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1. Backgr ound and Goals

The workshop Polya-Schur-Lax Problems: Hypertolicity and Stability Preservers
held at the American Institute of Mathematics Researti Conference Center on
May 28{June 1, 2007, was dewoted to the recert developmerns in the theory of
distribution of zerosof polynomials and transcendenal entire functions and some
of their mostimportant applications. The activities focusedmainly on the following
topics and their interplay:

1. Polya-Scwur problems: classi cation of linear presenersof polynomials and
transcendenal ertire functions in one or seweral variables with prescribed
zero sets.

2. Lax-typeproblems: determinantal represerations of multiv ariate Garding-
hyperbolic polynomials and related objects.

3. Properties and applications of stable polynomials and polynomials with
the half-plane property in combinatorics, matrix theory, optimization and
statistical medanics.
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The rst topic goes badk to Laguerre and Polya-Sdwur and is intimately con-
nected with the other two, as showvn by the recert solutions to the Polya-Sdwur
problem for univariate hyperbolic (i.e., real-rooted) polynomials [11] and the 1958
Lax conjecture for Garding-hyperbolic polynomials in three variables [45, 56], re-
spectively. The notion of hyperbolicity in onevariable has seweral important exten-
sionsto higher dimensions[10Q], in particular the well-known concept of Garding-
hyperbolic polynomial [40]. The latter wasinitially studied in the theory of partial
di erential equations[1, 40, 53] and is closelyrelated to other fundamertal classes
of polynomials, such as stable polynomials and polynomials with the half-plane
property [10, 22, 39, 42]. Polya-Sdur problems for these classesof polynomials or
variations thereof have beenactively studied over the last certury and have signi -
cant applications in the theory of entire functions [6, 20, 21, 28, 30, 33, 55], statisti-
cal medchanics[44, 54, 59, cortrol/stabilit y theory and convex optimization [5, 45],
matrix theory, probability theory and combinatorics [12, 17, 18, 22, 61, 66, 67).

The combination of the two recert breakthroughs mertioned above { nhamely the
solution of the Polya-Sdwur problem for circular domains[10, 11] and the proof of
the Lax conjecture [45, 56] { has already proved to be very fruitful and is expected
to have many more far-reaching consequenceaswe are yet to understand and fully
exploreit. Indeed, the notion of real stable polynomial { which is the certral ingre-
dient usedin e.g.[10, 11, 12] { hasbecameutterly important in seweral apparertly
unrelated areas[22] and seemdo provide an appropriate framework for studying in
a uni ed manner conceptssud as Hurwitz-Schur stability, the half-plane property
and hyperbolicity. The power of the notion of real stability and its further potential
are alsoillustrated by its recen applications to the solution of seweral well-known
conjectures in linear algebra [12]. Moreover, three major conjectures{ namely
Lieb's \p ermanert{on{top"” (POT) conjecturein matrix theory/combinatorics, the
Bessis-Moussa-Villani(BMV) conjecture in quantum statistical mecdanics and the
so-called\Big Conjecture" in negative dependence/probability theory { can all be
reformulated and generalizedin a natural way by meansof real stable polynomials
or closelyrelated objects, seex4.5{4.7. The classi cation of real stability preseners
obtained in [10, 11] combined with Lax-type results [45, 56] lays ground for even
more exciting developmerns asit provides new tools for dealing with yet another
fundamental problem, namely the characterization of Fourier transforms with all
real zeros,seex3 and x4.4. This is a question of certral interest in ertire function
theory but progresshas beenrelatively scarceever sincePolya's initial results and
de Bruijn's subsequet work [19, 20, 33]. It is therefore quite clear that one must
now dewelop a general theory of real stable polynomials that would put them on
equal footing with e.g.totally positive matrices.

The purpose of this workshop was to bring together experts in the above ar-
easwho have a speci ¢ interest in Polya-Scwr-Lax problems, inform them about
substartial new developmens and establish a collaborative network around these
subjects. Our goalswere threefold:

(i) To organizea short lecture seriesdewted to the recent progresson Polya-
Sdhur-Lax problems and their main applications.
(i) To organizediscussionsession®n the most relevant projects to be pursued
in theseareas.
(i) To start interactive collaboration betweenpeoplefrom the diverseareasof
researt impacted by Polya-Sdwr-Lax problems.
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2. Workshop Activities and Pr ogress Report

In sharp cortrast to the usual format of conferencesthis workshop provided a
unique experienceof interaction with researtiersin diverse elds. The structure of
the workshopwasin the tradition crystallized at AIM with about two intro ductory
talks ead morning followed by problem sessionsand group discussionsn the after-
noon. This format was very well-suited to our goalsand needs,encouragingactive
involvemert of all the participants and fostering new collaborations. Sincethe main
focus of the workshop was on concrete (Polya-Sdwr-Lax) problems(seex3 and x4)
we kept a great deal of exibilit y throughout the meeting soasto give participants
asmuch time as possibleto discussand work jointly on these problems.

The talks given over the v e days of the workshop served two purposes:on the
one hand, they gave a state-of-the-art report on the topics dealt with and thus
becamea common platform that participants from various researt areas could
build on; on the other hand, thesetalks were a lead-in and a general\w arm-up"
for the problem sessionsand group discussionsthat were subsequetly sdeduled
following suggestionsfrom all the participants. Unlike traditional lectures, all the
talks given at the workshop had an interactive nature and allowed for numerous
guestionsand remarks from the audience. Below is a summary of thesetalks:

The openingtalk givenby G. Csordasreviewed the history and applications
of Polya-Sdwr problems in the distribution of zeros of polynomials and
transcendenal ertire functions, from the fundamertal results of Laguerre,
Hermite, Polya and Schur to the most recert achievemerts. One of the
highlights of this talk was a most intriguing reformulation of the Riemann
Hypothesis(due to the speaker) in terms of multiplier sequencesnd CZDS
(seeProblem 21 in x4).

V. Vinnik ov gave an overview of the Lax Conjecture and its recert proof
[45, 56] and a survey of related problems dealing with determinantal rep-
resenations for hyperbolic and real stable polynomials (seex4.1).

