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In Figure 1 the domains 
 E ; 
 S; 
 B are an ellipse, a stadium and a \Barnett" billiard
table respectively. Super-imposedon theseare the densitiesof a sequenceof high frequency
eigenfunctions(\states", \mo des") of the Laplacian. That is solutions to

4 � j + � j � j = 0;
Z



� 2

j dxdy = 1

� j

�
�
@


= 0 (Dirichlet boundary conditions)

where4 = divgrad = @2

@x2 + @2

@y2 and � 1 < � 2 � � 3 � � � . The sequencesare of 12 consecutive
modesaround the 5600th eigenvalue. They are orderedfrom left to right and then down and
the grayscalerepresents the probability density j� j2 with zerowhite and larger valuesdarker.

Figure 1E



Recent Pr ogress on QUE 2

Figure 1S

Figure 1B
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The di�erence in the densitiesis striking and its sourceis well understood, either through
the wave equation

�
@2u
@t2 = 4 u

�
on 
 � R and geometricoptics or the Schr•odinger equation

�
i @u

@t = 4 u
�

on 
 � R and its semiclassicalanalysis. Both point to the connectionbetween
high frequencystates and the corresponding classicalHamiltonian dynamics which in this
domain caseis that of a billiard in 
 moving at unit speedand bouncingaccordingto the law
of angleof incidenceequalsangleof re
ection. The di�erences betweenE and the other two
is that for the ellipse this motion is integrable (once tangent to a confocal conic always so)
while for S it is ergodic [Bu] and B being a dispersingSinai billiard it is ergodic and strongly
chaotic [Si][C-M]. In particular, for S and B almost all of the billiard tra jectories are dense
in the spaceof unit directions at the points of the domain. Moreover, thesetra jectoriesare
equidistributed with respect to Liouville measure,� = dxdy d� =(2� Area 
) where � is the
angleof the direction.

There are many questionsthat are asked about such high frequencyeigenmodes,we focus
on the most basic one concerning their distribution. The density � � := j� (x; y)j2dxdy is
a probability measureon 
 which quantum mechanically is interpreted as the probability
distribution \when is the state � ". Do thesemeasures� � equidistribute as � ! 1 or can
they localize?In the caseof E or moregenerallythe quantization of any completelyintegrable
Hamiltonian system, thesemeasures(or rather their microlocal lifts, seebelow) localize on
invariant tori in a well understood manner (see[La] and [CdV1] for example).0 On the other
hand for an ergodic and partially chaotic systemlike S or a hyperbolic and chaotic systemlike
B, the familiar techniques from microlocal analysis (i.e., geometricoptics and semiclassical
analysisseefor example[Mel]) say very little about individual high frequencystates and a
theoretical analysisis problematic.

There is a natural extensionof the measures� � to T1(
), the spaceof unit directions over

, which measurestheir distribution in this larger \phase space". This extensionis denoted
by � � and is called the microlocal lift of � � and can be given explicitly as follows:

For a smooth function f (x; z) on T1(
) = 
 � S1 set

� � (f ) = hOp(f ) � ; � i where

h; i is the L2 scalarproduct on 
,

Op(f ) (x) =
Z

R2
e(hx; � i )  ̂ (� ) f (x;

�
j� j

) d�

 ̂ (� ) =
Z

R2
 (x) e(�h x; � i )dx and

0The remarkable correspondencebetween individual high frequency modes for an integrable system such
as E and its invariant tori (which for E corresponds to confocal conics) is the reasonthat Bohr was able to
develop quantum theory for the hydrogen atom using classicalorbits. For helium he had little successas its
classicalmechanics is the nonintegrable and partially chaotic 3-body problem, as opposedto the integrable
2-body problem for hydrogen.
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e(hx; � i ) = e2� i (x1 � 1+ x2 � 2) :

Op(f ) is a zeroth order pseudodi�erential operator with symbol f . Note that if f (x; z) is
a function of x alone then Op(f )  (x) = f (x)  (x) and hence� � is indeed an extensionof
� � . It is known ([Sh1,2], [Zel1]) that � � is a symptotically positive, that is if f � 0 then
lim � � (f ) � 0 as � ! 1 . Henceany weak limit of the � � 's is a probability measure. We
call such a limit � , a quantum limit. As noted by Shnirelman[Sh1] it follows from Egorov's
theorem in geometric optics that any quantum limit � is invariant under the Hamiltonian
billiard 
o w on T1(
) 1

