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In Figure 1 the domains g; s; g are an ellipse, a stadium and a \Barnett" billiard
table respectively. Super-imposedon theseare the densitiesof a sequenceof high frequency
eigenfunctions(\states"”, \mo des") of the Laplacian. That is solutionsto

Z
i@ " O (Dirichlet boundary conditions)
where4 = divgrad = % + % and 1< 3 . The sequencesre of 12 consecutie

modesaround the 5600" eigervalue. They are orderedfrom left to right and then down and
the grayscalerepresets the probability density j j2 with zerowhite and larger valuesdarker.

Figure 1E
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The di erence in the densitiesis striking and its sourceis well understood, either through

the wave equation % = 4u on R and geometricoptics or the Screodinger equation

= 4u on R and its semiclassicabnalysis. Both point to the connectionbetween
hlg% frequencystates and the correspnding classicalHamiltonian dynamics which in this
domain caseis that of a billiard in  moving at unit speedand bouncingaccordingto the law
of angle of incidenceequalsangle of re ection. The di erences betweenE and the other two
is that for the ellipse this motion is integrable (oncetangert to a confocal conic always so)
while for S it is ergadic [Bu] and B being a dispersing Sinai billiard it is ergadic and strongly
chaotic [Si][C-M]. In patrticular, for S and B almost all of the billiard trajectories are dense
in the spaceof unit directions at the points of the domain. Moreover, thesetrajectories are
equidistributed with respect to Liouville measure, = dxdyd =2 Area ) where is the
angle of the direction.

There are many questionsthat are asked about sud high frequencyeigenmales, we focus
on the most basic one concerningtheir distribution. The density = j (X;y)j?dxdy is
a probability measureon  which quantum medanically is interpreted as the probability
distribution \when is the state ". Do thesemeasures equidistribute as ! 1 or can
they localize?In the caseof E or more generallythe quartization of any completelyintegrable
Hamiltonian system, these measureg(or rather their microlocal lifts, seebelow) localize on
invariant tori in a well understood manner (see[La] and [CdV1] for example)? On the other
hand for an ergadic and partially chaotic systemlike S or a hyperbolic and chaotic systemlike
B, the familiar techniquesfrom microlocal analysis(i.e., geometric optics and semiclassical
analysis seefor example[Mel]) say very little about individual high frequencystatesand a
theoretical analysisis problematic.

There is a natural extensionof the measures to Ty(), the spaceof unit directions over
., which measuregheir distribution in this larger \phase space". This extensionis denoted
by  andis calledthe microlocal lift of and canbe given explicitly asfollows:

For a smaoth function f (x;z) onTy() = St set
(f) = Op(f) ; i where
h; i is the L? scalarproduct on ,
z
Op(f) (0= ek i) "()F(x)d
z
") = (x)e(h x; i)dx and

R2

9The remarkable correspondencebetween individual high frequency modesfor an integrable system such
asE and its invariant tori (which for E correspondsto confocal conics) is the reasonthat Bohr was able to
dewvelop quantum theory for the hydrogen atom using classicalorbits. For helium he had little successasits
classicalmedanics is the nonintegrable and partially chaotic 3-body problem, as opposedto the integrable
2-body problem for hydrogen.
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e(hx; i) = g? 1(x11%x2 2) .

Op(f) is a zeroth order pseudodi erential operator with synmbol f. Note that if f (x;2z) is
a function of x alonethen Op(f) (x) = f(x) (x) and hence is indeedan extension of

It is known ([Sh1,2], [Zell]) that is a symptotically positive, that is if f 0 then
lim (f) Oas ! 1. Henceany weaklimit of the 'sis a probability measure. We
call such alimit , a quartum limit. As noted by Shnirelman[Sh1]it follows from Egorov's
theorem in geometricoptics that any quartum limit  is invariant under the Hamiltonian
billiard ow onTy() !

