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Abstract

In this paper, we propose and analyse a mathematical model for chronic myelogenous leukemia (CML), a cancer of the blood. We

model the interaction between naive T cells, effector T cells, and CML cancer cells in the body, using a system of ordinary

differential equations which gives rates of change of the three cell populations. One of the difficulties in modeling CML is the

scarcity of experimental data which can be used to estimate parameters values. To compensate for the resulting uncertainties, we use

Latin hypercube sampling (LHS) on large ranges of possible parameter values in our analysis. A major goal of this work is the

determination of parameters which play a critical role in remission or clearance of the cancer in the model. Our analysis examines 12

parameters, and identifies two of these, the growth and death rates of CML, as critical to the outcome of the system. Our results

indicate that the most promising research avenues for treatments of CML should be those that affect these two significant

parameters (CML growth and death rates), while altering the other parameters should have little effect on the outcome.

r 2003 Published by Elsevier Ltd.
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1. Introduction

Chronic myelogenous leukemia (CML) is a cancer
that affects cells circulating in the blood system. The
disease occurs in more than 1 out of 100 000 people per
year, and makes up approximately 15% of all leukemias
in adults (Faderl, et al., 1999, p. 164). The immune
system is known to play an important role in the
dynamics of CML (Sawyers, 1999), which is motivation
for the work in this paper.
In this paper, we propose a mathematical model for

the human immune system’s response to CML in a
hypothetical patient. One major goal of this work is to
identify promising directions for experimental research
on treatments for patients with CML. Our model
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consists of a system of three nonlinear ordinary
differential equations. We consider rates of change for
naive and effector T cell populations, as well as the
CML cancer cell population. Parameter values are
obtained from available experimental data and esti-
mates, and the system is analysed for sensitivity to
changes in the parameters. Our analysis reveals that
changes in most parameters (such as naive and effector
T cell death rates) have little effect on the long-term
outcome of the system, whereas changes in two
parameters, the CML cancer cell growth rate and
natural death rate, result in significantly different
outcomes of the system. See Section 8 below for the
full set of conclusions.
There is an extensive body of work which develops

models of this type for the interaction of T cells with
human immunodeficiency virus (HIV). Perelson and
Nelson (1999) and Nowak and May (2000) have written
detailed surveys of the main ideas developed through
such models. Several other diseases with similar patho-
gen–immune system interaction dynamics have been
modeled in this way as well. These include tuberculosis
(cf. Wigginton and Kirschner, 2001) and hepatitis B
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(cf. Nowak et al., 1996). Early modeling of CML
includes models of T cell precursors in the bone marrow
(cf. Cronkite and Vincent, 1969; Rubinow, 1969;
Rubinow and Lebowitz, 1975). A later mathematical
model for CML created by Fokas et al. (1991) refined
these models, and focused on the maturation and
proliferation of the T cell precursors.
2. Background and assumptions for the model

The two T cell populations included in our model are
defined as follows: naive T cells, which, if specific to
CML, could become activated; and effector T cells
specific to CML, which are fully armed and capable of
immediate action. Naive T cells are activated in the
lymph tissues. If a naive T cell is CML-specific, then it
can bind to a peptide-MHC (major histocompatibility
complex) pair on a professional antigen-presenting cell
(APC). If costimulators are also present, the T cell will
be retained, activated, and will proliferate. After up to 1
week of proliferation, the progeny differentiate into
armed effector cells. These are then released into the
blood and are capable of mounting an immune attack
upon encountering CML antigen (without the need for
costimulation).
These two categories (naive and effector) represent

the major distinct types of behavior of T cells that we
wish to capture in our model. In order to keep this
model tractable, we do not consider other parts of the
immune system’s response, such as the populations of B
lymphocyte cells or the levels of production of
cytokines. Our working assumption is that these other
responses correlate positively with the responses we do
examine, although we do not hypothesize exactly what
the correlation functions might be. Furthermore, in
Kirschner and Webb’s (1996, p. 370, footnote) model
for T cell responses to HIV, they find no qualitative
difference in outcome between a model with CD4þ and
CD8þ T cells considered separately, and a model in
which only the total population of T cells was
considered. Therefore, we do not consider these
populations separately in our model.
Our model is based in the circulatory blood system,

since we wish to tie it as closely as possible to available
data from blood samples. We include a source term for
new T cells entering the circulatory blood from other
compartments (such as the bone marrow, lymph nodes,
and thymus). We also include the input of CML cells
from outside the blood, in the growth term for CML.
However, we assume that pre-existing cells entering and
exiting the blood due to diffusion give net changes that
are approximately zero. We also assume that the
concentration of T cells in the circulatory blood is
proportional to the concentration of T cells in other
compartments. These are standard assumptions for a
system at or near equilibrium, and experimental support
in the case of HIV appears in Haase et al. (1996) and
Perelson et al. (1997).
In this model, the naive T cells come into contact with