The discussionabove applies with almost no changeswhen 
 is replacedby a compact
Riemannianmanifold (M ; g) which for simplicity we assumehasno boundary. The Laplacian
is replacedby the Laplace-Beltramioperator 4 g for the metric and the classicalmechanicsis
that of motion by geodesicson X = T1(M ), the spaceof unit tangent vectorsover M . For an
eigenfunction� of 4 g on M we form asabove the probability measure� � = j� (x)j2dV(x) on
M (dV is the Riemannianvolume element) and its microlocal lift 2 � � to T1(M ). A quantum
limit � is a measureon T1(M ) which is a weak limit of the � � 's as � ! 1 and asabove such
a measureis invariant under the geodesic
o w.

We are interested in the casewhere the geodesic 
o w is ergodic meaning that the only

o w invariant subsetsof T1(M ) are either of zero or full � -measurewhere � is the Liouville
measure(i.e. Riemannianvolume) on T1(M ). In this caseBirkho� 's ergodic theoremimplies
that � -almost all geodesicsare � -equidistributed in T1(M ). There is a corresponding high
frequencyanalogueof ergodicity, called quantum ergodicity which is formulated and proven
in [Sh1,2],[Zel1]and [CdV2]. It assertsthat if the geodesic
o w is ergodic then almost all (in
the senseof density) of the eigenfunctionsbecomeequidistributed with respect to � . That is
if f � j g1

j =1 is an orthonormal basisof eigenfunctionswith � 0 < � 1 � � 2 � : : :, then there is a
subsequencej k of integersof full density, such that � j k ! � ask ! 1 .3

The basicquestionis whether there can be other quantum limits, that is subsequenceson
which the � � 's behave di�erently. If M has (strictly) negative curvature then the geodesic

o w is very well understood thanks to works of Hopf, Morse,Sinai, Bowen, ... . It is ergodic
and strongly chaotic in all senses.The periodic geodesicsare isolated and are unstable and
there is no restriction on how they may distribute themselvesastheir period increases.In this
context Colin-de-Verdiere[CdV3] asksan insightful questionasto whether the most singular

o w invariant measure,that is the arc length measureon a closedgeodesiccan be a quantum
limit. 4 In [R-S] this is answered for arithmetic surfaces(seebelow) and basedon that and a
careful examinationof con
icting interpretations of numerical experiments ([Hel], [A-S], [Bo],
[Be]) the Quantum Unique Ergodicity Conjecture(\QUE") wasput forth: If M is a compact
negativity curved manifold then � � ! � as � ! 1 , put another way � is the only quantum

1Actually [Sh1] is concernedwith the caseof no boundary, see[G-L] for this case.
2This microlocal lift is not unique but all choiceslead to the samequantum limit [Sh1], [Zel1].
3One can see the domain version of this theorem [G-L] in action even in the small samples in

Figures 1S and 1B.
4Thesehave beencalled \strong scars" in the terminology of [Hel].
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limit. If true this says that even in the semiclassicallimit the quantum mechanics of such
strongly chaotic systemsdoesnot re
ect the �ner featuresof the classicalmechanics. More
recently Barnett [Ba] developed a numerical method which allows him to computemodesfor

 B (which is the domain analogueof negative curvature) as largeasthe 700000th oneand his
results con�rm QUE for this system.

We report on progresson QUE focusingon recent advances(the discussionis not chrono-
logical). Unlike geodesicmotion on a negatively curved M , billiards in the stadium have a
family of periodic orbits of period twicethe distancebetweenthe parallel sidesandcorrespond-
ing to billiards bouncing back and forth between thesesides. The numerical computations
(numbers10and 11 in Figure 1) aswell asa direct constructionof approximate eigenfunctions
called quasimodes([H-O], [Zel2], [Do]) indicates that there is a subsequenceof modeswhose
� � 's convergeto the singular measurecorresponding to the totalit y of such bouncingballs. A
rigorous proof that such \b ouncingball" modesexist in the limit, remainedelusive until the
recent work of Hassell[Ha]. Let St stadium with straight edget asin Figure 1. By examining
the variation of the eigenvaluesas t varies he shows that the bouncing ball quasimodes im-
pact the genuine modes. For almost all t the stadium St hasa quantum limit � t which gives
positive massto the bouncing ball tra jectoriesand in particular St is not QUE.5