The discussionabove applieswith almost no changeswhen is replacedby a compact
Riemannianmanifold (M ; g) which for simplicity we assumehasno boundary. The Laplacian
is replacedby the Laplace-Beltramioperator 4 4 for the metric and the classicalmedanicsis
that of motion by geadesicson X = T,(M), the spaceof unit tangert vectorsover M. For an
eigenfunction of 4 ; on M we form as above the probability measure = j (x)j2dV(x) on
M (dV is the Riemannianvolume elemen) and its microlocal lift2  to T;(M). A quartum
limit is a measureon T;(M) which is aweaklimit ofthe 'sas ! 1 andasabove suth
a measureis invariant under the geaesic ow.

We are interestedin the casewhere the gealesic ow is ergadic meaningthat the only
ow invariant subsetsof T;(M) are either of zeroor full -measurewhere is the Liouville
measure(i.e. Riemannianvolume) on T;(M). In this caseBirkho 's ergadic theoremimplies
that -almost all geadesicsare -equidistributed in Ty(M). There is a correspnding high
frequencyanalogueof ergddicity, called quartum ergadicity which is formulated and proven
in [Sh1,2],[Zell]and [CdV2]. It assertsthat if the gealesic o w is ergadic then almostall (in
the senseof density) of the eigenfunctionsbecomeequidistributed with respectto . That is
if f ,-gjl=1 is an orthonormal basisof eigenfunctionswith o< > .1 thenthereis a

subsequencey of integersof full density, sud that ;, ! ask! 1.3

The basicquestionis whether there can be other quantum limits, that is subsequencesn
which the 's behave dierently. If M has (strictly) negative curvature then the gealesic
ow is very well understood thanks to works of Hopf, Morse, Sinai, Bowen, ... . It is ergadic
and strongly chaotic in all senses.The periodic gealesicsare isolated and are unstable and
thereis no restriction on how they may distribute themsehesastheir period increases.In this
context Colin-de-Verdiere[CdV3] asksan insightful questionasto whetherthe most singular
ow invariant measure that is the arc length measureon a closedgealesiccan be a quantum
limit. # In [R-S]this is answered for arithmetic surfaces(seebelow) and basedon that and a
careful examination of con icting interpretations of numerical experimerts ([Hel], [A-S], [BO],
[Be]) the Quantum Unique Ergodicity Conjecture \QUE") wasput forth: If M is a compact
negativity curved manifold then ! as ! 1, put anotherway is the only quantum

LActually [Shi]is concernedwith the caseof no boundary, see[G-L] for this case.

2This microlocal lift is not unique but all choiceslead to the samequantum limit [Shi], [Zel1].

30ne can see the domain version of this theorem [G-L] in action ewven in the small samples in
Figures 1Sand 1B.

4These have beencalled \strong scars"in the terminology of [Hel].
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limit. If true this says that ewen in the semiclassicalimit the quantum medanics of suth
strongly chaotic systemsdoesnot re ect the ner featuresof the classicalmedanics. More
recerlly Barnett [Ba] deweloped a numerical method which allows him to compute modesfor

g (which is the domain analogueof negative curvature) aslarge asthe 700008" oneand his
results con rm QUE for this system.

We report on progresson QUE focusingon recert advances(the discussionis not chrono-
logical). Unlike geadesicmotion on a negatively curved M, billiards in the stadium have a
family of periodic orbits of period twicethe distancebetweenthe parallel sidesand correspnd-
ing to billiards bouncing badk and forth betweenthese sides. The numerical computations
(numbers10and 11in Figure 1) aswell asa direct construction of appraximate eigenfunctions
called quasimales ([H-O], [Zel2], [Do]) indicatesthat there is a subsequencef modeswhose

's convergeto the singular measurecorrespnding to the totalit y of sud bouncingballs. A
rigorous proof that sud \b ouncingball" modesexist in the limit, remainedelusive until the
recent work of Hassell[Ha]. Let S; stadium with straight edget asin Figure 1. By examining
the variation of the eigervaluesast varies he shows that the bouncing ball quasimalesim-
pact the geruine modes. For almost all t the stadium S; hasa quartum limit  which gives
positive massto the bouncingball trajectoriesand in particular S; is not QUE.®

Turning to the negatively curved M 's we point out the potential spoiling role that multiple
eigervalues may play. Let V be the spaceof eigenfunctionson M with eigervalue . If
m( ) = dimV is very large (with  large) one can choose in V for which is badly
distributed. Thus implicitly the QUE conjecture assertsthat these multiplicities cannot be
very large and any proof of QUE would have to addressthis multiplicit y issue, perhaps
indirectly. The best known upper bound for m( ) is proven using the wave equation and
geometricoptics [Ber] and assertsthat m( ) (n D=2=]pg , wheren = dim M. We expect
sy forn=2that m( )= O( ) forany > 0.

