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0 Introduction

Consider a space on which we have a notion of length and curvature. When should one call it
symmetric? Heuristically a straight line is more symmetric than the graph of 2° — 2% — 923 —
322 — 22+ 7, a circle is more symmetric than an ellipse and a ball is more symmetric than an
egg. Why? Assume we have a ball and an egg, both with blue surface without pattern. If you
close your eyes and I rotate the ball, you can’t reconstruct the rotation. But if I rotate the
egg, you can reconstruct at least the rotations along two axes. The reason is the curvature.
The curvature of the ball is the same in each point (i.e. constant), the curvature of the egg
is not. Should we call a space symmetric if its curvature is constant? No, because there are
to less. Every manifold of constant curvature can be obtained by one of the following: from
a n-dimensional sphere if the curvature is positive, from a n-dimensional euclidian space if
the curvature is zero and from a n-dimensional hyperbolic space if the curvature is negative.
So we go a step back and consider spaces on which a “derivative” of the curvature vanishes.
This gives an interesting class of spaces, called locally symmetric spaces. They are defined as
Riemannian manifold, where the covariant derivative of the curvature tensor vanishes. We’ll
show that this happens if and only if there exists for every point x a local isometry which
fixes x and acts by multiplication by —1 on the tangent spaces at . A Riemannian manifold
is called symmetric if this local symmetry extends to a global isometry. Surprisingly its group
of automorphisms acts transitively on the symmetric space and it is homogeneous. The study
and classification can be reduced to the study of Lie algebras equipped with an involutive
automorphism. We treat this relation explicitly in the first three sections. Elie Cartan used
this fact in the early 20th century to classify them. In the 60th Koecher studied them via a
relation between symmetric cones and Jordan algebras. We will sketch this relation in Section
2.7.2.

This text should be an introduction to symmetric spaces readable for a third year student.
We presuppose only the knowledge of an introduction to differential geometry and basic
knowledge in the theory of Lie groups and Lie algebras.

The first chapter gives an introduction to the notion and the basic theory of symmetric
spaces. The first section is a short introduction to Riemannian geometry. We present there in
short the theory needed later in the text. In the second section we define symmetric spaces as
Riemannian manifold whose curvature tensor is invariant under parallel transport. Further
we give some examples and deduce from the definition that a symmetric space has the form
G/K for a Lie group G (the automorphism group) and a compact subgroup K. The Lie
algebra g of G decomposes in a natural way into £ 4+ p. In the third section we discuss the
decomposition of Lie algebras, which can be uses to decompose symmetric spaces. The fourth
and last section treats Hermitian symmetric spaces. They are symmetric spaces which have
a complex structure. There can be characterized as the spaces G/K where the center of K is
non-trivial.

In the second chapter we treat some topics on symmetric spaces. The first section explains
the notion of a Cartan decomposition of a Lie algebra, which is generalization of decomposition
of g = £+p. The second and the third section introduce the rank. The next two chapters show
that Hermitian symmetric spaces of the non-compact type are exactly the bounded domains
in C™. In the sixth section gives an application of Hermitian symmetric spaces as the moduli
space of variations of Hodge structures on a vector space V. The last chapter explains a
one-to-one correspondence between algebraic objects (Jordan algebras) and geometric ones
(symmetric cones).



A very good introduction to Riemannian geometry is Lees Book [Le97]. THE standard
book for symmetric spaces is Helgason [He78|. It is complete and can be used as an intro-
duction to Riemannian geometry too, but it is technical and its structure is not very good.
A short and precise treatment of symmetric spaces can be found in [Bo98]. Further good
introductions are the book of Wolf [Wo67] and the text of Koranyi [Ko00]. The latter is a
very nice introduction for the short reading. The texts [Ma06] and [Pa06] should be read
together. The first gives an introduction from the differential geometers point of view, the
latter from the algebraists point of view. Delignes course notes [De73] are very interesting,
since his way to symmetric spaces is different from the usual ways. But the text is not so
easy to read, since the proof are discontinuous and he omitted big parts without telling what
he omits.

Ziirich, March 2007 Tobias Strubel
tstrubel@math.ethz.ch



1 Basics

1.1 Basics in Riemannian Geometry

In this section we will introduce notions and some general facts from Riemannian geometry.
We will need them for the definition and the study of symmetric spaces. A very well readable
and detailed introduction is [Le97].

All manifolds and vector fields are assumed to be C*°.

Definition 1.1.1. Let M be a manifold and X(M) the vector space of vector fields on M.
An affine connection V assigns to each X € X(M) a linear mapping Vx of X(M) into itself,
satisfying the following two conditions:

(1) Vixtgy = fVx +9Vy:
(i) Vx(fY) = fVxY + (Xf)Y.

for f,g € C*°(M) and X,Y € X(M). The second condition is sometimes called Leibniz rule.
The operator Vx is called covariant derivative along X.
Let V be a affine connection on M and ¢ a diffeomorphism of M. Put

Y = dgpflvdwxdgoY.

One can easily check that this defines a connection. The affine connection V is called nvariant
under ¢, if V/ = V. In this case ¢ is called an affine transformation of M.

A tensor of type (r, s) over a vector space V is an element of (V*)®" @ V®°. A tensor of type
(r,5) over a manifold is a section in the bundle (TM*)®" @ (TM)®". By abuse of notation
we call them tensor, too. The tensors T of type (2,1) and R of type (3,1) are defined by

T(X,Y)=VxY -VyX — [X,Y]; R(X,Y):=VxVy —VyVx — Vix,y]-
T is called torsion, R is the curvature.

Let (U, x) be a local chart on M. We write 0; for % and with this notation we can write
Vo,05 =Y Ti0k,
k

with Ffj € C*°(U). The Ffj are called Christoffel symbols.

Remark 1.1.2. The vector (VxY'), depends only on the values of X and Y on a neighbor-
hood of p. We show this for Y, for X the proof works similarly. Let ¥ and Y be vector
fields which coincide on a neighborhood U of p. We want to prove that VxY, = fo/p. By
linearity this is true if and only if ¥ —Y = 0 on U implies Vx (Y — Y), = 0. Now let Y be
a vector field which vanishes on a neighborhood of p. We show that VxY}, = 0. To do this,
choose a bump function ¢ with support in U and with ¢(p) = 1. Note that ¢Y = 0. With
the linearity we have Vx(¢Y) = 0. And by Definition 1.1.1 (ii) we get

0=Vx(eY)=(Y )X +oVxYV.

The first term of the right hand side is zero, since Y vanishes on the support of ¢. Therefore
(VxY), =0.



Now we use this result to show, that (VxY'), depends only on the values of ¥ in a
neighborhood of p and on X (p). We choose local coordinates and we can write X = > X%9;
Again by linearity we can assume that the X¢(p) = 0. Since we proved that (VxY'), depends
only on the values of X and Y in a neighborhood of p we get with Definition 1.1.1 (ii)

(VxY)p = (VPXiaiY)p = ZXi(p>(v8iY)P = 0.

Definition 1.1.3. Let « be a curve in M and X a vector field on M with X (v(t)) = ().
Such a vector field exists always, because on can construct X with the help of local charts in
a neighborhood of v and a partition of unity. A vector field Y is called parallel (along 7) if
(VxY)y ) = 0 for all ¢.

A geodesic is a curve for which every vector field X with X (y(t)) = 4(¢) is parallel along ~,
ie.

Let vy be a curve. A vector field along ~y is asmoothmap Y : I C R — TM with Y (¢t) € TnM
for all ¢.

Remark 1.1.4. The definition of parallelity makes sense, since by Remark 1.1.2 the vector
(VxY), depends only on Y and the value of X in p. Therefore the definition is independent
of the extension of X on M.

Let v be a curve and X and Y a vector fields, where #(t); = X*(7(¢)). In local coordinates
X and Y can be written as . X'9; respectively > Y?9; and we have

VyY = Z ZX18Y’“ 8k+ZXlYJF’“

Since on 7 the 5;(t) = X*(y(t)), for the vector field Y being parallel is equivalent to

dx;
k ’L
E Ly dt 7 =0. (1)

for all k.

Proposition 1.1.5. Let p € M and X # 0 in T,M. There exists a unique mazimal geodesic
v in M such that

7(0) =0 and ¥(0) = X.
We will denote this geodesic by vx .

One can find straight from the definitions of Ffj and the geodesic a system of differential
equation for a geodesic (the geodesic equation):

d*xy, ; dz; dzj
il et R
dt? Z 9dt dt 0

7.]