Turning to the negatively curvedM 's wepoint out the potential spoiling role that multiple
eigenvalues may play. Let V� be the spaceof eigenfunctionson M with eigenvalue � . If
m(� ) = dim V� is very large (with � large) one can choose � in V� for which � � is badly
distributed. Thus implicitly the QUE conjectureassertsthat thesemultiplicities cannot be
very large and any proof of QUE would have to addressthis multiplicit y issue, perhaps
indirectly. The best known upper bound for m(� ) is proven using the wave equation and
geometricoptics [Ber] and assertsthat m(� ) � � (n� 1)=2=log� , wheren = dim M . We expect
say for n = 2 that m(� ) = O� (� � ) for any � > 0.

An important step in understandingquantum limits in the negatively curved setting was
takenby Anatharaman[An]. Givena quantum limit � on T1(M ) onecanaskabout its entropy
h(� ), that is the entropy of the dynamicalsystem(T1(M ); Gt ; � ) whereGt is the geodesic
o w.6

h(� ) is a measureof the complexity of the � -
o w. For exampleif � is the arc-length measure
on a closedgeodesic then h(� ) = 0 while for the Liouville measure,h(� ) > 0. In [An]
Anantharaman givesan unexpectedand striking proof that h(� ) > 0 for any quantum limit
� . Her direct estimation of the entropy involvesa delicatecombination of information about
� that is gotten by pushing the known semiclassicalasymptotics to their limit together with
information obtained from the global hyperbolic dynamicsof the geodesics.In particular her
positive entropy theorem answers Colin-de-Verdiere'squestionemphatically: The arc-length
measureon an unstable periodic orbit in such M is never a quantum limit. The proof that
h(� ) > 0 comeswith an explicit lower bound which has beensharpenedin [A-N] and [Ri].
This positive entropy theorem allows for the multiplicit y m(� ) to be as large as the upper
bound mentioned earlier sinceit appliesequally well with � replacedby weak limits of �  's

5In [B-Z] an elementary argument is given to show that � � 's cannot localize on a proper subset of the
rectangular part of S.

6This question arose�rst in the context of arithmetic QUE discussedbelow.
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where  is a function on M whosespectral projection lies in an interval [�; � + H ] with
H = � 1=2=log� .

The only casesfor which QUE has beenestablishedare arithmetic manifolds and these
are the subject of the rest of the report. We begin by restricting to dimension2 and M of
constant curvature, say K � � 1. The universal cover of M is the hyperbolic plane H with
its line element ds = jdzj=y and its orientation preserving isometry group G = PSL 2(R)
acting by fractional linear transformations. Thus M is realizedas � nH where� is a discrete
subgroup of G. We also allow such quotients which are of �nite area and non-compact.
M is called arithmetic if the group � is constructed by arithmetic means(see[Ka]). The
basic example is � = PSL 2(Z), the 2 � 2 matrices with integer entries and determinant
equal to 1. This quotient is called the modular surfaceY and is non-compact(see[Se1]for
example). Compact arithmetic surfacesare constructed using integral matrices associated
with quaternion division algebras ([Ka]). 7 The eigenfunctionsof the Laplacian for these
arithmetic surfacesare automorphic forms called Maassforms and they are basicobjects in
modern number theory. As such onemight expect and it is certainly the case,that this theory
canbe usedto study the QUE questionaswell asmany other interesting questionsassociated
with high frequencystates for arithmetic manifolds ([Sa1], [Sa2], [Mark], [Zel3]). The most
important property that distinguishesarithmetic surfacesfrom the generalconstant curvature
surfaceis that they carry a large family of algebraiccorrespondenceswhich in turn give rise
to the family of Hecke operators. Theseare linear operators on L 2(M ) which commute with
each other and with 4 . For exampleif Y is the modular surfacethen for n � 1 the Hecke
operator Tn is de�ned by (see[Se1]for example.)

Tn  (z) =
X

ad = n
b mod d

 
�

az + b
d

�
: (1)

One checks that if  (
 z) =  (z) for 
 2 PSL 2(Z) then Tn  is alsoPSL2(Z) invariant.

