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1. COMMENTS ON AN EARLIER TALK

Earlier in the week | was wrong to say that Ono conjectured th&y is an elliptic curve then
there are infinitely many primgs such that the rank of eithdr, or £_, is at least two. In fact,
Silverman conjectured that there are infinitely many primesich that the rank of eithet, or
E_, is zero. Ono proved that for ali’ with conductor at most 100, Silverman’s result is true, more
precisely, he proved that there is a positive density of primes satisfying Silverman ’s conjecture.

We can ask whether or not féf/Q an elliptic curve there are infinitely many primgsuch that
the rank of eitherz, or £_,, is at least two.

2. FIRST THOUGHTS ONcg

We discuss:z and the kind of complexities that arise when we try to compute it. L&D be an
elliptic curve:y? = f(x). Letd < 0 be a fundamental discriminant, and consider the twisted curve
E,;: dy* = f(x). By the B-SD conjecture,

L(Es1) = (Ea)lw(Eq)|. (2.2)
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We will study those withw(E;)| = 0 (this only a convention for saying that £,;, 1) = 0). At
a first study, we only consider prime discriminants so that the contribufibp) in (2.1), coming
from the Tamagawa numbers, is simply 1. So, in the followihgijll denote a prime fundamental
discriminant such that the sign of the functional equatiopfs +1.

By Random matrix theory and the probability model,

Prob (L(Ez 1) < ) ~ ¢(E)z"/?1og®®|d| (2.2)
asz — 0. By applying a discretization procedure, we find
Prob (L(E4, 1) =0) = Prob(lw(E,)| =~ 0)
= Prob(Jw(Ey)| < r) , forsomer < 1
= c(E)r|d|"Y?1og®® |d|. (2.3)

The conclusion is that
#{|d| < T : L(E4,1) = 0,e(E,) = 1,d primefund. disc.} ~ cgT?* logs ' T. (2.4)

To understand:x there is an interplay between the arithmetics fonthe behavior otu, our

probability model, and the value of the parameter
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2.1. Arithmetic. We have to pay attention to the arithmetic coming frém For example, if
E = 17a,, the|w(Ey)| is odd and thud.(E,, 1) # 0. This is not really a program. But consider
E = 11a;. Lettingy? = f(x), look at the degree three field defined by any roof @f), call this
K. Note K is a non-Galois extension @. If d = —p is a prime fundamental discriminant such
that the sign of the functional equation Bf is +1 then(@) = (’744) = 1sopisinert or splitin
K. If pisinert thenw(E,)| is odd and thud.(E,, 1) # 0. This happens6% of the time, and must
probably be taken into account.

2.2. Behavior of w. We assume the following conjecturg:is finite. Hencew is a finite Abelian
group and there is a bilinear pairing: w x w — Q/Z (alternating and non-degenerate). We Gay
is a group of types if G is finite Abelian group with a bilinear alternating non-degenerate pairing
B:GxG— Q/Z. .

Idea of the heuristicw(E) of rank O elliptic curvesE behave as random group of type S
weighted by|G|/|Aut®G|. More precisely, iff is a function,

M(f) = lim 2izTstEa=0 f ((ED)

T=oo D yerr(By)=0 |

(2.5)

is the average of over the Tate-Shavarevich groupsw(fE,). It is not known, in general, if the
limit exists. The heuristic asserts that for reasonable functfahe average exist and is given by

Zn x 2 S(n fone
M(f) = lim St lAutsG‘
T—00 Zn<x ZGS n) |AutSG\

Dot " Yoy F(G)|GI/|Aut* G

= lim
§=0 Zn>1 n- ZGS ]f]/AutSG]
— lim Same (2.6)

s=0 [[,51 C(2s +25 — 1)
For example, take

1|6l <N
H(&) = {0 otherwise. 2.7)

ThenM(f) = Prob(Jw(Ey)| < N) = 0. This suggests that, maybe, we have to consider N
in (2.3). Worse, we can prove (under BSD) that

1
7 D w(By)| ~ a7, (2.8)
|d|<T

Hence, this suggests that in fack |d|'/2~= have to be considered for probably some twists.

The computation in (2.3) can be done for more general size (@f,)|,
|d|*/?~¢ we should have

Prob(|w(Eq)['* =~ £) = (+)]d|~"/* log"™ |d]. (2.9)
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2.3. Another example. Fix a prime/, and let

f(@) = {1 TG = 10} (2.10)

0 otherwise.

Set
M(f) = Prob(lt]|w(Ey)|)
= 1 (25425 -1)\—1
= D JIITTIO —p )
p#L p j=1
= JIo-p) (2.11)
i1
We end up getting
Prob ({||wa(Eq)]) = 1-— H(1 — p @)t
i1
1 1 1
= JtE A (2.12)

where thel /3 and higher terms are the difference between the classical arguments and (probably)
‘reality’.

| think one of the key points is the following question: Can random matrix theory predict the
above result? Maybe up to a constant? Of course, as ‘up to a constant’ has no meaning in predicting
a constant, we need to be a bit more precise.

Let consider the following heuristic computation. We have

Prob (¢||w(Eq)|) = Prob(lw(Ey)| ~0)
+ Prob(|w(E,)[Y? & ) + Prob(jw(Ey)|Y? ~ 20) + - - -
+ Prob(jw(Eq)['* ~ ||d]"*]¢)
= () @l ()ld
= Average of (x), (2.13)

where the last is known in advance by the heuristics. This could be useful to adjust the ‘approxima-
tions’ in the computations...
For doing this, we would need a more precise probabilistic model:

Prob (L(Es;1) <z) = c(E)z"?*1log*®|d| + -+ + o(z2™°) (2.14)
for x < 1. Or something like that.
Another useful fact is that we can use other test primes tr@rother functions. Unfortunately,
the heuristic is not right for all primes. For some primes (depending and probably just on

the order of the torsion sub-group B{Q)) we rather have to apply the original Cohen-Lenstra for
class-group (this is discussed in M. Rubinstein talk).



