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CHAPTER 1. Introduction

Applications of matrix completion problems occur in situations where some information is
known but other information not available, but it is known that the complete matrix must have
certain properties. Examples include computer engineering problems including data transmis-
sion, coding, decompression, and image enhancement. Matrix completion problems also arise

in optimization and in the study of Euclidean distance matrices.

All matrices discussed here are real n x n matrices, and « is a subset of N = {1,2,...,n}.
d 0 0 --- 0
0 d 0 --- 0
We will denote the matrix by diag(dy,ds,...,d,). The two entries
0 0 d3 - 0
0o 0 0 - dy

a;; and aj; of a matrix are sg_/mmetm'cally placed entries.

An element a;; of a matrix A is the element in row 7 and column j of the matrix A. A
principal submatriz A(a) of a matrix A is a square array lying in the rows and columns of A
indexed by a. A principal minor is the determinant of a principal submatrix. A permutation
matriz is a matrix in which each entry is either 0 or 1 and there is exactly one 1 in each row
and each column of the matrix. A permutation similarity of A is a product PAP~! where P is
a permutation matrix. A diagonal similarity of A is a product DAD~! where D is a diagonal
matrix.

A partial matriz is a rectangular array in which some entries are specified and some are
left unspecified. We usually label the specified entries as a;; and the unspecified entries as
x;; where the entry is in the ith row and jth column of the partial matrix. A fully specified
principal submatriz is a principal submatrix of a partial matrix which contains only specified

entries. A completion of a partial matrix is a specific choice of values for the unspecified



entries. A pattern for n X n matrices is a list of positions of an n x n matrix, that is, a subset
of N x N where N = {1,...,n}. A pattern is assumed to contain all diagonal positions. A
partial matrix specifies a pattern if its specified entries lie exactly in those positions listed in
the pattern. Many of the definitions in this chapter are taken from [2], [12], and [5].

A P-matriz is a matrix in which every principal minor of the matrix is positive. A Py-
matriz is a matrix in which every principal minor of the matrix is nonnegative. A Fy 1-matriz
is a matrix in which every principal minor of the matrix is nonnegative, and the diagonal of the
matrix is positive. A weakly sign symmetric matrizis a matrix in which a;ja;; > 0,1 <4,j < n.
A sign symmetric matriz is a matrix in which either a;; = aj; = O or a;5a5 > 0,1 < 4,57 <n. We
will consider the classes of sign symmetric P j-matrices, weakly sign symmetric P j-matrices,
and Py 1-matrices.

If a partial matrix that specifies a pattern contains a fully specified principal submatrix, the
determinant of that submatrix is called an original minor. A partial Py i-matriz is a partial
matrix where every original minor is nonnegative and the diagonal entries are all strictly
positive. A partial sign symmetric Py i-matriz is a partial P j-matrix with the additional
condition that the symmetrically placed specified entries a;; and aj; fulfill the property that
either a;; = aj; = 0 or a;ja;; > 0. Likewise, a partial weakly sign symmetric Py 1-matriz is a
partial Py matrix in which a;;aj; > 0 when both a;; and aj; are specified.

Let II be in the set of classes {Pp 1, weakly sign symmetric P 1, sign symmetric Py} of
matrices. We consider the question: Given a pattern, does every partial II-matrix which
specifies the pattern have completion to a II-matrix? We say a partial II-matriz A has TI-
completion if we can choose the unspecified entries so that the new matrix A is a M-matrix.
We say a pattern has 1I-completion if every partial II-matrix specifying that pattern can be
completed to a [I-matrix. Since any permutation similarity of a II-matrix is still a II-matrix,
if we answer this question for one matrix A, we answer the question for any matrix B where
B = PAP~! for some permutation matrix P. Since multiplying a IT-matrix by a positive
diagonal matrix produces a II-matrix, we can multiply a II-matrix A on the left by the diagonal

matrix D = diag(1/ai1,1/a29,...,1/an,). This changes the matrix A into a new matrix A’



in which all its diagonal entries are equal to 1. If the matrix A’ has IT-completion, then so
does the matrix A, because we can multiply the completed matrix A’ on the left by the matrix
D=1 to obtain a completion of the matrix A. Since all the classes we consider have positive
diagonal elements, we assume that the diagonal elements of every matrix are equal to 1.

A graph G(V, E) of order n > 0 is a set V, with |V| = n, and a set F composed of a
subset of the set {{i,j}|i,j € V and i # j}. The elements of E are called edges. A digraph
G(V,E) of order n > 0 is a set V with |V| = n, and a set E' composed of a subset of the set
{(i,7)|i,7 € V and i # j}. The elements of F in a digraph are called arcs or directed edges.

An nxn partial matrix A (and the pattern describing the specified entries of A) is associated
with a digraph G(V, E) where the vertices V' of G are {1,2,3,...,n}, and an arc (i,j) € E
if and only if a;; is specified in A. All patterns we consider have specified diagonal entries.
A digraph G is said to have Il-completion if every partial II-matrix associated with G has
completion to a II-matrix. Notice that a permutation similarity of the matrix is equivalent to
a renumbering of the vertices of the digraph. We will often describe the pattern by its digraph.
We consider the digraphs of order up to 4 and graphs up to order 6 as listed in [9], and we
number the digraphs (graphs) where ¢ is the number of arcs (edges) and n is the diagram
number.

A path of length k in a digraph is a digraph P(V, E) of the form V' = {xg, z1,...,2x}, E =
{(zox1), (x122), ..., (Tx_17K)}, where the z; are all distinct. A path of length k in a graph is a
graph P(V, E) of the form V = {zg,x1,..., 21}, E = {{zox1}, {122}, ..., {zK_12%}}, Where
the x; are all distinct. A cycle can be created in a graph from a path P(V, E) = {zo, 1, ..., Tk},
with k& > 2, by including the edge {zy,zo} in the edge set E. A cycle can be created in a
digraph from a path P(V, E) = {xo,z1,..., 2%}, with &k > 1, by including the (arc (zx,z¢)) in
the arc set E.

A symmetric k-cycle is a digraph on k vertices with arc set £ = {(vi, vit+1), (Vit1,05),
(vk,v1), (v, vE)|i = 1,2,...,k — 1}. A semipath is a digraph P(V, E) of the form V =
{zo,z1,..., 2}, E = {€z,,€x9,--.,€x,}, Where e, is either the arc (x;_1,x;) or the arc

(zi,x—1), and the z; are all distinct. A semicycle can be created from a semipath P(V, E) =



{zo,x1,..., 2} by including the arc e in the arc set E where e is either (xy,x0) or (zg, zx).
The distance between two vertices v and v in a digraph is the number of arcs in the shortest
semipath between them and is denoted by dist(u,v). If there is no semipath between the
vertices u and v, then dist(u,v) is defined to be infinite.

A chord of a cycle is an edge not in the cycle whose endpoints are on the cycle. A digraph
G(V, E) is symmetric if (i,7) € E if and only if (j,i) € E. For a graph G, we define a digraph
D(G) with the same vertex set as G as follows: the arcs (¢,7) and (j,4) are in the digraph if
and only if the edge {i,j} is in the graph. Likewise, for a symmetric digraph D, we define a
graph G(D) with the same vertex set as D where {3, j} is an edge in G if and only if (7, j) and
(j,7) are arcs in D. An asymmetric digraph G(V, E) is a digraph where for each vertex i and
j, no more than one of the arcs (4,7) and (j,7) is in E. An asymmetric cycle is an asymmetric
digraph consisting only of one cycle. An asymmetric pattern is a pattern associated with an
asymmetric digraph.

A digraph is strongly connected if for all i,5 € V, there is a path from i to j. A digraph
is connected if for all 7,5 € V, there is a semipath from i to j. A cut-verter of a connected
digraph is a vertex whose deletion from G disconnects the digraph. A connected digraph
is monseparable if it has no cut-vertices. A block is a maximal nonseparable subdigraph. A
complete digraph or clique is a digraph which contains all possible arcs. A block-clique digraph
is a digraph whose blocks are all cliques. A connected component of a digraph (graph) is a
maximal connected subdigraph (subgraph). A strongly connected component of a digraph is
a maximal strongly connected subdigraph.

A tree is a connected digraph that contains no semicycle. A forest is a digraph whose
connected components are trees. A vertex u is a neighbor of another vertex v in the digraph
G(V, E) if either (u,v) € FE or (v,u) € E.

We use the following theorem in order to simplify the proofs of the completion of a graph
(digraph). However, the method used in the proof of the theorem can also be used in other
contexts to change the values of certain entries of a matrix to whatever is desired through the

use of a diagonal similarity.



Theorem 1.1 Let S C {ai;|1 <i,j <nandi# j}, |S| <n—1 be a set of nonzero entries
from an n x n matriz A. Let T(V,E) be the digraph on n vertices where the arc (i,7) € E if
and only if a;; € S. If the digraph of S contains no semicycle, then the elements of S can be

made equal to 1 through the use of a diagonal similarity.

Proof: If T is a forest, we can partition the matrix A into blocks A;;, where all of the entries
in S lie in the disjoint principal submatrices Aq1, Ao, ..., Ay, corresponding to the connected
components of T. Then the diagonal entries which affect one of these principal submatrices

do not affect any of the other principal submatrices Ay, for ¢ € {1,2,...,t}. We can work

with each connected component separately, so that if DyAp,D, I has 1’s in the appropriate

positions for each p € {1,2,...,t}, then the matrix

D1 0 0 0 AH A12 Aln D1 0 0
B 0 Dy O 0 Ax Ago Aoy 0 Do 0
0 0 0 Dy | | At Ano Aw | L 0 0 Dy |

has 1’s in the appropriate posit_ions.
Therefore, we may assume 7' is a tree. Then there exists exactly one semipath from any
,dn).

., Uk—1,Vk = v) be the semipath from 1 to v

vertex to any other vertex of T. Let D = diag(dy,ds,... Set di = 1. For any vertex

v at distance k from 1, let P = (v9 = 1,01,..

with vertex set V' = {wg,v2,...,v;} and arc set E = {ey,, €yy, ..., €y, } Where e, = (v_1,v1)

or (v, v—1). Set dy = gy, Gy - - - G, Where

[ if €y = (’Ulfl,vl),

G, = ) forl=1,2,...,k. (1.1)

if ey, = (v, v-1),
avlvl—1

We know there is a vertex w on the semipath between vertex v and vertex 1 such that

dist(1,w) =k — 1. Then dy = gv,9vs - - - Gvj,_; a0d dy = Gy, Gus - - - Guy,_, Gy, Where

oy if €y = (’LU, U)>

Gup, = Gv = 1

if e, = .
-~ if e, = (v, w)



) 1
if ey = (w,v), buwv = (Gv19vs - - - Gup_1 ) (AQwv) < ) =1

Guv1Gvg - - - Gug_1 Quwov

. 1
if ey = (v,w), by = (g“g” ng) (aww) <) —1,
Ayw Gv1Gvy - - - G4

so the entry corresponding to e, is made equal to 1. Considering the induced subdigraph

Then for B = DAD™!,

H(V',E') of T with V' = {u|dist(1,u) < k}, we see that v is a leaf of H. Since the entry d,
changes only the entries of A corresponding to arcs incident with v, the choice of d, does not
change any other entry corresponding to an arc of H. The same is true for any other vertex u

at distance k from 1. OO

Example 1.2 Here is an example of this procedure applied to a 5 X 5 matriz.

ail a2 Qi3 G4 as
a1 G22 (23 Q24 Q25
Let A = | a3, ass ass asa ass |- Assume the entries ajs, agi, az, and a3 are
G41 Q42 Q43 G44 Q45

as1 as2 Aas3 G54 (a55
nonzero, and we want to make the entries ajo = a3; = a4 = as3 = 1 through the use of a

diagonal similarity. Then the distance tree of the arcs corresponding to these four entries with

root vertex 1 is shown in Figure 1.1.

Figure 1.1 Tree T associated with the entries of A chosen in Example 1.2

In order to make these 4 entries equal to one, we set di = 1, do = aj2, d3 = 1/asi,
1

a31a53

dy = a12a24, and ds =



Then B= DAD™ ! =

1 0 0 0 0
0 a2 0 0 0
1
0 0 —= 0 0
asi
0 0 0 a12a94 0
0 0 0 0 1
L as1as3
ail 1
ai2a21 as2
= 1 as2
a12a31
a12a24041 a24G42
asi as2
a31a53 a12031053

It is not necessarily the case that n — 1 nonzero entries can be made equal to one when

the digraph of these entries contains a semicycle. For example, consider a 4 x 4 matrix A, and

ail a2
a1 Qa2
asy asz
aq1 Q42
_CL51 a52
a13a31
a12a230a31
ass
12024031043
1

a13

a23

ass

a43

as3

a14

a24

a34

44

as54

aiq
a12a24

a3q

12024031

44

as4
412024031053

This has 1’s in the appropriate 4 positions. [

als 1 1 0 0
ags 0 é 0
ass 0 0 a3
45 0 0 0
ass 0 0 0
415031053
112025031053
az5as53
112024031045053
ass ]

attempt to make entries as1, ass, and a3 equal to one. Then A =

and the digraph of the n — 1 entries is shown in Figure 1.2.

4@

ail

a21

asi

a41

Figure 1.2 Digraph corresponding to the entries of A in .S

We would like to choose dy, dg, d3, and dy so that if D = diag(dy,ds,ds,ds) and DAD~! =

B = [b;;], then bai, bes, and b3 are equal to one. This occurs if and only if Equations (1.2),

(1.3), and (1.4) hold.

dgagldfl =by =1

0
0

1

a12a24

a2

a22

as2

42

0

a13

a23

a33

a43

a310as53

a14

a24

a34

Q44

(1.2)




d2a23d3_1 = b23 =1 (1.3)
diarzdzt = bz =1 (1.4)
Equation 1.2 holds if and only if
d
dy = =% (1.5)
a1

Substituting Equation 1.5 into Equation 1.3, we get

dia
a;z = (1.6)
Solving Equation 1.6 for d;, we get
g, = 4219 (1.7)
a23
Substituting Equation 1.7 into Equation 1.4, we get
as1ds 1
- algd—g =1 (1.8)
But this is true if and only if
anas _ g (1.9)
a23

(21013
a23
is not necessarily the case, we cannot necessarily make these three elements equal to 1 through

Therefore, we can only find such a set of elements, dy, da, d3, and dy4 if = 1. Since this
the use of a diagonal similarity.

1
Since the entry a;; becomes diaijd— through the diagonal similarity DAD™!, the cycle

J
product a;ja;; becomes diaijdljdjaji;i = a;jaj;, which is the same cycle product as before.
Similarly, a diagonal similarity does not change the cycle products of a matrix A of any size.
Therefore, if the product of two symmetrically placed entries of a matrix are equal 1, making
the entry a;; = 1 through a diagonal similarity automatically makes the entry aj; = 1.
We will use the term II to refer to any one of the classes Fp 1, sign symmetric Fp 1, and

weakly sign symmetric Py 1. The following theorem and lemma will be used extensively in the

subsequent chapters.

Theorem 1.3 [10] If the pattern Q has II-completion, then any principal subpattern R has I1-

completion. Equivalently, if a digraph has II-completion, then so does any induced subdigraph.



Lemma 1.4 Let G be a digraph that has I1-completion. Let H be a digraph obtained from G
by deleting one arc (u,v) such that u and v are not both contained in any clique of order 3.

Then H has II-completion.

Proof: Let G and H satisfy the hypothesis, and let A be a partial II-matrix specifying
H. We choose a value for the unspecified (u,v)-entry of A to obtain a partial II-matrix B
specifying G as follows. If (u,v) is a clique in G, choose a value ¢ for the u,v-entry that
completes A({u,v}) to a II-matrix. Such a c is guaranteed to exist because the order 2 digraph
with one arc has II-completion by [10]. Otherwise, set the (u,v)-entry equal to zero. Then
since G has II-completion, we can complete B to a II-matrix C, which also completes A. []

The Appendix consists of the computations that were used to check the results in a propo-
sition, theorem and a number of lemmas in the chapters that follow. These computations were
done in the software package Mathematica, and will aid the reader in working through the
proofs of the following: the classification of the digraph ¢ = 7, n = 2 regarding weakly sign
symmetric Py 1-completion in Proposition 2.5; the classification of the digraphs ¢ =5, n =7
in Lemma 4.7; ¢ = 5, n = 8 in Lemma 4.8; ¢ = 5, n = 9 in Lemma 4.9; ¢ = 6, n = 4 in
Lemma 4.10; ¢ = 6, n = 5 in Lemma 4.11; ¢ = 6, n = 6 in Lemma 4.12; and ¢ = 6, n = 7
in Lemma 4.13; regarding sign symmetric Py j-completion, and the classification of the graph
g =5 in Theorem 5.10 (the double triangle) regarding Py i-completion.

Matrix completion problems have been studied for many classes of matrices, but the most
important class is the class of positive definite matrices. A positive definite matrix is a sym-
metric P-matrix. The positive definite matrix completion problem was first studied by Burg
in his PhD thesis [1], and was then applied to geophysical problems. The question for positive
definite tridiagonal matrices was considered by Dym and Gohberg [6]. Since positive definite
matrices are symmetric, only graphs, not digraphs, need to be considered. The entire question
was answered by Grone, et al in 1984: A graph has positive definite completion if and only if
it is chordal [8].

This led to interest in completion problems for additional classes of matrices which gener-

alize the positive definite matrix class. The matrix completion problem regarding the classes



10

of P- and Py-matrices were first studied by Johnson and Kroshel [13]. They showed that any
graph and any order 3 digraph has P-completion, and that there exists a digraph of order
4 which does not have P-completion. Specifically, they showed that the digraph which is
complete except for one missing arc does not have P-completion. Because any graph has P-
completion, the double triangle (¢ = 10, n = 1) and the symmetric 4-cycle (¢ = 8, n = 2) have
P-completion. Johnson and Kroshel also showed that the double triangle does not have Py
completion. The double triangle is of importance because for many classes 11, it does not have
II-completion. Choi et al classified the order 4 digraphs as to Py-completion and showed that
every asymmetric digraph has Py-completion and the symmetric n-cycle has Py-completion
for n > 5 [2]. DeAlba and Hogben [3] made further progress in classifying the digraphs as to
P-completion. Not all order 4 digraphs have been classified as to P-completion.

Fallet, et al considered the completion problem of graphs regarding P-, Py-, (weakly)
sign-symmetric P-, and (weakly) sign symmetric P 1-matrices [7]; IT is used to represent any
one of the classes they studied. In this paper, it is proved that any block-clique graph has
IT-completion. It is also shown that the double triangle (¢ = 10, n = 1) does not have X-
completion for X any of the classes weakly sign symmetric Fy-, weakly sign symmetric Py -,
sign symmetric Fp-, sign symmetric P j-matrices. The symmetric 4-cycle does not have sign
symmetric P- or weakly sign symmetric P-completion.

Hogben considered a number of classes of matrices in her paper on graph theoretic meth-
ods [10]. This paper surveys what had been done so far on matrix completions, and also
provides further results. In the paper, Hogben shows that for II any of the classes Fy-, Py 1-,
P-, weakly sign symmetric Fy-, weakly sign symmetric Fy1-, weakly sign symmetric P-, and
sign symmetric P-matrices, any digraph for which every strongly connected induced subdi-
graph has Il-completion has completion to a Il-matrix. She also shows that a number of
specific digraphs do not have II-completion for certain II.

DeAlba et al proved the symmetric 6-cycle has (weakly) sign symmetric P-completion, as
does the symmetric n-cycle for n > 6 [4]. They also proved that the asymmetric n-cycle has

(weakly) sign symmetric P-completion for all n > 4 and classified all order 4 digraphs as to



11

completion for these classes. Approximately 30 papers on matrix completion problems have

been published primarily in the last 10 years.
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CHAPTER 2. C(lassification of digraphs of order less than or equal to 4

regarding weakly sign symmetric I ;-completion

Theorem 2.1 [11] Any pattern that has weakly sign symmetric Py-completion also has weakly

sign symmetric Py 1-completion.

Theorem 2.2 [11] Any pattern that has weakly sign symmetric Py 1-completion also has

weakly sign symmetric P-completion.

Corollary 2.3 Any pattern that does not have weakly sign symmetric P-completion does not

have weakly sign symmetric Py 1-completion.