L. Gurvits preseried his recert proofs and generalizationsof the Van der
WaerdenConjecture, Sdrijv er-Valiant Conjecture, Alexandrov-Fendel and
Brunn-Mink owski inequalities by meansof hyperbolic and real stable poly-
nomials and discussedsomealgorithmic aspects[42, 43]. The notion of ca-
pacity of a real homogeneougolynomial introducedby the speaker (which,
as pointed out by C. Johnson,in the caseof determinantal polynomials is
the same as the notion of \equilibrant" of a matrix due to A. Ho man)

seemsto play important role in many applications (seeProblem 3).

J. Borcea and P. Branden proposed equivalert formulations and general-
izations of the BMV Conjecture and the POT Conjecture, respectively,
in terms of hyperbolic and real stable polynomials (see x4.5{4.6). Sub-
sequettly, C. Johnson gave a short but informativ e review of the results
known sofar and the matrix theoretic approacesto the BMV Conjecture
(as wasrecertly shawvn by Lieb-Seiringer [58], the BMV conjecture may be
reformulated by meansof positive de nite matrices).

O. Holtz talked about Newton inequalities and ongoing e orts for nding

unifying principles (in the spirit of O. Taussky-Todd) for classesof matri-

cessatisfying Hadamard-Fischer-Kotelijansky type inequalities and various
stability properties. She also gave an overview of related negative depen-
dence properties and applications to combinatorics, matroid theory and
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probability theory, including Mason's Conjecture and some of the conjec-
tures proposedby Pemartle [60] and Wagner[67] (seex4.7). Subsequetly,
C. Johnson suggestedan approac to nding such principles by meansof
matrices whose minors satisfy the so-calledLIA (\Leading Implies All")

property.

AIM Web Director D. Farmer gave an informativ e talk about zero spac-
ings for the  function, the dynamics of these zerosunder di eren tiation

and other transformations, and connectionswith the Riemann Hypothesis.
He also proposedseveral related problems and conjectures,seeProblem 1.
(This wasin fact the rst time that one of the AIM Directors participated
in the activities of an workshop held at AIM.) Shortly after the workshop,
D. Dimitro v announcedthat together with V. Kostov he constructed coun-
terexample to Conjecture 5.1.1in [38] (seeProblem 1 (iv)).

There were also several ad-hoc short talks in which participants informed the
audienceabout recert progress{ in certain casesduring the workshop itself { or
posednew problems (some of which are listed in x3):

Y.-O. Kim and H. Ki reported new results on certain linear operators, the
Riemann -function and the de Bruijn-Newman constart . In particular,
they announceda proof of the inequality < 1=2 (seeProblem 5);

D. Wagner proposed a conjecture which, if true, would imply that any
so-calledRayleigh matroid satis es Mason's ultra log-concavity conjecture
(seeProblem 6, x4.7 and [67));

M. Gekhtman gave a short overview of recert positivit y results for (general-
ized) immanants of totally nonnegative matrices and formulated a positiv-
ity conjecture for Hadamard-Fischer-Kotelijansky lik e expressiongnvolving
products of minors of certain totally nonnegative matrices assaiated with
weighted graphs;

O. Guler formulated a conjecture with important applications in dual hy-
perbolic programming problems, namely an inequality between the third

and secondorder directional derivatives of the Fendel dual of the self-
concordan barrier function (\ logdet") of a hyperbolic polynomial;

D. Dimitro v posedthe problem of characterizing Fourier transforms with
all real zerosby meansof minors of an assaiated upper triangular in nite

Toeplitz matrix;

D. Cardon promulgated an elegart geometric argumert which shows that
the coe cien ts of real ertire functions whosezeroslie in a strip satisfy a
certain concavity property (Newton's inequalities) enjoyed by univariate
hyperbolic polynomials;

J. Borceaand M. Tyaglov (a PhD student of O. Holtz) independertly pro-
posed argumerts to solve a 171-year-old open problem of Gauss (made
precisein [30]) known asthe Hawai'ian Conjecture (Problem H in x4.8).

Group discussionsfocusedon the topics that we just described. A compilation
of the questions addressedby various groups over the v e days of the meeting is
given in x3 and x4 below. To briey outline someof the issuesdealt with during
problem sessionswve could mertion:

Multiplier sequencesCZDS and -sequencegcf. x4.2) were a quite popular
subject and made the object of seweral problem sessions. Attempts were
made (at least) by T. Craven, G. Csordas,D. Dimitro v, S. Edwards, S. Fisk,
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O. Katk ova, B. Shapiro, A. Vishnyakova, C. Johnson,P. Branden, S. Fried-
land, J. Borcea, D. Cardon, A. Piotrowski, J. Lynn-Halfpap, E. Steinbart

to characterize multiplier sequencesvhosereciprocals are positive de nite

sequencegProblem 22) and multiplier sequencesvhich are CZDS (Prob-

lem 18). O. Katk ova and A. Vishnyakova formulated an interesting conjec-
ture giving a su cien t condition for rapidly decaying CZDS (Problem 4),

T. Craven found counterexamplesto an overly-optimistic conjecture claim-
ing that non-decreasingCZDS are also preseners of the set of real polyno-
mials with all zerosin a given horizontal strip (symmetric in the real axis),
and seeral peoplebrainstormed on the (quite di cult) problem of deciding
whether rapidly decaying positive sequencesare CZDS (Problem 20).

M. Tyaglov, S. Fisk and J. Garlo worked on an intriguing conjecture on
complexinterlacing properties for the zerosof pairs of real polynomials ob-
tained by regrouping terms of degreeswhich are multiples of 4 in the real
and imaginary parts of an arbitrary Hurwitz stable polynomial. C. John-
son pointed out that a natural matrix theoretic approad to this problem
would be to study possibleconnectionswith eigervalues/singular values of
symplectic matrices and quaternionic matrices.

