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ABSTRACT. Let f(z) be a new form of weightk andD a fundamental
discriminant. One can associate f¢z) a set of weightt + 1 forms
through Shimura correspondence in a generalized sense. We describe
some constructions of these half integral weight forms and an applica-
tion in the computation of.-valuesL(f, D, k).

Thanks to the typist, Steven J. Miller, for typing the notes in real-
time.

1. INTRODUCTION
Let f(z) be a newform of weighk,
flz) = Z ane(nz) (1.1)
n>1
(wheree(x) = ¢*™*), D a fundamental discriminant and

L(f,D,s) = > & (2). (1.2)

ns\n
n>1

We want to computé.( f, D, k). The idea is to associate fgz) a weight

k+ 5 form
9(z) = > cln)e(nz). (13)
n>1

Thenwe relatd.(f, D, k) toc(|D]). To carry out this approach we first need
a good definition ofy(z). First result in that direction is given by Kohnen
and Kohnen-Zagier. Fof(z) of odd, square-free leve¥, there is a unique
(up to a multiple) weight: + % level 4N such that

o for ((,N)=1,T,2g = A\ g, Wherer, = a, <(*§)k);
e in the Kohnen spacei(n) = 0 if (—1)*n = 2,3 mod 4.
Then for fundamental discriminant3 satisfying
o (—1)*D > 0;
e Vp|N, (%) = w, = %1 (Atkin-Lehner involution)
1
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we have
(k—1)!

)
7[‘k

_cUD)? _ L(f, D.k)
(9,9) (f. f)

wherer = 277V) wherev(N) is the number of prime divisors o¥.

Pl

(1.4)

2. GENERALIZATIONS

The following is joint with Baruch. For simplicity we assumé = p is
prime. Kohnen’s formula handles the case for a quarter of these; we want to
investigate the fundamental discriminants that do not give rise to vanishing

for trivial reasons, namely those with-1)*D < 0 and (%) = —w,. Inthis

case we fix an odd characterof (Z/pZ)*. We associate an even character
x on (Z/4pZ)*, as well as a charactgron (Z/4p*Z)*. There is a unique
g'(2) in Sy;1(4p% x) such that the following is true:

o for ((,N) =1,Teg = N,g, with X, = x({)a, ((71%“1);
e in the Kohnen space?(n) = 0 if (—1)*"n = 2,3 mod 4.
For this formg’(z) (unique up to a multiple) we have a similar result:
(D) L(f D, k) (k—1)!
(g9 (f. f) mh
wherex’ = (p +1)/2p.
If p|D and(—1)*D > 0, we still look for a similar result using the form
g. Now we would have:” = 1 if p|D.

If we relax our conditions a bit, we obtain the following. Fara class
modulop, define canonically a form on, (4p?) by

[DJ*

(2.5)

gn(2) = D cu(n)e(n2) (2.6)
where _
, )0 if m % n mod p
en(n) = {c’(n) if m = n mod p. 7

This form is independent of, and this is the point of the restriction.

3. GROSS CONSTRUCTION OFg(z) WHEN N = p AND k = 2

What Gross does is he introduces a quaternion algebra:

e [3: a quaternion algebra ramified &t andp;
e R: afixed maximal order,;
e [;: representatives of right ideal classes.
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For example, considefi;a — Xo(11). HereB = B(—1,—11) (a +bi +
cj +dkwithi? = —1, j2 = —11,ij = k = —ji), R = I = (1,i, 3, &k

andl, = (2,2i, B2 283k R is the left order off; = {b : bI; C I},
andS? = {b € Z + 2R; : Trb = 0}. In the example above, we have

SO — (2, ], + k) and.SY = (47, 2i + j, 7). Then

Oull] = 5 3 B(Nb-2) € Synldp) (3.8)

beSy

WhenL(f,1,1) # 0then
9(2) = 261[11] "€ (3.9)

whereE; = (e;) is the eigenvector of the Brandt matrix associated.ttn
this casels; = (1, —1) and

g9(z) = O1[L] — 641 (3.10)

This is Gross’ method, and works well as long as we have non-vanishing.
The reason this construction works involves some correspondence of
forms. The basic picture is that we have a quaternion algébemd f
on GL,. There is a well-known correspondence (Jaquet-Langlands) be-
tween thesésL, forms f and thosel; on B. This is related to Hecke’s
basis problem and this case is done by Eichler. We want to associate to
f a half-integral weight formy. Instead of going directly tg we first
go up to B and then down tg; (we go down by & correspondence):
g(z) = (61, Ef). WhenL(f,1,1) = 0 the image of thé-correspondence
of E;is 0: 0(7', ) = 0 (with = for f and~’ for E).
Work on this has been done by Bochner, Schize-Pillot, and Pacetti. Here
we discuss the work with Rodriguez-Villegas and Toneria. Whgh 1,1) =
0, from Waldspurger packet theory we can fipd) in the space of (7’ ®
Xes¥e) # 0whenL(f,¢,1) # 0 (with ¢,(z) = exp(2miz/¢)). Find ané
whereL(f,¢,1) # 0, As g is in this#-correspondence, we have

g = (Ef®xe, 0y
= (B}, 00y, (3.11)
where .
z
Ol = 5%:()%(1@-,5) exp (Nb-z) (3.12)
€55

wherew,(I;,b) is a weight function. For example, in the case of F37A,
we can let = 5. In this caseS; = (4i,3i + j, 2% and we can let
the weight functionws(xy, xe,x3) = 0if (5, Nb) = 1, x5(221 + x2) if
2x1 4+ x5 # 0 mod 5 andy;(x3) otherwise.
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Question: This construction gives

g(z) = > cln)e(nz); (3.13)
however,g(z) is not unique, and the scalar can depend/omoes there
exist an/ such thagced,, ¢(n) = 1?

We should have

L(f, 0, 1)L(f,D,1) = C%))_’z <é§’f];f> (3.14)

(aslong asp, D¢) = 1, ¢ > 0 andD < 0; a similar formula was proved by
Prasana in the indefinite division algebra case). This has been verified ex-
perimentally in many cases. The choiced aihd D can be fairly arbitrary.

It gives arithmetic properties of the-functions, as the(|D|)? are squares

of integers. It tells us that

L(f, ¢, 1)L(f,D,1)
) VDI € Q. (3.15)
Casey/(z): We can findg’ in 0(n',v~1) = 0(' @ ¢, v_¢) (£ < 0). Find
¢ < 0sothatL(f,¢,1) # 0.

g = (E,0y) (3.16)

where

1 z

OlL;] = 5 Z w—¢(1i,b) wy(1;; b) € (Nb' —_6) € Ss(4p? x) (3.17)
beS?Y

(with £ = 3 mod 4). We needed to introduce the odd functiop(l;, b)

(multiplies with the other odd to give an even). We obtain a similar identity

as before. Numerics suggest this is true. Next step, of course, is to provide

a proof!

4. QUESTIONS AND FUTURE WORK

(1) For the higher weight case, all we need to do is introduce another
weight function

O, = Zwoo Wy wp € (Nb-_ig). (4.18)

(2) What happens in the composite level case?

(3) What happens in the even level case?

(4) Some forms do not have Jaquet-Langlands correspondence. Fortu-
nately there are not too many (56 out of 500,000).