An important stepin understandingquartum limits in the negatively curved setting was
takenby Anatharaman[An]. Givenaquartum limit onT;(M) onecanaskabout its ertropy
h( ), that is the ertropy of the dynamical system(T:(M); G; ) whereG is the gealesic ow.®
h( ) is a measureof the complexity of the - ow. For exampleif isthe arc-length measure
on a closedgealesicthen h( ) = 0 while for the Liouville measure,h( ) > 0. In [An]
Anantharaman givesan unexpected and striking proof that h( ) > 0 for any quantum limit

. Her direct estimation of the entropy involvesa delicate combination of information about

that is gotten by pushingthe known semiclassicabsymptoticsto their limit together with
information obtained from the global hyperbolic dynamicsof the geadesics.In particular her
positive ertropy theorem answers Colin-de-Verdiere'squestion emphatically: The arc-length
measureon an unstable periodic orbit in sudy M is newver a quartum limit. The proof that
h( ) > 0 comeswith an explicit lower bound which has beensharpenedin [A-N] and [RIi].
This positive entropy theorem allows for the multiplicit y m( ) to be as large as the upper
bound mertioned earlier sinceit appliesequally well with  replacedby weak limits of 's

5In [B-Z] an elemenary argumert is given to show that 's cannot localize on a proper subset of the
rectangular part of S.
5This question arose rst in the context of arithmetic QUE discussedbelow.
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where is a function on M whose spectral projection lies in an interval [; + H] with
H= =log .

The only casesfor which QUE has beenestablishedare arithmetic manifolds and these
are the subject of the rest of the report. We begin by restricting to dimension2 and M of
constart curvature, sy K 1. The universal cover of M is the hyperbolic plane H with
its line elemem ds = jdz=y and its orientation preservingisometry group G = PSL,(R)
acting by fractional linear transformations. Thus M is realizedas nH where is a discrete
subgroup of G. We also allow sud quotients which are of nite area and non-compact.
M is called arithmetic if the group is constructed by arithmetic means(see[Ka]). The
basic exampleis = PSL,(Z), the 2 2 matrices with integer ertries and determinart
equalto 1. This quotiert is called the modular surfaceY and is non-compact(see[Sel]for
example). Compact arithmetic surfacesare constructed using integral matrices asseiated
with quaternion division algebras([Ka]).” The eigenfunctionsof the Laplacian for these
arithmetic surfacesare automorphic forms called Maassforms and they are basic objects in
modern number theory. As sud onemight expectandit is certainly the case that this theory
canbe usedto study the QUE questionaswell asmany other interesting questionsassaiated
with high frequencystates for arithmetic manifolds ([Sal],[Sa2],[Mark], [Zel3]). The most
important property that distinguishesarithmetic surfacedrom the generalconstart curvature
surfaceis that they carry a large family of algebraiccorresppndenceswhich in turn give rise
to the family of Hede operators. Theseare linear operatorson L2(M) which comnute with
eat other and with 4 . For exampleif Y is the modular surfacethen for n 1 the Hedke
operator T, is de ned by (see[Sel]for example.)

X az+ b

T, (2) = g

(1)

ad = n
bmod d

Onecheksthat if ( z)= (2) for 2 PSL,(Z) thenT, isalsoPSL,(Z) invariant.

