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Basic notions : Radial function

@ The radial function p, of a body K is defined by

K p p(t) =max{A\>0: ue K}, uveS™ L
Nu € St
Note also that
pr(u) = |lullt for ue "1,

where |-« is the Minkowski functional of K.

@ A star body is a body whose radial function is positive and
continuous.

A u 6
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Intersection bodies

In 1988, Lutwak introduced the notion of intersection bodies.

Let K be a star body in R"”. The intersection body of K, denoted by /K,
is a body whose radial function is

pic(u) = |KNut| foreach uec S™ 1
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Intersection bodies

In 1988, Lutwak introduced the notion of intersection bodies.

Let K be a star body in R"”. The intersection body of K, denoted by /K,
is a body whose radial function is

pic(u) = |KNut| foreach uec S™ 1

ue St uwe St
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Intersection bodies

In 1988, Lutwak introduced the notion of intersection bodies.

Let K be a star body in R"”. The intersection body of K, denoted by /K,
is a body whose radial function is

pic(u) = |KNut| foreach uec S™ 1

ue St uwe St
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Intersection bodies: Examples

@ For the ball Bf = {x € R": |x| <1}, IBJ = cB} for c = |Bj.
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Intersection bodies: Examples

@ Fortheball Bf = {x € R": |x| <1}, By = cBj for c = |By?|.

@ For K C R? symmetric, IK is a rotation of 2K by angle 7/2.

B ()
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Intersection bodies: Examples

@ Fortheball Bf = {x € R": |x| <1}, By = cBj for c = |By?|.

@ For K C R? symmetric, IK is a rotation of 2K by angle 7/2.

B ()

@ For T € GL(n),

I(TK) = |det T| (T)*(IK).
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Intersection bodies: motivations

@ Related to the solution for the Busemann-Petty problem: For
symmetric convex bodies K, L in R”, is it true that

|IKNH|>|LNH| forall hyperplanes H = |K|>|L]?

[ yesif n <4, noif n>5]. Larman, Rogers, Ball, Lutwak, Gardner,
Zhang, Koldobsky, Schlumprecht.
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Intersection bodies: motivations

@ Related to the solution for the Busemann-Petty problem: For
symmetric convex bodies K, L in R”, is it true that

|IKNH|>|LNH| forall hyperplanes H = |K|>|L]?

[ yesif n <4, noif n>5]. Larman, Rogers, Ball, Lutwak, Gardner,
Zhang, Koldobsky, Schlumprecht.

@ Connection with the Spherical Radon transform R.

o) = |Kmel|—/ / r"2drdu
Sn—lﬁgL

that is, pj = -5 Ropt
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Busemann’s Theorem

[Busemann, 1949] Let K be a symmetric convex body in R”. Then its
intersection body /K is convex. J
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Busemann’s Theorem

[Busemann, 1949] Let K be a symmetric convex body in R”. Then its
intersection body /K is convex. J

@ Not true without symmetry assumption (K = —K)
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Busemann’s Theorem

[Busemann, 1949] Let K be a symmetric convex body in R”. Then its
intersection body /K is convex. J

@ Not true without symmetry assumption (K = —K)

@ "Convexity" is preserved under the intersection body operator.
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Busemann’s Theorem

[Busemann, 1949] Let K be a symmetric convex body in R”. Then its
intersection body /K is convex. J

@ Not true without symmetry assumption (K = —K)

@ "Convexity" is preserved under the intersection body operator.

Main Question: How much of ‘convexity’ is preserved under the
intersection body operator /7 J
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How to measure ‘convexity’

(1) Quasi-convexity

K is g-convex if tox + (1- t)%y € K whenever x,y € K, t € [0,1]
"convexity” increases as g — 1.
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How to measure ‘convexity’

(1) Quasi-convexity

K is g-convex if tox + (1- t)%y € K whenever x,y € K, t € [0,1]
"convexity” increases as g — 1.

(2) Banach-Mazur distance from B}

dem(K, BY) = min {r B CTKC B Te GL(n)}

"convexity” increases as dgy(K, BY) — 1.

Jaegil Kim Convexity of Intersection Bodies



How to measure ‘convexity’

(1) Quasi-convexity

K is g-convex if tox + (1- t)%y € K whenever x,y € K, t € [0,1]
"convexity” increases as g — 1.

(2) Banach-Mazur distance from B}

dem(K, BY) = min {r B CTKC B Te GL(n)}

"convexity” increases as dgy(K, BY) — 1.