The Tn 's are normal operatorsand hencethis wholering of Hecke operators together with
4 canbe simultaneouslydiagonalized.If asis expectedand is con�rmed by numericalexperi-
ments, the Laplacespectrum of Y is simple,then any eigenfunction� of 4 is automatically an
eigenfunctionof the full Hecke ring. In any casein this arithmetic setting we always assume
that � is an eigenfunctionof the Hecke operators and onecan always choosean orthonormal
basisof such eigenfunctions.Theseare the eigenfunctionsthat are arithmetically interesting
and this is the meansby which we circumvent the issueof the unlikely, but potentially possi-
ble, high multiplicities m(� ). It is known that the multiplicities of the spacesof such Hecke
eigenfunctionsis small and in particular for Y it is one.

The �rst results on QUE were obtained in [L-S1] and [Ja] where it is establishedfor the
continuousspectrum for a non-compactarithmetic surface.A key point in the analysisbeing
an explicit relation between� � (f ) (where� and f areHecke eigenforms)and specialvaluesof
related automorphic L-functions on their critical lines. One of the primary reasonsfor study-
ing automorphic forms is that they give rise to familiesof L-functions generalizingRiemann's

7Actually by arithmetic we will so mean that the group is a congruencesubgroup [P-R ].
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Zeta function and having properties similar to it. Via this relation the QUE problem be-
comesoneof estimating from above the corresponding special value. The \convexity bound"
for such valuesis one that onegets from a simple complexanalytic interpolation and it falls
just short of what is needed.Any improvement of this bound by a factor of � � � with � > 0 is
calleda subconvex bound and it su�ces. For reasonssuch asthe oneat hand, supplying such
subconvex boundsfor various automorphic L-functions has becomea central problem in the
theory of L-functions ([Fr], [I-S]). There is no doubt about the truth of subconvexity since
it and optimally sharp bounds, follow from the generalizedRiemann Hypothesis for these
L-functions. In this caseof the continuous spectrum QUE, the required subconvex bounds
wereknown and dueto Weyl [We] for the RiemannZeta function and to [Mu] and [Go] for the
t-aspect of the degree2 L-functions that present themselveshere. In his thesis [Wa] Watson
establisheda generalexplicit formula relating periods of 3 automorphic forms on an arith-
metic surfaceto special valuesof degree8 L-functions associated with theseforms. His work
builds an earlier work along these lines in [K-H]. Watson's explicit formula shows that the
subconvexity feature is a generaloneand that the full QUE for all arithmetic surfaceswould
follow from subconvexity for thesedegree8 L-functions. Moreover the Riemann Hypothesis
for theseyields the optimal rate of equatistribution of the measures� � . With this there was
no longer any doubt about the truth of QUE at least in this arithmetic surfacesetting. Sub-
convexity for certain degree4 L-functions was establishedin [Sa3]and [L-L-Y] from which
QUE followed for \dihedral forms". Theseforms are still special onesand are characterized
by the degree8 L-function factoring into onesof degree4. While a lot of progresshas been
made on the subconvexity problem ([I-S], [M-V]) what is neededfor the generalarithmetic
QUE remainsout of reach and the solution of the problem took a quite di�erent route.

The phasespaceT1(M ) = T1(� nH) can be naturally identi�ed with � nG and the geodesic


o w Gt with the diagonal A-
o w given by � g 7! � g
�

a 0
0 a� 1

�
a 2 R� . As we noted

beforeany quantum limit � on � nG is A-invariant but this alone is far from determining � .
Motivated by ideasfrom measurerigidit y for higher rank diagonal actions on homogeneous
spaceswhich we discussbrie
y below in the context of products of PSL 2(R)'s, Lindenstrauss
[Li1] establishedthe following striking classi�cation (to beexactweareforcedto get into more
technical notions): We discussit for the modular surfaceY but it applies to any arithmetic
surface.Fix a prime p and let X = SL 2(Z[1

p ]) nSL2(R) � PGL2(Qp)=(1 � PGL2(Zp)). Here
Qp denotesthe p-adic numbers, Zp the p-adic integersand SL 2 (Z [1