The T,'s are normal operatorsand hencethis wholering of Hedke operatorstogetherwith

4 canbe simultaneouslydiagonalized.If asis expectedand is con rmed by numerical experi-
merts, the Laplacespectrum of Y is simple,then any eigenfunction of 4 is automatically an
eigenfunctionof the full Hede ring. In any casein this arithmetic setting we always assume
that is an eigenfunctionof the Hede operators and one can always choosean orthonormal
basisof sut eigenfunctions.Theseare the eigenfunctionsthat are arithmetically interesting
and this is the meansby which we circumvert the issueof the unlikely, but potentially possi-
ble, high multiplicities m( ). It is known that the multiplicities of the spacesof sud Hedke
eigenfunctionsis small and in particular for Y it is one.

The rst results on QUE were obtained in [L-S1] and [Ja] whereit is establishedfor the
cortinuous spectrum for a non-compactarithmetic surface.A key point in the analysisbeing
an explicit relation between (f) (where andf are Hede eigenforms)and special valuesof
related automorphic L-functions on their critical lines. One of the primary reasongfor study-
ing automorphic formsis that they give rise to families of L -functions generalizingRiemann's

"Actually by arithmetic we will someanthat the group is a congruencesubgroup [P-R ].
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Zeta function and having properties similar to it. Via this relation the QUE problem be-
comesone of estimating from above the correspnding special value. The \convexity bound"
for sud valuesis onethat one getsfrom a simple complexanalytic interpolation and it falls
just short of what is needed.Any improvemern of this bound by a factor of with > 0is
calleda subcorvex bound and it su ces. For reasonssud asthe oneat hand, supplying suc
subcornvex boundsfor various automorphic L-functions has becomea certral problemin the
theory of L-functions ([Fr], [I-S]). There is no doubt about the truth of subcornvexity since
it and optimally sharp bounds, follow from the generalizedRiemann Hypothesis for these
L-functions. In this caseof the cortinuous spectrum QUE, the required subcorvex bounds
wereknown and dueto Weyl [We] for the RiemannZeta function and to [Mu] and [Go] for the
t-aspect of the degree2 L-functions that presen themseheshere. In his thesis[Wa] Watson
establisheda generalexplicit formula relating periods of 3 automorphic forms on an arith-
metic surfaceto special valuesof degree8 L -functions assaiated with theseforms. His work
builds an earlier work along theselines in [K-H]. Watson's explicit formula shows that the
subconvexity featureis a generaloneand that the full QUE for all arithmetic surfaceswould
follow from subcorvexity for thesedegree8 L-functions. Moreover the Riemann Hypothesis
for theseyields the optimal rate of equatistribution of the measures . With this there was
no longer any doubt about the truth of QUE at leastin this arithmetic surfacesetting. Sub-
convexity for certain degree4 L-functions was establishedin [Sa3]and [L-L-Y] from which
QUE followed for \dihedral forms". Theseforms are still special onesand are characterized
by the degree8 L-function factoring into onesof degree4. While a lot of progresshas been
made on the subcornvexity problem ([I-S], [M-V]) what is neededfor the generalarithmetic
QUE remainsout of reat and the solution of the problemtook a quite di erent route.

The phasespaceT;(M) = T1( nH) canbe naturally identied with nG and the gealesic
a o
0 a't
beforeany quartum limit on nG is A-invariant but this aloneis far from determining
Motivated by ideasfrom measurerigidity for higher rank diagonal actions on homogeneous
spaceswhich we discussbrie y below in the context of products of P SL,(R)'s, Lindenstrauss
[Li1] establishedthe following striking classi cation (to be exactwe areforcedto getinto more
technical notions): We discussit for the modular surfaceY but it appliesto any arithmetic
surface.Fix a prime pandlet X = SLZ(Z[%]) NSL,(R) PGL2(Qp)=(1 PGL2(Z,)). Here

Qp denotesthe p-adic numbers, Z, the p-adic integersand SL, (Z [%]) is embeddedin the

product SL,(R) PGL(Qp) diagonally. X carriesthe natural A action by multiplication by
((aa 1) ;1) on the right and it is naturally foliated by leavesisomorphicto the p+ 1 regular

tree , = PGL,(Qp)=PGL2(Zp) ([Se2]).Let beameasureon X which is A-invariant and for
which all ergadic componerts of have positive ertropy and which is |, recurrert (meaning
that for B X with (B) > Oand a.a. x 2 B there are in nitely marny points x°in the