Lemma 2.4 All patterns for 2 x 2 matrices have weakly sign symmetric Py 1-completion. A
pattern for 3 x 3 matrices has weakly sign symmetric Py 1-completion if and only if its digraph

does not contain a 3-cycle or is complete.

Proof: Any partial weakly sign symmetric Py-matrix specifying any one of the order two
digraphs or any of the order three digraphs except ¢ =3, n=2; ¢ =4, n = 2; ¢ =5 may be
completed to a weakly sign symmetric Py-matrix by Lemma 4.1 of [4]. Therefore, any partial
weakly sign symmetric Py 1-matrix specifying any one of the order two digraphs or any of the
order three digraphs except ¢ =3, n = 2; ¢ =4, n = 2; ¢ = 5 may be completed to a weakly
sign symmetric Py 1-matrix by Theorem 2.1. These are exactly those digraphs which do not
contain a 3-cycle or are complete.

A pattern whose digraph is one of ¢ = 3, n =2; ¢ =4, n = 2; ¢ = 5 does not have weakly
sign symmetric P-completion by Lemma 4.1 of [4]. Therefore, it also does not have weakly

sign symmetric Py -completion by Corollary 2.3. [J
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gq=6,n=4 q=4,n=16 q=5n="7T

1 2 1 _ 2 1 2
\

4 3 49— 3 4 3

q:67n:7 q:7,n:2

2 3 4 3

1 4 1 2

Figure 2.1 The digraphs ¢ =6, n =4-8and ¢ =7, n =2

Proposition 2.5 A 4 x 4 matriz satisfying the pattern with digraph ¢ = 7, n = 2; ¢ = 4,

n=16;¢=5n=7;q=06,n=4,7 has weakly sign symmetric Py 1-completion.

Proof: We may complete these matrices in the same manner as in Lemma 4.2 in [4].

1 a2 z13 aus

. - N az1 1 a3 w24
Consider the digraph ¢ = 7, n = 2 shown in Figure 2.1. Let A =

r31 T332 1 ass

| a1 T4z as3 1|
be a partial weakly sign symmetric P 1-matrix specifying the digraph ¢ = 7, n = 2. Clearly,

the original 2 x 2 principal minors, 1 — ai2a91, 1 — assaq3, and 1 — aq1a14 are nonnegative. We
consider two cases: (1) aj2azsagsaq; < 0 and (2) ajgaszassaqn > 0.

Case 1: aiga93azqaq < 0. Set x13 = a14a43, Tog = ag1a14, T31 = 0, 39 = 0, x40 = 0. The
determinant of A and the 3x 3 principal minors of A are shown in Table 2.1. The determinant of
A can also be written as aj2a21a14a41a43a34—a12a23a34a41+(1 — a12a21) (1 — ajga41) (1 — asgaqs),
the A(1,2,4) minor of A can also be written as (1 — aj2a21) (1 — aj4a41), and the A(1, 3,4) mi-
nor of A also be written as (1 — ajqa41) (1 — agqaq3). Therefore, the determinant of A can
be written as a product of original minors of A plus some nonnegative terms, and all of the

3 x 3 principal minors of A are either an original minor, or can be written as a product of
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original minors. Therefore, the determinant of A and all the 3 x 3 principal minors of A are
nonnegative. Each of the 2 x 2 principal minors of A is either equal to 1, or is an original
minor of A.

Case 2: ajoaszasaaqy > 0. Set 113 = a14a43, Tog = a91a14 + as3azs, x31 = 0, 39 = 0, and
x40 = 0. The determinant of A and the 3 x 3 principal minors of A are shown in Table 2.1. The
determinant of A can also be written as aj2a21a14a41a43a34+(1 — a12a91) (1 — a14a41) (1 — agqaqs),
the A(1,2,4) minor can also be written as ajsagsassas; + (1 — ajzaz21) (1 — ajgaq1), and the
A(1,3,4) minors can also be written as (1 — ajqaq1) (1 — assaqs), so all of the 3 x 3 principal
minors of A and the determinant of A can be written as a product of the original minors plus
(possibly) some nonnegative terms.

Therefore, the digraph ¢ = 7, n = 2 has weakly sign symmetric Fp ;-matrix completion.

Table 2.1 DetA and 3 x 3 principal minors of A in Case 1

’ Aa) ‘ DetA(a) for Case 1 ‘ DetA(a) for Case 2

A(1,2,3,4) | 1 —ai2a21 — a14a41 + a12614a21041 — | 1 — a12a21 — @14a41 + a12614021 041 —
12023034041 —A34043+ 012021034043+ | (34043 + 112021034043 + 014034041043
(14034041043

A(l, 2, 3) 1-— a12a91 1-— a12a21

A(1,2,4) 1 — a12a91 — a14a41 + a12a14a21a41 1 — ai2a21 — a14a41 + ar2ai4a21a41 +

(12023034041
A(1,3,4) 1 — a14a41 — a34a43 + a14034041043 1 — a14a41 — a34a43 + a14034041043
A(2, 3, 4) 1-— a34a43 1-— a340a43

Consider the digraphs g =4, n =16; ¢ =6, n = 4,7; and ¢ = 5, n = 7 shown in Figure 2.1.
Let A; be a partial weakly sign symmetric matrix specifying the digraph ¢ = 4, n = 16. Set
xo1 = 0, 43 = 0, and z14 = 0. Call this new partial matrix By. Let Ay be a partial weakly
sign symmetric matrix specifying the digraph ¢ = 5, n = 7. Set x9; = 0, and x14 = 0. Call
this new partial matrix By. Let A3 be a partial weakly sign symmetric matrix specifying the
digraph ¢ = 6, n = 4. Set x14 = 0. Call this new partial matrix Bs. Let A4 be a partial weakly

sign symmetric matrix specifying the digraph ¢ = 6, n = 7. Set x9; = 0. Call this new partial
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matrix By.

Each of the partial matrices By, B2, B3, and By are weakly sign symmetric P 1-matrices
specifying the digraph ¢ = 7, n = 2. Then each of the matrices By, Bs, B3, and B4 can
be completed to a weakly sign symmetric P i-matrix, El, §27 Bg, and §4. Therefore, the
digraphs ¢ = 4, n = 16; ¢ = 6, n = 4,7 and ¢ = 5, n = 7 have weakly sign symmetric

Py,1-matrix completion. [J

Theorem 2.6 (Classification of Patterns of 4 X 4 matrices regarding weakly sign symmetric
Py 1-matriz completion). Let Q be a pattern for 4 x 4 matrices that includes all diagonal
positions. The pattern ) has weakly sign symmetric Py 1-completion if and only if its digraph
is one of the following (numbered as in [9], q is the number of arcs, n is the diagram number).
q=0
q=1;
q=2; n=1-5
q=3 n=1-11, 13
q=4; n=1-12, 14-19, 21-23, 25-27;
q=5; n=1-5 7-10, 14-17, 21-24, 26-29, 31, 33-34, 36-37;
q=06;, n=1-8, 13, 15, 17, 19, 23, 26-27, 32, 35, 38-40, 43, 46;
q=7, n=24-509, 14, 24, 29, 34, 36;
q=8 n=I1,10, 12, 18;
q=9;, n=8§ 11;
q=12.
Proof:
Part 1. Digraphs that have weakly sign symmetric P 1-completion.

The following digraphs have weakly sign symmetric Py-completion by Theorem 4.4 of [4],

and therefore also have weakly sign symmetric P i-completion by Theorem 2.1:
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q =2; n =1-5;

q=3; n=1-11, 13;

qg=4; n=1-12, 14-15, 17-19, 21-23, 25-27;

q =5, n=1-5, 8-10, 14-17, 21-24, 26-29, 31, 33-34, 36-37;

q=6; n=1-3,5-6, 8, 13, 15, 17, 19, 23, 26-27, 32, 35, 38-40, 43, 46;
q=7; n=4-5,9, 14, 24, 29, 34, 36;

q=8; n=1,10,12, 18;

qg=9; n=§,11;

q =12.
Equivalently, the previous list of digraphs are those digraphs listed in the theorem, exclud-

ing the following: ¢ =4, n=16;g=5n=7,gq=6,n=4,7;, ¢ =7, n = 2. These excluded
digraphs have weakly sign symmetric P -completion by Proposition 2.5.

Part 2. Digraphs that do not have weakly sign symmetric P ;-completion.

The remaining digraphs do not have weakly sign symmetric P-completion. Therefore, by
Corollary 2.3, they also do not have weakly sign symmetric F ;-completion.

This finishes the classification of the 4 x 4 patterns regarding completion of the class of

weakly sign symmetric Py 1-matrices.[]
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CHAPTER 3. Classification of graphs of orders 5 and 6 and regarding

weakly sign symmetric F ;-completion

Graphs of all orders have been classified regarding sign symmetric Py ;-completion ([7],
Theorem 4.1). A graph has sign symmetric Py j-completion if and only if it is block clique.
This theorem states the same is true regarding weakly sign symmetric P j-completion, but
this is false, as shown in ([4], Example 3.1). Any graph of order < 4 has been classified already
regarding weakly sign symmetric Pyi-completion in Chapter 2. In this chapter, we classify

graphs of order 5 and 6 as to weakly sign symmetric Py 1-completion.

Theorem 3.1 ([7], Theorem 2.4) Any block clique graph has weakly sign symmetric P -

completion.

Theorem 3.2 ([4/, Theorem 3.10) A pattern whose graph is an n-cycle has weakly sign

symmetric Py-completion if and only if n # 4 and n # 5.

Theorem 3.3 (/4], Theorem 3.9) A pattern whose graph is an n-cycle has weakly sign sym-

metric P-completion if and only if n # 4 and n # 5.

Lemma 3.4 (Classification of Patterns of 5 x 5 matrices regarding weakly sign symmetric
Py 1-completion). Let () be a pattern for 5 x 5 matrices that includes all diagonal positions.
The pattern Q has weakly sign symmetric P-completion if and only if each component of its

graph is block clique.

Proof:
Part 1: Graphs which have weakly sign symmetric Py i-completion. Every component of
each of the following graphs is block-clique, so the graph has weakly sign symmetric Fp 1-

completion by Theorem 3.1.
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q=6; n=13;
q =T; n =3;
q =10.

Part 2: Graphs which do not have (weakly) sign symmetric P j-completion.

The graphs g =4, n=1;,¢=5,n=1,3,¢g=6,n=2,46;, q=7,n=12,4; ¢ =8,
n = 1-2; and ¢ = 9 do not have weakly sign symmetric F 1-completion because they contain
at least one of the order 4 digraphs ¢ =8, n =2 or ¢ = 10, n = 1 as an induced subdigraph.
The graph ¢ = 5, n = 6 does not have weakly sign symmetric P-completion by Theorem 3.3.

Therefore, it does not have weakly sign symmetric Py 1-completion by Corollary 2.3.

Lemma 3.5 (Classification of Patterns of 6 x 6 matrices regarding weakly sign symmetric
Py 1-completion). Let @ be a pattern for 6 x 6 matrices that includes all diagonal positions.
The pattern Q) has weakly sign symmetric P-completion if and only if each component of its

graph s block-clique or the 6-cycle.

Proof:
Part 1: Graphs which have weakly sign symmetric P 1-completion.
The following graphs have weakly sign symmetric P 1-completion because each component

is block-clique.
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q =2; n =1-2;

q=3; n=1-b;

q=4; n=1,39;

q =5 n=1,3, 6-13, 15;

q=6; n=1,3, 10, 13-15, 17-18, 20-21;
q=7; n=3, 10,15, 19, 23;

q=8; mn=4,17,22;

q=9; n =6;
q=10 n =13;
q=11 n =4
q =15.

The graph ¢ = 6, n = 7 (the 6-cycle) has weakly sign symmetric Py-completion by The-
orem 3.2. Therefore, the graph ¢ = 6, n = 7 has weakly sign symmetric Py -completion by
Theorem 2.1.

Part 2: Graphs which do not have weakly sign symmetric F ;-completion.

The graphs g =4, n=2;¢q=5,n=2,4-5,14,¢q =6, n = 2, 4-6, 89, 11-12, 16, 19; ¢ =7,
n = 1-2, 4-9, 11-14, 16-18, 20-22, 24; ¢ = 8, n = 1-3, 5-16, 18-21, 23-24; ¢ = 9, n = 1-5, 7-21;
q=10,n =112, 14-15; ¢ =11, n =1-3,5-9; ¢ = 12, n = 1-5; ¢ = 13, n = 1-2; and ¢ = 14
do not have weakly Py 1-completion because each contains at least one of the order 4 digraphs

qg=8,n=2or qg=10, n =1 or the order five graph ¢ = 5, n = 6 as an induced sub(di)graph.



20

CHAPTER 4. Classification of digraphs of order less than or equal to 4

regarding sign symmetric F} ;-completion

In this chapter we give the complete classification of digraphs of order < 4. We begin with

the known results we will need to use.

Theorem 4.1 [11] Any asymmetric pattern that has sign symmetric P-completion also has

sign symmetric Py 1-completion.

Theorem 4.2 [11] Any pattern that has sign symmetric Py 1-completion also has sign sym-

metric P-completion.

Corollary 4.3 Any pattern that does not have sign symmetric P-completion does not have

Py.1-completion.

Theorem 4.4 ([7], Theorem 2.4) Let G be an undirected block-clique graph. Then any partial
sign symmetric Py 1-matriz, the graph of whose specified entries is G, has a sign symmetric

Py 1-matriz completion.

Theorem 4.5 ([10], Corollary 5.6) A digraph D has sign symmetric Py 1-completion if and

only if each block of D has sign symmetric Py 1-completion.

We now classify the order 2 and order 3 digraphs. Note the unusual situation that a

triangular pattern with each block complete may lack completion.

Lemma 4.6 All patterns for 2 x 2 matrices have sign symmetric Py 1-matriz completion. A
pattern for 3 x 3 matrices has sign symmetric Py 1-completion if and only if its digraph is not

one of the following: q =3, n=2;q=4,n=2,3,4;,q=5.
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qgq=4,n=3 qg=4,n=14
2 2

3 1 3 1

1 1 -1 1 T12 -1

xo1 1 x93 11 1

-1 1 1 -1 z3 1

Figure 4.1 Digraphs that do not have sign symmetric P ;-completion

Proof: Any partial sign symmetric P-matrix specifying either of the order two digraphs
g = 0; ¢ =1 or any of the order three digraphs ¢ =0; ¢=1;¢=2,n=2,3,4,g=3,n=3
may be completed to a sign symmetric P-matrix [4]. Since these digraphs are also asymmetric,
they have sign symmetric Fp 1-completion by Theorem 4.1. Any partial sign symmetric Fp 1-
matrix specifying the order two digraph ¢ = 2 or one of the order three digraphs ¢ =2, n =1
or ¢ = 6 is either complete or may be completed to a sign symmetric P ;-matrix by Corollary
5.3 of [10] because its connected components are complete. Any partial sign symmetric Py ;-
matrix specifying the order three digraphs ¢ = 3, n = 1,4 and ¢ = 4, n = 1 may be completed
to a sign symmetric Py 1-matrix by Theorem 4.5.

The patterns whose digraphs are one of ¢ = 3, n = 2; ¢ = 4, n = 2; ¢ = 5 do not have
sign symmetric P-completion by Lemma 4.1 of [4]. Therefore, they also do not have sign sym-
metric Py 1-completion by Corollary 4.3. Consider the example matrices in Figure 4.1. The
determinant of the first matrix is —2z91 — 2x93, and the determinant of the second matrix
is —2x19 — 2x32. In each case the unspecified entries must be positive, since the symmetri-
cally placed entry is positive. However, then the determinants of the matrices are negative.
Therefore, the digraphs ¢ = 4, n = 3-4 do not have sign symmetric Fp 1-completion. [

We now begin the classification of the order 4 digraphs. In order to do the classification, we
will need to establish four digraphs that have completion (Lemmas 4.7- 4.9) and six digraphs

that do not (Lemmas 3.10-3.13). In Lemmas 4.8- 4.9, we introduce a new completion technique,
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where an entry z;; is initially set to 0 (violating sign symmetry), but all principal minors are

made positive by the choice of the other entries and then z;; is perturbed.

Lemma 4.7 A 4 x 4 partial sign symmetric Py 1-matriz specifying the pattern with digraph

q =95, n =17 has sign symmetric Py 1-completion.

Figure 4.2 ¢g=5,n=7

1 a2 713 714

az1 1 az x o . . .
Proof: Let A = be a partial sign symmetric Py 1-matrix specifying

T31 T3z 1 as

| @41 T4z T43 1
the digraph ¢ = 5, n = 7 in Figure 4.2. Clearly, the original 2 x 2 minor, 1 — ajsao; is

nonnegative. We consider three cases: (1) ajgaszassaqr > 0, (2) aj2agsassas; < 0, and (3)
a12023a34a41 = 0.

Case 1: ajsassassaqr > 0. We can assume ajo = as3 = asq4 = 1 by Theorem 1.1. Then
a4y is positive. We set x33 = x43 = x14 = e and choose e small and positive. Finally, set
213 = xToa = 1, 31 = eagq, and x40 = e2. Then the determinant of A, shown in Table 4.1, is
positive if e is small enough because 1 — as; > 0 and a4; > 0. Likewise, the 3 x 3 principal
minors of A, also shown in Table 4.1, are nonnegative. The 2 x 2 principal minors are clearly
all positive if e is small enough.

Case 2: ajsaosaszsaq; < 0. We can assume ais = a3 = agq4 = 1 by Theorem 1.1. Then
a41 is negative. We replace the symbol a4 with —b, with b positive. Set x30 = x43 = e and
r14 = —e, and assign x13 = 31 = f > 0 and x94 = 249 = —g, g > 0. We first let e equal
zero and choose f and g small enough to make each minor of size three or four positive. Then

perturb so that e is positive, and yet small enough to keep all principal minors nonnegative.
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Table 4.1 DetA and 3 x 3 principal minors of A in Case 1

| Aa) | DetA()
A(l, 2, 3, 4) 1-— as1 + a41 — 2e + 2(1216 - 2(1416 + 62 - 2a2162 + (14162 + 2a2163 - a2164
A1,2,3) | (1—an)(1—e)
A(1,2,4) | 1—ag +as — age — €2 + ag e
A(1,3,4) 14 a4 —e —asre — agie + asye’
A(2,3,4) | 1—2e+é?

The determinant of A and the 3 x 3 principal minors of A are shown in Table 4.2. The
determinant of A is positive if the sum of all the terms which contain an f or g is less in
magnitude than b. Fach of these minors, as well as all the newly created 2 x 2 principal
minors are obviously positive if f and g are small enough. Because the determinant of A is a
continuous function, as long as each of these principal minors and DetA are positive, we can

perturb e slightly and yet keep all of the principal minors nonnegative.

Table 4.2 DetA and 3 x 3 principal minors of A in Case 2 with e =0

A(a) DetA(a)

A(1,2,3,4) | 1—api +b+ f—bf — f2— g+ bg+as fg— 9> + fg°
A(1,2,3) 1 —ag + f— f?

A(1,2,4) 1 —as + bg — ¢°

A(1,3,4) 1—0bf — f?

A(2,3,4) 1—g—g°

Case 3: ajoassazeaq; = 0. We consider this case in 4 parts. In each part we consider one
of the four entries a2, as3, as4, or aq; equal to zero.

Subcase 3A: Assume ajs = 0. Then ao; = 0 by sign symmetry. Let z14 = e, 230 = f,
and x43 = ¢ and of the same sign as a41, as3, and agy respectively. Set all other unspecified
entries equal to zero. The determinant of A and the 3 x 3 principal minors of A are shown in
Table 4.3. Each of these and each of the 2 x 2 principal minors of A are clearly nonnegative if
e, f, and g are small enough.

Subcase 3B: Assume agq = 0. Then 243 = 0 by sign symmetry.
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Table 4.3 DetA and 3 x 3 principal minors of A in Case 3A

Ala) DetA(a)

A(l, 2,3,4) | 1 —aq1e — agsf + agzaqef — assg
A(l 2 3) 1-— a23f

A(l 2 4) 1-— agie

A(1, 3 ,4) 1 — aq1e — assg

A(2,3,4) 1 —asf — asg

(i) If a12a21 # 1, let 14 = e and x32 = f be small enough and of the same sign as a4; and
ass respectively. Set all other unspecified entries equal to zero. The determinant of A and the
3 x 3 principal minors of A are shown in the second column of Table 4.4. These and all of the

2 x 2 principal minors are clearly nonnegative if f and e are small enough.