By the existence and uniqueness theorem for linear differential equations it has a unique
solution. See [He78, Ch. 1.6] for details.



Remark 1.1.6. Let X € T,M and v be a geodesic with «(0) = p. Then there exists a vector
field along v with X (v(0)), which is parallel along «. Indeed let (x1,...,xy,) be a local chart
with (z1(p),...,zm(p)) = 0. By the existence and uniqueness theorem for ordinary differential
equations and Equation (1) we know that there exists, for every vector X = (X!,..., X™) in
T, M, functions

Vi) = gilt, X', X

with Y(0) = ¢;(0,X!,...,X™)) = X;. The vector field (Y!,...,Y™) is therefore parallel
with respect to . The mapping Y (0) — Y(t) is linear, since ¢;(0, X!,..., X™) is linear
in X!,...,X™ and ¢; is unique. From the uniqueness also follows that Y (0) + Y (¢) is in
isomorphism from T M to T, M. We call this map parallel transport (see [He78, Ch.
L.5]).

Let X be a vector field and denote by 7, the parallel transport from 7),M to T’ M along
the geodesic vx(,). Let A be a tensor of type (I, k). Since 75, is an isomorphism between
T, M and T,,)M we can transport the tensor A, on T, M to T, )M via

(TspAp)(an, ... a, b, ... 0F) = AP(T;plal, . ,T;plal,T;pbl, . ,T;k,pbk),

for ay,...,a; € T, (5)M and b, ... bF GT;" M. Define

(s)

1,
(VxA)y o= lim (75} Ay ) — 4)
This is the covariant derivative for tensor fields. A tensor is called invariant under parallel
transport, if 7;A = A for all s. This is the case if and only if Vx A = 0 for all vector fields X.

Definition 1.1.7. Let p be a point in M. For every X € T,M there exists a geodesic vyx.
This defines a function from T,M to M

exp, : X — yx(1)

if yx(1) is defined. It is called the ezponential map. Its differential exists and it can be seen
as a map 1T,M — T,M and a direct calculation shows that it is the identity. By the local
inversion theorem exp,, is a local diffeomorphism between non-empty open sets U C T, M and
V' C M. Tts inverse is noted log,,.

A neighborhood Ng of 0 € T, M is called normal if exp,, is a diffeomorphism of Ny onto an
open neighborhood N,, of p and for all X € Ny and 0 <t <1 then tX € Ny. N, is also called
normal.

For a more precise treatment of the exponential map see [He78, Ch. 1.6] or [Le97, Ch. 5].
Let X be a vector field. Define the 1-forms

w'(X;) = & wh = Zfzjwk.
k

The following theorem shows that these two forms are determined by the torsion and cur-
vature tensor. Since they define the connection V, the torsion and curvature tensor determine
the connection.



Theorem 1.1.8. Let T be the torsion tensor and R the curvature tensor. Then

, 4 1 o
dw' = —Zw;/\wp—i-iZT;ka AWk
p Ik

A , 1 S
dw; = —Zw;/\wf—i—iZR}jkw]/\wk.
P Ik

These equations are called the Cartan structure equations.

Let Y1,...,Y,, be a basis for the tangent space T,M and let Ny be a normal neighborhood of
the origin in T,M and N, := exp No. Let Y*,...,Y be the vector fields on N, adapted to
Yi,....Y. Let ®: R x R®” — M be given by

D (t,ar,...,am) — exp(tarYi + ...+ tamYm).

Then the dual forms ®*w; and <I>*wg are given by

where @ and (IJ;- are 1-forms in day,...,day,. They are given by
awi —d —1 Ti —k - “aid =0: 2
5 = dai + Zakwk + Z kA" wy_o(t:aj;dag) =0 (2)
k .k
fnl) . »
o > Rijaot wi(t; aj; dag)i=o = 0 (3)
J:k

For a proof see [HeT78, 1.8].

Theorem 1.1.9. Let M and M’ be differentiable manifolds with affine connections V and V'.
Assume that the torsion tensors T and T and the curvature tensors R and R’ are invariant
under parallel transport, i.e.:

VI =0=V'T, VR=0=V'R.

Let x € M and 2’ € M’ and A : T,M — T, M' be an isomorphism of the tangent spaces
at © and ' sending T and R onto T' and R'. Then there exists a local isomorphism! a :
(M,V,z) — (M',V' 2') whose differential in x is A.

Proof. Define

a(y) := exp,(Alog, ).
It seems to be a good candidate for our local isomorphism. It is in fact a local diffeomorphism.
Now we have to check, that it is an affine transformation. Before we show that, we take a

closer look on what it means to be an affine transformation. On M respectively on M’ we
have

Vx X; =Y T5X, " X = > TkX;,

! An isomorphism is a diffeomorphism which is an affine transformation in both directions.



if X; and X/ are local basis’ for vector fields in M respectively M’. A map a : M — M’ is an
affine transformation if and only if

VY = daV gy-1 xda Y.

If X! =daX; and a is affine, we have
Zr X =Vx,Xj = Vg 1xoda™ X} = da™! (Zr )

= da™! (v’X;Xj) = 3 (T 0 a) Xy

hence Fg’; oa = Ffj is a sufficient and necessary condition for a to be an affine transformation.
Lets check this for our a.

Choose normal neighborhoods Ny and N| of the origins in T, M and T,M’ and a basis
Yi,...,Y, of T,M. Put N, := exp(No) and N/, := exp Nj. Then AYy,..., AY, is a basis
of T,y M' and the coefficients of T and 7" with respect to these basis’ are constant, since all
derivatives vanishes by VT = 0. Furthermore they are the same for T' and T” since A maps
T to T'. This also holds for the coefficients of R and R’. Put

D(t,a1,...,am) =exp,(tarYr + - - tanYm) (4)
O (t,a1,...,am) = expy(tarYy + - tamYm). (5)

We have by construction &' = a o ®. The Cartan structure equations say

@*wi — aldt "‘J)Z, ((P/)*w/i — azdt + a}/l
q)*w; — @;’ <¢/)*w/; — —;z

By equations (2) and (3) in Theorem 1.1.8 @ = @' and G);-i = (D;-, since both sides are solutions
of the same differential equation because the coefficients of T and T’ respectively R and R’
are the same. With (4), (5) and & = ®* o a* we get

P = aidt + @' = a;dt + @' = (@')*w'i =d%o a*(w'i)

and with a similar calculation
@*w} =d%o a*w’}.

Putting ¢t = 1 we obtain
wh = a*(w’i), wt=a" (w'i-).
Finally we have

ZI‘};jwk = w§ = a*(w';) = Z(Flkj oa)a* (w'k) = Z(F’k] oa)wk,
e

S0 F};j:FZjoa. O

The theorem above is Lemma IV.1.2 in [He78].
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Proposition 1.1.10. Under the hypotheses of Theorem 1.1.9 assume that M and M’ are
simply connected and geodesically complete. Then a can be continued to a unique global
isomorphism.

Proof. Let a := exp;(A logp) and x be a point in M. We are searching for a point y in M’,
such that y = a(x). Since M is geodesically complete, we can join p and x by a geodesic ~y
(see Theorem A.1.1), such that p = v(0) and = = y(1). A transports the initial vector in
T, M to a vector in T,y M which generates a geodesic 4 in M'. Put a(z) := 7(1). Since M and
M’ are simply connected, this is welldefined and unique. See [He78, Thm. IV.5.6] or [Wo67,
Ch. 1.8] for details. O

Corollary 1.1.11. Let (M,V) be such that VT = 0 = VR and M simply connected and
geodesically complete. Let (t) be a geodesic (i.e. Vi)¥(t) = 0 for every t). There exists a
unique one-parameter group of automorphisms 7(v,u) of M that induces translation (t) —
Y(t 4+ u) on vy and displaces the tangent bundle on v by parallel transport.

Proof. Fix t € R and denote by ¢ the parallel transport from T, M to T’ ;4y). Since 9 is
an isomorphism we have by Theorem 1.1.9 and Proposition 1.1.10 a unique automorphism
(7, u) which maps (t) to y(t+u) and d7 (v, )y = 9. Being an automorphism 7 (v, u) maps
geodesics on geodesics. Since it acts as parallel transport from T,y M to Ty, M if maps (t)
to 4(t + u), hence ~ on itself. Using the geodesic equation one can show that 7(y,u) maps
~v(s) to v(s 4+ u) for all s. By the uniqueness of the solution of the Equation (1) 7(y,u) acts
by parallel transport on the tangent bundle of ~. O

Remark 1.1.12. Conversely if such a one-parameter group of automorphisms exists, M is
geodesically complete. If a geodesic 7 exists on [—1, 1], then we have v(n + a) = 7(v, n)y(a),
ifneZandae€l0,1).