(3) Modulus of convexity

. 1
o) = min {1 = S Ix+ ¥l x,y € K, Ix—ylic 2 ¢}

"convexity” increases as dx(e) does.
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(1) Quasi-convexity

Let 0 < g < 1. A star body K C R” is called g-convex if
tox + (1- t)%y € K whenever x,y € K, t € [0,1]

or, equivalently, [|x + y|ljc < lIx[lk + Ilyll
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(1) Quasi-convexity

Let 0 < g < 1. A star body K C R” is called g-convex if
tox + (1- t)%y € K whenever x,y € K, t € [0,1]

or, equivalently, [|x + y|ljc < lIx[lk + Ilyll

2 _ p P
B ={(z,y) : |2" + [y|* < 1}

q=1/2
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(1) Quasi-convexity

Let 0 < g < 1. A star body K C R” is called g-convex if
tox + (1- t)%y € K whenever x,y € K, t € [0,1]

or, equivalently, [|x + y|ljc < lIx[lk + Ilyll

2 _ p P
B ={(z,y) : |2" + [y|* < 1}

qg=1/4 q=1/2
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(1) Quasi-convexity

Let 0 < g < 1. A star body K C R” is called g-convex if
tox + (1- t)%y € K whenever x,y € K, t € [0,1]

or, equivalently, [|x + y|ljc < lIx[lk + Ilyll

2 _ p P
B ={(z,y) : |2" + [y|* < 1}

¢=1/8 qg=1/4 q=1/2
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(1) Quasi-convexity

Let 0 < g < 1. A star body K C R” is called g-convex if
tox + (1- t)%y € K whenever x,y € K, t € [0,1]

or, equivalently, [|x + y|ljc < lIx[lk + Ilyll

B ={(z,y) « [+ [yl < 1}

+4+ 44

q=1/8 qg=1/4 q=1/2 qg=3/4
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(1) Quasi-convexity

Let 0 < g < 1. A star body K C R” is called g-convex if
tox + (1- t)%y € K whenever x,y € K, t € [0,1]

or, equivalently, [|x + y|ljc < lIx[lk + Ilyll

B ={(z,y) « [+ [yl < 1}

+4+4+49

q=1/8 qg=1/4 q=1/2 qg=3/4 q =1 (convex)
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(1) Quasi-convexity

Let 0 < g < 1. A star body K C R” is called g-convex if
tox + (1- t)%y € K whenever x,y € K, t € [0,1]

or, equivalently, [|x + y|ljc < lIx[lk + Ilyll

B ={(z,y) « [+ [yl < 1}

+4+4+49

q=1/8 qg=1/4 q=1/2 qg=3/4 q =1 (convex)

Question If K is g-convex, for which g’ the intersection body IK is
q’-convex?
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(1) Quasi-convexity for Intersection bodies

Theorem [K.-Yaskin-Zvavitch, 2011]
Let K be a symmetric star body in R” and 0 < g < 1. Then, if K is
g-convex, IK is gq’-convex where

¢ =[(1/g—1)(n-1)+1]"*

@ If g=1, then ¢’ = 1: (just Busemann's theorem!)

@ ¢’ < g, but the formula for g’ is sharp asymptotically. ﬂ
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(1) Quasi-convexity for Intersection bodies

Theorem [K.-Yaskin-Zvavitch, 2011]
Let K be a symmetric star body in R” and 0 < g < 1. Then, if K is
g-convex, IK is gq’-convex where

q =1(1/q—1)(n-1) +1] "

@ If g=1, then ¢’ = 1: (just Busemann's theorem!)

@ ¢’ < g, but the formula for g’ is sharp asymptotically. ﬁ
More generally, for a log-concave measure p on R”,
Consider the intersection body /, K w.r.t. . defined by

pic(U) = p(KNut) Vue St

Then the above theorem still holds for /, K.
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Quai-convexity: Example

Let K = {t%x+(1—t)%y:xe C,ye-C,0<t< 1},
where C = {(1,x2,...,%n) : [xa|,- .., |xa] <1}

@ K is g-convex.
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Quai-convexity: Example

Let K = {t%x+(1—t)%y:xe C,ye-C,0<t< 1},
where C = {(1,x2,...,%n) : [xa|,- .., |xa] <1}

@ K is g-convex.