Table 4.4 DetA and 3 x 3 principal minors of A in Case 3B

’ A(a) ‘ DetA(«) for part (i) ‘ DetA(«) for part (ii)
A(1,2,3,4) | 1 —ajpaz1 — asre — agsf + agsanef | asng — g* —aqns+ gs
A(l, 2, 3) 1-— ai12a91 — a23f 0
A(1,2,4) 1 — aoa91 — aq1e as1g — g> — as1s + gs
A(1,3,4) 1 — aq1€ 1 — a418 — az4l
A(2,3,4) 1 —assf 1— g% — ast

(ii) If a12a21 = 1, without loss of generality, we can make both a2 and ag; equal to 1. Set

)min{|a41|, 1}
2
aq1 = g = 0. Set x14 = s and x43 = t very small, matching signs of a4; and as4 respectively.

13 = x31 = 0 and set x94 = x49 = g with g = sgn(aq , 80 a419 — g2 > 0 or
Then DetA and the 3 x 3 principal minors of A are displayed in the third column of Table 4.4,
and they and the 2 x 2 principal minors of A are clearly nonnegative with the given choice of
g if s and t are made small enough.

Subcase 3C: Assume ao3 = 0. Then z32 must be zero also by sign symmetry. Set x14 = e
and x43 = f small enough and of the same sign as a4; and agy4 respectively. Set x40 = a12a41,
and xo4 = s small enough and of the same sign as aj2a41. Set all other unspecified entries equal

to zero. The determinant of A and the 3 x 3 principal minors of A are shown in Table 4.5.
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Notice that DetA can also be written as (1 — aj2a91) (1 — as1e — asqf), and that each factor
is nonnegative if e and f are small enough. The minor A(1,2,3) is equal to the original 2 x 2
minor, so it is nonnegative. The minor A(1,2,4) can also be written as (1 — aj2a91) (1 — agze€)
and is therefore nonnegative if e is small enough. The rest of the 3 x 3 principal minors and

all of the 2 x 2 are nonnegative as long as e, f, and s are small enough.

Table 4.5 DetA and 3 x 3 principal minors of A in Case 3C

a) DetA(a)
1,2,3,4) | 1 —ajga21 — ane + ar2a21a41e — asa f + ai2a21a34 f
1, 2, 3) 1-— a12a21

) 1 — ai2a01 — ag1e + arpaz1aq1e
1,3,4) 1 —a4le—a34f
) 1-azsf —azaqs

Subcase 3D: Assume a4; = 0. Then x14 = 0 also by sign symmetry. Set z32 = e small
enough and of the same sign as as3. Let x43 = f be small and of the same sign as as4. Set
T13 = a1oa23, x31 = s small and of the same sign as ajsa03. Set all other unspecified entries
equal to zero.

Now DetA, shown in Table 4.6, can also be written as (1 — aj2a21) (1 — agse — asaf),
which is nonnegative if e and f are small enough. Similarly, the 3 x 3 principal minors, also
shown in Table 4.6 can be shown to be nonnegative. The minor A(1,2,3) can be written
as (1 —ajea91) (1 — agse), which is also nonnegative is e is made small enough. The minor
A(1,2,4) is equal to the 2 x 2 original minor of A, and is therefore nonnegative. The final two
principal minors, A(1,3,4) and A(2,3,4), are nonnegative if f,s, and e are small enough. The

2 x 2 principal minors of A are small enough if f, e, and s are made small enough.

Lemma 4.8 A 4 x 4 partial sign symmetric Py 1-matriz specifying the pattern with digraph

q=5,n=8orq=25,n=10 has sign symmetric Py 1-completion.
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Table 4.6 DetA and 3 x 3 principal minors of A in Case 3D

Ala) DetA(a)

A(1,2,3,4) | 1 — aigaz1 — agse + aipaziasze — azaf + arzaziazaf
A(1,2,3) 1 — a12a91 — asze + ajaas1a03e

A(l 2 4) 1-— a120a921

A(1, 3 ,4) 1 —assf — aigasss

A(2,3,4) 1 —aze —asaf

4 3 2 1
1 2 3 4
q=95n=2~8 g=5n=10

Figure 4.3 The digraphs ¢ =5, n=8 and ¢ =5, n =10

1 a2 713 awns

az1 1 agzz wo . . . e
Proof: Let A = be a partial sign symmetric Py 1-matrix specifying

T31 T3z 1 T34

| Ta1 T4z aa3 1
the digraph ¢ = 5, n = 8 in Figure 4.3. Clearly, the original minor, 1 — aj2as2; is nonnegative.

We consider three cases: (1) agiagsaszais > 0, (2) asiagsaszais < 0, and (3) agiasgaszais = 0.

Case 1: agia9zagzais > 0. We can assume aj2 = a93 = a43 = 1 by Theorem 1.1. Then a4
is positive. We set 130 = x34 = e, x13 = 1, 31 = ag1€, Tog = €, T49 = €, and x4; = aoie€.
Let e > 0 be small enough to make the principal minors nonnegative. Then the determinant
of A, shown in Table 4.7, can also be written as (1 — ag;) (1 — €)?, which is nonnegative if
e is small enough. Likewise, the 3 x 3 principal minors of A, also shown in Table 4.7 can
be made nonnegative: The minor A(1,2,3) can be written as (1 —ag;) (1 —e), the minor
A(1,2,4) can be written as (1 — ag1) (1 — €?), and the minor A(1,3,4) can also be written as
(1 —e)(1—agie). Each of the 3 x 3 principal minors are nonnegative if e is small enough.

Also, each of the 2 x 2 principal minors is nonnegative if e is small enough.
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Table 4.7 DetA and 3 x 3 principal minors of A in Case 1

Ala) DetA(a)

A(1,2,3 4 1—ao —2€+2a216+62 —a2162
A(l 2 3) 1—a21—e—|—a21e

A(l 2 4) 1-— ag] — 62 + (12162

A(1, 3 ,4) 1—e—age+ age?

A(2,3,4) 1—2e+e?

Case 2: asiassagsars < 0. We can assume ajo = as3 = aq3 = 1 by Theorem 1.1. Then
a14 < 0 and therefore 47 < 0. We replace the symbol a4 with —b with b positive.

Case 2a: ao1 # 1. We set x34 = 94 = x40 = x39 = € > 0, 41 = —e, x13 = x31 = 0. The
determinant of A and the 3 x 3 principal minors of A corresponding to Case 2a are shown the
second column of Table 4.8.

Notice that DetA(1,2) = 1 — ag; > 0. Therefore, we can make e small enough so that
the sum of the remaining terms in each minor is smaller than 1 — a13. Then all the 3 x 3
principal minors are positive. Likewise, each of the 2 x 2 principal minors can be made to be
nonnegative if e is made small enough. Since there are only finitely many principal minors of

A, it is possible to make e small enough to make each of them nonnegative.

Table 4.8 DetA and 3 x 3 principal minors of A in Case 2

Aa) DetA(«) for part 2(a) DetA(«) for part 2(b) with e =0
A(1,2,3,4) | 1 —ag —2e+agre —be +e+be? | bg—bfg— g*> + f29°

A(1,2,3) 1—ag —e 0

A(1,2,4) 1 — ag1 — be — agybe — 2¢2 bg — ¢*

A(1,3,4) 1—e—be 1-bf — f?

A(2,3,4) 1—2e+e? 1—f—fg—g¢°

Case 2b: a1 = 1. We set 34 = e, Tog = Tyo = —¢, T41 = —€, T32 = T13 = 31 = f, with

e, f, and g positive. We begin by setting e = 0. The determinant of A and the 3 x 3 principal
minors of A corresponding to Case 2 are shown in the third column of Table 4.8. We will

choose f and g so that each of the nonzero principal minors is positive (see below). Once this
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is done, we perturb e slightly, so that it is positive, but the positive principal minors remain
positive.

The determinant of A can also be written as g (b(l —f) - (1 — f2) g). We first choose
f < 1 and such that 1 —bf — f? > 0 and then choose g < 1 so that (1 —f2)g <b(1-f).
Then DetA is nonnegative. Then the 3 x 3 principal minors of A are nonnegative if g is
small enough. In fact, they can all be made positive except A(1,2,3), which is zero. However,
A(1,2,3) has no elements set equal to e, so perturbing e will not make its determinant negative.
Also, each new 2 x 2 minor is positive.

Case 3: asiaszassars = 0.

Case 3a: aja = ao1 =0. We set x41 =€, x30 = f, 34 = g, and Tog = 249 = 213 = 31 = 0.
The principal minors of A are shown in Table 4.9. The determinant of A and each of the 3 x 3
principal minors of A are clearly nonnegative if e, f, and g are small enough. Similarly, the
2 x 2 principal minors of A are nonnegative if e, f, and g are small enough. Therefore, all of

the principal minors of A can be made nonnegative.

Table 4.9 DetA and 3 x 3 principal minors of A in Case 3a

a) DetA(«)
1,2,3,4) | 1 —ajqe — agsf — as3g + arsazzef
1,2,3) 1—aosf

1 —aye

)
1,3,4) 1 — ajse — aqsg
) 1 — a3 f — aszg

Case 3b: ag3 = 0. This implies x35 = 0

Part (i): Let ajoa91 # 1, let 231 = 213 = x94 = x42 = x32 = 0 and x4 = e, x34 = f. The
3 x 3 principal minors and the determinant of A are shown in the second column of Table 4.10.
Fach of these principal minors is obviously nonnegative as long as e and f are small enough,
since aisa9; # 1, and therefore 1 — ajsas; > 0.

Part(ii): If ajoa2; = 1, then aj2 and ag; can be made equal to 1 through the use of a

diagonal similarity. Now, let x31 = 13 = 0, xo4 = 42 = ¢, 320 = 0, z41 = e, and z34 = f.
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Begin with e = 0 and perturb it later if a;4 # 0. With e = 0, the determinant and the new
3 x 3 principal minors are shown in the third column of Table 4.10. Choose f the same sign as
a43 and small enough in absolute value so that 1 —ayg3f > 0. If a14 = 0, then e will remain 0 by
sign symmetry. In this case, set ¢ = 0. Then all of the principal minors of A are nonnegative.
If a14 # 0, let g have the same sign as aj4 and be small enough so that |g| < min{|a14/,1} and
1 —g? —as3f > 0. Then every submatrix which contains e has a positive minor. This may be
checked by referring to the principal minors of A. Now we can perturb e slightly so it is the
same sign as a4, but not so large as to make any of the principal minors negative. In this way,
we make x41 and x34 the same sign as its respective symmetric pair, so the resulting matrix is
a sign symmetric Py 1-matrix.

Also, in the case of both Part (i) and Part (ii), the 2 x 2 principal minors can easily be
seen to be nonnegative if e, f, and g are small enough, so all of the principal minors in each

of these cases can be made to be nonnegative.

Table 4.10 DetA and 3 x 3 principal minors of A in Case 3b

Aa) DetA(a) for part (i) DetA(a) for part (i) with e =0
A(1,2,3,4) | 1 — a2a91 — arse — as3 f + ar2a21a43f | arag — g*

A(1,2,3) 1-— a12a91 0

A(1,2,4) 1 — ajga91 — ajge aisg — g*

A(1,3,4) 1—aye —aysf 1—assf

A(2,3,4) 1 —aysf 1— g% —assf

Case 3c: ag3 = 0. Then z34 = 0.

Part (i): If ajoag; # 1, let 231 = 13 = x94 = 242 = x34 = 0, x32 = f, and z41 = e. The
principal minors of A are shown in the second column of Table 4.11. Each of these minors is
obviously nonnegative as long as e and f are small enough, since ajoa2; # 1, and therefore
1 — aja91 > 0.

Part (ii): If ajoag; = 1, then ajs and ag; can be made equal to 1 through the use of a

diagonal similarity. We let x31 = x13 = g2, 34 = 0, x24 = T42 = g1, T32 = €2, 41 = €1. Begin
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with e; = e = 0. The principal minors of A with e; = es = 0 are listed in the third column
of Table 4.11.

If a4 = 0, set g7 = 0. Since e; and ay4 are symmetrically placed entries, e; remains
zero. If ai4 is nonzero, choose g; to have the same sign as a4; and small enough so that
lg1] < min{|ai4|,1}. If agg = 0, set go = 0. Since es and ag3 are symmetrically placed entries,
eo remains zero. If ass # 0, then choose go the same sign as as3 and small enough so that
lg2| < min{|ags|,1} and also small enough so that DetA remains positive, given the choice
already made for g;. Now for ¢ = 1,2, each of the 3 x 3 principal minors of A that depend
on e; is positive if e; must be nonzero, and so we can perturb e; slightly so it is nonzero,
but the principal minors remain positive. The values for g;, g2, e1, and es have been chosen
to that the determinant of A is positive if at least one of a4 and ags is nonzero, so in that

case, a perturbation can be done leaving DetA positive. Then the principal minors of A are

nonnegative.
Table 4.11 DetA and 3 x 3 principal minors of A in Case 3c
Aa) DetA(a) for part (i) DetA(a) for part (ii) with e; = e2 =0
A(1,2,3,4) | 1 —ai2a21 — anae — a3 f + arsazef a14g1 — g3 + as3ga — a14a239192 — g5 +
9195

A(1,2,3) 1 — aiza21 — a3 f azsg2 — g3

A(1,2,4) 1 — ai2a21 — ajse a1ag1 — g3

A(1,3,4) 1 —aye 1— g2

A(2,3,4) 1 —agf 1—g?

Case 3d: a4 = 0. Then x4 = 0.

Part (i): If aj2a21 # 1, let x31 = 213 = x94 = x42 = x41 = 0, 32 = ¢ and w34 = f. Let e be
the same sign as ao3 and let f be the same sign as a43. Then it can be verified by inspection
of the principal minors of A shown in Table 4.12, that if e and f are made small enough in
absolute value, the 3 x 3 principal minors of A and the determinant of A will be nonnegative.

The 2 x 2 principal minors of A are nonnegative if e and f are chosen small enough.
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Part (ii): If ajoa9; = 1, then ajo and ag; can be made equal to 1 through the use of a
diagonal similarity. Let z31 = x13 = ¢, o4 = x40 = 41 = 0, 230 = ¢, and z34 = f. We
begin by setting e = 0. Let f have the same sign as a43. The 3 x 3 principal minors of A and
the determinant of A with e = 0 are shown in the third column of Table 4.12. This case is

analogous to Case 3b Part (ii).

Table 4.12 DetA and 3 x 3 principal minors of A in Case 3d

A(a) DetA(«) for part (i) DetA(«) for part (ii) with e =0
A(1,2,3,4) | 1 —aipas1 — agse — a3 f + araziassf | azsg — g

A(l, 2, 3) 1— a12a91 — ag3e€ ag3g — 92

A(17274) 1 —ajza21 0

A(1,3,4) 1 — asf 1 —agf — g

A(2,3,4) 1—asse —aysf 1— assf

This concludes the proof of ¢ = 5, n = 8. Let A be a partial Py -matrix with digraph
q =5, n = 10, labeled as in Figure 4.3. AT is a partial sign symmetric Py 1-matrix specifying
the digraph ¢ = 5, n = 8 in Figure 4.3. We can complete this matrix to a P -matrix, as in
the proof, and then transpose the matrix again. The resulting matrix is a completion of the

matrix A. O

Lemma 4.9 A 4 x 4 partial sign symmetric Py 1-matriz specifying the pattern with digraph

g =5, n=29 has sign symmetric Py 1-completion.

Figure 44 ¢=5,n=9
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1 a2 713 a4

) ) N az1 1 w3 woy o
Consider the digraph in Figure 4.4. Let A = be a partial sign

r31 az2 1 as

| Ta1 T4z T43 1
symmetric Py 1-matrix specifying the digraph ¢ = 5, n = 9. Clearly, the original minor,

1 — aj2a91 is nonnegative. We consider three cases: (1) agiaseasqars > 0, (2) agjassagqars < 0,
and (3) aziaszassais = 0.

Case 1: asoiaseasqars > 0. We can assume a9 = ags = agq = 1 by Theorem 1.1. Then aqy
is positive. Set x13 = T93 = Toq = T4 = T43 = €. Set x31 = ao1 and x4 = agre. Let e > 0.

The determinant of A and the 3 x 3 principal minors of A are listed in Table 4.13. The
determinant of A can also be written as (1 — ag1) (1 — €)?, which is nonnegative if e is small
enough. The minor A(1,2,3) can be written as (1 — as1) (1 — e), the minor A(1,2,4) can be
written as (1 — ag1) (1 — €?), the minor A(1,3,4) can also be written as (1 — €) (1 — agie), and
the minor A(2,3,4) can be written as (1 —e)? each of which are nonnegative if e is small

enough. Each of the 2 x 2 principal minors are also nonnegative if e is small enough.

Table 4.13 DetA and 3 x 3 principal minors of A in Case 1

Aa) DetA(a)

A(1,2,3,4) | 1 —ag — 2e + 2ag1e + e — age?
A(1, 2 ,3) 1 —a9; —e+azie

A( ) 1-— a1 — 62 + a21€2

A(l 3 4) 1—e—age+ ase?

A(2,3,4) 1—2e+ e?

Case 2: agiagsagsais < 0. We can assume a12 = agz = azq4 = 1 by Theorem 1.1. Then aq4

is negative. We set a14 = —b with b positive.
Let w93 = e, 143 = e, let x47 = —e. Then each of these entries has the same sign as their
symmetric pair. Let 31 = x13 = f, and z24 = x40 = —g. Begin with e = 0 and choose f

positive and small enough so that f < min{1,a2;}. The determinant of A and the principal

minors of A with e = 0 are shown in Table 4.14. The determinant of A can also be written as
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1 — a9 + (ao1 — f) f + az1bg + as1 fg — g° + f2g*, which can be made positive if g is chosen
small enough.

The minor A(1,2,3) can be written as 1 — a2; + (a21 — f) f, which is positive because
f < a21, the minor A(1,2,4) can also be written as 1 — ag; + (a21b — g) g, which can be made
positive if g is chosen positive and small enough, the minor A(1,3,4) is positive because f is
less than 1, and the minor A(2,3,4) can be made positive if g is chosen to be less than 1. The
2 x 2 principal minors are obviously nonnegative if g and f are chosen small enough, and each
of them contain only one of g, f, and e, so we need only choose g and f to be small enough to
make each of these minors nonnegative. Once we have chosen f and g to be small enough to
make the determinant of A and all of the 3 x 3 principal minors of A positive, we can perturb
e slightly so it is positive, but not so large as to make any of the principal minors negative. In
this way, each of the principal minors of A can be made to be nonnegative. The 2 x 2 principal

minors of A are nonnegative provided that e, f, and g are small enough.

Table 4.14 DetA and 3 x 3 principal minors of A in Case 2 with e =0

a) DetA(a)
1,2,3,4) | 1 —agy +ao1f — f2 4 agibg + as1 fg — g* + 29
1,2,3) 1—a21+a21f—f2
) 1 — a9 + a1bg — g*
1,3,4) 1— f2
)

l—g2

Case 3(a): agiageassais = 0 and a12 = ag; = 0. Set x13 = w31 = w94 = 42 = 0, and set
T41 = €, 23 = f, and z43 = ¢g. The determinant of A and the 3 x 3 principal minors of A are
shown in Table 4.15. Each of the 3 x 3 principal minors, and the determinant of A can clearly
be made nonnegative is e, f, and g are chosen small enough. Likewise, the 2 x 2 principal
minors of A are nonnegative if e, f, and g are chosen small enough.

Case 3(b): agiasaassais = 0 and aszy = x93 = 0. We may assume ag; and ajg are nonzero
(otherwise, we use Case 3(a)), and ass # 0 (otherwise use case 3(c) below) so aj2 and azs4 may

be made equal to 1 by Theorem 1.1. We consider two cases in Case 3(b): (i) 1 —ag; > 0 and
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Table 4.15 DetA and 3 x 3 principal minors of A in Case 3a

Ala) DetA(a) for part (i)

A(1,2,3,4) | 1 — arae — azaf + arsaszef — asag
A(l 2 3) 1-— a32f

A(l 2 4) 1-— ajge

A(1, 3 ,4) 1 — aszsg — ayse

A(2,3,4) 1 — a34g — asze

(ii) 1 — ag; = 0. Note that 1 — ag; is not less than zero because it is an original minor.