the APC in the lymph tissues. We assume that APC with
antigen from CML cells are present in proportion to the
number of CML cancer cells themselves. Therefore, in
our model we use the populations of CML cells with a
proportionality constant to represent the numbers of
APC presenting CML antigen. The encounters of naive
T cells with the APC are represented by a Michaelis–
Menten saturation term, the third term on the right-
hand side of Eq. (1). We use a saturating growth term to
take into account the limitations of the immune
response, due to the large numbers of APC presenting
CML antigen which saturate the lymph, but the
relatively few CML specific naive T cells (Janeway
et al., 2001, pp. 295–318). Similar ideas were used in
Perelson et al. (1993) and Kirschner and Panetta (1998).
We assume the effector T cells come into contact with

CML cancer cells in the blood in a random fashion.
Because the encounters take place in the blood, we use
the ‘‘law of mass action’’, which says that the total
number of encounters between members of the two
populations is proportional to the product of the sizes of
the two populations. See Edelstein-Keshet (1988) for
more discussion of the law of mass action.
Note that the use of deterministic equations means

that our model is not expected to be accurate when the
populations are relatively small (Freedman, 1980, pp.
3–4). Specifically, the model will not be very accurate in
its predictions if the populations are so small (e.g., on
the order of single cells) that the continuous rates are
not good approximations for gain or loss terms.
The disease CML has three distinct phases: chronic,

accelerated, and blast. The chronic phase lasts the
longest, averaging 3–5 years in length. During this time,
cell counts grow steadily. The accelerated and blast
phases can last just a few months each, and are
characterized by more rapid increases in cell counts,
followed by death of the patient. Our model is intended
for the chronic phase, as the rapid changes in cell counts
during the accelerated and blast phases are not as well
quantified by data in the later phases, and treatments for
CML focus on the chronic phase. Also, the cancer cell
population is large enough during the chronic phase that
the law of mass action is valid for cell interactions in the
blood, and yet not so large that crowding of CML in the
bone marrow decreases the source rate of the naive T
cells (Stryckmans et al., 1977).
3. Details and explanation of the model

Let t represent time, measured in days. We consider
the following populations of cells in the circulating
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blood system, measured as concentrations of cells per ml:

Tn ¼ naive T cells;

Te ¼ effector T cells specific to CML;

C ¼ chronic myelogenous leukemia ðCMLÞ cancer cells:

Each of the three cell populations is a function of time, t:
The naive T cell population consists of all naive T cells,
both specific and non-specific for CML. The naive T
cells either have not yet been exposed to professional
APC presenting CML antigen, or else are not CML-
specific. The effector T cells have differentiated from
naive T cells upon activation by a professional APC
peptide-MHC complex and costimulators.
The system of differential equations is given below,

followed by explanations of the terms:

dTn

dt
¼ sn � dnTn � knTn

C

C þ Z

� �
; ð1Þ

dTe

dt
¼ anknTn

C

C þ Z

� �
þ aeTe

C

C þ Z

� �
� deTe � geCTe; ð2Þ

dC

dt
¼ rcC ln

Cmax

C

� �
� dcC � gcCTe: ð3Þ

Each equation represents the rate of change, with
respect to time, of one of the cell populations. The
lowercase coefficients, or parameters (e.g., sn; an; and rc)
are all taken to be constants. Later in this paper we vary
the parameter values, and examine the resulting changes
in the system.
Fig. 1 below shows the cell population diagram for

system (1)–(3).
We assume the changes in populations due to

diffusion are approximately zero. That is, we assume
the numbers of pre-existing cells of each population that
diffuse into and out of the blood are approximately
equal. Thus, there are no terms in the equations for
diffusion of already-existing, mature cells into or out of
the blood.
The first term on the right-hand side of Eq. (1) is a