p]) is embedded in the
product SL2(R) � PGL2(Qp) diagonally. X carriesthe natural A action by multiplication by
((aa� 1) ; 1) on the right and it is naturally foliated by leavesisomorphic to the p + 1 regular
tree � p = PGL2(Qp)=PGL2(Zp) ([Se2]). Let � bea measureon X which is A-invariant and for
which all ergodic components of � have positive entropy and which is � p recurrent (meaning
that for B � X with � (B) > 0 and � a.a. x 2 B there are in�nitely many points x0 in the
� -leaf of x which are also in B). The conclusionis that � in fact SL 2(R) invariant. To apply
this to the QUE, problemLindenstraussexploits the fact that our eigenstateson M areeigen-
functions of the Hecke operator Tp which allowsoneto considerthe � � 's asmeasureson X and
to considertheir limits on this space.To verify the conditions in this measureclassi�cation
oneusesthe full Hecke ring along the lines of [R-S] wherethesewere usedoriginally to show
that the singular support of an arithmetic quantum limit cannot be a closedgeodesic. In
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[B-L] this argument is generalizedvastly to show that the entropy of any ergodic component
of � is positive. The recurrenceproperty for the � p foliation is more elementary and putting
all thesethreadstogether LindenstraussestablishesQUE for compactarithmetic surfaces.In
the non-compactcasethere is the possibility that someof the massof � � escapesin the limit
into the cusp and the conclusionis that any quantum limit � is cd� for someconstant c in
[0; 1]. Very recently Soundararajan [So1],using the multiplicativit y of the Fourier coe�cien ts
in the expansionin the cusp of the forms � , together with someclever elementary analytic
arguments was able to show that there is no escape of massin the non-compactcases.With
this QUE for arithmetic surfacesis now fully proven.

The hyperbolic surfacesM are alsocomplexanalytic Riemann surfacesand the semiclas-
sical analogueof high frequency modes are holomorphic sectionsof high tensor powers of
the canonicalline bundle over M or what is the samething, holomorphicautomorphic forms
of large weight. There are however somefundamental di�erences as far as the analogueof
QUE in this setting. A holomorphic form of weight k for � � PSL 2(R) de�nes a probability
density � f on M = � nH using the Peterssoninner product: � f = jf (z)j2ykdA(z). If M is
non-compactthen we assumethat f vanishesat the cusps(a \cusp form"). By the Riemann-
Roch theorem the dimensionof the spaceof such forms grows linearly with k. Henceit is
not surprising that the analogueof QUE, that is the equidistribution of the � f 's as k ! 1 ,
fails (take a �xed non-zero f 0 of weight k0 and raise it to the k=k0 power). By the same
token there is no apparent A-invariant microlocal lift of � f to � nG8. However as soon as the
connectionwith special values of L-functions was made in the arithmetic Hecke eigenform
setting, it was clear that QUE for holomorphic Hecke eigenformsshould be equally valid.
That is for such f 's on an arithmetic M , � f ! dA=Ar ea(M ) as k ! 1 . Here too Watson's
explicit formula together with subconvexity for corresponding degree8 L-functions implies
this holomorphicQUE. There is a very nice consequencein connectionwith the zerosof such
f 's. In [N-V] a generalpotential theoretic argument applied to @�@logjf (z)j is usedto show
that if � f ! dA=Ar ea(M ) and M is compact, then the zerosof f becomeequidistributed in
M with respect to dA=Ar ea(M ) as k ! 1 . This was extendedin [Ru1] to the �nite area
non-compactcases.Thus the holomorphic QUE conjectureimplies in particular that the ze-
ros of such Hecke eigenformsare equidistributed in the large k limit. In the next paragraphs
we report on recent works of Holowinsky [Ho], Soundararjan[So2]and [H-L] which establish
this holomorphic QUE for M a non-compactarithmetic surface. Hencethe zerosof a holo-
morphic cuspform of weight k for SL 2(Z) are equidistributed with respect to hyperbolic area
as k ! 1 . This basicand elegant result is a striking application of the theory developed for
the QUE problem.