Part(i): 1 —ag; > 0. Let z13 = x31 = 294 = 242 = 0, 243 = f, and x4; = e. The
determinant of A and the 3 x 3 principal minors of A are shown in the second column of
Table 4.16. Clearly, the minors shown in the table are nonnegative if e and f are made small
enough. In this way, the completed matrix is a sign symmetric Py j-matrix.

Part(ii): 1 —ag; = 0. Then ag; = 1. Set x13 = w31 = 0, oy = 240 = g, and x93 = 0,
x43 = 0.1, and x4; = e. Let e be the same sign as ay4. Begin with e = 0, and let g be as small
as needed to make all order 3 and order 4 principal minors which involve x43 or x4 positive
while e is set equal to zero. The determinant of A and the 3 x 3 principal minors of A with
e set equal to zero are shown in the third column of Table 4.16. The principal minors that
involve e can clearly be made positive if g is made small enough. Likewise, the 2 x 2 principal
minors of A can clearly be made to be nonnegative. Finally, perturb e so that the principal
minors remain nonnegative. Then each element has the same sign as its symmetric pair, and

all of the principal minors of A are nonnegative.

Table 4.16 DetA and 3 x 3 principal minors of A in Case 3b

A(a) DetA(«) for part (i) DetA(«) for part (ii) with e =0
A(1,2,3,4) | 1 —an — f —aue+anf aiag — g

A(1,2,3) | 1—an 0

A(l, 2 4) 1 —a91 —ayse aiag — 92

A(1,3,4) | 1— f—ane 0.9

A(2,3,4) 1—f 0.9 — ¢g°
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Case 3(c): agiaszassars = 0 and azy = x43 = 0. We may assume ag; and ajg are nonzero
(otherwise, we use Case 3(a)) so aj2 may be made equal to 1 by Theorem 1.1. We consider
two parts in Case 3(c): (i) 1 —ag; > 0 and (ii) 1 — ag; = 0. Note that 1 — ag; is not negative
because it is an original minor.

Part(i): 1 —ag; > 0. Let 213 = x31 = 94 = w492 = 0 and set x93 = €, 241 = f. Let e and
f be the same sign as aso and a4 respectively. The determinant of A and the 3 x 3 principal
minors of A are shown in the second column of Table 4.17. Clearly, the minors shown in the
table are nonnegative if e and f are made small enough. Therefore, the completed matrix is a
sign symmetric Py 1-matrix.

Part(ii): 1 —ag; = 0. Then ag; = 1. Set x13 = w31 = g1, To4 = Tg2 = go, T2z = €1, and
x41 = eg. Begin with e; = eo = 0 and later perturb e; to be the same sign as ass and es to be
the same sign as a14. The determinant of A and the 3 x 3 principal minors of A with e; and eq
set equal to zero are shown in column 3 of Table 4.17. If azs = 0, set g1 = 0. Then e; remains
zero by sign symmetry. If asy # 0, let g1 be the same sign as a3y such that |g1| < min{1, ass}.
If a14 = 0, let go = 0. Then es remains zero by sign symmetry. If a4 # 0, let go be the same
sign as ay4 such that |go| < min{1,ai4}.

The determinant of A can also be written as (a14 — g2) g2 + (as2 — 91) 91 + 993, the minor
A(1,2,3) can be written as (as2 — g1) g1, and the minor A(1,2,4) can be written as ga2(a14—g2).
Then clearly all of the minors listed in the table (as well as the 2 x 2 principal minors, which
are not listed) are positive if g; and go are chosen as specified. Then, finally, perturb e; and
eo if necessary so that they are not large enough to cause any of the principal minors of A to
become negative. Then each element has the same sign as its symmetric pair, and all of the
principal minors of A are nonnegative.

Case 3(d): agiasz2azsars = 0 and a1y = z41 = 0. Again, we may assume ag; = azq = 1
be Theorem 1.1, since otherwise we use Case 3(a) or Case 3(c) respectively. We consider two
parts in Case 3(d): (i) 1 —ag; > 0 and (ii) 1 — ag; = 0. Note that 1 — ag; is an original minor

and is therefore nonnegative.
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Table 4.17 DetA and 3 x 3 principal minors of A in Case 3¢

A(a) DetA(«) for part (i) DetA(a) for part (ii) with e; = 0 and
€9 = 0

A(1,2,3,4) | 1 —ag1 — aiaf — agze + arsaszef a1192 — 95 + az2g1 — G5 + G193

A(1,2,3) 1— a9 —agse asg1 — 9>

A(1,2,4) 1 —ag —awf a1492 — 95

A(1,3,4) 1 —aye 1—g?

A(2,3,4) 1 — asze 1—g3

Part(i): 1 —ag; > 0. Let 13 = 231 = @24 = 242 = 0 and set x93 = e, 143 = f. Let e
be the same sign as azo and let f > 0. The determinant of A and the 3 x 3 principal minors
of A are shown in the second column of Table 4.18. Clearly, the minors shown in the table
are nonnegative if e and f are made small enough. Therefore, the completed matrix is a sign
symmetric Py 1-matrix.

Part(ii): 1 —a9; = 0. Then ag; = 1. Set x13 = x31 = f, x23 = €, and x43 = 0.1. Begin with
e = 0, and later perturb e to be the same sign as ass. Let f be the same sign as a3zo and small
enough so that |f| < min{1, |as2|}. The determinant of A and the 3 x 3 principal minors of A
with e set equal to zero are shown in column 3 of Table 4.18. The determinant of A and the
minor A(1,2,3) can be written as (ase — f) f, so clearly all of the minors listed in the table
with the exception of A(1,2,4) are positive. The 2 x 2 principal minors of A are also positive
if f is chosen as specified. The minor A(1,2,4) is nonnegative, and is not dependent on e.
Therefore, we may perturb e so that none of the principal minors become negative. Then all
of the principal minors of A are nonnegative.

This concludes all three cases of the proof. Therefore, a 4 x 4 partial sign symmetric Py 1-
matrix specifying the pattern with digraph ¢ = 5, n = 9 has sign symmetric Fp 1-completion.

O

Lemma 4.10 A 4 x 4 partial sign symmetric Py 1-matriz specifying the pattern with digraph

q =6, n =4 does not have sign symmetric Py 1-completion.



Table 4.18 DetA and 3 x 3 principal minors of A in Case 3d

A(a) DetA(«) for part (i) DetA(a) for part (ii) with e =0

A(1,2,3,4) | 1 —aa — f+ a1 f —age azf — f?

A(1,2,3) 1 — a1 —asse asaf — f2

A(1,2,4) 1-— asq 0

A(1,3,4) 1—f 0.9 — f?

A(Q, 3, 4) 1-— f — a32€ 0.9
g=06,n=4 q=6,n=5 q=6,n=6
1 2 1 2 1 2
4@3 4@3 4@3
q:6,n:7 q:6’n:8 q:7’n:2
1 2 1 2 1 2

1 O N

Figure 4.5 The digraphs g =6, n=4-8and ¢=7,n =2

Proof: The digraph ¢ = 6, n = 4 is shown in Figure 4.5. The example matrix A in Figure
4.6 cannot be completed to a sign symmetric Pp j-matrix. Consider the submatrix A(1,2,3).
Since x39 is positive by sign symmetry, the term —x3s is negative. The term —zi3x31 is
nonpositive by sign symmetry. Then x3; and/or z13x32 must be positive in order to make
the minor nonnegative. Then x3; and x13 must be positive by sign symmetry. Next, we
consider the principal submatrix A(1,3,4). Since x14 is negative by sign symmetry and the
term —x13x3; is nonpositive by sign symmetry, —x3; and/or x13214 must be positive to make
the minor nonnegative. Then z3; and x13 must be negative by sign symmetry. However, this

is a contradiction. Therefore, this example matrix cannot be completed to a sign symmetric
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Py,1-matrix, and so the digraph ¢ = 6, n = 4 does not have sign symmetric F 1-completion.

The matrix A The submatrix A(1,2,3) The submatrix A(1,3,4)
1 1
1 1 l‘113 im 1 1 X113 1 13 T14
. f“ 111 11
T31 T
31 a2 r31 X321 -1 1 1

—1 x40 1 1
T3] — X13%31 — T32 + T13X32  —X13 + T14 — 13231 + 14731

Figure 4.6 ¢ = 6, n = 4 has no sign symmetric Fp 1-completion

Lemma 4.11 A 4 x 4 partial sign symmetric Py 1-matriz specifying the pattern with digraph

q =6, n=2>5 does not have sign symmetric Py 1-completion.

Proof: The digraph ¢ = 6, n = 5 is shown in Figure 4.5. The example matrix A in Figure
4.7 cannot be completed to a sign symmetric Pp j-matrix. Consider the submatrix A(1,2,3).
Since x93 is positive by sign symmetry, the term —x93 is negative. The term —zj3z3; is
nonpositive by sign symmetry. Then x13 and/or zo3x3; must be positive in order to make
the minor nonnegative. Then x3; and x13 must be positive by sign symmetry. Next, we
consider the principal submatrix A(1,3,4). Since x14 is negative by sign symmetry and the
term —x13x3; is nonpositive by sign symmetry, —x13 and/or x14231 must be positive to make
the minor nonnegative. Then x3; and x13 must be negative by sign symmetry. However, this
is a contradiction. Therefore, this example matrix cannot be completed to a sign symmetric

Py 1-matrix, and so the digraph ¢ = 6, n = 5 does not have sign symmetric P j-completion.

Lemma 4.12 A 4 x 4 partial sign symmetric Py 1-matriz specifying the pattern with digraph

q=6,n=6 orq=26,n=38 does not have sign symmetric Py 1-completion.

Proof: The digraph ¢ = 6, n = 6 is shown in Figure 4.5. The example matrix A in
Figure 4.8 cannot be completed to a sign symmetric Py -matrix. Consider the submatrix
A(1,2,3). Since z12 is positive by sign symmetry, —x12 is negative. Also, the term —x1373;

is nonpositive by sign symmetry. Then z13 and/or x93 must be positive in order to make
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The matrix A The submatrix A(1,2,3) The submatrix A(1,3,4)
1 1
Y13 1 1 1 @3 1 x3 714
1 1 x93 794
T 1 1 1 1 1 23 I31 1 1
31 zg 11 -1 1 1

-1 x4 1 1
T3 — X23 — T13T31 + T23X31 —T13 + T14 — T13T31 + 14731

Figure 4.7 ¢ = 6, n = 5 has no sign symmetric Fp 1-completion

the minor nonnegative. Then x3; and x13 must be positive by sign symmetry. Next, we
consider the principal submatrix A(1,3,4). Since x14 is negative by sign symmetry and the
term —x13x3; is nonpositive by sign symmetry, —x13 and/or x14231 must be positive to make
the minor nonnegative. Then z3; and x13 must be negative by sign symmetry. However, this
is a contradiction. Therefore, this example matrix cannot be completed to a sign symmetric

Py 1-matrix, and so the digraph ¢ = 6, n = 6 does not have sign symmetric Py 1-completion.

The matrix A The submatrix A(1,2,3) The submatrix A(1,3,4)
1 212 z13 214
1 12 213 1 w13 714
1 1 1 To4
1 1 1 1 1 1 31 1 1
x
°! z 11 -1 1 1

-1 49 1 1
—T21 + X13%T21 + T31 — X13T31 —X13 + T14 — T13X31 + T14T31

Figure 4.8 ¢ = 6, n = 6 has no sign symmetric Fp 1-completion
The digraph ¢ = 6, n = 8 is the digraph of the transpose of a matrix specifying the digraph
q =6, n = 6, so the digraph ¢ = 6, n = 8 does not have sign symmetric Py 1-completion.

Lemma 4.13 A 4 x 4 partial sign symmetric Py 1-matriz specifying the pattern with digraph

q=6,n=7To0rq="71,n=2 does not have sign symmetric Py 1-completion.

Proof: The digraph ¢ = 6, n = 7 is shown in Figure 4.5. The example matrix A in Figure

4.9 cannot be completed to a sign symmetric Py j-matrix. Consider the submatrix A(1,2, 3).
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Since x9 is positive by sign symmetry, —zo; is negative. Also, the term —x13x31 is nonpos-
itive by sign symmetry. Then z3; and/or z12213 must be positive in order to make the minor
nonnegative. Then x3; and x13 must be positive by sign symmetry. Next, we consider the
principal submatrix A(1,3,4). Since x4 is negative by sign symmetry and the term —z13x3;
is nonpositive by sign symmetry, —x13 and/or z14x3; must be positive to make the minor
nonnegative. Then x3; and x13 must be negative by sign symmetry. However, this is a contra-
diction. Therefore, this example matrix cannot be completed to a sign symmetric Py 1-matrix,

and so the digraph ¢ = 6, n = 7 does not have sign symmetric P 1-completion.

The matrix A The submatrix A(1,2,3) The submatrix A(1,3,4)
1 1
18 11 23 I 113 714
ro1 1 1 ooy
T 1 1 1 21 1 1 31 1 1
3 z31 11 -1 1 1

—T21 + X13%21 + 31 — T13T31 —T13 + T14 — T13%31 + T14T31

Figure 4.9 ¢ = 6, n = 7 has no sign symmetric Fp 1-completion

If the digraph ¢ = 7, n = 2 had sign symmetric P 1-completion, the ¢ = 6, n = 7 would

by Lemma 1.4. Therefore, ¢ = 7, n = 2 does not have sign symmetric Fp 1-completion.

Theorem 4.14 (Classification of Patterns of 4 x 4 matrices regarding sign symmetric P ;-
completion). Let Q be a pattern for 4 x 4 matrices that includes all diagonal positions. The

pattern QQ has sign symmetric P-completion if and only if its digraph is one of the following.
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q=2;, n=1-95;

q=3 n=1-11, 15;

q=4; n=1-12, 16-19, 21-23, 25-27;

q=5 n=1-5, 7-10, 26-29, 31, 33-34, 36-37;
q=0;, n=1I1-3 46;

q=7  n=4-9;

q=8 n=I
q=12.
Proof:

Part 1. Digraphs that have sign symmetric Py j-completion.

The following digraphs have sign symmetric P 1-completion by Theorem 4.5 because each
block has sign symmetric Py 1-matrix completion by Lemma 4.6: ¢ = 0; ¢ = 1; ¢ = 2, n = 1-5;
q=3,n=1-11, 13; g = 4, n =1-12, 21-23, 25-27; ¢ = 5, n =1-5, 26-28; ¢ =6, n =1-3; ¢ = 7,
n=4-5q¢q=8,n=1;q=12.

Each of the digraphs ¢ = 4, n = 16-19; ¢ = 5, n = 29,31,33-34, 36-37; ¢ = 6, n =
46 are asymmetric and have sign symmetric P-completion [4]. Therefore, any partial sign
symmetric Py 1-matrix specifying one of these digraphs has sign symmetric Py 1-completion by
Theorem 4.1.

Any partial sign symmetric sign symmetric P -matrix specifying any of the digraphs
g = 5, n = 7-10 have sign symmetric P -matrix completion by Lemma 4.7, Lemma 4.8, and
Lemma 4.9.

Part 2. Digraphs that do not have sign symmetric Fp 1-completion.

The order three digraphs ¢ =3, n =2; ¢ =4, n = 2,3,4; ¢ = 5 do not have sign symmetric
Py 1-completion by Lemma 4.6. Any digraph which has one of these order 3 digraphs as
an induced subdigraph does not have sign symmetric Fp 1-completion, because a partial sign

symmetric P 1-matrix specifying such a digraph then has a partial sign symmetric subdigraph
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(and therefore a sign symmetric Py ;-principal submatrix) which does not have sign symmetric
Py 1-completion. The following digraphs have at least one of these order 3 digraphs as an
induced subdigraph: ¢ =3, n = 12; ¢ = 4, n = 13-15, 20, 24; ¢ = 5, n = 6, 11-25, 30, 32, 35,
38; g =06,n=9-45,47-48, ¢ =7, q¢ = 1,3, 6-38; ¢ = 8, n =3-27; ¢ = 9, n = 1-13; n = 10,
q=2-5; q =11.

The digraphs ¢ = 6, n = 4-8 and ¢ = 7, n = 2 do not have sign symmetric F 1-completion
by Lemma 4.10, Lemma 4.11, Lemma 4.12, and Lemma 4.13. The digraphs ¢ = 8, n = 2;

¢ =10, n =1 do not have sign symmetric Py ;-completion by [7].
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CHAPTER 5. Classification of order 4 graphs and some order 4 digraphs

regarding [ ;-completion

In this chapter, we classify the order 4 graphs and some order 4 digraphs regarding Fp 1-

completion. We begin with the known results we will use.
Theorem 5.1 [7] Every block-clique graph has Py 1-completion.

Theorem 5.2 [10] If each nonseparable strongly connected induced subdigraph of G has Py 1-

completion, so does G.
Lemma 5.3 [10] All patterns for 3 x 3 matrices have Py 1-completion.

Corollary 5.4 If every strongly connected induced subdigraph of digraph G has blocks only of

order 3 or less, then G has Py 1-completion.

Corollary 5.5 Let G be a digraph that has Py 1-completion. Let H be a digraph obtained from
G by deleting one arc (u,v) such that uw and v are contained in at most one clique of order 3
in G. Then H has Py 1-completion.

Equivalently, if G is a digraph obtained from a digraph H by adding one arc (u,v) such
that w and v are contained in at most one clique of order 3 in G, and H does not have Py -

completion, then G does not have Py 1-completion.

Proof: We establish the first statement. Let A be a partial Fy j-matrix specifying H. Choose
a value for the unspecified u,v-entry of A to obtain a partial Py i-matrix B specifying G as
follows: If w and v are not in any clique of order 3, set the u,v-entry of B to 0. If the
subdigraph induced by {u,v,w} is a clique in G, choose a value ¢ for the wu,v-entry that

completes A({u,v,w}) to a Py -matrix (such a c is guaranteed to exist by Lemma 5.3). Then,



44

since G' has Py 1-completion, we can complete B to a Py 1-matrix C, which also completes A.

Thus H has Py i-completion. []

Theorem 5.6 [11] Any pattern that has Py-completion also has Py 1-completion.
Theorem 5.7 [11] Any pattern that has Py 1-completion also has P-completion.
Corollary 5.8 Any pattern that does not have P-completion does not have Py 1-completion.

Theorem 5.9 [10] The 4-cycle (the graph q = 4, n = 2 or digraph ¢ = 8, n = 2) has

Py.1-completion.

We begin with the classification of the graph ¢ = 5 (digraph ¢ = 10, n = 1), which is often

referred to as the double triangle (See Figure 5.1).

Figure 5.1 The graph ¢ =5

For many classes, the double triangle does not have completion. For instance, the double

triangle does not have nonnegative P-completion [7]. It also does not have Py-completion, as

1 2 1 T14
-1 0 0 -2
evidenced by the example in [13]: B = , which is a partial Py-matrix, but
-1 0 0 -1
| Za1 1 1 1 ]
cannot be completed to a Py-matrix because DetB = —1.

However, all graphs, including the double triangle, have P-completion [13]. The following

theorem proves the double triangle also has P 1-completion.

Theorem 5.10 A 4 x 4 partial Py 1-matriz specifying the pattern with graph ¢ = 5 (equiva-

lently, digraph ¢ =10, n =1) has Py 1-completion.
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Let A be a partial Py i-matrix specifying graph ¢ = 5, which is shown in Figure 5.1. We
can assume the diagonal entries of A are equal to 1.
The completion is proven in several cases:
Case 1: asszags # 1.
Case 2: agzaze = 1.
- Case 2a: a3 = ao1.-
- Case 2b: a49 = a4s.

- Case 2c¢: a3y # ao1 and ago # ays.

The original minors are DetA(1,2,3), DetA(2,3,4), DetA(1,2), DetA(2,4), DetA(3,4),
DetA(1,3), and Det A(2, 3). Therefore, it is only necessary to show that DetA(1,3,4), DetA(1,2,4),
DetA(1,4), and the determinant of A are nonnegative.

Case 1: agsaszs # 1. Set x14 = x and x4; = —x for x large enough in absolute value to
make the principal minors nonnegative. The principal minors of A that must be checked for

Case 1 are shown in the Table 5.1.