Corollary 1.1.13. Let M a manifold with an affine connection V. The following conditions
are equivalent:

(i) T=0=VR,
(ii) for all x € M there exist sy, a local automorphism of (M, V) inducing t — —t on T M.
Proofi)=ii) Use Theorem 1.1.9 with A = —1.
(il)=i) Fix x € M. s := s, is a local automorphism of (M, V), i.e. we have
(VxY)y = (ds™ (VasxdsY))s(y)

for all vectorfields X and Y and y in a neighborhood of z. Using this fact and
the definition of R and T we see that VzR(X,Y) = ds 'V g,-1,R(dsX,dsY)ds and
T(X,Y)=ds 'T(dsX,dsY). ds, = —1, hence

T(X,Y), =-T(X,Y), VzR(X,Y)y = -VzR(X,Y),,

since V is invariant under s. But x was arbitrary, so VR=0="1T.
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Definition 1.1.14. Let M be a manifold and g a (2,0) tensor field on M such that g, is
positive definite for all p € M, i.e. g, is a scalar product on T,,M. Such a g is a Riemannian
metric. A connection V on a manifold equipped with a Riemannian metric is called Levi-
Civita-Connection? if

(i) VxY — Vy X = [X,Y] (torsion free)
(ii) Vxg =0 for all X (invariant under parallel transport).

By a Riemannian manifold we mean a triple (M, g, V) where M is a connected manifold, g
a riemannian metric and V a Levi-Civita-Connection. Usually we simply write M.

Remark 1.1.15. The condition (ii) for the Levi-Civita Connection is equivalent to X -
9(Y,Z2) =g(VxY,Z) + g(Y,VxZ).

The Levi-Civita Connection exists and it is unique. From the definition one can get the
formula

29(X7 VZY) = Z'g(X7 Y)+g(Zv [X7Y])+Y'9(X’ Y)+9(K [X7 Y])_X'Q(Y7 Z)_Q(Xv [Y7 Z])

This formula and the fact that g is non-degenerate can be used to prove uniqueness and
existence (see [Le97, Ch.5]).
The tensor g is called metric, because one can use it to measure the length of a path v by

L(y) = / o0 (G0, 4(0) .

For p,q € M we define

d(p,q) := inf{L(~y)| v a path joining p and ¢}.
This defines a distance function on M.

Definition 1.1.16. Let M be a Riemannian manifold and p € M a point. Let S be a
two-dimensional subspace of T, M. The sectional curvature is defined by

gp(Rp(Ya Z)Y’ Z)
Y A Z|? ’

K(S)=—-
(c.f. [He78, Thm. 1.12.2]) where Y and Z are linearly independent vectors in S and |Y A Z|
denotes the area of the parallelogram spanned by Y and Z.

For details see [He78, 1.12]).
For the proof of the next proposition we need a technical lemma, it is Lemma 1.12.4 from
[He78].

Lemma 1.1.17. Let E be a vector space over F (field of characteristic 0). Suppose B :
E X Ex ExE — T is quadrilinear and satisfies the identities

(7’) B(X7Y7 Z7T) = 7B(Y7X7 ZvT);
(ii) B(X,Y,Z,T) = —-B(X,Y,T, Z);

2Sometimes it is called Riemannian connection.
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(ii) B(X,Y,Z,T)+ B(Y,Z,X,T)+ B(Z,X,Y,T) =0;

(iv) B(X,Y,X,Y)=0;
then B = 0.
Proof. The proof is a pure calculation without tricks. ]

Proposition 1.1.18. Let M be a Riemannian manifold. The following conditions are equiv-
alent:

(i) VR =0;
(ii) the sectional curvature is invariant under parallel transport;
(iii) for all x € M, y — exp,(—log,(y)) is a local isometry.

Proof. (i) = (ii) Let p € M and S a two dimensional subvectorspace of T,,M. The sectional
curvature K in p is defined as
9 (R (Y, 2)Y, Z)

Y A Z|?

K(S) = —

The metric g and the curvature R are invariant under parallel transport (since VR = 0) and
the same holds for the length of the two vectors and the angle between them, since length
and angle are measured with the help of the invariant g. Hence K is invariant under parallel
transport.

ii) = iii) Denote by 7 the parallel transport from p to ¢ along a geodesic. By the invariance

of K we have
gp(Rp(X,Y)X)Y) = gg(Ry(7X, 7Y )TX, TY) (6)

and by the invariance of g
gp(Bp(X,Y)X,Y) = go(TRy(X,Y) X, 7Y) (7)
holds for every X,Y € T,M. Let
B(X,Y,Z,T) := gy(Rg(tX,7Y)TZ,TT) — g4(TR,(X,Y ) Z,7TT)

If we show that B = 0, then 7R, = R, hence VR = 0, since g is non-degenerate. To show B =
0 we use Lemma 1.1.17. Lets check the assumptions. (i) is true, since R is skew-symmetric.
Checking (ii) needs a straightforward calculation which uses the definition of R and the fact
that ¢ is invariant under parallel transport and hence Z-g(X,Y) = g(VzX,Y )+ g(X,VzY).
(iii) is exactly the Bianchi-identity. (iv) is clear since the difference of the equations (6) and
(7) is zero. By Corollary 1.1.13 ¢(y) := exp,(—log,(y)) is a local automorphism of (M, V).
It remains to show, that it is an isometry. Multiplication with —1(= dg,) is an isometry on
Ty,M. Then
gp(Xv Y) = QQ(TX7 TY) = o(q) (dSOQTXv dQDQTY)'

This last equals g,,,)(dppX, dpyY') because ¢ is an automorphism of (U, V), i.e. the parallel
transport 7 commutes with dep.
(iii) = (i) follows from Corollary 1.1.13. O
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1.2 Riemannian Symmetric Spaces

Definition 1.2.1. If a Riemannian manifold M satisfies the equivalent conditions of Propo-
sition 1.1.18, it is called locally symmetric. We call the map y — exp,(— log, y) the geodesic
symmetry in z. If M is connected and for all x € M there exists an isometric involution s,
with = as an isolated fixed point, M is called (Riemannian) symmetric.

Remark 1.2.2. Since z is an isolated fixed point, ds;|, acts as multiplication with —1 on
the tangent space in x.

A symmetric space is complete. Indeed note first that for every point x on a geodesic «y the
symmetry s, maps the geodesic on itself because s, is an isometry. Therefore every geodesic
is either closed or can be continued to infinity. By the Hopf-Rinow-Theorem (Theorem A.1.1)
two arbitrary points can be joined by a geodesic arc and M is complete. Conversely if M is
locally symmetric, complete and simply connected it is symmetric, because by Hopf-Rinow-
Theorem the completeness implies that M is geodesically closed and therefore by Proposition
1.1.10 such a local symmetry extends to a global one.

Let M be a complete locally symmetric space. Its universal cover is locally symmetric too.
Since it is complete an simply connected, it is globally symmetric. Therefore complete, locally
connected spaces are quotients of global ones.

Example 1.2.3. The euclidian spaces E™, the spheres S"” and the hyperbolic spaces H" seen
as Riemannian manifolds are symmetric spaces. There curvatures are constant, hence they are
locally symmetric by Proposition 1.1.18. They are simply connected and complete, therefore
symmetric. For n = 2 it is easy to see how the geodesic symmetry acts on the space. Since it
acts as multiplication with —1 on the tangent space, s, is the rotation by 7= around p in E2.
In S? the symmetry is rotation by 7 around the axis through p and —p. If one looks at the
upper half plane model for H?, it is the inversion at the halfcircle through p perpendicular to
the x-axis with radius Sp, composed with inversion at the geodesic line parallel to the y-axis
through p.

Example 1.2.4. Let P := P(n,R), the set of the symmetric positive definite matrices in
SL(n,R). Tt is clearly an open subset of the vector space of the symmetric matrices. Its
dimension is n(n + 1)/2. First we equip it with a Riemannian metric. On 7,,P (which is the
vector space of symmetric matrices) we define a scalar product by

<X)Y >,= tr(p~ 1 Xp~tY).

This is a Riemannian metric.
SL(n,R) acts on P via

9 p=gpg',
where g € SL(n,R) and p € P. The differential is X — gXg'. The metric given above is
invariant under this action since

<9Xg',9Yg' >gp=1tr((gpg") " '9Xg (gpg") t9Y ") = tr(¢"p I Xp Y (g"))
=tr(p ' Xp YY) =< X,V >,.
This explains why we defined the metric in this way.