Fourier transforms, linear operators of the form e D® with 2 R nfOg
and related kernel represenation problemswere investigated by H. Ki, Y.-

O. Kim, G. Csordas,D. Cardon, D. Farmer, D. Dimitrov. In particular,

they tried to construct examplesof linear operators preserving\zeros in a
strip” by meansof Hermite-Biehler polynomials/functions.

Problem 16 and Problem 17 (on in nite Lax type determinantal represen-
tations for Laguerre-Polya functions in two variables and multiv ariate non-
negative polynomials/sums of squares,respectively) were explicitly formu-
lated and discussedby V. Vinnik ov, J. Borcea, P. Branden and B. Shapiro.
Partial results in the direction suggestedby Problem 17 are contained in

an ongoingjoint work with A. Guterman.

Problems pertaining to computational complexity issuesfor determinantal

represenations and hyperbolicity preseners aswell as properties of homo-
geneousconesand hyperbolicity cones(relevant in corvex optimization and
semide nite programming) were studied by V. Vinnik ov, O. Guler, P. Par-
rilo, O. Shewhenko, S. Friedland, L. Gurvits. In particular, they tried to
decide whether one can produce e ectiv e algorithms for testing hyperbol-
icity by reducing the problem \one variable at a time".

The aforemertioned talks by J. Borceaand M. Tyaglov on the Hawai'ian

Conjecture (Problem H in x4.8) generated considerable interest and led
to invigorating discussionsabout the nature of certain level curves (called
\gardens" or \sunsets" in the literature). These curves were studied by
(at least) G. Csordas, T. Craven, S. Edwards, B. Shapiro, P. Branden,
J. Borcea. Basedon her joint work with A. Hinkkanen, S. Edwards pro-
duced a numerical courterexample to a stronger conjecture made earlier
by J. Borceaand B. Shapiro in [16, Conjecture 2]. The latter two partici-

pants suggestedrossiblecomplexand multiv ariate versionsof the Hawai'ian

Conjecture, while B. Sturmfels (who attended the workshop for one day to-
gether with two of his PhD students at UC Berkeley) asked for possible
connectionswith hivesand \tropical" versionsof this conjecture.
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O. Holtz, M. Gekhtman, C. Johnson, P. Brenden and J. Borcea worked
on the capacity problem posedby L. Gurvits in his talk (Problem 3) and
managedto solveit in somespecial caseghowever, they were subsequetly
told by L. Gurvits that these special caseswere already known to him).
The problem posedby D. Wagner (Problem 6) made the object of a group
discussioninvolving D. Wagner, P. Parrilo, J. Borceaand P. Branden. They
showedthat the problem actually reducesto a certain non-corvex optimiza-
tion problem. Unfortunately, existing computer codesof P. Parrilo are not
applicable due to the non-corvexity of the feasibility region.

The POT Conjecture, Schur's determinantal inequality and their multiv ari-
ate real stable extensionsproposedin x4.5werediscussedoy M. Gekhtman,
C. Johnson, O. Holtz, P. Branden, S. Fisk, S. Friedland, J. Borcea. This
led to someinteresting obsenations concerningcombinatorial properties of
homogeneougeal stable symmetric polynomials. P. Branden and S. Fisk
suggestedoossibleextensionsof Stanley's univariate hyperbolicity criterion
(in terms of symmetric/Schur functions) to real stability in two variables.
The BMV Conjecture was the theme of seweral problem sessiongnvolving
(at least) G. Csordas,S. Friedland, M. Gekhtman, P. Branden, C. Johnson,
O. Holtz, J. Borcea. The real stable and hyperbolic versionsof these con-
jecture (proposedin x4.6) as well as various matrix theoretic approaces
were discussed. In particular, (almost successful)attempts were made by
P. Branden, M. Gekhtman and S. Friedland to settle the casewhen at least
one of the matrices in Lieb-Seiringer's reformulation of this conjecture (see
Problem 39) hasrank at most two.

In conclusion, this was an enriching experienceand we all viewed the meeting as
highly successful.The workshop venue, with its generousspaceswonderful library
and computing and other facilities, createda relaxed milieu which wasconducive for
the free exchangeof ideas. Thanks to the assistanceand the expert guidanceof the
Directors of AIM, the transition from a few, brief introductory talks led seamlessly
to small (and large) group discussionsdealing with problems of common interest.
All the participants bene ted from theseincipient yet dynamic collaborations that
will certainly bear fruit in the near future. Indeed, we are quite hopeful that these
collaborations will continue and evertually leadto signi cant dewelopmerts on some
of the problems discussedat this workshop. We would therefore encourageAIM to
considerholding a follow-up meeting in a year or so, where people could report on
the progressoriginating from this workshop and focuson newimportant challenges.

3. Problems Pr oposed by the Par ticip ants
Commerts on these problems can be sert to workshops@aimath.ay

Problem 1 (D. Farmer). Let and beasin e.g.Problem 5 below.

(i) What are the number theoretic aspects\hidden" in the integral expression
z 1
( x) cogzx)dx ?

For instance,is it possibleto provethe Prime Number Theorem (which is equivalent
to saing that the aforemerioned function in z has no zerosin the half-plane
fz2 C:Im(z) 1=2g) usingonly this integral expression?
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(i) Which multiplier sequencesven out zero spacingsfor the  function?
Commert: This problem should have been phrased as \Whic h ertire functions

of d=dx even out....".

R
(i) Doesthere exist R > 0 sud that the function OR ( x) cogzx)dx has more
than one pair of (complex) correlated zeros?

(iv) Isdierentiation a better way than the midpoint method to even out spacings
of zerosof real ertire functions of order 1 with all real zeros(cf. [38, Conjecture
5.1.1]; seealso x2)?

Commert: The answer is 'no." Dimitar Dimitrov and Vladimir Kostov found
counterexamples.

Problem 2 (S. Fisk). (i) is a Lax-type problem for (Hurwitz) stable polynomials
while (i) is a Horn-type problem for stable homogeneouspolynomials.

(i) If A is a skew symmetric n n matrix and B;;B, are positive de nite then
det(A + i(xB1 + yB3)) is a stable polynomial, and all terms have even degreeif n
is even, and odd degreeif n is odd. Is the corversetrue?