Table 5.1 DetA and 3 x 3 principal minors of A for Case 1
’ A(a) ‘ DetA(a)
A(1,2,3,4) | 1—a12a21 — a13a31 + a12a23031 + A13021a32 — 023032 — 424042 + 413024031042 —
(13021034042 + 023034042 — 01202403143 + 124032043 — 034043 + 012021034043 —

A12024L+A13024032T — A13G34L +A12023A34T + G21A42T — 23031 A42X +A31A43T —
2
agaszae3x + (1 — aggass)

A(1,2,4) 1 — a12a91 — 24042 — 120247 + A21042T + T
A(1,3,4) 1 — a13a31 — A34043 — A13G347 + 310437 + T2
A(1,4) 1+ a2

Since asoass # 1, the last summand of the determinant of A is positive. Therefore, we can
choose z large enough so DetA > 0. Similarly, we can choose z large enough so DetA(1,2,4),
DetA(1,3,4), and DetA(1,4) are nonnegative.

Case 2: assass = 1. Since aogazo = 1, we can assume aos = 1. This is possible by

Theorem 1.1. Then azs = 1 also.
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Case 2a: as; = a91. Set x14 = x and x4; = —x for x large enough in absolute value to
make the principal minors nonnegative. Let = be the same sign as (a12 — a13)(asq — agq) if this
quantity is nonzero. If it is zero, x can be chosen freely. The principal minors of A which must
be checked are listed in Table 5.2. The original minors needed in order to show that they are

nonnegative are listed in the same table under the double line.

Table 5.2 DetA and 3 x 3 principal minors of A in Case 2a

’ Aa) ‘ DetA(a)

A(1,2,3,4) | (a12 — a13)ag1(—a24 + asza)asaz + (1 — a12a91)(—ag4a42 + agsaqss + agqas3 —
azaaqs) + (a12 — a13)(—ag4 + ags)x

A(1,2,4) 1 — a12a91 — A24a49 — A12a24T + a210427 + T2

A(l, 3, 4) 1-— a13021 — 434043 — A130A34T + a210a43%T + .1‘2

A(1,4) 1+ 22

A(2,3,4) —a24a42 + a34042 + 24043 — 34043

A(l, 4) 1-— a12a21

Let us examine DetA. If (a12 — a13)(ass — az4) # 0, let x be large enough in absolute value
to make DetA > 0. If (a12 — a13)(aszq — agq) = 0, then DetA = (1 — aj2a21)(—a24a42 + azqaq2 +
asqaqs — asqaqs) = Det A(1,2)DetA(2,3,4), which is a product of original minors. Therefore,
DetA is nonnegative.

The remaining 3 x 3 principal minors and the 2 x 2 minor are clearly nonnegative if x is
large enough.

Case 2b: a4o = a43. Set x14 = x and z41 = —x for x large enough in absolute value to
make the principal minors nonnegative. Let = be the same sign as (a12 — a13)(asq — agaq) if this
quantity is nonzero. It it is zero, x can be chosen freely. The principal minors of A which must
be checked are listed in Table 5.3. The original minors needed in order to show that they are
nonnegative are listed in the same table under the double line.

Let us examine DetA. If (a12 — a13)(asqs — az4) # 0, let x be large enough in absolute value
to make DetA > 0. If (a12 — a13)(ass — az24) = 0, then Det A = Det A(1,2,3)Det(3,4) > 0. The
minors DetA(1,2,4), DetA(1,3,4), and DetA(1,4) are clearly nonnegative if x is chosen large

enough.



47

Table 5.3 DetA and 3 x 3 principal minors of A in Case 2b

| Aa) | DetA() |

A(1,2,3,4) | (a12 — a13)asi(—ag4 + asa)ass + (—ai2a21 + a13a21 + a2as; — aizazr)(l —
asaaq3) + (a12 — a13)(—ag4 + aga)z

A(1,2,4) 1 — a12a91 — 24043 — A12G24T + A21 0437 + T

A(1,3,4) 1 — a13a31 — 34043 — A13Q34T + A310437 + T

A(1,4) 1+ 22

A(3, 4) 1-— a34a43

A(1,2,3) —ai2a21 + a13a21 + a12a31 — a13a31

Case 2c¢: ag1 # as1 and a4 # a43. Set x14 = x and x4y = —mx. The determinant of A and

the 3 x 3 principal minors of A which need to be checked are shown in Table 5.4.

Choose m to be a positive constant such that the coefficient (a2 — as1) (a42 — aq3) +
(—ai12a24 4 a13a24 + a12a34 — ajzass)m of x is nonzero. This is possible because (a1 —asz1)(a42 —
a43) is nonzero. So, if —aj2a94 + a13a24 + a12a34 — ajzass # 0, there is a specific value of m
such that the coefficient of x is equal to zero; if —ai2a24 + a13a24 + a12a34 — a13a34 = 0, then
m is irrelevant. Once m is chosen so that the coefficient of = is nonzero, we can choose x of
the same sign as its coeflicient and large enough in absolute value to make the determinant

of A nonnegative. The 3 x 3 principal minors and the 2 x 2 principal minor of A are clearly

nonnegative if x is chosen large enough (since m > 0).

Table 5.4 DetA and 3 x 3 principal minors of A in Case 2¢

| Aa) | DetA()
A(1,2,3,4) | —a12a21 + a13021 + a12a31 — @13a31 — A24042 + 413024031042 + 34042 —
13021034042 + Q24043 — 12024031043 — (34043 —+ 012021034043 +
((a21 — a31) (@42 — a43) + (—a12024 + a13a24 + a12a34 — ai3azs) m)
A(1,2,4) 1 — a12a21 — A24a42 + A21A42T — A12A24MT + MT>
A(1,3,4) 1 — a13a31 — a34G43 + A31A43T — a13a34MT + Mx>
A(1,4) 1+ ma?

This concludes both cases. Therefore, the double triangle as P 1-completion. [J
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Theorem 5.11 All order 4 graphs have Py 1-completion.

Proof: The double triangle (¢ = 5) has P ;-completion by Theorem 5.10. The 4 cycle
(¢ = 4, n = 2) has Py -completion by Theorem 5.9. Each of the remaining graphs has the

property that every component is block-clique, and thus has completion by Theorem 5.1.

Theorem 5.12 All patterns for the digraphs with
¢=0,g=1,¢=2,9=3,9=4,9=5,¢=0, and ¢ =12, and

q = 7 n = ]—29, 31, 5)4; 36'377
q = 8 n = 1-15; 18; 217 27}

q=9 n=1-2, 11;

q=12.

have Py 1-completion, and there exists at least one matriz satisfying the pattern for the

digraphs ¢ =9, n = 3; ¢ = 10, n = 5; and q = 11 which cannot be completed to a Py 1-matriz.

Proof:

Part 1: All digraphs listed in Theorem 5.12 and not listed below have P i-completion
by Corollary 5.4.

The digraph g = 8, n = 2 has P ;-completion by Theorem 5.9.

The following digraphs have Fp1-completion by Theorem 5.10 and Corollary 5.5: ¢ = 4,
n=16;¢q=>5,n=7,32,35;,q=06,n=4,7, 22 28, 30, 31, 33, 34, 37, 42; ¢ =7, n =2, 7, 8§,
10, 12, 13, 15, 17, 18, 20, 21, 23, 25, 27; g =8, n = 3-9, 11, 13-15; ¢ =9, n =1, 2.

The digraph ¢ = 6, n = 45 has Py-completion [2]. Therefore, it also has Py ;-completion The-
orem 5.6.

Part 2. Digraphs that do not have P 1-completion.

The digraphs ¢ =9, n = 3; ¢ = 10, n = 5; and ¢ = 11 do not have P-completion [13], [3],

and therefore do not have Py 1-completion by Corollary 5.8.
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APPENDIX Mathematica Files

The following cell must be run in Mathematica before any of the other Mathematica files in the Ap-

pendix can be run.

In[1]:= truth [a.] =If [a, 1, 0];
Clear [M n, ki , i, kj,]j, B, BB, PM submtx ];

MIB_, n_, ki _, kj .1 =
Table [B[[i +truth [ki <=i], ] +truth [kj <=j 111,

{i,1,n-1}, {j, 1, n-13}1;

cut [A, set _, PM] :=
Block [{k, n, Lset },
PM= A;
n = Dimensions [A]l[[11];
Lset = Length [set ];
Do[PM=M[PM n+1 -k, set [[k]], set [[k]1]]1, {k, 1, Lset }1;
Print [MatrixForm [PM]; Print [Det [PM]1;
The rest of the files in the Appendix contain the data used to complete the proofs for the classification
of the graph of the Double Triangle regardiRg,-completion, the classification of the digraphs 5,
n=7;,g=5n=8;9q=5n=9;g=6,n=4;g=6,n=5;q=6,n=6;q=6,n= 7 regarding sign
symmetricF, ;-completion, and the classification qf= 7, n = 2 regarding weakly sign symmetric

Po,1-completion.
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Mathematica Files for q = 7, n = 2 regarding weakly sign symmetric completion

p=4 g=7 n=2 has wssP0,1-completion

Here is how the pattern matrix for q7n2 looks after the diagonal entries have been made equal to 1
by multiplying by a positive diagonal matrix. Label Harary’s graph as 4321 beginning in the upper

left-hand corner of the graph, and going clockwise around the graph.

In[2]:= Clear [al2, x13, al4, a21, a23, x24, x31, x32, a34, a4l, x42, a43];

A= {{1, al2, x13, al4}, {a2l, 1, a23, x24},

(x31, x32, 1, a34}, {adl, x42, a43, 1}};

MatrixForm [
Al
1 al2 x13 al4

a2l 1 a23 x24
Out[2]=
x31 x32 1 a34

a4l x42 a43 1

Case 1: al2*a23*a34*a4D

In[3]:= x13 =ald4 xa43; x24 =a2l xald;x31 =0;x32 =0;x42 =0;

MatrixForm [A]

1 al2 alda43 ald

a2l 1 az23 al4 a2l
Out[3]=
0 0 1 a34
a4l O a43 1
In[4]:= Det [A]

Out[4]= 1-al2a2l1 -al4ad4l +al2alda2ladl -

al2a23a34ad4l -a34a43 +al2a2la34a43 +alda3dadlad3

In[5]:= Expand [Det [A] - ((1-al2 xa2l) (1 -al4 xad4l) (1 -a34 xa43) +

al2 x a2l xald xadl xa34 xa43 -al2 xa23 xa34 xadl)]
Outl5]= O
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3 x 3 minors:

In[6]:= Do[{Clear [P], cut [A {i}, P13}, {i, 4,1, -1}]
1 al2 ald4a43

a2l 1 az23
0 0 1

1- a12a21
1 al2 ald

a2l 1 ald a2l

a4l O 1

1- a12a21- al4 ad41+al2 ald a2l a4l
1 al4 a43 al4

0 1 a34
a4l a43 1

1- al4 a41- a34 a43+al4 a34 a4l a43
1 a23 ald4azl
0 1 a34
0 a43 1

1- a34 a43

2 X 2 minors:

In[7]:= Do[Do[ {Clear [P], cut [A, {i, ]}, P1}, {j,1,i -13}1, (i, 1, 4}]
1 a34

( )

a43 1

1- a34 a43
1 ald4a2l

( )

0 1
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Case 2: al2*a23*a34*a4D

In[8]:= Clear [al2, x13, al4, a2l1, a23, x24, x31, x32, a34, a4l, x42, a431];

A= {{1, al2, x13, al4d}, {a2l, 1, a23, x24},

(x31, x32, 1, a34}, {adl, x42, a43, 1}}; x13 = ald % a43;

X24 =a2l xald +a23 xa34;x31 =0;x32 =0;x42 =0;

MatrixForm [A]

1 al2 ald4a43 al4d
a2l 1 az23 ald4 a2l +a23a34
Out[8]=
0 0 1 a34
a4l 0 a43 1
In[9]:= Det [A]

Out[9)= 1-al2a2l1 -al4ad4l +al2alda2ladl -

a34a43 +al2a2la34a43 +ald4a34adladl

In[10]:= Expand [Det [A] - ((1-al2 xa2l) (1 -ald xa4l) (1 -a34 xad3) +
al2 x a2l xald xadl xa34 xa4d3)]

Out[10]= 0

3 x 3 minors

In[11]:= Clear [PA];cut [A, {4}, PAl;

1 al2 al4a43

a2l 1 a23
0 0 1
1- a12a21
In[12]:= Clear [PA];cut [A {3}, PAl;

Expand [Det [PA] - ((1 -a21 *al2) (1 -al4 «adl) +al2 «a23 »a34 »adl)]
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1 alz al4d
a2l 1 ald a2l +a23a34
a4l 0 1

1- a12a21- al4 ad1+al2ald a21 adl+al2 a23 a34 a4l

out[12]= 0

In[13]:= Clear [PA]; cut [A {2}, PA]; Expand [Det [PA] - (1 -al4 xa4l) (1 -a34 xa43)]
1 al4 a43 al4

0 1 a34
a4l a43

1- al4 a41- a34 a43+al4 a34 a4l a43

out[13]= 0

In[14]:= Clear [PA]; cut [A, {1}, PA]
1 a23 ald4a2l +a23a34

0 1 a34

0 a43 1

1- a34 a43
2 X 2 minors

In[15]:= Do[Do[ {Clear [P1, cut [A, {i, ]}, P1}, {j, 1,1 -1}1, {i, 1, 4}]

1 a34

( )

a43 1
1- a34 a43

1 ald4a2l +a23a34

< )

1- a14 a41
1 a23

( )

0 1

1
1 ald4a43

( )

0 1
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Mathematica Files for g = 5, n = 7 regarding sign symmetricF, ;-completion

p=4 g=5 n=7 has ssP0,1-completion

Label the digraph as 3412 starting in the upper left hand corner and goingclockwise. Here is how the
pattern matrix looks after the diagonalentries have been made equal to 1 by multiplying by a positive

diagonalmatrix.

In[16]:= Clear [al2, x13, x14, a2l1, a23, x24, x31, x32, a34, ad4l, x42, x43];

Clear [e, f, g1

A= {{1, al2, x13, x14}, {a2l, 1, a23, x24},

{x31, x32, 1, a34}, {ad4l, x42, x43, 1}};

MatrixForm [
Al
1 al2 x13 x14

a2l 1 a23 x24
Out[16]=
x31 x32 1 a34

a4l x42 x43 1

Case I: al2a23a34a40

WLOG (by diagonal similarity) can assume al2, a23, a34 and thus a4% 0 also.
We choose x32 small andso that 1-a23e0 (strictly), call it e.

We choose x43 small anglso that 1-a34x430 (strictly), call it e.

We choose x14 small anglso that 1-a34x140 (strictly), call it e.

Note e> 0 and can be chosen as small as desired.
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We choose x13a12a23= 1, x24=a23a34= 1, x31=x32a21= e a21, and x42x43x32=e"2.

In[17]:= Clear [al2, x13, x14, a21, a23, x24, x31, x32, a34, ad4l, x42, x431];

Clear [e, f, g1

A= {{1, al2, x13, x14}, {a2l, 1, a23, x24},
{x31, x32, 1, a34}, {a4l, x42, x43, 1}};x13 =1;
x31 = a2l *x32;x14 =e; x24 =1; x42 =x32 *x43; x32 =¢;

x43 =e;al2 =1;a23 =1;a34 =1;

MatrixForm [A]

1 1 1 e
a2l 1 1 1
Out[17]=
a2le e 1 1
a4l e? e 1
In[18]:= Det [A]

Out[18]= 1-a2l1 +ad4l -2e+2a2le -2ad4le +e®>-2a2le?+adle?+2a2le®-a2le

OK if e is small enough because 1-al2a@land a41= al2a23a34a440. The rest of the terms have

e’s in them, so these terms need only be less than al2a23a34a41 for:et[A]
3 X 3 minors:

In[19]:= Clear [PA]; cut [A, {4}, PA]
1 1 1
a2l 1 1

a2le e 1

1-a2l1-e +a21e

In[20]:= Expand [Det [PA] - (1 -a21) (1-e)]
Out[20l= O
OK if e small

In[21]:= Clear [PA];cut [A {3}, PAl;
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1 1 e
a21 1 1
a4l e? 1

1-a21 +a4l- a4le-e?+a21ed

OK if e is small enough because 1-al2aland a42> 0.

In[22]:= Clear [PA];cut [A {2}, PAl;
1 1 e
a2le 1 1
adl e 1

l+adl-e- a21e-adle+a21ed

OK if e is small enough.

In[23]:= Clear [PA];cut [A {1}, PAl;
1 11

OK if e is small enough.
2 X 2 minors:
The following are all OK if e is small enough.

In[24]:= Do[Do[ {Clear [P1, cut [A, {i, ]}, P1}, {j, 1,1 -1}1, (i, 1, 4}]
1 1

)

e 1

l-e
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1 1
a2le 1

1-a21e
1 1

a2l 1
l-a21

Case Il: al2a23a34a410.

Use a diagonal similarity to make the superdiagonal entries all 1. Ther &teplace a4l by by -b

so the symbol b is positive
set x32x43=e, x14=-¢, assign other values in pairs, f, g small positive

In[25]:= Clear [al2, x13, x14, a21, a23, x24, x31, x32, a34, ad4l, x42, x431;

Clear [e, f, g1;

A= {{1, al2, x13, x14}, {a2l, 1, a23, x24},
{x31, x32, 1, a34}, {adl, x42, x43, 1}};al2 =1;
a23 =1;a4l =-b;a34 =1;x24 = -g; x42 = -g; x32 =¢e;

x43 =e; x14 = -e; x13 =f ; x31 =1 ;

MatrixForm [A]

21 1 -g
Out[25]=

f e 1 1

b g e 1

First let e equal zero and then choose f and g positive & small enough to make each new minor positive.

Then perturb so that e is positive and yet small enough to keep all new minors nonnegative.
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In[26]:= e=0;

MatrixForm [A]

1 1 f 0
a2l 1 1 -g
Out[26]=
f 0 1 1
b -g 0 1
In[27]:= Det [A]

Out[27]= 1-a2l +b+f -bf -f2_g+bg+a2lfg -g?+f2g?

OK, this minor is positive if the sum of all of the terms which contain an f or a g is less in magnitude

than a41l.
3 X 3 minors:

In[28]:= Clear [PA];cut [A {4}, PAl;
1 1 f

a2zl 1 1

f 0 1

1-a21 +f- 2

Since 1-a21 is nonnegative, as long as f is less than 1, this minor is positive.

In[29]:= Clear [PA];cut [A {3}, PAl;
1 1 0

a2l 1 -g

-b -g

1-a21 +bg-g?

Since 1-a21lis nonnegative, this minor is positive as long as g is less than a41.

In[30]:= Clear [PA];cut [A {2}, PAl;
1 f 0

{ f 11

-b 0 1

1-bf-f2
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OK if f is small enough.

In[31]:= Clear [PA];cut [A {1}, PAl;
1 1 -g

0 1 1

-g 0 1
1-g- ¢

OK if g is small enough
2 X 2 minors:

In[32]:= Do[Do[{Clear [P1, cut [A {i, ]}, P13}, {j,1,i -131, (i, 1, 4}]
11

()

0 1

All of these 2 x 2s are positive for small f, g except the original minor

Since all new minors are positive, we can perturb the zero entries opposite nonzero entries (by perturb-

ing e to be positive) and yet keep all the minors nonnegative.
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Case lll: a12a23a34a4410
Then at least one of the off-diagonal entries are zero.
SubCase Il A: a120

Then a21 is also zero by sign symmetry. Let x14, x 32= f, x 43 = g be small enough and of same

sign as a41l, a23, a34 respectively, all others 0.

In[33]:= Clear [al2, x13, x14, a21, a23, x24, x31, x32, a34, ad4l, x42, x431];

Clear [e, f, g1

A= {{1, al2, x13, x14}, {a2l, 1, a23, x24},
(x31, x32, 1, a34}, {adl, x42, x43, 1}};al2 =0; a2l = 0;

x13 =0;x14 =e;x32 =f;x43 =g;x31 =0;x42 =0;x24 =0;

MatrixForm [A]

1 0 O e

out[33]=
0 f 1 a34

a4l 0 g 1
Then all new minors are OK if e, f, g small enough:

In[34]:= Det [A]

Out[34]= 1-adle -a23f +a23ad4lef -a34g
3 x 3 minors:

In[35]:= Do[{Clear [P], cut [A, {i}, P13}, {i, 4, 1, -1}1]
1 0 0

0 1 a23

o f 1

1- a23 f
1 0 e

0 1 0
a4l 0 1

1- a41e
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1 0 e
0 1 a34
a4l g 1
1- a41e-a34g
1 a23 o0
f 1 a34
0 g 1

1-a23 f-a34g

2 X 2 minors:

In[36]:= Do[Do[ {Clear [P1, cut [A, {i, ]}, P1}, {j, 1,1 -13}1, {i, 1, 4}]
1 a34

( )

g 1
1-a349
1 0

()

0 1

SucCase Il B: a340;
Then x43 must also be zero by sign symmetry.