-leaf of x which are alsoin B). The conclusionis that in fact SL,(R) invariant. To apply
this to the QUE, problem Lindenstraussexploits the fact that our eigenstateson M are eigen-
functions of the Hedke operator T, which allows oneto considerthe 's asmeasuren X and
to considertheir limits on this space. To verify the conditions in this measureclassi cation
one usesthe full Hede ring alongthe lines of [R-S]wherethesewere usedoriginally to show
that the singular support of an arithmetic quantum limit cannot be a closedgeaesic. In

ow G with the diagonal A-ow givenby g 7! g a2 R. As we noted
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[B-L] this argumert is generalizedvastly to show that the entropy of any ergadic componert
of is positive. The recurrenceproperty for the , foliation is more elemerary and putting
all thesethreadstogether LindenstraussestablishesQUE for compactarithmetic surfaces.In
the non-compactcasethere is the possibility that someof the massof  escasin the limit
into the cusp and the conclusionis that any quartum limit iscd for someconstart c in
[0; 1]. Very recerly Soundarargan [Sol],usingthe multiplicativit y of the Fourier coe cien ts
in the expansionin the cusp of the forms , together with someclewer elemenary analytic
argumerts was able to show that there is no esca of massin the non-compactcases.With
this QUE for arithmetic surfacesis now fully proven.

The hyperbolic surfacesM are also complexanalytic Riemann surfacesand the semiclas-
sical analogueof high frequency modes are holomorphic sectionsof high tensor powers of
the canonicalline bundle over M or what is the samething, holomorphic automorphic forms
of large weight. There are howewer somefundamertal di erences as far as the analogueof
QUE in this setting. A holomorphicform of weight k for P SL,(R) de nes a probability
density ; on M = nH using the Peterssoninner product: ; = jf (2)j2y*dA(2). If M is
non-compactthen we assumethat f vanishesat the cusps(a \cusp form"). By the Riemann-
Roch theorem the dimension of the spaceof sud forms grows linearly with k. Henceit is
not surprising that the analogueof QUE, that is the equidistribution of the ('sask! 1,
fails (take a xed non-zerof, of weight ko and raiseit to the k=ky power). By the same
token there is no apparent A-invariant microlocal lift of ; to nG8. Howewer assoon asthe
connectionwith special values of L-functions was made in the arithmetic Hedke eigenform
setting, it was clear that QUE for holomorphic Hedke eigenformsshould be equally valid.
That is for sudh f 's on an arithmetic M, ! dA=AreaM) ask! 1 . Heretoo Watson's
explicit formula together with subcorvexity for correspnding degree8 L -functions implies
this holomorphic QUE. There is a very nice consequencén connectionwith the zerosof suc
f's. In [N-V] a generalpotertial theoretic argumen applied to @alogjf (z)j is usedto shawv
that if ¢! dA=AreaM) and M is compact,then the zerosof f becomeequidistributed in
M with respect to dA=Area(M) ask ! 1 . This was extendedin [Rul] to the nite area
non-compactcases.Thus the holomorphic QUE conjectureimplies in particular that the ze-
ros of suh Hedke eigenformsare equidistributed in the largek limit. In the next paragraphs
we report on recen works of Holowinsky [Ho], Soundararjan[So2]and [H-L] which establish
this holomorphic QUE for M a non-compactarithmetic surface. Hencethe zerosof a holo-
morphic cuspform of weight k for SL,(Z) are equidistributed with respect to hyperbolic area
ask! 1 . This basicand elegan result is a striking application of the theory deweloped for
the QUE problem.

Soundararjan approades the problem by seekinga more modest bound for the degree
8 L-functions in Watson's formula. Instead of improving the convexity bound by a factor
of k ©° he settlesfor (logk) ° which he calls weak subcorvexity. There are normalization
factorsin the explicit formula which involve special valuesof L-functions at s = 1 and which
are potertially of sizelogk ([H-L-G-L]). Thus this weak subcorvexity by itself cannot do the
full job, howewer it is known that with very few exceptionsthesespecial valuesat s = 1 are
well behaved. Thus the weak subcorvexity allows him to prove QUE for all but Og(k ) of

8For this reasonno ergadic theoretic approac to this holomorphic QUE is known.