source term for new T cells entering the blood system.
We approximate this as a constant, sn; which is a
reasonable approximation except during the last stages
of CML, when crowding in the bone marrow could
decrease the production of naive T cells. The second
term is due to the natural attrition of Tn cells in the
absence of CML. The factor dn is the naive T cell death
rate constant, which is equal to the reciprocal of the
average lifespan of a Tn cell, and can be thought of as
roughly approximating the fraction of the Tn population
that is expected to die naturally in 1 day. The third term
is a Michaelis–Menten term, and represents the change
in the Tn population due to encounters with CML
antigen in the lymph. We use a Michaelis–Menten term
to take into account the saturation effect of CML cells
in the lymph nodes, as described earlier in Section 2. We
assume CML antigen is present in proportion to the
number of CML cells. The constant Z is the standard
half-saturation concentration in a Michaelis–Menten
term. The constant kn is the rate constant which makes
knTnC=ðC þ ZÞ equal to the instantaneous rate of Tn loss
due to encounters between naive T cells and CML
antigen. While CML-specific Tn cells can become
activated upon encountering CML peptides and costi-
mulators on APC, they can also become anergic if they
encounter CML antigen without costimulators. The
state of anergy essentially inactivates these naive T cells,
preventing later activation, even if they subsequently
encounter APC with CML antigen and costimulators.
Hence, we consider both activation and anergy as
contributors to the loss term.
We now examine Eq. (2), which describes the rate of

change for those effector T cells in the blood compart-
ment which are specific to CML. The first term on the
right-hand side is due to activation encounters between
Tn and professional APC (presenting peptides from
CML antigen), and comes from the naive T cells lost in
Eq. (2). When a naive T cell becomes activated, it is
retained in the lymph tissues and proliferates for several
days. The newly-formed T cells then differentiate into
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Table 1

Parameter information

Param. Description Value Sampled range Units Reference

sn Tn source term 0.073 (0, 0.5)
cells=ml
day

Mohri et al. (2001)

dn Tn death rate 0.040 (0, 0.5) day�1 Mohri et al. (2001)

de Te death rate 0.06 (0, 0.5) day�1 Kuznetsov et al. (1994)

dc C death rate 0.2 (0, 0.8) day�1 Duvall and Perry (1968)

kn Tn differentiation 0.001 (0, 0.1) day�1 Essunger and Perelson (1994)

Z Michaelis–Menten 100 (0, 1000) cells=ml Estimated

an Te proliferation 0.41 (0, 1) Janeway et al. (2001)

ae Te recruitment 0.2 (0, 1) day�1 Estimated

Cmax maximum C 3� 105 ð1:5� 105; 4� 105Þ cells=ml Estimated

rc C growth 0.03 (0, 0.5) day�1 Afenya and Calder !on (2000)

ge Te loss (due to C) 0.005 (0, 0.1) day�1
cells

ml

� ��1

Estimated

gc C loss (due to Te) 0.005 (0, 0.1) day�1
cells

ml

� ��1

Essunger and Perelson (1994)
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effector T cells, and are released into the blood (Janeway
et al., 2001). Thus, the coefficient an incorporates the
rate at which such encounters lead to activation (as
opposed to anergy) of Tn; as well as the rates of
proliferation and differentiation into Te:
The second term is a recruitment term, which we

again represent as Michaelis–Menten. We assume that a
proportion of effector T cells will recruit other immune
cells to aid in killing CML cells. In order to represent
this increase in killer cells, we effectively boost the
effector T cell population by a compensatory amount.
The rate constant ae incorporates this recruitment. The
third term represents the loss due to the natural lifespan
of Te cells, with de the death rate constant for Te: The
fourth term is a law of mass action term, due to
encounters between Te and CML cancer cells. Since
these encounters occur in the blood, there is no
saturation effect as occurs in the lymph. Some encoun-
ters result in a loss of Te; due to direct effect by the CML
cell or due to activation-induced cell death (AICD) from
excess stimulation. The coefficient ge is the rate constant
for loss of Te due to these encounters.
In Eq. (3), the first term on the right-hand side gives

the contribution due to growth of C; in the form of a
Gompertz law. This law is well-established as the best fit
for cancerous tumors. (See, e.g., Xu and Ling, 1988;
Bassukas and Maurer-Schultze, 1988; Steel, 1977.)
Afenya and Calder !on (2000) show that the Gompertz
curve also provides a significantly better fit for leukemic
cancer data than logistic, exponential, or polynomial
curves. The Gompertz curve incorporates the almost
exponential growth of cancers at first, as well as the
later slowing of the growth. The constant Cmax is the
estimate of the maximum possible concentration of
CML. The second term in Eq. (2) represents the loss
of CML cells which die a natural death, where dc is
their death rate constant. The third term, with
coefficient gc; represents the loss of C due to encounters
with Te:
The constants used in the system of differential

equations (1)–(3), appear in Table 1. The table gives a
brief description of the constants, the values used as
initial estimates for the constants, the ranges that are
used for sampling later in the paper, and the units and
references for the constants.
We use the following initial values for the three

populations, where t ¼ 0 is the starting time for the
model:

Tnð0Þ ¼ 1510 cells=ml;