Sub-subCase llIBi: al2*azt 1
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Let x14= e, x32= f be small enough and of same sign as a41, a23, set all others to 0.

In[37]:= Clear [al2, x13, x14, a21, a23, x24, x31, x32, a34, ad4l, x42, x431];

Clear [e, f, gl;

A= {{1, al2, x13, x14}, {a2l, 1, a23, x24},
{x31, x32, 1, a34}, {a4l, x42, x43, 1}};a34 =0;

x13 =0;x14 =e;x32 =f;x43 =0;x31 =0;x42 =0; x24 =0;

MatrixForm [A]
1 al2 0 e
a2l 1 a23 0
Out[37]=
0 f 1 0

a4l O 0 1

Then all new minors are OK if e, f small enough:

In[38]:= Det [A]

Out[38]= 1-al2a2l -ad4le -a23f +a23adlef
3 X 3 minors:

In[39]:= Do[ {Clear [P]1, cut [A, {i}, P13}, (i, 4,1, -1}1
1 al2 0

a2l 1 az23

0 f 1

1- a12a21-a23 f
1 al2 e

a2zl 1 O
a4l 0 1

1- a12a21-adle
1 0 e

OlOJ
a4l 0 1

1- ad1e
1 a23

_.,
-
© o

0O 0 1
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1- a23 f

2 X 2 minors:

In[40]:= Do[Do[ {Clear [P1, cut [A, {i, ]}, P1}, {j, 1,1 -1}1, {i, 1, 4}]
1 0

()

0 1

1- a12a21

Sub-subCase IlIB ii: al2*a241

Since al2*a2%1, without loss of generality, we can set them both equal to 1.
Set x13x31=0.

Set x24=x42=g with g=sign a41*minfa41,1)/2, so a41g-g*20 or a4%g=0.

set x14=s and x43= t very small, matching signs of a41, a34.
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In[41]:= Clear [al2, x13, x14, a2l1, a23, x24, x31, x32, a34, ad4l, x42, x431];

Clear [e, f, g, s, t]

A= {{1, al2, x13, x14}, {a2l, 1, a23, x24},
{x31, x32, 1, a34}, {a4l, x42, x43, 1}};al2 =1;
a2l =1;a23 =0;x32 =0;x24 =9g;x42 =9;

x14 =s;x43 =t ;x13 =0;x31 =0;

MatrixForm [A]

1 1 0 s
1 0 g
Out[41]=
0 0 1 a34
a4l g t 1

Then usinge41 g - g2> 0 and|gl < 1, if s and t are small enough, all minors are nonnegative:

In[42]:= Det [A]

Out[42]= ad4lg -g2-adls +gs
3 X 3 minors:

In[43]:= Do[{Clear [P], cut [A, {i}, P13}, {i, 4,1, -1}]
1 1 0

1 1 0
0 0 1

0
1 1 s

1 1 g
a4l g 1

a4l Q- g%-a41s+gs
1 0 s

0 1 a34

a4l t 1

1- a41s-a34t
1 0 g

0 1 a34

gt 1
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1- g2- a34t

2 X 2 minors:

In[44]:= Do[Do[ {Clear [P1, cut [A, {i, ]}, P1}, {j, 1,1 -1}1, {i, 1, 4}]
1 a34

( )

SubCase IlIC: a230

Then x32 is also zero by sign symmetry. Setx&4mall enough and of same sign as a41=t3mnall

and same sign a34. Set x4212*a41, x24s small same sign al2*a41, all others 0



In[45]:=

Out[45]=

In[46]:=

Out[46]=

In[47]:=

out[47]=
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Clear [al2, x13, x14, a2l1, a23, x24, x31, x32, a34, ad4l, x42, x431];

Clear [e, f, g, s1;

A= {{1, al2, x13, x14}, {a2l, 1, a23, x24},
{x31, x32, 1, a34}, {a4l, x42, x43, 1}};a23 =0;

x42 = a4l xal2;x14 =e; x32 =0;x43 =f;x24 =s;x13 =0;x31 =0;

MatrixForm [A]

1 al2 0 e
a2l 1 0 s
0 0 1 a34

a4l al2a4l f 1

Det [A]

1-al2a2l -ad4le +al2a2ladle -a34f +al2a2la34f

Expand [Det [A] - (1 -al12 xa2l1) (1 -a4l xe-a34 »f)]

0

OK if e, f small enough.

3 x 3 minors:

The following are all OK if e, f, s small enough.

In[48]:= Do[ {Clear [P], cut [A, {i}, P13}, (i, 4,1, -1}]
1 al2 o

a2l 0
0 1

1- a12a21
1 al2 e

a2l 1 S

a4l al2a41 1

1- a12 a21- a4l e+al2a2l adle

1 0

a4l f

0 1 a34

e

1
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1- a41e-a34 f
1 0 S
0 1 a34

al2a4l f 1

1- a34 f -a12a41s

2 X 2 minors:

The following are all OK if e, f, s small enough.

In[49]:= Do[Do[ {Clear [P1, cut [A, {i, ]}, P1}, {j, 1,1 -1}1, {i, 1, 4}]
1 a34

( )

al2a4l 1

1- a12a41s
1 e

a4l 1

1- a41e

1- a12a21

SubCase IIID: a420 (similar to I11IC a23-0)

Then x14 is also zero by sign symmetry. Setx82mall enough and of same sign as a23=t438nall

and same sign a34. Set xd&12*a23, x3Es small same sign al2*a23, all others 0
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In[50]:= Clear [al2, x13, x14, a2l, a23, x24, x31, x32, a34, a4l, x42, x431;

Clear [e, f, g, s1;

A= {{1, al2, x13, x14}, {a2l, 1, a23, x24},
{x31, x32, 1, a34}, {a4l, x42, x43, 1}}; a4l =0;

x13 =al2 xa23;x14 =0;x32 =e; x43 =f;x31 =s;x42 =0;x24 =0;

MatrixForm [A]
1 al2 al2a23 0
a2l 1 a23 0

Out[50]=
S e 1 a34

0 0 f 1

All are OK if e, f small enough.

In[51]:= Det [A]

Out[51]= 1-al2a2l -a23e +al2a2la23e -a34f +al2a2la34f

In[52]:= Expand [Det [A] - (1 -al2 xa2l) (1-a23 xe-a34 xf)]
Out[52]= O

3 x 3 minors:

In[53]:= Do[{Clear [P], cut [A, {i}, P13}, {i, 4, 1, -1}1]

1 al2 al2a23
azl 1 a23
s e

1- a12a21- a23e+al2a21 a23e

1 al2 o0
a2zl 1 O
0 0o 1
1- a12a21
1 al2a23 O
s 1 a34
0 f 1

1- a34 f -a12a23s
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1 az23 0
e 1 a34
0 f 1

1- a23e-a34 f

2 X 2 minors:

In[54]:= Do[Do[ {Clear [P1, cut [A, {i, ]}, P1}, {j, 1,1 -13}1, {i, 1, 4}]
1 a34

( )

1- a23e
1 al2a23

( )

s 1

1- a12a23s

1- a12a21

Mathematica Files for q = 5, n = 8 regarding sign symmetricP, ,-completion

p=4 g=5 n=8 has ssP0,1-completion

Label the digraph as 4321 starting in the upper left hand corner and going clockwise. Here is how the

pattern matrix looks after the diagonal

entries have been made equal to 1 by multiplying by a positive diagonal matrix.



In[55]:=

Out[55]=
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Clear [al2, x13, al4, a2l, a23, x24, x31, x32, x34, x41, x42, a431];

A= {{1, al2, x13, al4}, {a2l, 1, a23, x24},

{x31, x32, 1, x34}, {x41, x42, a43, 1}};

MatrixForm [
Al
1 al2z x13 al4
a2l 1 a23 x24
x31 x32 1 x34
x41 x42 a43 1

Case 1: a21*a23*a43*ad0d

WLOG (by diagonal similarity), we can assume al2, a23,-a43and thus a440 also.

Let x34=

Let x32=

e >0 and small enough so that 1-a438.

e> 0 and small enough so that both 1-a28end 1-al4*a21*a43*€0.

Let x13=al2*a23, x3ta2l*e, x24a23*e, x42e*a43, and x4%a2l1*e*a43.

In[56]:=

out[56]=

In[57]:=

Out[57]=

In[58]:=

Out[58]=

Clear [e, f, gl;

al2 =1;a23 =1;a43 =1;x13 =al2 xa23; x31 = a2l »x32;

X24 = a23 » x34 ; x42 =x32 xad43; x4l = a2l *x32 xad3;x32 =e; x34 =¢e;

MatrixForm [A]

1 1 1 al4
a2zl 1 1

a2le e 1 e
a2le e 1

Det [A]

1-a2l -2e+2a2le +e?-a2le?

Expand [Det [A] - ((1-a21 xal2) (1-€e)72)]

0



71

3 x 3 minors

In[59]:= Clear [PA]; cut [A, {4}, PA]; Expand [Det [PA] - (1-al2 xa2l1) (1-e)]
1 11
a2l 1 1

a2le e 1

l-a2l-e +a2le
Out59= O
In[60]:= Clear [PA]; cut [A {3}, PA]; Expand [Det [PA] - (1-al2 xa2l1) (1-€2)]

1 1 al4
a2zl 1 e

a2le e 1
1-a21- e?+a21e?
Oout[60]l= O
In[61]:= Clear [PA]; cut [A, {2}, PA]; Expand [Det [PA] - (1-a43 *x34) (1 -2a21 xe)]

1 1 al4

a2le 1 e

a2le 1 1

l-e- a21e+a21¢e?
Out[61]= O
In[62]:= Clear [PA]; cut [A, {1}, PA]; Expand [Det [PA] - (1-€)72]

1 1 e

e 1 e

e 1 1

1-2e+e?

Out[62]= O
2 X 2 minors
all OK or original for e small

In[63]:= Do[Do[ {Clear [P1, cut [A {i,]j3} P13}, {j,1,i -1}1, {i, 1, 431
1 e

)

11
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az2le 1

1- al4a21e
1 1

)

e 1
l-e

1 1
a2le 1

1-a21e
1 1

a2l 1
1-a21
Case 2: a21*a23*a43*al4d 0
Note this means that a21, a23, a43, al4, x32, x34, x41 are all nonzero.

Do a similarity operation that makes adP, a23=1, and a431.

Then a41< 0. We replace the symbol a41 with the symbol -b so that all the symbols in the matrix are

positive.

Case 2a: aZ8> 1 (and a21*a23*a43*al4 0)

Let x34=e, x3Ze, x24=e, x42=e, x41=-e, x13=0, x31=0.
Note 1 - a21> 0.

Choose e positive and as small as needed. Since there are finitely many continuous minors to satisfy,

the following minors can be made nonnegative.
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In[64]:= Clear [b, e, f, g1;

al2 =1;a23 =1;a43 =1;x34 =e;x32 =e; X24 =e;

x42 =e; x41 = -e;x13 =0;x31 =0; ald = -b;

MatrixForm [A]

1 1 0 -b
a2l 1 e
Out[64]=
0 e 1 e
-e e 1 1

Since 1-a2% 0, all OK if e is small enough.

In[65]:= Det [A]

Out[5]= 1-a2l -2e+a2le -be+e?+be?
3 X 3 minors:

In[66]:= Do[ {Clear [P]1, cut [A, {i}, P13}, (i, 4,1, -1}1]
1 1 0

a2zl 1 1

0 e 1

1l-a2l-e
1 1 -b

a2zl 1 e

-e e 1
1-a21- be-a21be-2¢e?
1 0 -b
0 1 e

-e 1 1

l-e- be
1 1 e

e 1 e

e 1 1

1- 2 e+e?

2 X 2 minors:
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In[67]:= Do[Do[ {Clear [P1, cut [A, {i, ]}, P1}, {j, 1,1 -1}1, {i, 1, 4}]
1 e

()

1 1
1-e
1 e

)

e 1

a2l 1
1-a21
Case 2b: a2%1 (and al2a23-a43=1 and al4= -b, b>0)
Let x31=f, x13=f, x24=-g, x42=-g, x32=f, x41=-e, and x34e, with e,f,g> 0.

Note this means that a21, a23, a43, al4, x32, x34, x41 are all nonzero. The matrix below has been set

up so that all variables are positive.

In[68]:= Clear [al2, x13, al4, a2l, a23, x24, x31, x32, x34, x41, x42, a43];

Clear [e, f, g, b, c];

al2 =1;a21 =1;a23 =1;x31 =f;x13 =f;a43 =1;

X24 = -g; x42 = -g;x32 =f ;x41 = -e; x34 =e; ald = -b;

MatrixForm [A]
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1 1 f -b

1 1 -
Out[68]= [ 9 J

f f 1 e

e -g 1 1

Choose f and g first so that the minors are positive whelh &hat is, choose f first and then g so that
each are the smallest of that necessary to make each of the minors positive. Then perturb e to make e

positive, but not so large that the minors become nonnegative.

In[69]:= e=0;

MatrixForm [A]

1 1 f -b

1 1 1 -g
Out[69]=

f f 1 0

0 g 1 1
In[70]:= Det [A]

Out[70]= bg-bfg -g?>+f2¢g?

In[71]:= Expand [Det [A] - (g(b(1-f) -g(1-f2 )))]

Out[71]= O

Fix f<1. Then choose g so that g(1-f"2) is less than b(1-f). Then Def)A]

3 x 3 minors:
In[72]:= Clear [PA];cut [A {4}, PAl;
1 1 f
{1 11
1
0
In[73]:= Clear [PA]; cut [A, {3}, PA]l; Expand [Det [PA] -g(b-0)]1
1 1 -b
(1 1 -g
0 -g 1

bg-g2
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Out[73]= O

OKifg<b

In[74]:= Clear [PA];cut [A {2}, PAl;
1 f -b

i

0 1 1

1-bf-f?2

OK if f is small enough.

In[75]:= Clear [PA];cut [A {1}, PA];

OK if f and g are small enough.
2 X 2 minors:
The following are all OK if f, g are small enough.

In[76]:= Do[Do[ {Clear [P1, cut [A {i,]j3} P13}, {j,1,i -1}1, {i, 1, 4}]
1 0

()

11



77

Case 3: a21*a23*a43*al40

This implies at least one of the off-diagonal entries are zero.

Case 3a: al2a21=0

Set x4Ee;x32f;x34=g; and all others O

In[77]:= Clear [al2, x13, al4, a2l, a23, x24, x31, x32, x34, x41, x42, a43];

Clear [e, f, g1;

A= {{1, al2, x13, al4d}, {a2l, 1, a23, x24},
{x31, x32, 1, x34}, {x41, x42, a43, 1}};al2 =0;a2l1 =0;

x31 =0;x13 =0;%x24 =0;x42 =0;x41 =e;x32 =f ;x34 =g;

MatrixForm [A]

1 0 0 al4

0 1 a23 O
Out[77]=

o f 1 g

e 0 a43 1

All minors OK if e, f, g small enough:

In[78]:= Det [A]

Out[78]= 1-alde -a23f +alda23ef -a43g
3 X 3 minors:

In[79]:= Do[ {Clear [P1, cut [A, {i}, P13}, (i, 4,1, -1}]
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1 0 O
0 1 a23
o f 1

1- a23 f
1 0 al4

010}
e 0 1

1- alde
1 0 al4

0o 1 g]
e a43 1

1- al4 e- a43g
1 a23 o0

f 1 g
0 a43 1

1- a23 f - a43g

2 X 2 minors;

In[80]:= Do[Do[ {Clear [P1, cut [A, {i, ]}, P1}, {j, 1,1 -1}1, (i, 1, 431
1 g

< )

a43 1

1- a43g

10

()

0 1
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Case 3b: a230=>x32=0

Case3bi: al2*ax>1

So 1-a21*a2% 0.

Set x41= e, x34=f, all others 0

In[81]:= Clear [al2, x13, al4, a21, a23, x24, x31, x32, x34, x41, x42, a43];

Clear [e, f, g1;

A= {{1, al2, x13, al4d}, {a2l, 1, a23, x24},
{x31, x32, 1, x34}, {x41, x42, a43, 1}};a23 =0;

x31 =0;x13 =0;x24 =0;x42 =0;x32 =0;x41 =e; x34 =f;

MatrixForm [A]

1 alz2 0 ala
a2l 1 0 0

out[81]=
Since 1-al2 a2% 0, all minors OK if e, f is small enough.

In[82]:= Det [A]

Out[82]= 1-al2a?l -alde -a43f +al2a2la43f

3 X 3 minors:

In[83]:= Do[ {Clear [P], cut [A, {i}, P13}, (i, 4,1, -1}1]
1 al2 o

a2l 1 0
0 0 1

1- a12a21
1 al2 al4

a2l 1 0

e 0 1
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1- a12a21-alde

e a43 1

1- al4e-a43 f
1 0 O

0 1 f
0 a43 1
1- a43 f

2 X 2 minors:

In[84]:= Do[Do[ {Clear [P1, cut [A, {i, ]}, P1}, {j, 1,1 -1}1, {i, 1, 4}]

1- a12a21

Case3bii: al2*a221 (and a230 => x32=0)
Without loss of generality, we can make aB21=1;

set Xx3E0; x13=0; x24=Q; x42=q; x32=0; x41=e; x34=f;
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In[85]:= Clear [al2, x13, al4, a2l, a23, x24, x31, x32, x34, x41, x42, a43];

Clear [e, f, g1;

A= {{1, al2, x13, ald}, {a2l, 1, a23, x24},
{x31, x32, 1, x34}, {x41, x42, a43, 1}};al2 =1;a21 =1;

a23 =0;x31 =0;x13 =0;x24 =g;x42 =g;x32 =0;x41 =e; x34 =1 ;

MatrixForm [A]

1 1 0 al4
1 0 g
Out[85]=
0 0 1 f

e g a43 1

Temporarily set €0.

Choose f small enough so that 1-a43 .

Ifal4 =0, set g0, all are minors nonnegative

If a14 not 0, make all minors that contain e positive so we can perturb e.

In[86]:= e = 0; MatrixForm [A]
11 0 al4

11 0O g
Out[86]=

0O 0 1 f

0 g a43 1
In[87]:= Det [A]

Out[87]= aldg -g?
Positive if g< al4, else g0 and this is O
3 X 3 minors:

In[88]:= Clear [PA];cut [A, {4}, PAl;
1 1 0

1 10

0 0 1
0
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None of these entries contain an entry set to e, so it is OK that it is not positive.

In[89]:= Clear [PA];cut [A {3}, PAl;
1 1 al4
11 g
0 g 1

aldag-g?

Positive if g< al4, else g0 and thisis 0

In[90]:= Clear [PA];cut [A {2}, PAl;
1 0 al4
0 1 f ]
0 a43 1

1- a43 f

In[91]:= Clear [PA];cut [A {1}, PAl;
1 0 g
0o 1 f
g a43 1

1- a43 f - g2

Positive if g small or 0.
2 X 2 minors:

In[92]:= Do[Do[ {Clear [P1, cut [A, {i, ]}, P1}, {j, 1,1 -1}1, {i, 1, 4}]
1 f

a43 1

1- a43 f

1 g9

( )

g 1

1- g2

1 al4

( )

0 1
1
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Case 3c: a430=> x34=0

Casedci: al2*aXi> 1 so 1-al2a2% 0

Set x3E0;x13=0;x24=0;x42=0;x32=f;x41=¢e;

In[93]:= Clear [al2, x13, al4, a2l, a23, x24, x31, x32, x34, x41, x42, a43];

Clear [e, f, gl;

A= {{1, al2, x13, al4d}, {a2l, 1, a23, x24},
{x31, x32, 1, x34}, {x41, x42, a43, 1}};a43 =0;

x31 =0;x13 =0;x24 =0;x42 =0;x32 =f;x41 =e; x34 =0;

MatrixForm [A]

1 al2 0 al4

out[93]=

Sincel-al2 a2 0, all minors OK if e is small enough.