Now we want for each point p € P a symmetry s,. Put s,(q) := p(q' ) Ip. It is clearly an
involution which fixes p. We need to show that s, is an automorphism. It is a composition

)
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of the maps o : ¢ — ¢~ ! and ¢ — p- q. We showed above, that the latter is an isometry. To

show that o is an isometry we calculate its derivative. Let X € T,,P be a tangent vector. It
is the initial vector of a curve p +tX. Let p~! +tX be it inverse curve. Then

l=(@+tX)(p ' +tX)=1+t(Xp ' +pX) +O(t?),
hence do,(X) = X = —p ! Xp~L. Therefore
< X,Y >, 1= tr(pXpY) = tr(Xp~ 'Yp ) =tr(p ' XplY) =< X,V >,

where we have the general fact tr(AB) = tr(BA). The differential of the map ¢ — p- ¢ is the
map itself and the composition of the two differentials is multiplication with —1. Hence P is
a symmetric space.

Proposition 1.2.5. Let M be a Riemannian symmetric space v be a geodesic. Denote by s,
the symmetry in v € M. We write s¢ for s). Then:

i) se(y(t+uw) =~ —u);
ii)
T(’Yau) = Syu/2 © 50
and

stoT(y,u)o st_1 =7(y, —u).

Proof. i) The geodesics y(t+wu) and y(t —u) are generated by +(t) respectively by —%(t) =
dsyy(t). By uniqueness of this geodesics we have s (y(t +u)) = y(t — u).

ii) Withi): s, (y(t)) = su(vy(u+(t—u))) = v(u—(t—u)) = v(2u—t). Hence s,/5080(7(t)) =
su/2(V(=t)) = y(u+t) = 7(y,u)(t). And spo7(7,u),08:(y(r)) = seor(y,u)(v(2t—r)) =
st(V(2 = +u) = 3(r —u) = 7(y, ~u)y(r).

(I

Let M be a symmetric Riemannian space and G its group of isometries. We endow G with
the compact-open topology It is generated by sets W (C,U) := {f € G|f(C) C U}, where
C C G is compact and U C G is open.It is the coarsest topology such that the evaluation
map is constant. It turns G into a topological group which acts continuously on M. It is a
finite dimensional Lie group (see Theorem A.1.3). For details on this topology see [Ha02, p.
529f] and [He78, Ch. IV.2].

It acts transitively on M. Indeed take two points p and ¢ and join them by a geodesic
so that p = v(0) and ¢ = y(1). The symmetry in 7(1/2) maps one to the other, since it is an
isometry. Further 7(v,1) maps p to g. Since 7 is a one parameter subgroup of G, (write 7,
for 7(v,u)) for u,v € R 74y = Ty © Ty

Now we want to show that the identity component of G, denoted by Gy, acts transitively
on M. To do that let V = ﬂﬁzl W(C;,U;) be an open subset of the identity component which
contains the identity. Since e € V' we have C; C U;. The metric d(x, 7,(z)) measures how far
a point x is moved by 7,. It depends continuously of z, because d and 7, are continuous in
x It has for a fixed 4 a maximum on Cj, since C; is compact. This maximum is continuous
as a function of u. We call this function m and we have m(0) = 0. Furthermore we can cover
C; by a finite number of open balls which are contained in U; and such that the open balls
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with half radius still cover C;. Denote by r the minimal radius of these balls. If one chooses
u; such that m(u;) < r/2, one has 7,,(C;) C U;. For all 0 < u < u; for all i the map 7, is
contained in V. Since 7 is a one-parameter group, we have 7,4, = 7, 0 7,. Therefore Gg acts
transitively on M.

Let K be the stabilizer of a point € M. It is compact (Theorem A.1.2). Hence
M = G/K (see Theorem A.1.4). On G there exists a natural involution o : g — s;gs,. For
k € K we have d(szks;) = (—1)dk(—1) = dk and since K injects into O(T, M) (Lemma
A.1.5) we have syks, = k and all elements of K are left fixed by o. Therefore do is the
identity on ¢ := Lie(K). Let p C Lie(G) be the set of infinitesimal generators of the one
parameter subgroups 7(7, u), where « is a geodesic through x. The involution o acts on p by
multiplication with —1 because of Proposition 1.2.5 (ii). The vector space p can be identified
with T, M, because for two geodesics v and 4 with v(0) = 7(0) and 4(0) = s5(0) with s > 0
we have y(t) = A(st) and therefore (o, u) = 7(3,u/s). Hence 7(,u) is uniquely determined
by a vector in T, M, its direction gives v and its length u and vice versa. By dimension reasons
we have g = £® p where p is the eigenspace of o to the eigenvalue —1 and £ is the eigenspace
to the eigenvalue 1. If not otherwise stated, in the following GG denotes the isometry group of
the Riemannian symmetric space M and K the stabilizer of a point p € M. The Lie algebra
g of G admits always the decomposition £ & p with respect to the involution o.

This shows

Theorem 1.2.6. Let M be a symmetric space and G its group of isometries. Then M = G/K
where K 1is the stabilizer of a point x € M.

Example 1.2.7. Lets look how our examples are as homogeneous spaces. The isometry
group of R™ is R™ x O(n) and we have O(n + 1) for S™. For H" we have O(n,1). It is the
subgroup of O(n, 1) of index 2, which preserves the upper sheet H". The group of isometries
of P(n,R) is SL(n,R). The point-stabilizer in the first three cases is O(n), in the last case it
is SO(n). Therefore we have:

R®" =R" x O(n)/O(n)
S"=0(n+1)/0O(n)

H" = O(n,1)+/0(n)
P(n,R) = SL(n,R)/SO(n)

n

n

For details for the calculation of the isometry groups see [Br99, Ch. IJ.

Remark 1.2.8. Now we want to see how we can build a symmetric space from a given Lie
group GG and a compact subgroup K. We assume that

(i) M = G/K is connected and
(ii) there exists an involution o of G such that Lie(G)%¢ = Lie(K) and K’ = K.

We want to put a structure of a Riemannian symmetric space on M. First we choose @) a G-
invariant Riemannian structure. Such a structure exists always. We can define a K-invariant
inner product on T, M via

<ab>= / (dk - a, dk - b)du(k),
K
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where (-,-) is an arbitrary positive definite bilinear form on T, M and du(k) is the Haar-
measure® on K. The integral exists since K is compact and acts continuously on M. Now

hor(X,Y) =< dg ' X,dg'Y >

defines an invariant riemannian structure on M. It is well-defined since < -, - > is K-invariant,
hence it does not depend on the representant of gK.
Now we are searching for a suitable point-symmetry for our M. Our ¢ is an involution,
therefore g decomposes into the direct sum € + p, where ¢ is the eigenspace to the eigenvalue
1 (and the Lie algebra of K) and p is the eigenspace to the eigenvalue —1. Therefore it
has eK as an isolated fixed point and it is a symmetry in eK. Since M is homogeneous
this gives a symmetry for every gK € M, putting s,k (gK) := po(p~tq)K. It is clearly an
involution and it is an automorphism of M, since o and multiplication with an element of G
are automorphisms.

In Proposition 1.3.10 we will see that if G is semi-simple, connected and acts faithfully on
M, it is the identity component of the group of isometries of M.

Example 1.2.9. Let G = SO(2,n) (with n > 3) the group of matrices in GL(2+n,R) which
leave the bilinear form of type (2,n) invariant, which is given by

(zly) == 2151 + T2y2 — T3Y3 — ... — Tny2Unt2
for x = (x1,...,2n42) and y = (y1,...,Yn+2). This form is defined with respect to a basis
(e1,...,e2+n). We can use this basis to define the standard scalar product and therefore a

norm on R? and R™. We denote the scalar product by (-,-) and the norm by || - ||.
The Lie algebra of G consists of matrices of the form

X1 Xs

X) X3
where X7 € M(2,2,R) skew-symmetric, Xo € M2,n,R) arbitrary and X3 € Mn,n,R)
skew-symmetric. One sees directly, that the subalgebra £ consisting of matrices

X 0
< 0 X3>
is compact. The corresponding Lie group K is S(O(2) x O(n)). Let ¢ : G — G the map
which maps g to (¢7)~!. It is clearly an involution. The fixed points of o are exactely the
matrices in K. Its differential acts as X — —X | on the Lie algebra g of G. The fixed points
are exactly the matrices in ¢. Therefore G/K is a symmetric space.