Teð0Þ ¼ 20 cells=ml;

Cð0Þ ¼ 10; 000 cells=ml:

4. Discussion of parameter estimates and initial

population values

The value we use for sn; the source term for the Tn cell
population, is calculated using data from Mohri et al.
(2001). In the data collected from healthy subjects, the
average contributions from a source were found to be
0.033 CD4þ cells=ml=day; and 0.040 CD8þ cells=ml=day:
This gives a net contribution of 0:073 cells=ml=day;
which we use as the source term for our naive T cell
population, Tn: In the same paper, the average number
of cell deaths in healthy subjects, both for CD4þ

and CD8þ lymphocytes, was found to be 0.040/day.
(This cell death number actually takes into account
the very small amount of proliferation measured for the
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T cells, and so should more accurately be termed the
‘‘net loss’’.)
The value for de; the rate constant for natural Te

death, is estimated to be close to the calculated value in
Kuznetsov et al. (1994, p. 303). It is expected that de >
dn; although the two numbers should not be drastically
different, so we choose de to be of the same order of
magnitude as dn: The value for dc; the rate constant for
natural C death, is taken from Duvall and Perry (1968).
They report an average leukocyte half-life of 83:1 h; or
roughly 3.5 days, which we use to calculate dc: The value
for kn is based on estimates of the probability of anergy
and activation of antigen-specific Tn in Janeway et al.
(2001), and on the very rough estimates of encounter
rates incorporated into other T cell-pathogen models,
such as that of Essunger and Perelson (1994). The value
for an; the production factor for Te from activated Tn; is
estimated using proliferation rates in Janeway et al.
(2001). Janeway et al. state that an activated T cell
proliferates for close to 7 days, producing a total of
approximately 1000 daughter cells. The value for ae; the
recruitment constant for Te due to encounters with C; is
approximated at 0.2, because it should be lower than the
rate of activation, but is not expected to be an entire
order of magnitude lower. The value for rc; the growth
rate of C; is taken from Afenya and Calder !on (2000). To
get an estimate for gc; the loss rate for C due to
encounters between Te and C; we again use encounter
rates that are incorporated into other T cell-pathogen
models (e.g., Essunger and Perelson, 1994). Based on
our gc; we were able to estimate the value for ge:
In Mohri et al. (2001), the average concentration of

CD4þ T cells in healthy individuals was found to be
approximately 1080 cells=ml of blood in the steady state.
The average concentration of CD8þ measured in
healthy individuals was approximately 600 cells=ml of
blood, giving a total of 1680 T cells=ml of blood, which
we use for our estimate of the initial concentration of
naive T cells in the blood. We decrease this by roughly
10% with the assumption that at this stage of CML,
there would have been a small decrease of the usual
levels of naive T cells due to activation. Thus we take
Tnð0Þ ¼ 1510: Correspondingly, we assume that the
initial concentration of effector T cells, Teð0Þ; is
approximately 20 cells=ml of blood. This represents the
proliferation that occurs when naive T cells receive the
signal to become activated and undergo cell division,
minus a small loss of Te due to interactions with C:
Small changes in these numbers were investigated
numerically in the model, with no significant change
observed in the outcome of the system.
The estimate of 10 000 cells=ml of blood is used

as an initial guess for Cð0Þ; the maximum concentra-
tion of CML cells in the blood observed in living
patients is reported to be approximately 300 000 cells=ml
(Lee, 2001).
5. Analytic results

To study the behavior of the system of differential
equations, we find the equilibrium solutions, and
linearize about these to examine their stability. To ease
the calculations, we first simplify the model by rescaling
the variables.

5.1. Simplification of the model

Using standard rescaling techniques (non-dimensio-
nalization), we reduce the number of parameters from
twelve to eight. The populations and time are rescaled as
follows: Tn is rescaled by multiplying by a factor of
dn=sn; Te is rescaled by a factor of gc=dn; C is rescaled by
ge=dn; and t is rescaled by a factor of dn:
The resulting system is the following:

dTn

dt
¼ 1� Tn � z1Tn

C

C þ z2

� �
; ð4Þ

dTe

dt
¼ z3Tn

C

C þ z2

� �
þ z4Te

C

C þ z2

� �
� z5Te � CTe; ð5Þ

dC

dt
¼ z6C ln

z7
C

� �
� z8C � CTe: ð6Þ

The new coefficients are defined as follows: z1 ¼
kn=dn; z2 ¼ geZ=dn; z3 ¼ anknsngc=d3

n ; z4 ¼ ae=dn; z5 ¼
de=dn; z6 ¼ rc=dn; z7 ¼ geCmax=dn; and z8 ¼ dc=dn:

