As mentioned in Chapter 2, one direction for new work would be to study the under-
sampled case m; = A;x; + Bi€; where A; and B, are matrices with more columns than rows.
A partial result for the case where B; does not change with ¢ was proved in [1]. Using the
new techniques introduced in this thesis, it should be straightforward to extend this result to a
complete correctness result. Another open problem is the noisy case: m; = x; + €; + w; where

w; is small and bounded noise.
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