In[94]:= Det [A]

Out[94]= 1-al2a2l -alde -a23f +alda23ef
3 X 3 minors:

In[95]:= Do[{Clear [P1, cut [A, {i}, P13}, {i, 4,1, -1}]
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1 alz 0
a2l 1 a23

0 f 1

1- al2 a21-a23 f

1 al2 al4
a2l 1 0
e 0 1

1- a12a21-alde
1 0 al4

01 O

e O 1

1- alde
1 a23 0

f 1 0
0O 0 1

1- a23 f

2 X 2 minors;

In[96]:= Do[Do[ {Clear [P1, cut [A, {i, ]}, P1}, {j, 1,1 -1}1, (i, 1, 431
1 0

()

0 1
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1- a12a21

Case3cii: al2*a241
Without loss of generality, we can make abB21=1;
Set x3EQ2;x13=g2;x24=g1;x42=g1;x32%=e2;x4kel,;

In[97]:= Clear [al2, x13, al4, a2l, a23, x24, x31, x32, x34, x41, x42, a43];

Clear [e, f, g, €1, e2, g1, 92];

A= {{1, al2, x13, al4}, {a2l, 1, a23, x24},
{x31, x32, 1, x34}, {x41, x42, a43, 1}};al2 =1;
a2l =1;a43 =0;x31 =g2;x13 =9g2;x24 =9gl;x42 =91;

x32 =e2;x41 =el; x34 =0;

MatrixForm [A]

1 1 92 al4
1 a23 g1
Out[97]=
g2 e2 1 0

el gl 0 1
Temporarily setex e2=0
In[98]:= el =0; e2 = 0; MatrixForm [A]

1 1 g2 al4

a23 91
Out[98]=

g2 0 1 ©O
0 g0 O 1

If al4 =0, set g+0 (and el stays 0)

If a14 not 0, choose g1 small to make all minors that contain el positive so we can perturb el.

If a23 = 0 set gZ0 (and e2 stays 0)

If a23 not 0, choose g2 small to make all minors that contain e2 positive so we can perturb e2.

In[99]:= Det [A]
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Out[99]= ald4gl - gl?+a239g2 -ald4a23glg2 -g22+gl2g2?
Positive if al4 or a23 nonzero and g1, g2 small enough.
3 X 3 minors:

In[100]:= Clear [PA];cut [A, {4}, PA];
1 1 g2
1 1 a23

g2 0 1

a23 g2- g2?

Can be made positive with small g2 if a23 not 0.

In[101]:= Clear [PA];cut [A, {3}, PAl;
1 1 al4
1 1 g1
0 01 1

al4 gi- g1?

Can be made positive if with small g1 if al4 not O.

In[102]:= Clear [PA];cut [A {2}, PA];
1 g2 al4
g2 1 0
0 o0 1

1- g22

In[103]:= Clear [PA];cut [A {1}, PA];
1 a23 g1
0 1 0
gl O 1

1- g12

2 X 2 minors:

In[104]:= Do[Do[ {Clear [P1, cut [A {i, ]}, P1}, {j,1,i -1}1, {i, 1, 4}1
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1 al4
0 1

1 a23

Case 3d: al40 so x4E0

Case3ddi: al2*a21 not 1

So 1-a21*a2% 0.

Set x32Ze, x34=f, all others 0

In[105]:= Clear [al2, x13, al4, a21, a23, x24, x31, x32, x34, x41, x42, a431;

Clear [e, f, 01;

A= {{1, al2, x13, al4}, {a2l, 1, a23, x24},
{x31, x32, 1, x34}, {x41, x42, a43, 1}};ald =0;

x31 =0;x13 =0;%x24 =0;x42 =0;x32 =e; x41 =0;x34 =1 ;

MatrixForm [A]
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1 al2 o0 O
1 az23

o

Out[105]=
e 1 f

0 0 a43 1

Since 1-al2 a2% 0, all minors OK if e, f small enough.

In[106]:= Det [A]

Out[106]= 1-al2a2l -a23e -a43f +al2a2la43f
3 X 3 minors:

In[107]:= Do[{Clear [P, cut [A, (i}, P1}, {i, 4,1, -1}]
1 al2 o0
a2l 1 az23

e

1- a12a21- a23e
1 al2 0

a2l 1 O
0 0 1

1- a12a21
1 0 0

o1t
0 a43 1

1- a43 f
1 a23 0
e 1 f J
0 a43 1

1- a23 e- a43 f

2 X 2 minors:

In[108]:= Do[Do[ {Clear [P]1, cut [A, {i,j3}, P13}, {j,1,i -1}1, (i, 1, 431
1 f

( )

a43 1

1- a43 f
10

()

0 1
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1- a12a21

Case3dii: al2*a241 (and al40 so x4%0)
Without loss of generality, we can make aB21=1;
Set Xx3EQ; x13=0; x24=0; x42=0; x32=e; x34=f;

In[109]:= Clear [al2, x13, al4, a2l1l, a23, x24, x31, x32, x34, x41, x42, ad431;

Clear [e, f, g, el, e2];

A= {{1, al2, x13, al4}, {a2l, 1, a23, x24},
{x31, x32, 1, x34}, {x41, x42, a43, 1}};al2 =1;a2l =1;

ald =0;x31 =g;x13 =g;x24 =0;x42 =0;x32 =e; x41 =0;x34 =f;

MatrixForm [A]
11 g O

1 a23
Out[109]=

o

g e 1 f
0 0 a43 1

Temporarily set €0.
Choose f small enough so that 1-a43 0.

If a23 =0, set =0, all are minors nonnegative
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If a23 not 0, choose g to make all minors that contain e positive so we can perturb e.

In[110]:= e = 0; MatrixForm  [A]

11 g O

1 1 a23 0
Out[110]=

g 0 1 f

0 0 a43 1
In[111]:= Det [A]

Out[111]= a23g - g?
Positive if g< a23.
3 X 3 minors:

In[112]:= Clear [PA];cut [A, {4}, PA];
11 g
{1 1 az23
g 0 1

a23g-g?

Positive if g< a23.

In[113]:= Clear [PA];cut [A, {3}, PAl;
1 10

1 10

0 0 1

0

The zero entries in this matrix will remain zero when e is perturbed. Therefore, this minor is OK.

In[114]:= Clear [PA];cut [A {2}, PA];
1 g O
g 1 f
0 a43 1

1- a43 f - g2

OKif a43f< 1 and g small
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In[115]:= Clear [PA];cut [A {1}, PA];
1 a23 0
0 1 f

0 a43 1

1- a43 f

2 X 2 minors:

In[116]:= Do[Do[ {Clear [P], cut [A, {i, ]}, P1}, {j,1,i -1}1, (i, 1, 4}]
1 f

a43 1

1- a43 f

Mathematica Files for g = 5, n = 9 regarding sign symmetric completion

p=4 0g=5 n=9 has ssP0,1-completion

Label the digraph as 4321 starting in the upper left hand corner and going clockwise. Here is how the
pattern matrix looks after the diagonal entries have been made equal to 1 by multiplying by a positive

diagonal matrix.
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In[117]:= Clear [al2, x13, al4, a2l, x23, x24, x31, a32, a34, x41, x42, x43, el;

A= {{1, al2, x13, al4}, {a2l, 1, x23, x24},

{x31, a32, 1, a34}, {x41, x42, x43, 1}};

MatrixForm [
Al
1 alz x13 al4

a2l 1 X23 x24
Out[117]=
x31 a32 1 a34

x41 x42 x43 1

Case 1: al2a32a34a240
This implies that the factors and also their pairs are nonzero.

WLOG (by diagonal similarity), we can assume ad32=a34=1, and thus al40 also. Note that

a21>0 by sign symmetry.

Let x43= e >0 and small enough so that both 1-a34x83&nd 1-al4*a21*a32*x430.
Let x23=e>0 and small enough so that both 1-a32x@3If a32=0,then let x23:0).
Let x13=al2*e, x3Eka2l, x24e, x42=e, x41=a2l*e.

In[118]:= al2 =1;a32=1;a34 =1;x43 =¢e; x23 =¢e; x13 =¢;

x31 = a2l xa32; x24 =e; X42 =e; x41 = a2l »x43;

MatrixForm [A]

1 1 e al4
a2l 1 e e

Out[118]=
a2l 1 1 1
a2le e e 1
In[119]:= Det [A]

Out[119]= 1-a2l -2e +2a2le +e?-a2le?

In[120]:= Expand [Det [A] - ((1-a21 xal2) (1-e)"2)]



93

Out[120]= 0

3 X 3 minors:

In[121]:= Clear [PA]; cut [A, {4}, PA]; Expand [Det [PA] - (1 -a21) (1-e)]
1 1 e
a2l 1 e

a2l 1 1

l-a2l-e +a2le
Ouf[121]= O
In[122]:= Clear [PA]; cut [A, {3}, PA]; Expand [Det [PA] - (1-a21) (1-€2)]

1 1 al4
a2l 1 e

a2le e 1
1-a21- e?+a21e?

out[122]= 0

In[123]:= Clear [PA];cut [A, {2}, PA]; Expand [Det [PA] - (1-€e) (1-a2l1 xe)]
1 e al4
a2l 1 1
a2le e 1

l-e- a21e+a21e?

Out[123]= O

In[124]:= Clear [PA]; cut [A, {1}, PA]; Expand [Det [PA] - (1 -¢€) (1 -x43)1]
1 e e

{1 11 J

e e 1

1-2e+e?

Out[124]= O

2 X 2 minors:

In[125]:= Do[Do[{Clear [P], cut [A {i,j}, P13}, {j, 1, i -1}1, {i, 1, 4}]
1 1

)

e 1
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az2le 1

1- al4a21e
1 e

)

11

a2l 1

1-a21

In[126]:= Clear [PA];cut [A, {4, 3}, PA]
1 1

( )

a2l 1
1-a21
Case 2: al2a32a34a340
Note this means that al2, x23, a34, x41, a21, a32, x43, and al4 are all nonzero.
Do a diagonal similarity operation that makes ad32=a34=1. Then al40.
We replace al4 with -b so that all the symbols in the matrix below are positive.
Set x23e, x43=¢e, and x4%t-e. Set x3Ex13=f and x24=x42=-g.
First set e= 0.

Choose f positive so that f is less than a21 and 1. Then choose g positive and small enough to make
each 3 by 3 and 4 by 4 minor containing x23, x43 or x41 positive. Then we can perturb e to be positive,

and yet small enough to keep each minor nonnegative.
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In[127]:= Clear [al2, x13, al4, a21, x23, x24, x31, a32, a34, x41, x42, x431;

Clear [e, f, g1;

A= {{1, al2, x13, al4d}, {a2l, 1, x23, x24},
{x31, a32, 1, a34}, {x41, x42, x43, 1}};al2 =1;
a32 =1;a34 =1;x13 =f;x31 =f;x24 = -g; x42 = -g;

x23 =e; x43 =e; x4l = -e; ald = -b;

MatrixForm [A]

a2zl 1 e -g
Out[127]=
f 1 1 1
-e -g e 1
In[128]:= e=0;
MatrixForm [A]
1 1 f -b
a2l 1 0 -g
Out[128]=
f 1 1 1
0 -g 0 1
In[129]:= Det [A]

Out[129]= 1-a21 +a21f -f2+a2lbg +a2lfg -g?>+f2g?

In[130]:= Expand [Det [A] - (1-a21 + (a21 -f)f +a2l x bx g+a2l « f » g-g2+f2 %xg?)1

Out[130]= 0

We have chosen f to be less than a21. Then we choose g so that the sum of the last terms are less than
f (a21-f). Then the determinant is positive, and we can perturb e as stated at the beginning of this case.

3 X 3 minors:

In[131]:= Clear [PA]; cut [A, {4}, PA]; Expand [Det [PA] - (1 -a21 +f (a21 -f))]
1 1 f
a2l 1 0

f 11
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1-a21 +a21 f - f?2

Ouf[131]= 0

Positive if f is less than a21.

In[132]:= Clear [PA];cut [A, {3}, PA]; Expand [Det [PA] - (1 -a2l1 + (a2l xb-g) g)]
1 1 -b
a2l 1 g
0 -g 1

1-a21 +a21bg-g?

Ou[132]= 0

Positive if g is less than b*a21.

In[133]:= Clear [PA];cut [A {2}, PA];
1 f -b

{f 1 1

0 0 1

1- f2

Positive if fis less than 1.

In[134]:= Clear [PA];cut [A, {1}, PA];
1 0 -g

1 1 1

-g 0 1
1-¢?

Positive if g is less than 1.

2 X 2 minors:

In[135]:= Do[Do[ {Clear [P], cut [A, {i, ]}, P1}, {j,1,i -1}1, (i, 1, 4}1
1 1

< )

0 1

1
1 g

< )
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Case 3a: al2a21=0
Set x4Eke;x23=f;x43=g; and all others O

In[136]:= Clear [al2, x13, al4, a21, x23, x24, x31, a32, a34, x41, x42, x431;

Clear [e, f, 01;

A= {{1, al2, x13, al4d}, {a2l, 1, x23, x24},
{x31, a32, 1, a34}, {x41, x42, x43, 1}};al2 =0;a21 =0;

x13 =0;x31 =0;x24 =0;x42 =0;x41 =e;x23 =f;x43 =Q;

MatrixForm [A]
1 0 0 al4

f o
Out[136]=

0 a32 1 a34
e 0 g 1

Let e, f, and g be the same sign as al4,a32, and a34 respectively. All minors are OK if g, f, and g are

small enough.

In[137]:= Det [A]

Out[137]= 1 -alde -a32f +ald4al32ef -a34g



3 x 3 minor

In[138]:=
1 0O O
o 1 f
0 a32 1

1-a32 f
1 0 al4

01 o0
e 0 1

1- alde
1 0 al4

0 1 a34
e g 1
1-ald4e-a34

1 f 0
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S.

Do[{Clear [P], cut [A, {i}, P13}, {i, 4,1, -1}]

g

a32 1 a34 ]

0 g 1

1- a32 f -a34

g

2 X 2 minors:

In[139]:=
1 a34

( )
g 1
1-a34g
1 0

()

0 1

Do[Do[{Clear [P1, cut [A {i,j}, P13}, {j, 1, i -1}1, {i, 1, 4}]
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Case 3b: a320 (and alz= 1 and a341 (not case a, not case c)). Then x23

Case 3b(i): 1-a12az® 0.

Set x4ke, a43f, and set all others equal to zero.

Let e and f be the same sign as al4 and a34 respectively. All minors are OK if e and f are small enough.
In[140]:= Clear [al2, x13, al4, a21, x23, x24, x31, a32, a34, x41, x42, x431;

Clear [e, f, g1;

A= {{1, al2, x13, ald}, {a2l, 1, x23, x24},
(x31, a32, 1, a34}, {x41, x42, x43, 1}};al2 =1; a32 = 0;

x13 =0;a34 =1;x31 =0;x24 =0;x42 =0;x23 =0;x41 =e; x43 =f;

MatrixForm [A]

1 1 0 al4
a2l 1 O 0
Out[140]=
0 0 1 1
e 0 f 1
In[141]:= Det [A]

Out[141]= 1 -a21 -alde -f +a21f

3 X 3 minors:

In[142]:= Dol {Clear [P]1, cut [A, {i}, P13}, {i, 4,1, -1}]
1 10

a2zl 1 O

0 0 1

1l-a21
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1 1 al4
a2zl 1 O

e 0 1

1-a21- alde
1 0 al4

0 1 1
e f 1

1- al4e-f
1 00

0 1 1 J
0 f 1
1-f

2 X 2 minors:

In[143]:= Do[Do[ {Clear [P], cut [A, {i,j}, P13}, {j,1,i -1}1, {i, 1, 431
1 1

)

f 1

1-f

Case 3b(ii): 1-a12a240 (and a230 => x32=0 and a341)
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Since alz21, a2E1 also. Set x13x31=0 equal to zero, x24 x42 = g, x43=0.1, and x4%e. Let e be

the same sign as al4.

In[144]:= Clear [al2, x13, al4, a2l1l, x23, x24, x31, a32, a34, x41, x42, x431;

Clear [e, f, g, s1;

A= {{1, al2, x13, al4}, {a2l, 1, x23, x24},
{x31, a32, 1, a34}, {x41, x42, x43, 1}}; a2l =1;
al2 =1;a32 =0;x13 =0;x31 =0;x%x24 =9g;x42 =g;

x23 =0;x43 =0.1;x41 =e;a34 =1;

MatrixForm [A]

11 0 ald
1 O g
Out[144]=
0 0 1 1

e g 0.1 1

Fix f less than
Temporarily set €0.

Let g be as small as needed so all minors that involve e are positive if al4 not O while e is set equal to

zero. Then perturb e slightly so that the minors remain nonnegative.

In[145]:= e=0;

MatrixForm [A]

1 1 0 al4

11 0 g
Out[145]=

0 0 1 1

0 g 0.1 1
In[146]:= Det [A]

Out[146]= aldg - g2
Positive if al4 not 0 and g is less than al4.

In[147]:= Clear [PAl; cut [A, {4}, PAl;
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1 10
1 1 0
0 0 1

This minor does not involve e, so it is OK that it is zero.

In[148]:= Clear [PA];cut [A {3}, PA];
1 1 al4
11 g
0 g 1

aldag-g?

Positive if g is less than al4 and al4 not O.

In[149]:= Clear [PA];cut [A {2}, PA];
1 0 al4
0 1 1
0 0.1 1

0.9

Positive if f small

In[150]:= Clear [PA];cut [A, {1}, PA];
1 0 g
0 1 1
g 0.1 1

0. 9-g?

Positive if g is small

2 X 2 minors:
In[151]:= Do[Do[ {Clear [P1, cut [A, {i, ]}, P1}, {j, 1,1 -13}1, {i, 1, 4}1
1 1

( )

0.1 1
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0.9

Case 3c: a340 => x43=0 (can assume ak21)
Case 3c(i): al2azl 1, so 1-a12a240.

Set x13x31=x24=x42=0, x23=e, and x4 £f. Let e and f be the same sign as a32 and al4 respectively.

Let e and f be as small as needed.

In[152]:= Clear [al2, x13, al4, a21, x23, x24, x31, a32, a34, x41, x42, x431;

Clear [e, f, 01;

A= {{1, al2, x13, ald}, {a2l, 1, x23, x24},
(x31, a32, 1, a34}, {x41, x42, x43, 1}};al2 =1; a34 = 0;

x13 =0;%x31 =0;x24 =0;x42 =0;x23 =e;x43 =0;x41 =f;

MatrixForm [A]

1 1 0 al4
a2l 1 e 0
Out[152]=
0 a32 1 o0

f 0 0 1
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All minors are OK if e and f are small enough in absolute value.

In[153]:= Det [A]

Out[153]= 1-a21 -a32e -aldf +aldald2ef
3 X 3 minors:

In[154]:= Do[{Clear [P], cut [A, {i}, P13}, {i, 4,1, -1}]
1 1 0

a2l 1 e

0 a32 1

1l-a21- a32e
1 1 al4

a2zl 1 O
f 0 1

1-a21- a14f
1 0 al4

01 O
f o 1

1-a14 f
1 e O

a32 1 0
0 01

1- a32e€

2 X 2 minors:

In[155]:= Do[Do[ {Clear [P], cut [A, {i,j}, P13}, {j,1,i -1}1, (i, 1, 431
1 0

()

0 1



105

a2l 1

1l-a21

Case 3c(ii): 1-al2az®0
Without loss of generality, azlal2=1. Set x13x31=g1, x24=x42=g2, x23=e1, and x4te2.

In[156]:= Clear [al2, x13, al4, a21, x23, x24, x31, a32, a34, x41, x42, x431;

Clear [e, f, 01;

A= {{1, al2, x13, ald}, {a2l1, 1, x23, x24},
{x31, a32, 1, a34}, {x41, x42, x43, 1}};a21 =1;
al2 =1;a34 =0;x13 =91;x31 =gl1;x24 =92;x42 =92;

x23 =el; x43 =0; x41 =e2;

MatrixForm [A]

1 1 gl al4
1 el 92
Out[156]=
gl a32 1 0

e2 g2 0 1

Let el be the same sign as a32 and e2 the same sign as al4.TemporariieReel

In[157]:= el =0; e2 = 0; MatrixForm [A]

1 1 91 al4
1 0 g2
Out[157]=
gl a32 1 0

0 g2 0 1

If a32=0, set g0 (and el stays zero)
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If a32 not O, let g1 be the same sign as al4 and as small as needed to make all order 3 and 4 minors

which involve it positive while el and e2 are set equal to zero.
If a14=0, let g2=0 (and e2 stays zero)

If a14 not O, let g2 be the same sign as al4 and as small as needed to make all order 3 and 4 minors

which involve it positive while el and e2 are set equal to zero.
Then perturb el and e2 so they are positive but the minors remain nonnegative.