5.2. Equilibrium solutions

We now set each of the three simplified differential
equations equal to zero, and solve for Tn; Te; and C:
This gives the equilibrium solutions; i.e., it gives values
of Tn; Te; and C for which the system will no longer
change (since all of the derivatives, or rates of change,
will be zero).
We first consider the equilibrium solution(s) for which

C ¼ 0: In this case, Eq. (4) implies that Tn ¼ 1; and
Eq. (5) implies that Te ¼ 0; and there are no other
equilibria for which C ¼ 0: We let P1 ¼ ð1; 0; 0Þ repre-
sent this trivial (healthy) equilibrium solution.
Any other equilibrium values of C are given by the

solution to the following equation obtained from all
three Eqs. (4)–(6):

0 ¼ z8 � z6 lnðz7Þ þ z6 lnðCÞ

þ
z3CðC þ z2Þ

ðC þ z2 þ z1CÞ½ðC þ z2ÞðC þ z5Þ � z4�
: ð7Þ

The third term on the right-hand side of Eq. (7) is
logarithmic in C; and hence increases as C increases.
For the factors of the fourth term to be zero, C must be
negative (for the clinically feasible ranges of parameters
in Table 1, Section 3). Thus, this fourth term is a
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rational function which decreases as C increases (when
C is positive), and so there is at most one value of C

which makes the right-hand side of Eq. (7) equal to zero.
This means there is at most one other equilibrium
solution, which we will denote by P2 ¼ ð eTTn; eTTe; eCCÞ: This
equilibrium solution occurs when z8oz6 lnðz7Þ; or when
dc=rcolnðgeCmax=dnÞ:
In order for this equilibrium to be physically mean-

ingful, all three populations must be nonnegative. The
resulting conditions on Eqs. (4)–(6) are satisfied trivially,
so the equilibrium is a realistic one, and there is no new
information obtained from the conditions.

5.3. Linearization of the system

To determine the behavior of the cell populations
near each of the equilibrium solutions, we need to
compute the linearization of the system, which is
obtained from the Jacobian matrix of the system. See,
e.g., Borrelli and Coleman (1998, p.446) for more
information about such calculations. For the system of
Eqs. (4)–(6), the Jacobian is the following:
A ¼

�1� z1
C

C þ z2

� �
0 �z1Tn

z2
ðC þ z2Þ

2

� �

z3
C

C þ z2

� �
z4

C

C þ z2

� �
� z5 � C z3Tn

z2
ðC þ z2Þ

2

� �
þ z4Te

z2
ðC þ z2Þ

2

� �
� Te

0 C z6 ln
z7
C

� �
� z6 � z8 � Te

0
BBBBBBB@

1
CCCCCCCA
: ð8Þ
If we substitute a set of equilibrium values for Tn; Te;
and C in the matrix A, then the matrix A will represent
the linearization of the system of differential equations
about that equilibrium solution. By the Hartman–
Grobman theorem (see, Othmer et al., 1997), the
behavior of the original (nonlinear) system will be
approximated by the behavior of the linearized system
near that equilibrium solution, as long as the equili-
brium solution is hyperbolic (i.e., the real parts of the
eigenvalues of the matrix are not equal to zero). We will
now examine the two equilibrium solutions separately.

5.3.1. Equilibrium 1

Evaluating A at the trivial solution P1 ¼ ð1; 0; 0Þ gives

AðP1Þ ¼

�1 0 �
z1
z2

0 �z5
z3
z2

0 0 �z6 � z8

0
BBBBB@

1
CCCCCA: ð9Þ

The eigenvalues of this matrix are l1 ¼ �1; l2 ¼ �z5;
and l3 ¼ �z6 � z8; which are all real numbers. The
equilibrium solution P1 is asymptotically stable, since
l1; l2; and l3 are all negative.
5.3.2. Equilibrium 2

Here we examine the equilibrium solution P2 ¼
ð eTTn; eTTe; eCCÞ; when it exists. In this case, analytic
techniques fail to yield information about the eigenva-
lues, due to the complexity of the system. Conditions
such as the Routh test (Borrelli and Coleman, 1998, p.
415), for example, give transcendental equations which
cannot be solved analytically. As an alternative, we
calculate the eigenvalues for a wide variety of possible
parameter values, by systematically sampling through
the ranges listed in Table 1. To ensure representative
sampling, we use a technique called Latin hypercube
sampling (LHS), which is discussed in detail in Section
6, to randomly select values from the specified ranges.
For the equilibrium populations, we sample from the
interval ð0; 5000Þ for eTTn and eTTe; and we sample from the
interval (1, 400 000) for eCC: In our 3000 LHS runs, all of
the eigenvalues were either negative real or were
imaginary with all of the real parts bounded above by
�1:000076:
The large ranges of eTTn; eTTe; and eCC used to calculate the

eigenvalue estimates give reasonable confidence that the
eigenvalues indeed have negative real parts for this
equilibrium solution. Hence we assume the equilibrium
solution considered here is asymptotically stable, and we
proceed with numerical analysis of the system.