A model of this symmetric space is the space G of the two dimensional subspaces of RZGR™
on which (|-) is positive definite. The group G acts on it linearly. We show now that the
action is transitive. We have clearly Vp := R2@{0} € G. If we can show, that every point in G
can be mapped to 1, we are done. Let V € G. By V1 we denote the orthogonal complement
of V with respect to (-|-). Since this bilinear form is non-degenerated on V' we can decompose
RZ@R® = V @ VL. If we show, that our bilinear form is negative definite on V', we can
find a orthogonal basis {w,...,w,} of V' and a orthogonal basis {v1,va} of V. The matrix
(v1,v2, w1, ..., wy) is by orthogonality in SO(2,n) and it maps Vj to V. Hence the action is

3The Haar-measure exists since K is compact.
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transitive. It remains to show that, (-|-) is negative definite on V' T. Lets do this: let {vy,v5}
be a orthogonal basis of V. Lets decompose them as v; = & + m1 and vy = & + 19 with
& € R? and n; € R™ and we have ||&| > |[7:]]. A vector € +n € VT with ¢ € R? and n € R?
satisfies (u1 + ua|owt + Bug) = 0, hence (£, oy + Bn2) = (0, ani + Bn2). Since {1, &} form a
basis of R? we have

1€l = sup  |(§, a1+ B&)| = sup  [(n,an + B2
|1 +3€2]| laé1+BE2]]
< sup ||l flam + Bnall < sup  Inl| - |aés + BEll = [In]l-
|1 +B€2]| |1 +BE2]|

We used in the first step a characterization of the norm, the third step is the Cauchy-Schwarz
inequality and the fourth step uses av; + vy € V. It is important that we have there “<”
and not “<”!

The space G can be realized as a subset of M(2,n,R). Let v = v; + vy € V with
v1 € R? and vy € R™. The projection on R? is injective since v; = 0 if and only if vy = 0.
By dimension reasons it is also surjective and we can choose a basis {£1,£2} of V with
& =1{1,0,Z11,..., Z1n} and & = {0,1, Za1, ..., Za,}. By definition of G we have Y, Z2 < 1
for j = 1,2. Conversely every 2 x n matrix defines an element of G via

V = {(v, Zv)v € R?}.

Therefore we have a one-to-one correspondence between G and the set of matrices M := {Z =
(Zl,Zg) € Mgm(RﬂZl 1< 1, Zy-Zoy < 1}

Example 1.2.10. Let G := SL(n,R), K := SO(n,R) and 0 : G — G with o : g — (g") 7%
M := G/K is connected, since G and K are. o is an involution and its fix-point set is by
definition exactly K. If the fixed point set of do, is Lie(K) we know, that M is a symmetric
space. Let X € Lie(G). It generates a path e +¢X in G. The path o(e +tX) = (e +tX )™!
can be written in the form e + tdo.X and is satisfies therefore

e=(e+tX")(e+tdo.X)=e+t(X +do.X)+O(t?).

This means do.X = —X . The fixed point set of this involution is the vector space of skew-
symmetric matrices, which is equal to the Lie algebra of SO(n,R). Therefore M = G/K is a
symmetric space.

In Example 1.2.4 we constructed a symmetric space P as the set of symmetric positive
definite matrices in SL(n,R). The identity matrix I is clearly in P. The involution on the
isometry group of P given by ¢ : g — srgsy can be calculated explicitly. Let ¢ € P:

s1(g-(s1(a)) =s1(g- (@) ) =s1(9a") g = (g7 ag7 = (¢") "
Hence o maps g to (g')~!. This is the same action as above. Hence G/K = P.

Proposition 1.2.11. Let R denote the curvature tensor of the space Riemannian symmetric
space G/K with G and K as usual and let Q be the Riemannian structure on G/K. Then at
the point o € G/ K

R,(X,Y)Z = —[[X,Y],Z], forX,Y,Z €p.
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This proposition is Theorem IV.4.2 in [He78]. In the following section we will use the
fact that a symmetry s, in a symmetric space M gives in a natural way an involution on
its group of automorphisms. We will use its differential, which is an involutive Lie algebra
automorphism, to study the structure of symmetric spaces.

Proposition 1.2.12. Let G and K be as above. The following conditions are equivalent
(i) G acts faithfully on M = G/K;
(i) K acts faithfully on p = Lie(G)/Lie( K)=tangent space to M at the origin.

Proof. (i)= (ii). K < G acts faithfully on M and K is the stabilizer of the point eK € M.
If K acts not faithfully on p there exists ki, ks € K with k1 # ko and dk; = dky in T M.
But this is by Lemma A.1.5 a contradiction.

(ii) = (i). Take h € G with h(gK) = gK for all g € G. This holds in particular for g = e
and have h € K. From h = id on M follows that dh = id on p. K acts faithfully on p and
therefore h = e. Hence G acts transitively on M. O

If the two conditions hold, o is the identity on K, because it acts as identity on Lie(K).

Now we need some notions and theory of Lie algebras.

Definition 1.2.13. Let g be a Lie algebra. By ad we denote the adjoint representation of g
in itself by

ad(X) :g — End(g),
X —{ad(X):Y — [X,Y]}

with XY € g.
The Killing form of g is defined as

B(X,Y) := tr(ad(X)ad(Y)).

We denote the Killing form of a Lie algebra always by B or by By if there is danger of
confusion.

Proposition 1.2.14. The Killing form has the following properties:
(i) It is a symmetric bilinear form, i.e. B(X,Y) = B(Y,X) for all X,Y € g.
(i) It is infinitesimally invariant under ad, i.e. for all X,Y,Z € g we have
B(ad(Z)X,Y) = —-B(X,ad(2)Y).
This is equivalent to B([X,Y],Z) = B(X,[Y, Z]).

(iii) Leti C g be an ideal. Then the Killing form on i equals the Killing form on g restricted
toixi.
Proof. (i) The bilinearity comes from the bilinearity of tr(XY') and the linearity of ad.

The symmetry is a consequence of the general fact that for matrices A and B we have
tl“(AB) = ZAz]sz = ZBZ]A]l = tI‘(BA)
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(ii) With the Jacobi-Identity we get:
ad([Z, Y])(A) =[A,[Y, 2] = [V, [Z, A]] - [Z,[A, Y]]
=—ad(Y)ad(Z)(A) + ad(Z)ad(Y)(A)
Therefore
B(ad(2)X,Y) = tr(ad([Z, X])ad(Y)) = tr(ad(Z)ad(X)ad(Y)) — tr(ad(X)ad(Z)ad(Y))
= tr(ad(X)ad(Y)ad(Z2)) — tr(ad(X)ad(Z)ad(Y)) = tr(ad(X)ad([Y, Z]))
= —B(X,ad(2)Y)

(iii) Since i is a subvectorspace of g, one can complete a basis of i to a basis of g. Since it is
an ideal in g (i.e. ad(x)g C i) for x € i the matrix of ad(z) in g has the form

A %
0
where A is the matrix of ad(x) in i.
O]

Definition 1.2.15. The adjoint representation Ad of G in g is given by Ad(g) := dey|e where
cg:h— ghg~! is the conjugation by g.

The differential of Ad in e is ad. The Killing form is therefore Ad-invariant, since by
Proposition 1.2.14 (ii) B(ad(Z)X,Y) = B(X,ad(Z)Y) = 0.
We have for k € K and a geodesic through e

kr(v, )kt = 7(ky, ).

Since + is generated by a vector X = 4(0) € p and K acts faithfully on p via k — dk, we see
that k~ is generated by dkX. Hence the adjoint representation of K on p is faithful.

Further we have that ad(X) is a skew-symmetric matrix (Appendix Lemma A.1.6), if
X € t. Therefore it is diagonalisable with eigenvalues in iR (Appendix Lemma A.1.7) and
hence B(X,X) = tr(ad(X)?) = —Z)\? < 0, where A\; € R and 7); are the eigenvalues of
ad(x). If tr(ad(X)?) = 0 then the only eigenvalue of ad(X) is zero and therefore ad(X) = 0.
But then

Adoexp(X) = expoad(X) =0,

and since the action of K on p is faithful, X is zero. This shows that Blexe is negative definite.

Definition 1.2.16. A Lie algebra is semi-simple if the Killing form is non-degenerate.