In[158]:=  Det [A]

Out[158]= a32gl -gl2+aldg2 - g22 + g12 g22

Positive if al4 or a23 nonzero and g1 and g2 are small enough.

In[159]:= Expand [Det [A] - (g2 (al4 -g2) +gl (a32 -gl) +gl1™2g22 )]
Out[159]= O
In[160]:= Clear [PA];cut [A {4}, PA];
1 1 o091
1 1 0
gl a32 1
a32gl- g1?

Can be made positive with small g1 if a32 not 0.

In[161]:= Clear [PA];cut [A {3}, PA];
1 1 al4

1 1 g2

0 g2 1

al4 g2- g2°

Can be made positive with small g2 if al4 not 0.

In[162]:= Clear [PA];cut [A {2}, PA];
1 g1 al4d
gl 1 0

0 O 1
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1- g12

Postive if g1 is less than 1.

In[163]:= Clear [PA];cut [A {1}, PA];
1 0 g2

a2 1 0

g2 0 1

1- g22

Positive if g2 is less than 1.
2 X 2 minors:

In[164]:= Do[Do[ {Clear [P], cut [A, {i,j3}, P13}, {j,1,i -1}1, (i, 1, 431
1 0

()

0 1
1

(

ng>
g2 1

1- g22
1 al4
0o 1

1 0
a32 1

Case d: al4x41=0 and and alZ a34=1 (not case a, not case c)).

Case d(i): al2a2l not1
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So 1-a21a120
Set x23-e, x43=f, all others 0.
In[165]:= Clear [al2, x13, al4, a21, x23, x24, x31, a32, a34, x41, x42, x431;

Clear [e, f, 01;

A= {{1, al2, x13, ald}, {a2l, 1, x23, x24},
(x31, a32, 1, a34}, {x41, x42, x43, 1}};al2 =1; ald = 0;

a34 =1;x13 =0;x31 =0;x24 =0;x42 =0;x23 =e; x43 =f;x41 =0;

MatrixForm [A]

Out[165]=

Since 1-al12a240, all minors OK of e,f small enough.

IN[166]:= Det [A]

Out[166]= 1-a21 -a32e -f +a21f
3 X 3 minors:

In[167]:= Do[{Clear [P], cut [A {i}, P13}, {i, 4,1, -1}]
1 1 0

a2l 1 e

0 a32 1

1l-a21- a32e
1 1 0

a2l 1 O
0 0 1

1-a21
1 0 O

011}
o f 1

1-f
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1 e O
a32 1 1
o f 1
1- a32e-f

2 X 2 minors:

In[168]:= Do[Do[ {Clear [P], cut [A, {i,j}, P13}, {j,1,i -1}1, (i, 1, 4}1
1 1

a2l 1
1-a21
Case d(ii): al2a241 (and al40 so x4%E0) and not case c, so a3
Without loss of generality, we can make a2il2=1;
We can assume a34 not zero. Otherwise we use Case 3c. WLGG.a34
Set x23-e, x43=0.1, x3Ex13=f, small and of same sign as a32, and all others equal to 0.
If a32=0, set el, e2, and f to 0 and all minors are nonnegative.

If a32 not 0, let f be the same sign as a32, and small enough in absolute value|ge thiat |a323,1}.
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IN[169]:= Clear [al2, x13, al4, a21, x23, x24, x31, a32, a34, x41, x42, x431;

Clear [e, f, g, el, e2];

A= {{1, al2, x13, ald}, {a2l, 1, x23, x24},
{x31, a32, 1, a34}, {x41, x42, x43, 1}};a21 =1;
al2 =1;a34 =1;al14 =0;x13 =f ;x31 =f;x24 =0;

X42 =0;x23 =e;x43 =0.1;x41 =0;

MatrixForm [A]

1 1 f 0

e 0
Out[169]=

f a32 1 1
0 0 0.1 1

Temporarily set e to zero.
If a32 is nonzero, we will perturb e to make it positive, but the principal minors remain nonnegative.

In[170]:= e = 0; MatrixForm [A]
1 1 f 0

1 0 O
Out[170]=
f a32 1 1
0O 0 011
In[171]:= Det [A]

out[171]= a32f -f2

Positive if f is less than a32 in absolute value. If aB2then set f equal to zero.

In[172]:= Clear [PA]; cut [A {4}, PAl;
1 1 f
{1 1 0
f a32 1
az2 f - f?2

Positive if f is less than a32 in absolute value. If aB2then set f equal to zero.

In[173]:= Clear [PA]l; cut [A, {3}, PAl;
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1 10
1 1 0
0 0 1

In[174]:= Clear [PA];cut [A {2}, PA];
1 f 0

f 1 1

0 0.1 1

0.9-f2

Positive if f is less than 0.9.

IN[175]:= Clear [PA];cut [A {1}, PA];
1 0 O

a32 1 1

0 0.1 1

0.9'

2 X 2 minors:

In[176]:= Do[Do[{Clear [P1, cut [A {i,j}, P1}, {j, 1, i -1}1, {i, 1, 4}1
1 1
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Mathematica Files for g = 6, n = 4 regarding sign symmetricF, ;-completion

SS P01 Noncompletion o= n=4

Label the digraph as 1234 starting in the upper left hand corner and going clockwise. Here is how the
pattern matrix looks after the diagonal entries have been made equal to 1 by multiplying by a positive

diagonal matrix.

IN[177]:= Clear [al2, x13, x14, a2l, x23,

x24, x31, a32, a34, a4l, x42, a43, x32];

A= ({1, al2, x13, x14}, {a21, 1, a23, x24},

(x31, x32, 1, a34}, {a4l, x42, a43, 1}};

MatrixForm [

Al

1 al2 x13 x14

a2l 1 a23 x24
Out[177]=

x31 x32 1 a34

a4l x42 a43 1

Example showing noncompletion:

In[178]:= a2l =1;al2 =1;a23 =1;a34 =1;a43 =1;a4l =-1;a43 =1;

MatrixForm [A]

1 1 x13 x14
1 1 x24
Out[178]=
x31 x32 1 1

-1 x42 1 1
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Contradictory principal minors.

In[179]:= Clear [PA];cut [A {4}, PA];
1 1 x13
1 1 1 ]

x31 x32 1

x31- x13 x31-x32 +x13 x32

x23>0 implies -x23 negative. Also, -x13x31 is nonpositive by sign symmetry. Therefore, in order to
make this minor positive, x31 and/or x13x32 must be positive. This implies x13 and x31 must both be

positive (by sign symmetry).

In[180]:= Clear [PA];cut [A, {2}, PAl;
1 x13 x14

x31 1 1

-1 1 1

-x13+X14- x13 x31+x14 x31

x14<0 and -x13x3%0 implies that -x13 and/or x14x31 must be positive. Then x13 and x31 must be

negative by sign symmetry.

This is a contradiction. Therefore, this example cannot be completed to a sign symmetric PO1 matrix.

Mathematica Files for g = 6, n = 5regarding sign symmetricR, ;-completion

SS P01 Noncompletion o= n=5

Label the digraph as 1234 starting in the upper left hand corner and going clockwise. Here is how the
pattern matrix looks after the diagonal entries have been made equal to 1 by multiplying by a positive

diagonal matrix.
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In[181]:= Clear [al2, x13, x14, a21, x23, x24, x31, a32, a34, a4l, x42, a431];

A= {{1, al2, x13, x14}, {a2l, 1, x23, x24},

{x31, a32, 1, a34}, {a4l, x42, a43, 1}};

MatrixForm [
Al
1 al2 x13 x14
a2l 1 X23 x24
Out[181]=
x31 a32 1 a34
a4l x42 a43 1

Example showing noncompletion:

In[182]:= a2l =1;al2=1;a32=1;a34=1;a43 =1;a4l1 =-1;a43 =1;

MatrixForm [A]

1 1 x13 x14
1 X23 x24
Out[182]=
x31 1 1 1

-1 x42 1 1

Contradictory principal minors.

In[183]:= Clear [PA];cut [A, {4}, PA];
1 1 x13

{ 1 1 x23

x31 1 1

x13-x23- x13 x31+x23 x31

x23>0 implies -x23 negative. Also, -x13x31 is nonpositive by sign symmetry. Therefore, in order to
make this minor positive, x13 and/or x23x31 must be positive. This implies x13 and x31 must both be

positive (by sign symmetry).

In[184]:= Clear [PA];cut [A {2}, PA];
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1 x13 x14
x31 1 1
-1 1 1

-x13+X14- x13 x31+x14 x31

x14<0 and -x13x3%0 implies that -x13 and/or x14x31 must be positive. Then x13 and x31 must be

negative by sign symmetry.

This is a contradiction. Therefore, this example cannot be completed to a sign symmetric PO1 matrix.

Mathematica Files for g = 6, n = 6 regarding sign symmetricP, ;-completion

SS P01 Noncompletion o= n=6

Label the digraph as 1234 starting in the upper left hand corner and going clockwise. Here is how the
pattern matrix looks after the diagonal entries have been made equal to 1 by multiplying by a positive

diagonal matrix.

In[185]:= Clear [x12, x13, x14, a2l1l, a23, x24, x31, a32, a34, a4l, x42, ad31];

A= {{1, x12, x13, x14}, {a2l1l, 1, a23, x24},

{x31, a32, 1, a34}, {adl, x42, a43, 1}};

MatrixForm [
Al
1 x12 x13 x14

a2l 1 a23 x24
Out[185]=
x31 a32 1 a34

a4l x42 a43 1

Example showing noncompletion:

In[186]:= a2l =1;a32 =1;a23 =1;a34 =1;a43 =1; a4l = -1;

MatrixForm [A]
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1 x12 x13 x14
1 1 x24
Out[186]=
x31 1 1 1

-1 x42 1 1

Contradictory principal minors.

In[187]:= Clear [PA];cut [A, {4}, PAl;
1 x12 x13
1 1 1

x31 1 1

-x12+X13 +x12 x31- x13 x31

The term -x12 is negative by sign symmetry. Also,-x13x31 is nonpositive by sign symmetry. Therefore,
in order to make this minor positive, x13 and/or x12x31 must be positive. This implies x13 and x31

must both be positive by sign symmetry.

In[188]:= Clear [PA];cut [A {2}, PA];
1 x13 x14

x31 1 1

-1 1 1

-x13+Xx14- x13 x31+x14 x31

The term x14 is negative by sign symmetry. Also,-x13x31 is nonpositive by sign symmetry. Therefore,
in order to make this minor positive,- x13 and/or x14x31 must be positive. This implies x13 and x31

must both be negative by sign symmetry.

This is a contradiction.Therefore,this example cannot be completed to a sign symmetric PO1 matrix,

and so g6, n6 does not have sign symmetric PO1 completion.

Mathematica Files for q = 6, n = 7 regarding sign symmetricP, ;-completion

SS P01 Noncompletion o= n=7
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Label the digraph as 1234 starting in the upper left hand corner and going clockwise. Here is how the
pattern matrix looks after the diagonal entries have been made equal to 1 by multiplying by a positive

diagonal matrix.

In[189]:= Clear [al2, x13, x14, x21, a23, x24, x31, a32, a34, a4l, x42, ad31];

A= {{1, al2, x13, x14}, {x21, 1, a23, x24},

{x31, a32, 1, a34}, {adl, x42, a43, 1}};

MatrixForm [

Al

1 alz x13 x14

x21 1 a23 x24
Out[189]=

x31 a32 1 a34

a4l x42 a43 1

Example showing noncompletion:

In[190]:= al2 =1;a32 =1;a23 =1;a34 =1;a43 =1; a4l = -1;

MatrixForm [A]

1 1 x13 x14
1 1 x24
Out[190]=
x31 1 1 1

-1 x42 1 1

Contradictory principal minors:

In[191]:= Clear [PA];cut [A, {4}, PA];
1 1 x13

x21 1 1

x31 1 1

-x21+x13 x21+x31- x13 x31

Since x220 by sign symmetry, -x21 must be negative. Also by sign symmetry, -x13x31 is nonpositive.

Now in order for the minor to be positive, x13x21 and/or x31 must be positive. Therefore, both x13



and x31 must be positive by sign symmetry.

In[192]:= Clear [PA];cut [A {2}, PA];
1 x13 x14

x31 1 1

-1 1 1

-x13+Xx14- x13 x31+x14 x31
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Since x140 by signh symmetry, x14 must be negative. Also by sign symmetry, -x13x31 is nonpositive.

Now in order for the minor to be positive, x14x31 and/or -x13 must be positive. Therefore, both x13

and x31 must be negative by sign symmetry.

Therefore, this matrix does not have sign symmetric PO1 completion, and so it follows that the digraph

g6, n7 does not have sign symmetric PO,1 completion.

Mathematica Files for the Double Triangle regarding R, ;-completion

DOUBLE TRIANGLE p=4 g=10 n=1 has P0,1-completion

Label the digraph as 1243 starting in the upper left hand corner and going clockwise. Here is how the

pattern matrix looks after the diagonal entries have been made equal to 1 by multiplying by a positive

diagonal matrix.

Case 1: a23*a32> 1.

In[193]:= Clear [al2, al3, al4, a2l, a23, a24, a3l, a32,

a34, adl, a42, a43, x12, x13, x14, x21, x23, x24,

x31, x32, x34, x41, x42, x431; Clear [e, f, g, X]

A= {{1, al2, al3, x14}, {a2l, 1, a23, a24},

{a31, a32, 1, a34}, {x41, a42, a43, 1}};

MatrixForm [

Al
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1 al2 al3 xl14

a2l 1 a23 a24
Out[193]=

a3l a32 1 a34

x41 ad42 a43 1
IN[194]:= x14 = x; x41 = -x; MatrixForm [A]

1 al2 al3 X

a2l 1 a23 a24
Out[194]=

a3l a32 1 a34

-X ad42 a43 1
In[195]:= Det [A]

Out[195]= 1-al2a2l -al3a3l +al2a23a31 +al3a2la32 -a23a32 -a24a42 +
al3a24a3lad42 -al3a2la3d4a42 +a23a34a42 -al2a24a3lad3 +a24a32a43 -
a34a43 +al2a2la34a43 -al2a24x +al3a24a32x -al3a34x +al2a23a34x +

a2lad2x -a23a3la42x +a31ad43x -a2la32a43x +x2-a23a32x?
3 x 3 minors:
In[196]:= Clear [PA]l; cut [A, {3}, PAl;

1 al2 X
a2l 1 az24

-X a4z 1

1- a12 a21- a24 a42- al2 a24 X +a21 a42 X +X 2

In[197]:= Clear [PA]l; cut [A, {2}, PAl;
1 al3 X
a3l 1 a34

-X a43 1

1- a13 a31- a34 a43- al3 a34 X +a31 a43 X +x 2

2 X 2 minors:

In[198]:= Clear [PA];cut [A {3, 2}, PAl;
1 X

( )

-x 1

1+x2
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Case 2: a23a32l
Case 2a: a#Ha?1

In[199]:= a23 =1;a32 =1; x14 =x; x41 = -x; a3l = a2l ; MatrixForm [A]

1 al2 al3 X
a2l 1 1 az24
Out[199]=
a2l 1 1 a34

-X ad42 a43 1

This is an original minor:

In[200]:= Clear [A2341;cut [A {1}, A234];
1 1 a24
1 1 a34
ad2 a43 1

-a24 ad42+a34 ad2+a24 a43- a34 a43

In[201]:= Det [A]
Out[201]= -a24a42 +al3a2la24a42 +a3d4ad2 -

al3a2la34ad42 +a24a43 -al2a2la24a43 -a34a43 +

al2a2lal34a43 -al2a24x +al3a24x +al2a34x -al3a34x

In[202]:= Expand [Det [A] - ((1 -al2 xa2l) Det [A234] +

a2l xa42 (a34 - a24) (al2 -al3) +x(a34 -a24) (al2 -all))]
Out[202]= O

If (al3-al12)(a34-a24) not 0 make x large of correct sign.
If al3=al2, then DetADetA234DetA120.
3 X 3 minors:

In[203]:= Clear [PA];cut [A, {3}, PA];
1 al2 X

a2l 1 az24

-X a4z 1

1- a12 a21- a24 a42- al2 a24 X +a21 a42 X +X?

Positive if x is large enough in absolute value.
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In[204]:= Clear [PA];cut [A {2}, PA];
1 al3 X

a2l 1 a34

-X a43 1

1- a13 a21- a34 a43- al3a34 X +a21 a43 X +X?

Positive if x is large enough in absolute value.

2 X 2 minors:
In[205]:= Clear [PA];cut [A {3, 2}, PAl;
1 X
( )
-Xx 1
1+x2

Case 2b: a42a43

In[206]:= a32 =1;a23 =1;x14 =x; x41 = -X; ad42 = a43;

MatrixForm [A]

1 al2 al3 X
a2l 1 1 az24
Out[206]=
a3l 1 1 a34

-X a43 a43 1

This is an original minor:

In[207]:= Clear [A1231;cut [A, {4}, A123];
1 al2 al3

a2l 1 1

a3l 1 1

-al2a21+al3a21+al2a31-al3 a3l

In[208]:= Det [A]

Out[208]= -al2a2l1 +al3a2l +al2a3l1 -al3a3l -al2a24a31a43 +al3a24a3la43 +

al2a2la34a43 -al3a2la3d4a43 -al2a24x +al3a24x +al2a34x -al3a34x
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In[209]:= Expand [Det [A] - (x (al2 - al3) (a34 -a24) +
(al2 - al3) (a34 - a24)a3l *a43 + (1 - a43 x a34) Det [A1231]) ]
Out[209]= 0

3 X 3 minors:

In[210]:= Clear [PA];cut [A, {3}, PA];
1 alz X
a2l 1 az24

-X a43 1

1- a12 a21- a24 a43- al2 a24 X +a21 a43 X +X?

Positive if x is large enough in absolute value.

In[211]:= Clear [PA];cut [A {2}, PA];
1 al3 X
a3l 1 a34

-x a43 1

1- a13 a31- a34 a43- al3 a34 X +a31 a43 X +x 2

Positive if x is large enough in absolute value.

2 X 2 minors:
In[212]:= Clear [PA];cut [A {3, 2}, PA];
(t )
-x 1
1+x2

Case llc: a3%>a21 and a42> a43

In[213]:= a23 =1;a32 =1;x14 =x; x41 = -mx X;

MatrixForm [A]
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1 al2 al3 X
a2l 1 1 a24

Out[213]=
a3l 1 1 a34
-mx a42 a43 1
In[214]:= Det [A]

Out[214]= -al2a2l +al3a2l +al2a3l -al3a3l -a24a42 +al3a24a3lad2 +
a34a42 -al3a2la3d4a42 +a24a43 -al2a24a3lad3 -
a34a43 +al2a2la34a43 +a2lad2x -a3lad42x -a2lad3x +

a3la43x -al2a24mx +al3a24dmx +al2a34dmx -al3a34mx

In[215]:= Expand [Det [A] -
(X ((a2l1 -a3l) (a42 -a43) + m(-al2a24 +al3a24 +al2a34 -al3a34 )))]
Out[215]= -al2a2l +al3a2l +al2a3l -al3a3l -a24a42 +al3a24a3lad2 +a34a42 -

al3a2la3d4ad42 +a24a43 -al2a24a3lad43 -a3d4a43 +al2a2la34ad3

OK if (a21-a31)(a42-a43p 0 by good choice of m (positive and so coefficient of x is nonzero).
3 X 3 minors:

In[216]:= Clear [PA];cut [A, {3}, PA];
1 al2 X

a2l 1 a24

-mx a42 1

1- a12 a21- a24 a42+a21 ad2 X - a12 a24 M X+m X2

This is positive if x is large enough in absolute value and m positive.

In[217]:= Clear [PA];cut [A, {2}, PA];
1 al3 X

a3l 1 a34

-mx a43 1

1- a13 a31- a34 a43+a31 a43 X- al3 a34 m x+m X?

This is positive if x is large enough in absolute value and m positive.

2 X 2 minors:
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In[218]:= Clear [PA];cut [A, {3, 2}, PA];
1 X

( )

-mx 1

1+m X2
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