(i) Recall the additive Horn problem:
Fix anintegern, andlet ; ; 2 R". Isthereatriple (A;B;C) of
Hermitian matriceswith A+ B + C = 0, and eigervalues ; ; ?

The corresponding problem for polynomials can be phrasedin a similar manner:

Fix anintegern, and let ; ; 2 R". Is there a triple (f;g;h)

of real rooted polynomials with roots ; ; and a homogeneous

stable polynomial F (x; y; z) such that f = F(x; 1,0),g= F(0;x; 1)

and h = F(1;0;x)?
It is known that Horn's problemis sohvablefor ; ; i ( ; ; ) isthe boundary of
a structure called a hive. The logsof the coe cien ts of the polynomial F determine
a hive. However, unlike the Horn theorem, this is not a su cien t condition. What
are necessaryand su cien t conditions on f ; g; h that guararntee the existenceof F ?

Problem 3 (L. Gurvits). Consider the Fischer-Fock spaceFy, i.e., the Hilbert
spaceof holomorphic functions on CK v;(ith inner product

H;gie, = la( )b( );
2 Nk

P P
where a( )z and b( )z arethe Taylor expansionsoff and g, respectively

P(z1;::5z¢) nt
1> 01z >0 (27 z )k KN
Let p;q be any two real homogeneougpolynomials in k variables of degreen. Is it
true that

Cap(p) =

idir,  Cap(n) Cap(@) 2

Problem 4 (O. Katkova, A. Vishnyakova). Let = f ygkan beapositive sequence
sudc that ,f 4 1 k 1forallk 2 N. Isit true that isa CZDS (seeProblem 18
in x4.2 for the de nition of a CZDS)?
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Problem 5 (H. Ki, Y.-O. Kim). Let ( z) bethe Riemann -function:

1 .
(2)= ( He?tdt;
1

where

2t

%
()=2 (2n* 26°%2 3n2 &F2)e n? e*.
n=1

Dene (z) by 7
1

(2) = ( tye' 2tdt:
1

(i) Isit true that for any < 0 almost all zerosof (z) are real?

If true, one of the consequencesf this question would be that almost all complex
zerosof the Riemann zeta function are on the critical line.

(i) Supposef is areal ertire function of order 1 and maximal type, f is even, and
the zerosof f lie in the strip fz : jim zj g for some > 0. Isit true that for
every > Oall but a nite number of zerosof e P *f are real and simple?

Let be the Riemann zeta-function, and de ne the function by

1 - .
(9="C D s =2(9 (s=i+i)
Let ; denotethe Dirichlet character modulo 5 such that 1(2) = i. Put
P——p—
10 2 5 2 1 sec i i
= —pf; = tan ;o f(s) = > e ' L(s; 1)+ € L(s; 1) ;

and de ne the function by
s=2

5 .
(= =t = f(s) (s=3+it):
Let . denotethe Dirichlet character modulo 4 sudh that »(3) = 1, and de ne
the function H by
1 2 ° 1 1 1 H
Ht)y= s+35 — L(s 3 2)L(s+ 3 2) (s= 3 +it):
The functions and H are evenreal ertire functions of order 1 and maximal

type. The Riemann hypothesisis the conjecture that  hasonly real zeros. It is
known that the zerosof lie in the strip ft : jimtj < 1=2g, andthat hasin nitely

many real zeros. The function  hasin nitely many real zerosand in nitely many
non-real zeros; and there is a positive constart  such that the zerosof lie in
the strip ft : jimtj g. The function H has no real zerosat all, but in nitely

many non-real zeros;and the zeroslie in the strip ft : jimtj < 3=2g. The following
theorem (due to H. Ki, Y.-O. Kim and J. Lee) provides an a rmativ e answer to
question (i) for the functions , and H:

Theorem 1. For every > Oall buta nite number of zemsofe ®* ,e P °

2 .
ande P "H are real and simple.
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This theorem, in particular, implies that the de Bruijn-Newman constart is less
than 1=2. In our notation, the de Bruijn-Newman constart  is given by

= 4inff 2(1 ;1):e °° hasonly real zerog:

mial X
Z=2Z(yi;:Ym) = L(S)y®;
S E

where yS = Qezsye. Fore?2 E let Z° := Zjy,-o and Z, := @=@e, SO that
Z = Z® + y.Z,. For distinct e;f 2 E let

Zte;fg:=2Lzf Zgz®':
Assumethat
Q) '(s) Oforals E,

2) '(S) !(T)whenewerT S E,
(3) Zfe;fg 0 for all distinct pairs e;f 2 E and for all positive real values

Given a permutation  of E let
(2)= (2)y1:i5ym) = Z(Y @s: 5 (my):

For distinct g;h 2 E let gn = (gh) andsetZ = Z + ¢n(Z). The questionis as
follows: is it true that

Zfe;fg O

It should be noted that by the results recenly establishedin [13] it is known that
if the monotonicity condition (2) is dropped then the answer to the above question
is negative (seealso x4.7 below).

4. Pr oblems, Glossar y and References Pr oposed by the Or ganizers

4.1. Linear Preserv er Problems and Determinan tal Represen tations in

Entire Function Theory. A non-zerounivariate polynomial with real coe cien ts
is called hyperbolic (or is in the Laguerre-Polya class[3, 4, 9, 20, 29)) if all its zeros
are real while a univariate polynomial f with complex coe cien ts is called stableif

f(z) 6 Ofor all z2 C with Im(z) > 0. Hence, a univariate polynomial with real
coe cien ts is stable if and only if it is hyperbolic.

C" with Im(z)> 0,1 i n. If in addition f hasreal coe cien ts then f is said
to bereal stable[10, 55].

respectto agivenvectore2 R" if f () 6 0and for all vectors 2 R" the univariate
polynomial t 7! f ( + te) hasonly real zeros[1, 40, 42, 45, 56].

Let C and denote by () the classof all (complex or real) univariate
polynomials whosezeroslie in .