1.3 Involutive Lie Algebras

We have seen, that one can introduce on the group of automorphims G of a symmetric space
M an involution in a natural way. We fixed a point * € M and set ¢ : g — s,gs;. This is
clearly an involution, since s, is. This involution gives an involution on g (the Lie algebra
of G) by taking the differential at the identity do|.. We have also seen, that we can write g
as £ @ p where £ and p are the eigenspaces to the eigenvalues 1 respectively —1 of do.. We
will always write p and € for these eigenspaces. By abuse of notation we write o instead of
do.. First we define two properties and show that they are fulfilled for Lie algebras that come
from symmetric spaces.
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Definition 1.3.1. An involutive Lie algebra (g, o) is a Lie algebra together with an involutive
Lie algebra automorphism? o.

Let (g,0) be an involutive Lie algebra. By Remark A.1.8 ¢ is diagonalisable with eigen-
values 1 and —1. Therefore we can decompose g into €@ p where ¢ and p are the eigenspaces
to the eigenvalues 1 respectively —1 of 0. We have

[, €] C & [&,p] Cp, [p,p] CE (8)

because £ and p are defined as eigenspaces of o. € is a subalgebra of g. Since ¢ is an Lie
algebra automorphism it commutes with the bracket and we have ad(cX) = cad(X)o~!. As
a general fact we know that the trace is invariant under conjugation. Therefore we have for
kectandpeyp

B(k,p) =tr(ad(k)ad(p)) = tr(oad(kz)aa_lad(p)a_l) = tr(ad(ck)ad(op)) = —tr(ad(k)ad(p))
= B(k‘,p)v

hence B(p, ) = 0. Lets start our discussion of (g, o).
Our main reference here is [Bo98|.

Definition 1.3.2. An involutive Lie algebra (g,o) is said to be reduced, if £ contains no
non-zero ideal of g.

Let i C € be an ideal of g. Then by definition of an ideal we have [p,i] C i C ¢ and by from
(8) we deduce [p,i] C p. Since pN e = {0} the ideal i is contained in the centralizer of p in £.

Proposition 1.3.3. An involutive Lie algebra (g, o) is reduced if and only if the representation
of € in p given by k — ady(k)|p is faithful.

Proof. The kernel of this representation is an ideal contained in £ and it is by definition of the
representation equal to the centralizer of p in €, denoted by 3(p)e. To show that the kernel is
in fact an ideal, we need to show, that for r in the kernel and g = k 4+ p € €@ p we have that
[g,7] is in the kernel, i.e. [[g,7],p] = 0 for each p € p. We use the Jacobi-Identity:

[k +p,rl,p] = [[k, ], p] = [k, [r, p]] + [, [P, K]].

The right hand side is zero because p and [p, k] are in p.
If (g, 0) is reduced the kernel of the adjoint representation is zero, since it is an ideal in £ and
vice versa. O

From this proposition we see that an involutive Lie algebra which comes from a symmetric
space is reduced, since by Proposition 1.2.12 the representation k +— adg(k)|, is faithful.
Since 3(p)e is the greatest ideal of g contained in £, it is invariant under o and o induces an
involution on g/3(p)e, which becomes a reduced involutive Lie algebra, denoted the reduced
involutive Lie algebra associated to (g, o).

Definition 1.3.4. An orthogonal involutive Lie algebra is an involutive Lie algebra (g, o) on
which there exists a positive non-degenerate quadratic form which is invariant under o and
infinitesimally invariant® under adgt.

4A vector space isomorphism with o([X,Y]) = [0(X),o(Y)] for all X,Y € g.
Sie. Qad(2)X,Y) = —Q(X,ad(2)Y).
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Proposition 1.3.5. An involutive Lie algebra is orthogonal if and only if € is compact and
ad(®)|, leaves a positive non-degenerate quadratic form infinitesimally invariant.

Proof. 1If (g,0) is orthogonal, there exists ) a positive non-degenerate quadratic form invari-
ant under o. By definition of ¢ and p as eigenspaces of o we get Q(&,p) =0 and Q = Q1 + Q2
where Q1 = Q|exe and Q2 = Q|pxp. Since ad(t) leaves the positive non-degenerate quadratic
form @ invariant, £ is compact. @9 is invariant under ad (), too.

Conversely if £ is compact, it leaves a positive non-degenerate quadratic form @1 infinitesi-
mally invariant. Denote by Q2 the positive non-degenerate form on p invariant under ad().
Q = Q1+ Q2 is by construction invariant under o and infinitesimally invariant under ad (),
hence (g, o) is orthogonal. O

Let (g, 0) be the involutive Lie algebra that comes from a symmetric space. We know from
our discussion above, that ¢ is compact, hence ad(€) contains only skew-symmetric matrices.
Therefore we can construct on p a positive non-degenerate quadratic form ) invariant under
adgt by fixing a basis of p and take @ as the usual quadratic form (z,y) := z' - y. We have
shown, that ad(k) is skew-symmetric for each k € ¢, therefore this bilinear form has all desired
properties and (g, o) is orthogonal.

Definition 1.3.6. A Lie algebra is said to be flat if its Lie bracket is constantly zero.

Theorem 1.3.7. Let (g,0) be a reduced orthogonal involutive Lie algebra. Then (g,0) is the
direct product of a reduced orthogonal involutive flat Lie algebra and of reduced semi-simple
irreducible orthogonal involutive Lie algebras (g;,0:),(t = 1,...,a). This decomposition is
unique up to the order of the factors and 3(p) = po.

Proof. Let Q be a positive non-degenerate quadratic form on p, infinitesimally invariant
under adgt. @ exists since (g,0) is orthogonal. Let A be the linear map of p into itself,
defined by Q(Az,y) = B(z,y) for every z,y € p. If Q and B are the matrices of the
corresponding bilinear forms A = Q' B, where Q is invertible since it is non-degenerate. Since
@ and B are both symmetric forms, we have Q(Az,y) = B(z,y) = B(y,x) = Q(Ay,x) =
Q(z, Ay). Therefore A is symmetric, hence diagonalisable. We have a decomposition of p

into eigenspaces
.
b= @ i
i=0

such that
Alg, =c¢i-id (¢; €R, cog =0, ¢; # ¢; for j #i).

qo is the kernel of the Killing form, i.e. it contains every z € g with B(x,y) = 0 for all y € q.
It is contained in p since B is non-degenerate on £. The q; are subvectorspaces of p. For
x € q; and y € q;, we have B(z,y) = ¢;Q(z,y) = ¢;Q(z,y) = 0 if i # j, hence

and
Blg, = ciQq;-

Since B and @ are non-degenerate and infinitesimally invariant under adgé, A commutes
elementwise with adgé. Therefore ad(€) leaves the eigenspaces of A fixed and hence we have
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[6,q;] C q;. Let U C p be a subvectorspace invariant under ad(¢) and U' its orthogonal
complement in p with respect to Q. Then we have for all u € U,v € U+, k € &

Q(u,ad(k)v) = —Q(ad(k)u,v) = 0.

Hence ad(k)v is contained in U+, because it is orthogonal to u. Therefore we can decompose
g; in subvectorspaces invariant minimal under adt and there exists a direct sum decomposition
of @;_, qi in @;_, pi, where each p; is invariant minimal under ad¢. Each p; is contained in
a q; and p; and p; are orthogonal with respect to Q if [ # i.

Furthermore we have [p;,p;] = 0 for i # j, since for k € &

B(k, [pi, p;]) = B([k,pi],p;) C B(pi,p;) =0,

since p; and p; are orthogonal with respect to (). B is non-degenerate on £, therefore [p;, p;] =
0. The same argumentation shows that [q;,q;] = 0, if 7 # j. We will need this fact later.
Let now

g; 1= [pzypz] + p;, (Z =1,... ,CL).

[ps, pi] is contained in € because o acts as the identity on it, thus the sum is direct. Furthermore
we have

9,851 =0, (i#7), [l Cgi (1<4,j<a)
and

gi is an ideal of g which follows from the Jacobi identity and the equations above. Therefore
the Killing form on g; is the Killing form on g restricted to g; X g;. It is non-degenerate
on the p;, since it is a multiple of @ and it is non-degenerate on [p;,p;] C €. Hence it is
non-degenerate on g; and therefore g; is semi-simple. We have, again by the above formulae
and the Jacobi-identity for i # j

B(gi,95) = B(pi, pj) + B(pis [pj, p51) + B(pj, [pis pa]) + B([pi, pil, [pj. p;]) = 0.