5.3.3. Summary of stability

If dc=rcolnðgeCmax=dnÞ (which is the case for the
initial parameter estimates), then the system of Eqs. (4)–
(6) has two asymptotically stable equilibria, P1 and P2:
Otherwise, the system has only one equilibrium, the
trivial (healthy) state P1; and this equilibrium is
asymptotically stable.
6. Numerical analysis: relationships between parameters

and C

In this section, we examine the relationship between C

and the model parameters. We numerically solve
Eqs. (4)–(6) for a variety of choices of parameter values,
using the ranges listed in Table 1. For all of the
numerical analysis that follows, we use code we wrote
for MathematicaTM 4.2. Each time we numerically solve
the system of differential equations we use a time span
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of 750 days. We use the largest concentration of CML
cells during the 750 days as a marker for disease
progression in these solutions. Other time periods (both
much larger and much smaller) yield the same qualita-
tive results in determining critical parameters in the
outcome of the disease.
We look for significance of the relationships between

choices of particular parameter values and outcomes for
CML by keeping track of whether or not C exceeds a set
threshold value at any time during the 750 day period.
We use a threshold of 22 500 cells=ml to represent a stage
at which the patient is no longer in full remission,
although we also obtained the same results when larger
and smaller values for the threshold were used. Partial
remission is evidenced by a white blood cell count in the
range of approximately 15 000–30 000 cells=ml; but it is
unclear what fraction of the total count are CML cells
(Athens et al., 1965; Lee et al., 1999). Stryckmans et al.
(1977) show kinetic data where the fraction of white
blood cells that are leukemic increases as the disease
progresses, and this fraction varies greatly between
patients. However, it is likely that the number of total
healthy white blood cells stays around the normal range
(7500–10 000) (Gordon et al., 1999). Thus, in partial
remission we expect there are fewer than 22 500 CML
cells=ml; and perhaps many fewer.
Because of the uncertainty in the initial parameter

estimates, we perform Latin hypercube sampling (LHS)
on all of the parameters in all of the simulations below.
LHS is a well-established method for investigating
systems which are too complex to be tractable analyti-
cally, and for which there is possibly large uncertainty in
the parameter values used in the equations (see Blower
and Dowlatabadi, 1994). The technique involves
numerically solving the equations multiple times, using
randomly sampled values for all of the parameters in the
system. Although the standard Monte Carlo sampling
varies all parameters at once, LHS differs in that it
ensures that the combinations of parameter choices are
well distributed. The ranges of values from which
samples are chosen are specified ahead of time, and
are chosen here to ensure that all clinically feasible
parameter values are included. Each range is divided
into a specified number of equi-probable intervals,
which are then put into a random order. On any given
run, a random value is selected for each parameter, from
the appropriate interval. This ensures the mixing of the
intervals from which the random values are chosen, and
provides higher confidence in the qualitative behavior of
the solutions, despite the uncertainty in the parameter
values.

6.1. Graphical results of parameters vs. C

First, we examine the plots of individual parameter
values versus C; where the other parameters are sampled
using LHS. We reduce the dependence of the outcome
on the particular choice of other parameters by varying
them simultaneously. We run LHS to give 500 sets of
parameter choices. For each of the 500 sets, we
determine eCC; defined to be the largest value of C over
the 750 day time interval. We use eCC to examine
dependence on the parameters, since this decreases the
dependence of our results on the choice of the correct
time interval. For each parameter, we then create a
graph showing the 500 values for that parameter,
plotted against eCC: In our analysis of all 12 parameters
in this manner, we find that the values of the parameters
dc and rc appear to strongly correlate with eCC; with rc

appearing to have a somewhat stronger correlation. A
statistical analysis of these plots appears in the following
section.
In the plot of dc vs. eCC (Fig. 2), the dependence of eCC on

dc can be clearly seen. However, even for extremely large
values of dc; there are many combinations of other
parameter values which cause eCC to be 50 000 cells=ml or
more. This contrasts with the case of rc; whose sampled
values are plotted vs. eCC in Fig. 3.
In Fig. 3, there are still a few combinations of

parameter values which cause eCC to be large, even for
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extremely small values of rc:However, the large majority
of the outcomes for eCC are indistinguishable from
0 cells=ml when rc is sufficiently small (around
0:06 cells=ml=day), regardless of the values of other
parameters.