Problem 7. Characterizeall linear operators T : () ! () [ fOg.
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Let , denotethe vector space(over R or C) of all polynomials of degree n.
For C (where is an appropriate set of interest) let () denotethe classof
all polynomials of degree n all of whosezeroslie in . The nite degreeanalog
of Problem 7 is as follows.

Problem 8. Describe all linear operatorsT: () ! () [ fOgforn2 N.

Remark 1. Problems7{8 originate from the works of Laguerre and Polya-Sdwr and
were explicitly stated rst by T. Craven and G. Csordas[28, 31] and subsequetly

by J. Borcea, P. Branden, B. Shapiro [1]] (seealso Q. I. Rahman, G. Schmeisser
[64, pp. 182{183]). Various special casesof Problem 7 when = R have been
considerede.g. by A. Aleman, D. Beliaev, H. Hedenmalm[2] and S. Fisk [39]. For
additional information, see[9]{[12], [18] and referencestherein.

In [11] J. Borcea, P. Branden, B. Shapiro completely solved Problems 7{8 for
all closedcircular domains and their boundariesand in [10] they obtained multi-
variate extensionsfor all nite order linear di erential operators with polynomial
coe cien ts. We emphasizesomeimportant remaining open casef theseproblems:

Problem 9. Settle Problems 7{8 in the following situations:

(@) is an open circular domain,
(b) is a sectoror a double sector,
(c) isastrip,

(d) is a half-line.

Problem 10. Any linear operator T on C[z] may be uniquely represetted as a
E)rmal linear d| erential operator with polynomial coe cien ts (cf. [10]), i.e., T =

k=0 Q«(z2) & dzk , Where Q¢ 2 CJz] for all k 0. Characterize the polynomials Qg
suhthat T: ,() ! () [ fOgforn2 N (cf. Problems 7{8).

Problem 11 ([28]). Let , denotethe vector spaceover R of all polynomials of
degree n. Characterize all linear transformations (operators) T : ,! |, suc
that

Z(Tlp(X)])  Zc(p(x))

where p(x) and T[p(x)] are real polynomials and Z.(P(x)) denotesthe number of
non-real zerosof p(x), courting multiplicities.

Problem 12 ([10]). Let V be a conein R" and denote by H"(V) the set of
homogeneougpolynomialsin n variablesthat are (Garding) hyperbolic with respect
to any vector e 2 V. Describe all linear operators T on R[z;;:::;2z,] sud that
T:H"(V)! H"(V)][ fOg.

It is well known that the analogof the Lax Conjecture for hyperbolic polynomials
in four or more variables fails to hold.

Problem 13 (\Stable" Lax Conjecture 1 ([45], seealso Conjecture 1 in [10])).

L(xo;xl;""xm) P(Xo;X1;:::;Xm) = det(XoAg + X1A1 + :ii+ XmAm)

for somereal symmetric matricesAg; A1;:::; Am with coAg+ C1A1+ i+ cnAm > 0.
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As in [12] (seealso x4.5 below) ;(ve let A1;:::;Am ben n matrices and de ne
(A1 i Ap) = det(A1[S1])  det(Am[Sm]);
S1;:5Sm
wherethe sumis over all m-tuples (partitions) of subsets(S1;:::;Sm) off1;:::;ng
such that the Si's are pairwise disjoint and S; [ [ Sm = f1;:::;ng. In [12]
it was proved that the polynomial (Lg;:::;Lny) is real stable for all m-tuples of
"p ositive” pencilsL;, where

"
Li = Lj(zy;::052) = Ajkzc + Bj; (4.1)

k=1
and wherefor 1 | m the matrices Ajx;1 k7, are positive semide nite
n n matrices and B; is Hermitian. In particular, the polynomial (z1A;:::;z,A)

is real stable, homogeneousand symmetric whene\er A is positive semide nite.

Problem 14 (\Stable" Lax Conjecture 2 (Problem 1in [12])). Isit true that if f is
a real stable polynomial of degreen in ~ variablesthen there exist a positive integer
m and matrix pencilsL;, 1 j m,oftheform (4.1)sudhthat f = (Lyi;:::;Lm)?

The homogeneousrersion of Problem 14 is as follows.

Problem 15 (\Stable"” Lax Conjecture 3 (Problem 2 in [12])). Let f be a real
stable homogeneouspolynomial of degreen in ~ variables. Is it true that there
exist a positive integer m and matrix pencilsL;,1 j m, of the form (4.1) with
Bj=0,1 j m,sucthat f = (Ly;:::;Lm)?

Problem 16 (Determinantal represertations for Laguerre-Polya functions). Let
LP , denote the Laguerre-Polya classof ertire functions in two variables (cf., e.g.,
[55, Chap. IX]; seealso[11]). Are there Lax type (in nite) determinantal repre-
sertations for functions in LP »? For instance, is any function in LP , given by the
Weinstein-Aronszgn determinant (see,e.g.,[50, Chap. IV.6] and [8]) of a pencil of
in nite  Hermitian/p ositive de nite matrices?

Problem 17 (Analog of Hilbert's 17" Problem). Let P, be the set of all real
polynomials in n variables and P/ be the subsetof P, consisting of nonnegative
polynomials (i.e., polynomials which are nonnegative wheneer all variables are
real). Denote by S, the subsetof P} consisting of polynomials which are sums
of squaresof polynomials in P, and let M ,, be the set of all nite order linear

that T(S,) P;. Asiswell known, S; = P; but S, ( Py assoonasn 2. Is
it true that M , S, = P for all n, that is, givenP 2 P there existsS 2 S, and
T2 M, suh that P = T(S)?

4.2. Multiplier  Sequences, CZDS and -Sequences.

Problem 18 ([25, 28]). A sequencd (gj., is a complexzer decreasing sejuene
(CZDS), if | |
X ' X '
Ze cay xK Ze axk
= k=0 k=0
for any real polynomial E:O axxk. Characterize all complex zero decreasingse-
guences.
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Problem 19 ([62, 11, 21]). A sequenceTl = f (g, of rea|;,numbers is called a
multiplier sequene if, wheneer Ig"ne real polynomial p(x) = E:o axk is hyper-
bolic, the polynomial T[p(x)] := E:o vaxxK is also hyperbolic. (Thus, multiplier
sequencegan be viewed ashyperbolicity preservinglinear operators.) Characterize
the multiplier sequencesvhich are CZDS (seeProblem 18).