Therefore the g; are linearly independent. Let m be their sum. It is a semi-simple ideal of g
invariant under o, therefore g = go x m, with go = 3(g). Denoting by o; the restriction of o
to g; we have:

(g’o-) = (90700) X (glaal) X (ga,aa),

with (gi,0;) semi-simple, irreducible for i« > 1 and (g;,0;) reduced for all i’s. (go,00) is
flat. O

This proof shows that for ¢ # 0, B, is either negative definite or positive definite, since
it is a multiple of the positive definite bilinear form Q. Therefore either g; is compact (if By,
is negative definite) or g; is non-compact and [p;,p;] is a maximal compact subalgebra. In
the first case we say that it is of compact type, in the second it is of non-compact type. This
property is directly related to the sectional curvature.

Corollary 1.3.8. Let (g,0) an orthogonal involutive Lie algebra, G a Lie group with Lie
algebra g and K a subgroup corresponding to €. Assume that K is connected and closed. Let
Q be an arbitrary K-invariant Riemannian structure on G/K. Then

i) If G/ K is of Euclidean type, then G/K has sectional curvature everywhere = 0.
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ii) If G/ K s of compact type, then G/K has sectional curvature everywhere > 0.

iii) If G/K is of non-compact type, then G/K has sectional curvature everywhere < 0.

Proof. The tangent space at o can be identified with p. Let S be two-dimensional subspace of
T,M and X and Y two orthonormal vectors in S. Proposition 1.2.11 tells us that R(X,Y)X =
—[[X,Y], X] and by the definition of the sectional curvature (Definition 1.1.16, we get

K(S) = _QO(R(X7 Y)Xv Y) = QO(HXﬂ Y]7X]7Y)

since the latter is zero in the Euclidean case, we have proved 1).

The other two cases are not difficult. We assume that g is semi-simple and use the results
of Theorem 1.3.7. We decomposed p into subspaces q; as eigenspaces to the eigenvalues ¢; of
the matrix A defined by Qo(AX,Y) = B(X,Y) and for X;,Y; € q; we have

B(X;,Y;) = ¢iQo(X:,Y)).

And [gs,q;] = 0 holds if i # j. With X = Y X; and Y = YV, (X;,Y; € q; we get
[(X,Y] =>[X;,Y;] and [[X;, Y], X] = [[Xi, Yi], Xi]. Hence

Ci

K(8) = Qol(IX, Y], X1,Y) = 3~ Qol[1%:, i), X, ¥ = 3 — BUX: Vil X0, Y. (9

If G/K is of compact type, by definition the ¢; are all negative and the sectional curvature is
negative. If G/K is of non-compact type, the ¢; are all positive and the sectional curvature
is positive. ]

Proposition 1.3.9. For an involutive semi-simple reduced Lie algebra (g, o)

g=poI[p,p
holds.

Proof. First note, that the Killing-form B on g is non-degenerate, since g is semi-simple.
Therefore we can decompose g in a direct sum of p + [p,p] and ¢ := (p + [p,p])". Since
[p,p] C &, the first sum is also direct. ¢, being orthogonal to p, is contained in €. If we show,
that ¢ is zero, we are done, because B is non-degenerate. To do that we will show that it is
an ideal of g contained in £ and must therefore be zero.
Fixcecandlet ppepand go=po+ko€g=pBEL

B(go, [p, c]) = B([g0, pl, ¢) = B([po, pl, ¢) + B([ko, p], c) =0,
€[p,pl b

hence [p, c] = 0, since gg was arbitrary and B is non-degenerate. With the Jacobi-identity we
get immediately that [[p, p], c] = 0. We are not far from our result, since

B(lgo, c],p) = B(g,[c,p]) = 0
B(lg0, ¢l [p, ) = B(g, [c [p, Pl]) = 0.
This shows that ¢ is an ideal of g contained in £ which must be zero, since g is reduced.
Therefore
g=p®[p,p]
holds. O
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This property characterizes the isometry group of a symmetric space. In Remark 1.2.8 we
announced the following proposition:

Proposition 1.3.10. Let G be a connected semi-simple Lie group, K a compact subgroup
and o an tnvolution on G. Assume that

i) M = G/K is connected,
i) there exists an involution o of G such that Lie(G)¥¢ = Lie(K) and K° = K and
ii1) G acts faithfully on M.
Then G s the identity component of the group of isometries on M.

Proof. Let G' denote the group of isometries of M. M can be written in the form G'/K’
where K’ is a compact subgroup of G’. G acts by definition of M isometrically on M and
since it is connected, it can be identified with a subgroup of the identity component of G’.
g/, the Lie algebra of G’, is reduced since, by Proposition 1.2.12 K’ and therefore by Lemma
A.1.5 ¢ act faithfully on p ~ T,M. Furthermore g’ is semi-simple, since G’ has no abelian
factor. Hence g’ = p & [p, p].

The Lie algebra g of G is a subalgebra of g’ and it decomposes therefore into eigenspaces p® k
with respect to 0. Since p ~ T,M ~ p and g is by assumption reduced and semi-simple, we
have

g=p&pp=9¢
and therefore G is the identity component of G’. O

Remark 1.3.11. Helgason classifies in [He78] irreducible orthogonal involutive Lie algebras,
where a Lie algebra is irreducible, if adg() acts irreducibly and faithful on p. By assumption
in our case here, (g, 0) is reduced, hence adg(€) acts faithful on p. Let i C € be an ideal of g;,
ie. [i,g;] Ci. Then iis an ideal of g = @7 g; since [g;, g;] = 0 if (i # j). We have assumed
(g,0) to be reduced, therefore i is trivial and hence g; is reduced. By construction of p; the
action of adgt is irreducible, hence the (g;,0;) are irreducible in the sense of Helgason.

By Theorem 1.3.7 we can assume that (g, o) is either flat or a semi-simple reduced or-
thogonal involutive Lie algebra. If (g,0) is flat, it corresponds to an euclidean space, since
we have a vector space with vanishing Lie bracket.

A compact semi-simple Lie algebra g (ignoring the involution) decomposes in a product of

simple ideals
g= @ bi.
i=1

o(h;) is simple, hence o(h;) = h;. We have two cases:

i) ¢ = j. In this case (h;,0lp,) is a simple reduced orthogonal involutive Lie algebra.
h; = € & p; where €; and p; are the eigenspaces with respect to the eigenvalues 1 and
—1.

ii) i # j. Then b; and b; are isomorphic via ¢ and (h; ® o(h;), 0|y, @0(p,)) is a reduced
orthogonal involutive Lie algebra. o acts on it via (z,y) — (y, x).
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They are both invariant under . This gives us a new decomposition of g
1=Dt
i

where [; is an ideal in g, invariant under o. It can therefore be decomposed into eigenspaces
l; = & + p;. The [; are ideals, hence [[;,[;] C [; for all ¢ and j. Therefore [l;, ;] C [; N [;.
The last is trivial if ¢ # j, therefore [¢;,p;] = [€;, €] = 0 if  # j. Since € acts by assumption
irreducibly on p and ad(€;)(p;) = 0 for i # j we have p = p; for some i. We can assume i = 1
without loss of generality. For i # 1 we have [¢;,p1] = 0, hence €; is an ideal of g in €. But
ad(®) acts faithfully on p, hence ¢ = ¢;. This shows that g = [;.

An irreducible Lie algebra g of compact type has the form

I. (g,0) is a compact simple Lie algebra and o is any involution on it.
II. g is the direct sum [; @ [ and o acts on it via (z,y) — (y,x).

If (g,0) is a non-compact irreducible orthogonal involutive Lie algebra, we can construct a
dual compact Lie algebra by putting

g:E@pHg::Eeﬂpch.

g is also irreducible, since taking this dual does not change the action of £ on p respectively
ip.

Let g be in case I. Assume g to be not simple. Then there exists a decomposition in non-zero
ideals n; and ng. They can be decomposed into ¢; +p; and €3 +ps, hence (1 +ipy)+ (€, +ip,)
is a decomposition of g into non-zero ideals. Since this is impossible, g is simple. A similar
argumentation shows that the complexification g¢ of g is simple, too.

If g is in case II., its dual admits a complex structure (see [He78, Thm. V.2.4]) and it is
simple. Therefore we have the following two possibilities for the non-compact case.

III. g is a simple, noncompact Lie algebra over R, the complexification g¢ is a simple Lie
algebra over R and o is an involutive automorphism of g such that the fixed points form
a compactly imbedded subalgebra.

IV. g is a simple Lie algebra over C. Here o is the conjugation of g with respect to a
maximal compactly imbedded subalgebra.