6.2. Analysis of numerical results

In order to distinguish individual parameters that
significantly affect the long-term behavior of C in the
model, we record and analyse the parameter values
randomly chosen during the LHS where we vary all
parameters simultaneously for each of the 500 runs. The
maximum value of C over the 750 day time period, eCC; is
recorded for each run. We associate a value of 1 to a
particular eCC if eCC is above the threshold value of
22 500 cells=ml discussed previously. Otherwise, we
associate a value of 0 to the particular value of eCC:
We use the statistical package R to fit a logistic

regression to the 500 different values of a given
parameter, and the associated 1’s and 0’s. We then
perform an analysis of deviance on the regression model
and a chi-squared test to determine whether or not the
parameter is statistically significant. The results appear
in Table 2:
Using a significance level of 0.05, there are two

parameters which are clearly significant: rc; the growth
rate of CML, and dc; the death rate of CML. It is
important to note the statistical analysis is done on data
which is not stochastic. Furthermore, by performing a
logistic regression we must make the assumption that by
focusing on a single parameter at a time, the effects of all
the other parameters introduce enough noise that they
can be considered ‘‘random’’ in some sense. These
limitations occur because presently there are not better
tools for exploring the behavior of complex high-
dimensional differential equation models.

6.3. Additional graphical evidence examining significance

For this analysis, we look at all possible pairs of the
12 parameters. This gives 66 (‘‘12 choose 2’’) pairs to
examine. For each of these pairs, we make a graph of
plotted points of one parameter versus the other, with
the coordinates of the points in the graph given by
the sampled values for those parameters from the LHS.
The points in the plot are colored light gray if the
Table 2

Statistical results

Parameter P > jwj Parameter P > jwj Parameter P > jwj

sn 0.22 kn 0.67 Cmax 0.65

dn 0.40 Z 0.09 rc o0:001
de 0.61 an 0.39 ge 0.58

dc o0:001 ae 0.06 gc 0.12
corresponding solution for C goes above our chosen
threshold of 22 500 cells=ml; and dark gray if it does not.
In the majority of the graphs (all except for rc and dc),

there are no apparent regions of exclusion of points for
which C is above the threshold value of 22 500 cells=ml
or below. However, in all of the graphs that include rc

(the effective growth rate of C), the coordinates of dark
gray points are restricted to values of rc below
approximately 0:35 cells=ml=day: The percentage of
points which are dark gray increases as the values of
rc decreases below this. This indicates that no matter
what the values of the other 11 parameters, the value of
rc determines the outcome of the system in the majority
of cases. See the plot of sn versus rc given in Fig. 4.
In the graphs that include dc (the natural per capita

death rate of C) few of the dark gray points occur for
values of dc below approximately 0.2/day. The percen-
tage of points which are dark gray increases as dc

increases, but do not achieve the percentages achieved in
the case of rc: This indicates that having dcX0:2 makes it
more likely that C can be controlled, but that condition
alone is likely not sufficient; the outcome also depends
on the values of other parameters to a large degree. See
the plot of sn versus dc given in Fig. 5.
7. Discussion of results of numerical analysis

In addition to the computational results shown above,
in the many simulations run using this model, we
observe a variety of behaviors for C for different choices
of parameter values. The observed outcomes correlate
with some of the disease characteristics typically found
in patients with CML, while undergoing treatment or
not responding to treatment. These outcomes include:
high CML cell counts (Fig. 7); remission and relapse or
rebound of CML (Fig. 8); and control of CML (Fig. 6).
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Fig. 7. An example graph of CML versus time, where CML increases

over a 2-year period.

Fig. 8. An example graph of CML versus time, where CML cell counts

initially decrease, but later rebound.

Fig. 6. An example graph of CML versus time, where CML decreases

over a 2-year period.

0 0.1 0.2 0.3 0.4 0.5
0

0.2

0.4

0.6

0.8
(d

ay
−1

)
d c

cells/ µ
day(      )lsn

Fig. 5. Plot of LHS sampled values for sn vs. dc: The light gray squares
are values which caused C to go above the given threshold value of

22 500 cells=ml; and the dark gray squares are values for which C

remained below the threshold. All other parameters are varied

simultaneously.