Problem 20 ([25]). It is known that the sequencd e kpgﬁzo , Wherep is a positive
integer,p 3, is a multiplier sequence.Are these multiplier sequencesCZDS (see
Problem 18)?

Problem 21. With ( t) de ned asin Problem 33 below, let b, k 0, denote the
k™ momert of , de ned by
b := “ t? (t)dt; and = K
T ’ KT 2K)!
Then the Riemann Hyp othesis holds if and only if f «gi_, is a multiplier se-
guence (cf. Problem 19) or that fk—ﬁgﬁzo is a totally positive sequence. Another
equivalent formulation is as follows. Set

bk
—X" =
(2K

Then the Riemann Hypothesis holds if and only if the sequencef F (k)gi_, is a

CZDS. (For the de nition of CZDS seeProblem 18). In terms of the gamma and

zeta functions, F(k), k = 0;1;2:::; can be expressedas
|

b k=0/12::::

Z,

F(x) = ( 1) costt” X) dt:

) p_! p_!

1=4 P, 1 'Kk K
k=4 = .

ok D + +

F(k) = it

NI =

Problem 22 ([25, 28]). A sequenceof nonzeroreal numbers = f ,gi_, iscalled
a -sequene (or positive de nite sequene) if

#
X X

[ p(x)] = axk = vaxk >0 forall x 2 R;
k=0 k=0

P . -
whenewer p(x) = 1., axX > 0 for all x 2 R. Characterize those multiplier
sequences «di_,, k > O, for which the sequencef reciprocals, f 1= «gi_, , are

-sequences.

P
Problem 23 ([3, 4]). Let"' (x) := ﬁzo k—k!xk, k 0, denoteatranscendenal real
ertire function of exponertial type with only real negative zeros. If limy; &:k =

0; then is the sequence gi-, is a CZDS (cf. Problem 18)?

Problem 24 ([24]). Characterize the meromorphicfunctionslf(x) ="' xX)= (x),
where' and are entire functions such that the polynomial E:o F (K)axx¥ has
only real zeroswheneer the polynomial E:O axk hasonly real zeros.

Problem 25 ([24]). Characterize the meromorphic functions F (x) with the prop-
erty that LO F (k)axx*=Kk! is a transcenderial ertire function with only real ze-
[os (or the zerosall lie in the half-plane Rez < 0) whenewer the ertire function

i:o axx*=k! has only real zeros.
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Problem 26 ([24, 51]). A multiplier sequencgseeProblem 19for the de nition) of
the form f F (k)gi_, , whereF (x) is ameromorphicfunction, is calleda meromorphic
Laguerre multiplier sequene. If fF(k)gi-, is a meromorphic Laguerre multiplier
sequencejs the sequence F (k)gi_, a CZDS (cf. Problem 18)?

4.3. Special Functions and Polynomials with Real Zeros.
Problem 27 ([24], p. 90 in [51]). The Wright function (or Fox-Wright function)
is de ned as Q,
o q() = (ajk+lq)ﬁ;
ko 1= (GK+ Q) K
where ( x) denotesthe gamma function and p and g are nonnegative integers. If
weseth = 1( = 1,23:::;p)andd; = 1(j = 1,2,3:::;0), then (4.2) reducesto
the familiar generlized hypergeometric function

(4.2)

(a)k  (ap)k X<

DT B (g KU

where the Pochhammer or ascendingfactorial symbol for a 2 C nf0g is de ned
as(a)g = 1, (a)x == a(a+ 1)(a+2) (a+k 1)= (("";)k), k=123:::. (To-
day, notwithstanding the proli ¢ researt activity in this area, there is little known
about the distribution of zerosof the Wright function and the generalizedhyper-
geometric function, exceptin somevery special cases.) Obtain information about
the distribution of zerosof those Wright functions and generalizedhypergeometric
functions which are ertire functions.

Problem 28 ([24], p. 90in [51]). Consider

R (ak+ 1) (bk+ 1)xK
(ck+d+1) k!

2 1(X) = ajb;c;cd 0 and ¢ a+ b:
k=0
Under what additional restrictions on the parameters a; b;c;d is it true that the

function 5 1(x) hasonly real negative zeros?

Problem 29 ([24], p. 90in [5]1]). In Problem 28,seta= m, b= 0,c= m+ 1and
d= 1, wherem is a nonnegative integer. Then we obtain the sequenceof (entire)
Wright functions:

X (mk+1) xk

0= m+ Dk+ DK

m=0;1,2::::

It is known that the ertire functions f o(x) = \]0(2p X) (Besselfunction) and f ;(x) =
cosh( x) have only real zeros. Note that for arbitrary positive integersm 2,
fm(X) is an entire function of order 1/2. Doesf ,(x), m 2, have only real zeros?

Problem 30 ([34]). The Jacobi polynomial, Pl )(x), of degreen, is de ned by

1 X n+ n+

G = n k k. . .
Pn (X) : 2n ‘o k n k (X 1) (X + 1) 1 ’ > 1
fn 2 1< land > 1, then it is known ([34, Theorem 2]) that the
polynomials
(=2l o2k . )
" a(x) = deP'SY )(x) X and

k=0 x=1
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2l ok . ’
n(x) = et P (%) X
Ko dxzk+l n w=1
have only real, simple negative zeros. We conjecture that for n 4 the zerosof
"n(xX) and ', 1(x) interlace and that the zerosof ,(x) and , 2(x) interlace
(cf. [34, Conjectures 2 and 3] and S. Fisk [39]).

Problem 31 (Problem 18in [34]). Characterize the classof all real polynomials,
pn (x), of degreen, all of whosezeroslie in the interval ( 1; 1), suc that that the

assaiated polynomials ' ,(x) := [ki(]) pfwzk)(l)xk possesonly real negative zeros.