Soundararjan approaches the problem by seekinga more modest bound for the degree
8 L-functions in Watson's formula. Instead of improving the convexity bound by a factor
of k� � 0 he settles for (logk) � � 0 which he calls weak subconvexity. There are normalization
factors in the explicit formula which involve special valuesof L-functions at s = 1 and which
are potentially of sizelogk ([H-L-G-L]). Thus this weak subconvexity by itself cannot do the
full job, however it is known that with very few exceptionsthesespecial valuesat s = 1 are
well behaved. Thus the weak subconvexity allows him to prove QUE for all but Oe(k� ) of

8For this reasonno ergodic theoretic approach to this holomorphic QUE is known.
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the Hecke eigen forms of weight k. Moreover he establishesthis weak subconvexity in the
full generality of L-functions associated automorphic forms on the generallinear group,9 the
only assumptionthat heneedsto make is that the corresponding formssatisfy the generalized
Ramanujan Conjectures(see[Sa4]). Happily for the caseof holomorphic forms on an arith-
metic surfacethis is known by the celebratedtheoremof Deligne [De]. To prove this general
weak subconvexity Soundararajan developsa far reaching generalizationof techniquesin the
theory of mean-values of multiplicativ e functions speci�cally showing that they don't vary
much over certain ranges(seealso [Hi] and [G-S]). This feature is the sourceof the sought
after cancellation.

The starting point for Holowinsky is yet a third approach to QUE which dependscritically
on M beingnon-compactand wasusedin [L-S2], [LS-3]to investigatesimilar problems. Using
the cuspsof M onedevelopsthe holomorphicform in a Fourier expansionand the QUE prob-
lem can be reducedto estimating a shifted convolution (which are quadratic) sumsinvolving
thesecoe�cien ts. Oneexpectsand the quantitativ e forms of QUE demand,that there is a lot
of cancellationdue to the signsof the coe�cien ts of thesevarying forms. Holowinsky's novel
idea is to forgo this cancellationand to exploit the fact that the meanvaluesof the absolute
valuesof thesecoe�cien ts is of size(logk) � � . The sourceof this phenomenonis that if f is
not dihedral (and we can assumethis sinceQUE is known for these)then the distribution of
coe�cien ts at primesare expectedto follow a Sato-Tate distribution and enoughtowards the
latter is known by the work of Shahidi [K-S] to exploit this feature (see[E-M-S] for the case
of f �xed). Using a sieving argument 10 Holowinsky is able to give a bound for the shifted
convolution sumswhich improves the trivial bound by a factor of a small negative power of
logk. Here too Deligne'stheorem is being usedas a critical ingredient. To apply this bound
to QUE, normalization factors which are valuesat s = 1 of associated L-functions intervene
again. In this way Holowinsky is alsoable to establishQUE for all but O� (k� ) of the forms of
weight k, for a non-compactarithmetic surfaceM .

The miracle and it is not uncommonfor such \luc k" to be at the heart of a breakthrough
is that there are no common exceptions to Holowinsky and Soundararajan's treatments.
Soundararajan's is unconditional as long as the value at s = 1 of a related L-function is
not very small (that is essentially assmall as1=logk) but if this is so then onecan show that
most of the Fourier coe�cien ts of f are even smaller at primes and with this Holowinsky's
treatment becomesunconditional.

The only caseof QUE for surfacesthat remainsopen at this time is that of holomorphic
forms for the compactarithmetic surface.Soundararajan's arguments apply in this casebut
not Holowinsky's.

To end we discussbrie
y somehigher dimensionalcasesof arithmetic QUE. The Hilbert
modular varieties are the closestto the arithmetic surfacecase. Let n � 2 and K a totally
real (ie all the embedding of K , � 1; : : : ; � n are real) number �eld of degreen. Let Ok be
its ring of integers and � = SL 2(Ok) the corresponding group of 2 � 2 matrices. Via the

9As such this result will no doubt �nd many further applications.
10Seealso [Na] for a generalsuch inequality in the context of multiplicativ e functions.
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embeddings� is a discrete subgroupof G = SL 2(R) � SL2(R) � � � � SL2(R). The quotient
M = � nH � H � � � � � H is a �nite volume locally symmetric spaceand is also a complex
manifold: the corresponding Hilbert modular variety. The QUE problem for high frequency
eigenstatescanbeformulated in this context. In the philosophy of diagonalizinggeometrically
de�ned commuting operators we consider� (z1; : : : ; zn ) which is �-in variant and which is an
eigenfunction of the full ring of di�erential operators on H � H � � � � � H which commute
the action of G. That is � is a simultaneouseigenfunctionof 4 z1 ; : : : ; 4 zn (and not just of
4 = 4 z1 + � � � + 4 zn ). The probability density � � = j� (z)j2dv(z) hasa natural microlocal lift
� � to � nG ([Li2]) 11 The new feature is that being an eigenfunctionof each 4 zi , the quantum
limits, that is weak limits of the � � 's as min � ! 1 where � = (� (1) ; : : : ; � (n)), are invariant
under the full multiparameter diagonal subgroupA = f ((a1 a� 1