KN 51i| — 9(2-1/g)(n—-1)
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Quai-convexity: Example

Let K = {t%x+(1—t)%y:xe C,ye-C,0<t< 1},
where C = {(1,x2,...,%n) : [xa|,- .., |xa] <1}

@ K is g-convex.

|K N (4d2)t) = on1/2
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Quai-convexity: Example

Let K = {t%x+(1—t)%y:xe C,ye-C,0<t< 1},
where C = {(1,x2,...,%n) : [xa|,- .., |xa] <1}

@ K is g-convex.

° ||61H = 2(t/g=2)(n-1)
ler + 62||/K St

KN el| = 20@-1/o(n-1)
[K N =22

Jaegil Kim Convexity of Intersection Bodies



Quai-convexity: Example

Let K = {t%x+ (1-
where C = {(1,x,...,

|K N el| = 2-1/a)n=1)

|K N (255

) |>2n 1/2

|X2|a"'7

t)%y:xec,ye—c,ogtgl},

Xp) :

|xa| <1}

@ K is g-convex.

o e, = = 2(t/g=2)(n-1)
ler £ 62||/K St

@ If IK is g’-convex, then

/ ’ /
2e1([f < ler+eallfi + ller—ellfi
gives

¢ $1(1/q-1) (n—1) +1] "

Jaegil Kim
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(2) Banach-Mazur distance from B}

[Hensley, 1980] For any symmetric convex body K in R”,
dem(IK,BY) < C

where C > 1 is a universal constant.

@ Note that dgm(BL, BY) = +/n. In fact, a lot of symmetric convex
bodies are very far from the ball in high dimension.

@ Nevertheless, the above theorem says that their intersection bodies
should be bounded from the ball by an absolute constant.

Jaegil Kim Convexity of Intersection Bodies



(2) Banach-Mazur distance from B}

[Hensley, 1980] For any symmetric convex body K in R”,
dem(IK,BY) < C

where C > 1 is a universal constant.

@ Note that dgm(BL, BY) = +/n. In fact, a lot of symmetric convex
bodies are very far from the ball in high dimension.

@ Nevertheless, the above theorem says that their intersection bodies
should be bounded from the ball by an absolute constant.

Questions [Lutwak, 1990's]  Are the followings true?

o dBM(/K7 Bé’) < dB/\/l(K7 Bé’),
o dBM(IK,K)Zl = dBM(K,Bg):l,

@ dgu(I™K,Bj) = 1as m— .
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Partial answers

[Fish-Nazarov-Ryabogin-Zvavitch, 2011] If a star body K is close
enough to the ball BJ, then

dem(I"K,BY) =1 as m— oo.
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Partial answers

[Fish-Nazarov-Ryabogin-Zvavitch, 2011] If a star body K is close
enough to the ball BJ, then

dem(I"K,BY) =1 as m— oo.

Theorem [Alfonseca-K., 2013]
For every e > 0, there exists an integer N > 1 such that for every n > N
and any convex body K of revolution in R”,

dem(I?K,BS) <1 +e.

@ Roughly speaking, the double intersection body of a body of
revolution is close enough to an ellipsoid in high dimension.

@ But the single intersection body is not enough for the above
theorem.
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Negative answer for star bodies

dem(IK, BY) < dgm(K, BY) may not be true without convexity

Consider K = {t5x+(1—t)%y xeC,ye—-C,0<t< 1},

K
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Negative answer for star bodies

dem(IK, BY) < dgm(K, BY) may not be true without convexity

Consider K = {t5x+(1—t)%y xeC,ye—-C,0<t< 1},

21-1/4By C K

Jaegil Kim Convexity of Intersection Bodies



Negative answer for star bodies

dem(IK, BY) < dgm(K, BY) may not be true without convexity

Consider K = {téx—l—(l—t)%y xeC,ye—-C,0<t< 1},

° dBM(K7 Bg) < 21/q_1\/ﬁ'

2-14By ¢ K C /nBY
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Negative answer for star bodies

dem(IK, BY) < dgm(K, BY) may not be true without convexity

Consider K = {t5x+(1—t)%y xeC,ye—-C,0<t< 1},

° dBM(K7 Bg) < 21/q_1\/ﬁ'

@ Note that /K is g’-convex where
¢ =[(1g-1)(n-1)+1]7".

2By € K C \JABY So, dpm(IK, By) > 2(¥/a-1)(r1),
o dpum(IK, BY) > dsu(K, B3).
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(3) Modulus of convexity

:x,yemnx—ynKza} }
K

o If dk(e) is big, we would say ‘highly
convex'.

@ The parallelogram identity

2 2 2,112 .