Recent Pr ogress on QUE 9

the Hedke eigenforms of weight k. Moreover he establishesthis weak subconvexity in the

full generality of L-functions assaiated automorphic forms on the generallinear group,® the
only assumptionthat he needsto make is that the correspnding forms satisfy the generalized
Ramarujan Conjectures(see[Sa4]). Happily for the caseof holomorphic forms on an arith-

metic surfacethis is known by the celebratedtheorem of Deligne [De]. To prove this general
weak subcorvexity Soundarargan dewelopsa far reading generalizationof techniquesin the

theory of mean-\alues of multiplicativ e functions speci cally showving that they don't vary

much over certain ranges(seealso [Hi] and [G-S]). This feature is the sourceof the sough

after cancellation.

The starting point for Holowinsky is yet a third approad to QUE which dependscritically
onM beingnon-compactand wasusedin [L-S2], [LS-3]to investigatesimilar problems. Using
the cuspsof M onedewelopsthe holomorphicform in a Fourier expansionand the QUE prob-
lem can be reducedto estimating a shifted corvolution (which are quadratic) sumsinvolving
thesecoe cien ts. Oneexpectsand the quartitativ e forms of QUE demand,that there is a lot
of cancellationdue to the signsof the coe cien ts of thesevarying forms. Holowinsky's novel
ideais to forgo this cancellationand to exploit the fact that the meanvaluesof the absolute
valuesof thesecoe cien ts is of size(logk) . The sourceof this phenomenonis that if f is
not dihedral (and we can assumethis since QUE is known for these)then the distribution of
coe cien ts at primes are expectedto follow a Sato-Tate distribution and enoughtowards the
latter is known by the work of Shahidi [K-S] to exploit this feature (see[E-M-S] for the case
of f xed). Using a sieving argumert'® Holowinsky is able to give a bound for the shifted
convolution sumswhich improvesthe trivial bound by a factor of a small negative power of
logk. Heretoo Deligne'stheoremis being usedas a critical ingrediert. To apply this bound
to QUE, normalization factors which are valuesat s = 1 of ass@iated L-functions intervene
again. In this way Holowinsky is alsoable to establishQUE for all but O (k ) of the forms of
weight k, for a non-compactarithmetic surfaceM .

The miracle and it is not uncommonfor sud \luck” to be at the heart of a breakthrough
is that there are no common exceptionsto Holowinsky and Soundarargan's treatments.
Soundarargan's is unconditional as long as the value at s = 1 of a related L-function is
not very small (that is essehally assmall as1=logk) but if this is sothen onecanshow that
most of the Fourier coe cients of f are even smaller at primes and with this Holowinsky's
treatment becomesunconditional.

The only caseof QUE for surfacesthat remainsopen at this time is that of holomorphic
forms for the compactarithmetic surface. Soundarargan's argumeris apply in this casebut
not Holowinsky's.

To end we discussbrie y somehigher dimensionalcasesof arithmetic QUE. The Hilbert
modular varieties are the closestto the arithmetic surfacecase.Let n 2 and K a totally
real (ie all the embedding of K, 4;:::; , arereal) number eld of degreen. Let Oy be
its ring of integersand = SL,(Oy) the correspnding group of 2 2 matrices. Via the

9As sudh this result will no doubt nd many further applications.
10Seealso [Na] for a generalsudh inequality in the context of multiplicativ e functions.
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enmbeddings is a discrete subgroupof G = SL,(R) SL,(R) SL,(R). The quotiert
M= nH H H is a nite volume locally symmetric spaceand is also a complex
manifold: the correspnding Hilb ert modular variety. The QUE problem for high frequency
eigenstatesanbe formulated in this cortext. In the philosopty of diagonalizinggeometrically

eigenfunction of the full ring of di erential operatorsonH H H which commnute
the action of G. That is is a simultaneous eigenfunctionof 4 , ;:::;4 , (and not just of
4 =4, + +4,). The probability density = (z)j?dv(z) hasa natural microlocal lift