H. Moore, N.K. Li / Journal of Theoretical Biology 227 (2004) 513–523 521
We mention this evidence as support for the biological
relevance of our model. We show some examples of
these graphs below. Table 3 gives the approximate
parameter values for the graphs.
The results of the numerical analysis in the previous

sections give strong evidence themselves for the validity
of the model presented here. Another measure of the
model’s accuracy is given by a comparison of known
treatments and their effectiveness, to the predictions of
the model. The current main treatments for CML are
radiation, chemotherapy, bone marrow transplant, and
the drug Gleevec (imatinib). (For a review on CML
treatments, see Schiffer et al., 2003.)
Radiation and chemotherapy increase the death rates

of the CML cells, but they are non-specific treatments,
and also increase the death rates of the naive and
effector T cells. For the majority of patients, these
treatments alone are not effective in eradicating CML
(Schiffer et al., 2003). In light of this, in some cases bone
marrow transplant is used in conjunction with che-
motherapy, either with or without radiation therapy.
This combination treatment resets the CML count to
zero or very low levels, and increases the death rates of
all three cell populations. The combination treatment of
bone marrow transplant, radiation, and chemotherapy
is the only treatment that can lead to complete
permanent cure, however it does not always lead to a
cure (Schiffer et al., 2003). These treatment outcomes
agree with our numerical results that changing dc can be
significant. Because these treatments also increase dn

and de; we do not expect that the treatments would
necessarily be sufficient to control CML.
Gleevec was approved in 2001 as a treatment for

CML, and completely controls C in 95% of all CML
patients for long periods of treatment (Kantarjian et al.,
2002). However, CML mutations that cause Gleevec to
lose its effectiveness can occur after one or more years,
and patients return to disease progression (Kreuzer et al.,
2003). Gleevec works by blocking one of the pathways
that CML uses to reproduce at an excessive rate
(Kreuzer et al., 2003). In our model, this rate is
represented by rc: The LHS results predict that
adequately controlling rc should control CML, which
is exactly what is observed in patients treated with
Gleevec, until CML mutates around the drug and
Gleevec no longer is able to affect the CML growth rate.
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Table 3

Parameter values used in graphs

Graph sn dn de dc kn Z an ae Cmax rc ge gc

Fig. 6 0.37 0.23 0.30 0.024 0.062 720 0.14 0.98 230 000 0.0057 0.057 0.0034

Fig. 7 0.29 0.35 0.40 0.012 0.066 140 0.39 0.65 160 000 0.011 0.079 0.058

Fig. 8 0.071 0.050 0.12 0.68 0.063 43 0.56 0.53 190 000 0.23 0.0077 0.047
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8. Conclusions

The results above suggest several clinically relevant
conclusions for treatment of CML. The most striking
observation is that the growth rate of CML, rc; and the
natural death rate, dc; are the most important para-
meters in the control of CML in this model. The
importance of rc suggests that Gleevec and other drugs
which attempt to block excessive growth rates of CML
are likely to be successful treatments for CML, for the
duration of their effectiveness. Our results also give
some indication that increasing dc may not be sufficient
in all cases in controlling CML, which matches
observations of current treatments, and which we hope
will be investigated more closely by other researchers.
Another reason why controlling CML using dc is likely
to be insufficient, is the difficulty of producing a drug
which increases dc without increasing dn or de; the
natural death rates of the T cells.
Thus, researchers investigating treatments for CML

patients may wish to focus on treatments that can affect
the parameter rc: Our model suggests that treatments
that attempt to change the other parameters are less
likely to achieve reduction or eradication of CML.
Because of the high risk involved in bone marrow
transplantation, the resistance that CML develops to
Gleevec, and the lack of response of some patients to
any of the treatments mentioned here, there is still a
pressing need for other treatments or treatment proto-
cols for patients with CML.
Another outcome of our analysis is validation of the

model itself. This new model can now be used and
refined to include other aspects of the immune-CML
interaction. One example would be the incorporation of
the effects of immune system-boosting treatments in
patients with CML. Another use we hope to see is the
development of a more detailed model, with experiments
designed to obtain more precision in parameter values.
Having this model allows us to solve the optimal drug

dosing problem for drugs such as Gleevec, which we
hope to complete in the near future. Given an estimate
of the mutation rates of CML, the most effective dosing
levels over time can be predicted for Gleevec, or for
other drugs or combinations of drugs. Optimal dosing
can substantially increase the period in which a patient
remains healthy, which is especially important for
treatments to which diseases eventually develop resis-
tance or which are expensive. Gleevec currently costs
approximately $2500 per month, which means that a
constrained optimal dosing solution, for limited re-
source scenarios, would be valuable as well. Further
work predicting optimal combinations of chemother-
apy, radiation, and drugs such as Gleevec would also be
of great benefit in the treatment of CML.
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