’L;y’ + ’—X2y :.L | gives the
modulus of convexity for the ball,

£\2 1
Sp(e) =1— /1 (5) = 5% +o().
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(3) Modulus of convexity

:x,yeK,nx—ynKze} \

K

o If dk(e) is big, we would say ‘highly
convex'.
@ The parallelogram identity
2 2
|52 4 |52 = SV gives the
modulus of convexity for the ball,

£\2 1
Sp(e) =1— /1 (5) = 5% +o().

[Nordlander, 1960]  For every symmetric convex body K in R”", I

5K(E) < (53;(6).
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Uniform convexity: power type

A symmetric convex body K is called power type p if dx(e) = &P )

@ 0 < p < 2isimpossible by Nordlander.

@ "convexity” increases as p — 2
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Uniform convexity: power type

A symmetric convex body K is called power type p if dx(e) = &P )

@ 0 < p < 2isimpossible by Nordlander.

@ "convexity” increases as p — 2

[Hanner, 1956] computed the modulus of convexity for the ¢,-balls.
@ Forl<p<2,
pP—1 1,
dg(e) = g ¢ +0(e?) (power type 2)
@ Forp>2,

1
dgp(e) = % eP +o(eP)  (power type p)
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Uniform convexity for Intersection bodies

Theorem [K.] Let K be a symmetric convex body of dimension > 3.

© If K is uniformly convex, then so is IK. That is,

ok(e) >0 = Jk(e) >0.

@ If K is of power type p, then so is IK. That is,

ok(e) 2 eP = dk(e) 2 eP.

@ Similar results for bodies of revolution are given in [Alfonseca-K.]

@ The value p in the second statement is optimal.

Indeed, IB[’,’ contains a 2-dimensional £,-section. So, /Bg has the
same power type of modulus of convexity as Bj.
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Uniform convexity for Intersection bodies

In fact, IB,’J7 contains a 2-dimensional ¢,-section.
@ Consider the 2-dimensional E = span{ey, e;}.

@ Let uc ENS" ! Take v € ENut (a rotation of uin E by 7/2).
Byn vt = BN (EL +span {v}) = (BpN EY) @, (Bp Nspan {v})
which implies [Bf N uL| = ¢ p|BI N EL| - pga(v).
P

® Thus, IB)NE = c By N E where ¢ = ¢, | By NE*]. O
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Uniform convexity for Intersection bodies

In fact, IB,’J7 contains a 2-dimensional ¢,-section.
@ Consider the 2-dimensional E = span{ey, e;}.

@ Let uc ENS" ! Take v € ENut (a rotation of uin E by 7/2).
Byn vt = BN (EL +span {v}) = (BpN EY) @, (Bp Nspan {v})
which implies [Bf N uL| = ¢ p|BI N EL| - pga(v).
P

® Thus, IB)NE = c By N E where ¢ = ¢, | By NE*]. O

Theorem [K.] The double intersection body /2K of a symmetric
convex body K C R"”, n > 3, is uniformly convex.

That is, every /2K does not contain a line segment on its boundary.
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Recall: Proof of Busemann Theorem

@ Let uy, up be on the boundary of /K. We claim that % c IK.
WLOG, assume |u1| = |uz| = 1.
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Recall: Proof of Busemann Theorem

@ Let uy, up be on the boundary of /K. We claim that % c IK.
WLOG, assume |u1| = |uz| = 1.
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Recall: Proof of Busemann Theorem

-
>~

@ Let uy, up be on the boundary of /K. We claim that % c IK.
WLOG, assume |u1| = |uz| = 1.

Jaegil Kim Convexity of Intersection Bodies



Recall: Proof of Busemann Theorem

<

K

@ Let uy, up be on the boundary of /K. We claim that % c IK.
WLOG, assume |u1| = |uz| = 1.
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Recall: Proof of Busemann Theorem

_ uyHug
p= w+ug|

ug

1K

@ Let uy, up be on the boundary of /K. We claim that % c IK.
WLOG, assume |u1| = |uz| = 1.

Q Letu= |Zli“2 Since

uy + w2
2

_ |ur + w2

ol = 22l
_ -
K 2

/IKNut],

we need to show |K Nut| > M
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Recall: Proof of Busemann Theorem

—
Z

\

To get |K N uit|, integrate sections by
moving with ‘uniform volume’ speed, i.e.,

1| - A{(t) = const, Vt € [-1/2,12].

Here, const is equal to 1 by the assumption
(KN ug| = [lusfl e = 1.
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Recall: Proof of Busemann Theorem

<

K

To get |K M uy-|, integrate sections by
moving with ‘uniform volume’ speed, i.e.,

[I| - r5(t) = conmst, Vt € [-1/2,172].