4.4. Dynamics of Zeros under Fourier Transforms and Related Op erators.
In [37] it was pointed out that today, there are no known necessaryand su cien t
conditions that a \nice" kernel, K (t), must satisfy in order that its Fourier trans-
form have only real zeros. It is this fundamenal issuethat motivates someof the
guestionsand results dealing with the distribution of zerosof real ertire functions
represened by Fourier transforms. By way of badkground information, we mertion
Polya's approach to this problem via universal factors ([63, pp. 265{277], seealso
[63, pp. 166{197]and [19]). We recall that an ertire function f is a universal factor
if the entire function Z,

€K (t)f (it) dt

has only real zeros wheneer the zeros of the Fourier transform of K (t) are all
real, where K : R! R is integrable over R, K(t) = K( t) forallt 2 R and
K (t) = O(exp(j tj>*") for some" > 0,ast! 1 . Polya hasshown [63, pp. 265{
277]that f (it) is a universalfactor if and only if f is a real ertire function (in the
Laguerre{Polya class) of order at most 2 having only real zeros.

Problem 32 (Open Problem 4.8 in [26]). In [19] de Bruijn proved that if f is a
real ertire function of order lessthan two and if all the zerosof f lie in the strip
S() =fz2Cjijlmz Y ( 0), then the zerosof cos(D )f (x) (

0; D=d/dx) satisfy jIm zj 2 24 > andlmz=0,if0

(This result may be viewed as an analog of Jensen'stheorem on the location of the
non-real zerosof the derivative of a polynomial.) Is there alsoan analogof Jensen's
theorem for * (D )f (x) when' is a more generaltranscenderial ertire function?
(Seealso[1, 9, 30, 38].)

Problem 33 (D. A. Cardon [20], H. Ki, Y.-O. Kim [52]; seealso [32, 35, 36, 37]).
Considerthe nite Fourier transform

H. (x) = " ( t) coqxt) dt;
0

where the Jacobi theta function, ( t), is de ned by

h 3
(t):= 2 2n%e®™ 3 n%” exp  n?%et :

n=1
If R is sucien tly large, are the zerosof the H, (x) located in the horizontal strip
jlm zj < 1? For what valuesof R > 0:11, if any, doesH, (x) possessomenon-real
zeros?(For 0< R < 0:111it is known that the entire function H_ (x) hasonly real
zeros [36, Theorem 3.6]). This latter problem can also be expressedin terms of
multiplier sequencegcf. Problem 19).
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P
Problem 34. We recall [59] that if ' (z) = ﬁzo ad‘ z" is an entire function, then

its order = (') = limpy ”Io'gﬁ';nj Set =k X fork= 1.2:3:::: Then for
eahh m 1, the real entire function f,(x) := i:o e xX is of order 1. Note

that the m" derivative of f1(x) is fm+1 (X). For all m sucien tly large, is the
sequencef ¢+m0Qi-; a multiplier sequence(seeProblem 19 for the de nition of a
multiplier sequence)?This problem arisesin connection with the investigation of
the distripution of zerosof ertire functions of order 1. For example, the function
H(x):= 4 (t)cogxt)dt (cf. Problem 33) is an ertire function of order 1 and of
maximal type. (SeealsoD. W. Farmer, R. C. Rhoades[3§].)

4.5. Symmetric, Real Stable and Homogeneous Polynomials and the POT

Conjecture. Let Ajp;:::;An be r)1( n matrices, and de ne
(A1;:iAm) = det(A1[S1])  det(Am[Sm]);
S1;:5S m

wherethe sumis over all m-tuples (partitions) of subsets(S1;:::;Sm) off1;:::;ng
such that the Si's are pairwise disjoint and S; [ [ Sm = f1;:::;ng. In [12]
it was proved that the polynomial (Lg;:::;Ly) is real stable for all m-tuples of
"p ositive” pencilsL;, where

X

Li = Lj(zs;::002) = Ajkzc + Bj;

k=1
and wherefor 1 | m the matrices Ajx;1 k °, are positive semide nite
n n matrices and B; is Hermitian. In particular, the polynomial (z1A;:::;z,A)

is real stable, homogeneousand symmetric whene\er A is positive semide nite.
A most fascinating fact [14] (Whichxcan be proved using results from [41]) is that

(z1A; 1120 A) = Imm o(A)s (z1;:::;zn);
n
where s is the Schur-function indexed by the partition , Imm (A) is the im-
manant indexedby , and Cisthe conjugate partition. This raisesmany questions.

Problem 35 ([14]). Characterizeall symmetric, real stable and homogeneougoly-
nomial of degreed in n variables. Is it in fact sothat if p is sucd a polynomial,
then thereisad d positive semide nite d d matrix A such that

This is not obvious even for n = 2.

Problem 36 ([14]). Let p beasymmetric, real stable and homogeneoupolynomial
of degreed in n variableswith d n and supposethat p has at least one positive
(and then all non-negative) coe cien ts in the monomial basis. Is p Schur-positive?

is a Oforall ~ d?

If Aisad dmatrix then det(A) = Immq)(A) and per(A) = Immq (A), where

that if Aisad d positive semi-de nite matrix then Imm (A) f det(A) for all
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* d, wheref is the number of standard Young tableaux of shape . A natural
real stable extension of this result would be as follows.

Problem 37 (Stable Schur's Inequality, [14]). Let p be as in Problem 36. Is
a f agq foral ° d?

Lieb's Permanert-On-Top (POT) Conjecture for the symmetric group on d el-
emens [49, 57] assertsthat if A isad d positive semi-de nite matrix then
Imm (A) f per(A)forall ~ d. An armativ eanswer to the following problem
would in particular imply the validity of the POT Conjecture.

Problem 38 (Stable Permanernt-On-T op Inequality, [14]). Let p be asin Prob-
lem36.Isa f ajq forall ~ d?