to nG ([Li2])!! The newfeatureis that being an eigenfunctionof eat 4 ,, the quartum
limits, that is weaklimits ofthe 'sasmin ! 1 where = ( ®;:::; ™M) areinvariant
under the full multiparameter diagonal subgroupA = f((&a,);:::; (3 a,b)) : a; 6 Og of
G. Forn 2 this is exactly the setting'? of the measurerigidity conjectureof Margulis [Ma]
(which in turn hasits roots in the times 2 times 3 conjecture of Fursterberg) which asserts
that any sud measureon a homogeneouspace nG which is invariant under a rank 2 or
higher diagonal group, should be rigid. While no casesof this conjectureare proven versions
in which one assumessomeform of positive entropy are known ([E-K-L], [Li1]) (and again
these have their roots in similar sud theoremsfor 2 3 [Ru]). The positive entropy is
establishedby usingthe full Hede algebraasin [B-L] and QUE for theseHede Maassforms
on M s thus established.

The holomorphic QUE for these Hilbert modular varieties asserts that if

spectto dv(z)=vol(M) asknin = min(ky;:::;Kky) goesto in nit y. In his thesis[Mars] Marshall
has showvn that this is another setting wherethe Holowinsky-Soundarargan miracle occurs.
Generalizingtheir argumeris to this higher dimensionalsetting he establishesQUE for holo-
morphic Hilb ert modular forms (the Ramarujan Conjecturesare known in this case[BI]). The
potertial theoretic argumert showing that the equidistribution of the densities  impliesthat

of the zerodivisor Z of f, is formulated and proven in the cortext of holomorphic sections
of high tensor powers of a positive hermitian line bundle on a compact complex manifold
in [S-Z]. Marshall shaws that theseargumeris extend to the non-compactHilbert modular
setting and asa consequencef this and QUE he provesthat the zerodivisor Z (f ) of a Hedke
cuspform f becomesequidistributed with respectto dv askmi, ! 1, either in the senseof
Z (f) beinga real co-dimension2 Riemanniansubmanifoldof M or asa Lelong(1; 1) curren;

@alog(jf (z)jzy'l‘1 yin). Again this is rather a basicfact about Hede eigenformsin se\eral
variableswhich is a consequencef the QUE theory.

Unlike the periods to special values of L-functions relation which it appears are rather
special, the ergadic approad of Lindenstraussextendsto quite generalcompact arithmetic
manifolds as has beenshown by Silberman and Venkatesh[S-V1], [S-V2]. The \micro-lo cal"
extensiongoesnaturally from the locally symmetric spaceM = nG=K to nG rather than
the unit tangert bundle of M and its construction requires some elaborate represemtation

1This is not the unit tangent bundle and correspondsto the geadesic o w not being ergodic.
2]n fact this is the setting in which the connectionbetweenQUE and measurerigidit y was rst noted [Li2].
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theory. Their proof of positive ertropy for the correspnding quartum limits of Hede eigen-
forms is generaland robust and it clari es the role played by homogeneousubvarieties in
this connection.

To end we point out that in the symplectic setting the analogueof QUE for strongly
chaotic transformations may fail. The mathematical model is that of quartizing a symplectic
transformation of a compact symplectic manifold. The simplest (and very degenerate)case
is that of a linear area preservingtransformation of the torus R?=Z2 correspnd to an A in
SL,(Z). If jtraceAj > 2 then the dynamics of iterating A is ergadic and strongly chaotic.
In the literature this goesby the name\cat map"'® The eigenstatesof the correspnding
quartization can be studied in depth [Ru2].14

In this setting when the eigervalues of the quartization are maximally degeneratethe
analogueof QUE can fail ([F-N-D]). Sometake this as a warning about the truth of the
original QUE conjecture. Note that eventhough QUE fails herethe positive ertropy analogue
of Anantharaman is still true ([Br]).

Acknavledgement:Thanks to Alex Barnett for supplying me Figure 1 which was computed
using his method in [Ba].
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