- 1 . .
KNu Here, const is equal to 1 by the assumption

|K N ug| = [Juall e = 1.

Jaegil Kim Convexity of Intersection Bodies



Recall: Proof of Busemann Theorem

_ uyHug
p= w+ug|

ug

1K

To get the volume of K N ut, integrate its
sections along with the parametrization

, B ri(t)r(t)
7 = o] 22 A OER= 0k
o 1> |a-nl+l > I P

@ r'(t) = |1+ u| [(1—)\)2r{ + )\zrﬂ
> |+ [(1=N)A]7 A
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Recall: Proof of Busemann Theorem

_ uyHug
p= w+ug|

ug

1K

|Kﬂuﬂ:/||\dr2/|(17/\)|+)\|| dr

1/2
2t (1A (1) G020

Vo T
= \ul-‘ruz\#

1/2
= |uy + | / (1= A dt
—1/2

> —|ur+u|

1
2
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Equality case

To hold the equality, the following should be satisfied:

@ Equality in the AM/GM inequality should hold:
A(t) = 3| so r(t) = ra(t) for all t € [-1/2,1/2].

@ Equality in the Brun-Minkowski inequality should hold:

the sections “ and | are homothetic each other ‘

Q |1=1(1+1)] the equality case of I > (1 — X1+ AL

In this case three sections I, I, | are congruent.
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Equality case

To hold the equality, the following should be satisfied:

@ Equality in the AM/GM inequality should hold:
A(t) = 3| so r(t) = ra(t) for all t € [-1/2,1/2].

@ Equality in the Brun-Minkowski inequality should hold:

the sections ’l and | are homothetic each other ‘

Q |1=1(1+1)] the equality case of I > (1 — X1+ AL

In this case three sections I, I, | are congruent.

uy ug

\/ \

Q[K . .
implies
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Uniform convexity for /°K

intersection body /°K of K does not contain a line segment on its

Let K be a symmetric convex body in R”, n > 3. Then the double
boundary, (i.e., I?K is uniformly convex). |

Suppose that 12K contains a line segment on its boundary.

)]

I’K
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Uniform convexity for /°K

intersection body /°K of K does not contain a line segment on its

Let K be a symmetric convex body in R”, n > 3. Then the double
boundary, (i.e., I?K is uniformly convex). |

Suppose that 12K contains a line segment on its boundary.

)]
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Uniform convexity for /°K

Let K be a symmetric convex body in R”, n > 3. Then the double
intersection body /°K of K does not contain a line segment on its
boundary, (i.e., I?K is uniformly convex).

Suppose that 12K contains a line segment on its boundary.
u
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Uniform convexity for /°K

Let K be a symmetric convex body in R”, n > 3. Then the double
intersection body /°K of K does not contain a line segment on its
boundary, (i.e., I?K is uniformly convex).

Suppose that 12K contains a line segment on its boundary.
u
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Uniform convexity for /°K

Let K be a symmetric convex body in R”, n > 3. Then the double
intersection body /°K of K does not contain a line segment on its
boundary, (i.e., I?K is uniformly convex).

Suppose that 12K contains a line segment on its boundary.
u

u
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Uniform convexity for /°K

intersection body /°K of K does not contain a line segment on its

Let K be a symmetric convex body in R”, n > 3. Then the double
boundary, (i.e., I?K is uniformly convex). I

Suppose that 12K contains a line segment on its boundary.
u
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Uniform convexity for /°K

intersection body /°K of K does not contain a line segment on its

Let K be a symmetric convex body in R”, n > 3. Then the double
boundary, (i.e., I?K is uniformly convex). I

Suppose that 12K contains a line segment on its boundary.
u
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Uniform convexity for /°K

Let K be a symmetric convex body in R”, n > 3. Then the double
intersection body /°K of K does not contain a line segment on its
boundary, (i.e., I?K is uniformly convex).

Suppose that 12K contains a line segment on its boundary.
u

Contradiction! O
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Open questions

Question 1:  Quantify the previous statement. J

That is, what happens on K if IK has ‘almost flat' chord on its boundary?
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Open questions

Question 1:  Quantify the previous statement. )

That is, what happens on K if IK has ‘almost flat' chord on its boundary?

Question 2:  Prove or disprove that
02k (e) > dk(e) Ve >0

and the equality holds if and only if K is an ellipsoid.
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THANK YOU!
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