4.6. Stable and Hyp erbolic BMV Conjectures. The well-known Bessis-Mous-
sa-Villani (BMV) Conjecture [7] would considerablysimplify the calculation of par-
tition functions of quantum medanical systems. As shown in [58], the BMV Con-
jecture may be reformulated as follows.

Problem 39 (BMV Conjecture). Let n 2 N and A; B be arbitrary positive de nite
n n matrices. Then for any k 2 N the polynomial z 7! Tr (A + zB)X hasonly
non-negative coe cien ts.

By usingthe Lax Conjecture/Theorem and its analogfor real stable polynomials
in two variables ([10, Theorem 23 and Corollary 4]) one can show that Problems
40{41 below are equivalert to the BMV Conjecture.

Problem 40 ([14, 15]). Supposethat f 2 R[z;; 2] is real stable with f (0;0) = 1
and that all Taylor coe cien ts of f are non-negative. Is it true that the function

(z1;22) 70 log(f ( z1; 22))
has all non-negative Taylor coe cien ts?

Problem 41 ([14, 15]). Let p be an e-hyperbolic polynomial for which p(e) = 1,
wheree 2 R", and supposethat vi;V, arein the positivity coneC,(e)* of pw.r.t. e.
Are all Taylor coe cien ts of

(z1;22) 7! log(p(e  z1vi  22V2))
non-negative?

It is known that the analog of the BMV Conjecture for three or more positive
de nite matrices is not true. Therefore, both the analog of Problem 40 for real
stable polynomialsin three or more variablesand the analogof Problem 41 for three
or more vectors in the positivity cone Cy(e)* are false. Note that as we already
pointed out in x4.1, the analog of the Lax Conjecture for hyperbolic polynomials
in four or more variables also fails to hold.

4.7. Rayleigh-t yp e Correlations, Newton's Inequalities and Negativ e De-
pendence Theory . Recall that a multiv ariate polynomial is multi-a ne if it has

degreeat most one in ead variable. A multi-ane polynomial f 2 R[z1;:::;zn]
with non-negative coe cien ts is called a Rayleigh polynomial [67] if
@f

@, .. .a .
j(X)@j(X) ()f (x);

@; @;
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forall x 2 R} and1 i< j n. Recallthat a sequence(ax)y-, is log-ooncave
if aﬁ ay i8¢+ for all 1 k n 1. The following conjecture in negative
dependencetheory wasinitially formulated { albeit in adi erent form { by Pemartle
[60]. Wagner stated this same conjecture as follows in [67], where it was baptized
the \Big Conjecture”.

X

n
o ot
k=0

( H)(®) =

is the diagonal specialization of f then the sequencgcy )i, iS log-concare with no
internal zeros.

Conjecture 1 was recertly disproved in [13], where courterexamples were con-
structed for all n  20.

Problem 42 ([13]). Describe in terms of Rayleigh-type correlations a natural class
RN ,, of multi-a ne polynomialsin n variables with non-negative coe cien ts such
that if f 2 RN , and

X .
(Hm= |«
k=0
is the diagonal specialization of f then the sequencec);-, is log-concare with no
internal zeros.

Remark 2. As noted in [13], all real stable multi-a ne polynomials in n variables
with non-negative coe cien ts satisfy both the hypothesis and the conclusion of
Conjecture 1.

squarematrix is a P-matrix if all principal minors of A are positive. One says that
a P-matrix A is a GK K -matrix (after Gantmacher, Kotelijansky and Krein) if it
satis es the Hadamard-Fischer-Kotelijansky inequalities, that is,

ARSIARTI  ARS[ TiARS\ Ti; ST f1;:::;ng:

Let z;;:::;2z, be commuting variablesand setZ = diag(z;;:::;zn). Toeadin n
matrix A we assaiate a multi-a ne polynomial
X Y
fa(z) = det(A+ Z) = ARSIzS; z=(z;::5z0);25 = z:
Sf 1;::;ng i2s

We say that a P-matrix A is a Rayleigh matrix if f 5 (z) is a Rayleigh polynomial.
It follows from [67, Theorem 4.4] that Rayleigh matrices are GK K. In fact, the
following holds.

Theorem 2 ([13]). Let A beann n matrix over R. The following are equivalent:

(1) A is a Rayleigh matrix,
(2) A+ X isa GK K -matrix for all X = diag(xy;:::;%n), where x; 0 for all
1 i n.
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An n n matrix isanM -matrix if all its principal minors are non-negative and all
o -diagonal ertries are non-positive. Hence,non-singular M -matrices and positive
semide nite matrices are Rayleigh. In [47] it was conjectured that M -matrices
satisfy the conclusionof Conjecture 1. This was subsequetly proved in [46].

Problem 43 ([13]). Doesthe polynomial f 5 (z) satis es the conclusionof Conjec-
ture 1 whenewer A is Rayleigh?

Problem 44 (Rayleigh matrices, [13]). Describe all n n Rayleigh matrices.

Problem 45 (Real Stable Matrices, [13]). Characterize the classof all real stable
n n matrices, that is,n n matrices A suc that f 5 (z) is real stable.

4.8. Miscellaneous Problems.

Problem 46 ([29], seealso [9, 23, 27, 33, 40, 61, 62, 66]). For any real ertire
function ' (x), set

TOC )= ¢ 02 & D) ©D(x) i kL
andforn 1, set
TV ) = (T Ve eon? TV T Ve k) i kon 1

(Note that with the notation above, we have TV (') = T ( ) for k  n and
j =0;1;2:::0) If ' (x) is areal ertire function of order at most one with only real
negative zeros,are the iterated Laguerre inequalities valid for all x ~ 0? That is, is
it true that

TMC(x)) 0 forall x O and k n?
Problem H (The Hawali'i Conjecture, seep. 429in [30], T. Sheil-Small[65]). Let
p(x) be a real polynomial of degreen 2, and supposethat p(x) has exactly 2d
nonreal zeros,0 2d n. Let

P - d.
Q(x):=D p(x) ; Where D := Ix-

Then the Hawai'i conjecture assertsthat

Zr (Q(x))  2d;

where Zr (Q) denotesthe number of real zerosof Q, counting multiplicities.
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