1 ); : : : ; (an a� 1
n )) : aj 6= 0g of

G. For n � 2 this is exactly the setting12 of the measurerigidit y conjectureof Margulis [Ma]
(which in turn has its roots in the times 2 times 3 conjectureof Furstenberg) which asserts
that any such measureon a homogeneousspace� nG which is invariant under a rank 2 or
higher diagonalgroup, should be rigid. While no casesof this conjectureare proven versions
in which one assumessomeform of positive entropy are known ([E-K-L], [Li1]) (and again
these have their roots in similar such theoremsfor � 2 � 3 [Ru]). The positive entropy is
establishedby using the full Hecke algebraas in [B-L] and QUE for theseHecke Maassforms
on M is thus established.

The holomorphic QUE for these Hilbert modular varieties asserts that if
f (z) = f (z1; : : : ; zn ) is a holomorphic Hecke cusp form of weight k = (k1; k2; : : : ; kn ) than
the probability densities� f = jf (z)j2yk1

1 � � � ykn
n dv(z) on M becomeequidistributed with re-

spect to dv(z)=vol(M ) askmin = min(k1; : : : ; kn) goesto in�nit y. In his thesis[Mars] Marshall
has shown that this is another setting where the Holowinsky-Soundararajan miracle occurs.
Generalizingtheir arguments to this higher dimensionalsetting he establishesQUE for holo-
morphic Hilbert modular forms(the Ramanujan Conjecturesareknown in this case[Bl]). The
potential theoretic argument showing that the equidistribution of the densities� f implies that
of the zero divisor Z of f , is formulated and proven in the context of holomorphic sections
of high tensor powers of a positive hermitian line bundle on a compact complex manifold
in [S-Z]. Marshall shows that thesearguments extend to the non-compactHilbert modular
setting and asa consequenceof this and QUE he provesthat the zerodivisor Z (f ) of a Hecke
cusp form f becomesequidistributed with respect to dv as kmin ! 1 , either in the senseof
Z (f ) beinga real co-dimension2 Riemanniansubmanifoldof M or asa Lelong(1; 1) current;
@�@log(jf (z)j2yk1

1 � � � yj n
n ). Again this is rather a basic fact about Hecke eigenformsin several

variableswhich is a consequenceof the QUE theory.

Unlike the periods to special values of L-functions relation which it appears are rather
special, the ergodic approach of Lindenstraussextendsto quite generalcompact arithmetic
manifolds as has beenshown by Silberman and Venkatesh [S-V1], [S-V2]. The \micro-lo cal"
extensiongoesnaturally from the locally symmetric spaceM = � nG=K to � nG rather than
the unit tangent bundle of M and its construction requires someelaborate representation

11This is not the unit tangent bundle and corresponds to the geodesic
o w not being ergodic.
12In fact this is the setting in which the connectionbetweenQUE and measurerigidit y was�rst noted [Li2].
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theory. Their proof of positive entropy for the corresponding quantum limits of Hecke eigen-
forms is generaland robust and it clari�es the role played by homogeneoussubvarieties in
this connection.

To end we point out that in the symplectic setting the analogueof QUE for strongly
chaotic transformationsmay fail. The mathematical model is that of quantizing a symplectic
transformation of a compact symplectic manifold. The simplest (and very degenerate)case
is that of a linear area preservingtransformation of the torus R2=Z2 correspond to an A in
SL2(Z). If jtraceAj > 2 then the dynamics of iterating A is ergodic and strongly chaotic.
In the literature this goes by the name \cat map"13 The eigenstatesof the corresponding
quantization can be studied in depth [Ru2].14

In this setting when the eigenvalues of the quantization are maximally degeneratethe
analogueof QUE can fail ([F-N-D]). Sometake this as a warning about the truth of the
original QUE conjecture. Note that even though QUE fails herethe positive entropy analogue
of Anantharaman is still true ([Br]).

Acknowledgement:Thanks to Alex Barnett for supplying me Figure 1 which was computed
using his method in [Ba].
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