Theorem 1.3.12. Let M be a simply connected symmetric space of compact or non-compact
type. Then M 1is product
M =DM x...x M,,

where the factors M; are irreducible.

Proof. We proofed that the Lie algebra g of its group of isometries decomposes into semi-
simple factors (Theorem 1.3.7)

g=01x... X gn

with g; = p;, ® ¢,. Hence G = G1 x ... X G, where g, is the Lie algebra of GG;. Further
K=K x...x K, and ¥ is the Lie algebra of K;. Therefore M = M; x ... X M,. ]



26

1.4 Hermitian Symmetric Spaces

Definition 1.4.1. A Hermitian manifold is a differentiable Riemannian manifold with the
Riemannian connection V whose tangent bundle is endowed with a Hermitian structure, i.e.
a (1,1)-tensor J with J? = —1, which leaves the metric invariant (g(JX,JY) = g(X,Y)).

Like in the study of riemannian symmetric spaces we start with a local property.
Proposition 1.4.2. Let M be a Hermitian manifold. The following conditions are equivalent:
i) VR=0=VJ;

ii) for allz € M, s, : y — exp,(—log, y) is a local automorphism at x of M, i.e. s, leaves
V and J invariant.

Proof. 1)=ii). From Corollary 1.1.13 we know that s, is a local diffeomorphism which leaves
V invariant, because VR = 0. J is invariant under parallel transport, since VJ = 0. Since
ds; acts by multiplication with —1 on T, M, it commutes with J, and hence J and s, are
compatible.

ii)=-1). If ii) is satisfied every canonical tensor of odd degree is zero, because it is invariant by
sz. Therefore VJ and VR are both zero. (Same argumentation as in Corollary 1.1.13.) [

Definition 1.4.3. A Hermitian manifold M is locally symmetric if the equivalent conditions
of Proposition 1.4.2 are satisfied. It is called Hermitian symmetric if it is connected and for
all z € M there exits an involutive automorphism s, of M with = as isolated fixed point.

Everything we said about Riemannian symmetric spaces applies to Hermitian symmetric
spaces, t0o.

Corollary 1.4.4. A locally symmetric Hermitian manifold is Kdahler. If g is the metric on
M, then
w(X,Y) =g(X,JY)

is a Kahler form, i.e. w is a symplectic, closed 2-form.
The following fact is a central fact in our study of hermitian symmetric spaces.

Corollary 1.4.5. Let M be a simply connected symmetric Hermitian space and let G be
the identity component of its group of automorphisms. Let x be a point of M and let K its
stabilizer. There exists a homomorphism ug : Ul — K such that u,(z) induces multiplication®
by z on T, M.

Proof. We use Theorem 1.1.9 and Proposition 1.1.10 to construct u,. For a given z € U!,
we have in the notation of Theorem 1.1.9 M = M’, x = 2/, V = V' and A is multiplication
with z. By Proposition 1.4.2 and the definition of the Riemannian connection we have VI' =
0 = VR. If we show that R is invariant under the automorphism v — zv on T,M (i.e.
ZR(2X,2Y)z2Z = R(X,Y)Z), then we are done. Note that

g(R(X,Y)Z,T)=g(R(Z,T)X,Y) (10)

SUt:={2€C:|z| =1} and for v € T, M and z = a + ib € U we define z - v by av + bJv.
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holds. A proof of this fact can be found” in [He78, Lem. 1.12.5].
By assumption J is invariant under parallel transport. Hence it commutes with the con-
travariant derivative Vx for all X. Therefore

R(X,Y)(JZ)=VxVy(JZ)—-VyVx(JZ)— V[X’y}(JZ) =JR(X,Y)Z.
Now we can show what we wanted:

9(ZR(2X,2Y)2Z,T) = g(R(2X,2Y)22Z,T) = g(R(Z,T)zX,2Y) = g(2R(Z,T)zX,Y)
=9(R(Z,T)zzX,Y) =g(R(X,Y)Z,T).

O]

Remember the maps 7(7, u) introduced in Corollary 1.1.11. They are composites of sym-
metries and are therefore automorphisms of M. As before, we have

M = G/K and Lie(G) =¢t@p

where G is the identity component of the Lie group of automorphisms of M and K the
stabilizer of a x € M. o denotes the automorphism of G induced by s,.
Before we continue, we have a look at an example.

Example 1.4.6. Let V be a n-dimensional complex vector space endowed with a non-
degenerate Hermitian form h of signature (p, ¢), i.e. p is the maximal dimension of a subspace
L C V such that h|r, is positive definite. We can choose a basis (e1,...,ep, €pt1,...,€p+q) Of
V such that h is of the form

p q
h(z, w) = Z 2iW; — E Zj+pWjtp-
i=1 j=1

Denote W the space spanned by eq,...,e,. Its complement with respect to h is spanned
by €pt1,...,€eptrq. Denote by X the space of p-dimensional subspaces W C V' with h|y is
positive definite. X is an open subset of the Grassmannian Gr,(V'), hence a manifold. Fix
W € X. Since hlw is non-degenerated, we can decompose V' into the direct sum of W and
W, the orthogonal complement with respect to h. An element = of V can be decomposed
into w + w*. Denote sy the map which maps w + w* to w — w*. It is the reflection with
respect to W. For two orthogonal vectors z,y € V(i.e. h(z,y) = 0) we have

h(z +y,z +y) =h(z,2) + h(y,y) + h(z,y) + h(y,2) = h(z,z) + h(y,y) — h(y,z) — h(z,y)

Therefore the reflection sy lies in SU(p, q), the subgroup of SL(n,C) which contains all
matrices which leaves h invariant and sy induces a map from X into X, also denoted by sy .
It is involutive with W as an isolated fixed point. This makes X into a symmetric space.
Now we want to see how X can be realized as a homogeneous space G/K. Let G :=
SU(p,q) and fix Wt € X as a base point. G acts transitively on X, since one can choose

7Or one can proof it oneself by using the definition of R and the invariance of g under paralleltransportation
in the form X - g(Y,Z) = g(VxY,Z) + g(Y,VxZ) to show that g(R(X,Y)Z,T) = —g(R(X,Y)T, Z) and use
this, the Bianchi identity and Lemma 1.1.17 to prove Equation 10.
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a basis of W and one of W' and write down a matrix for h with respect to this basis.
This matrix is hermitian, hence diagonalizable and by scaling it can be brought to the form
diag(1,...,1,—1,...,—1) with p-times 1 and ¢-times —1. Therefore W can be mapped onto
W by an element of G and G acts transitively on X.

Let g be in G. Write ¢ in the form <é g) with A € M(p,p,C), B € M(p,q,C), C €

M(q,q,C) and D € M(q,p,C). As a direct calculation shows the following conditions must
hold:

A*A - C°C = id,
B*B - D*D = —id,
B*A—-D*C =0
det(g) = 1.

Such a matrix g maps W into itself if and only if C' = 0. From the third equation follows that
in this case B = 0 because by the first equation A is invertible. The first two equations tell
us that A and D are hermitian, since they leave a positive-definite Hermitian form invariant.
Therefore the stabilizer of W is equal to S(U(p) x U(q)) the matrices of U(p) x U(q) with
det(uyp) det(uq) = 1 for u, € U(p) and uy € U(g). We can write X as the quotient G/K =
SU(p,q)/S(U(p) x U(q)). A discussion of SU(1,1) and the associated symmetric space, the
hyperbolic plane, can be found in Example 2.5.3 and Proposition A.4.7.

Remark 1.4.7. The complex structure on M induces on p(= T, M) a complex structure J,
which is invariant under K, i.e. J commutes with dk|. for k € K. Conversely, if M = G/K
is Riemannian and symmetric, every complex K-invariant structure on p endows M with a
hermitian symmetric structure, since the structure can transported along the geodesics to
every point and this is well-defined since the hermitian structure on p is K-invariant.

Remark 1.4.8. If J, is a t-invariant complex structure on p, i.e. J([k,p]) = [k, Jp| then the
p; from theorem 1.3.7 are complex subspaces, because they are disjoint representations of £
and hence [¢, Jp;] C p;. By Theorem 1.3.7 the Lie algebra of the group of automorphisms
decomposes into a direct sum of a flat Lie algebra and semi-simple involutive Lie algebras g;
which can be decomposed as & + p;. There exists subgroups K; corresponding to £;. Hence
M decomposes into Hermitian factors

M = My x H M;,
where M is flat.

Remark 1.4.9. Let G be the identity component of the group of isometries of M. Assume
that it is semi-simple. Then it has the same Lie algebra [p, p]@p as the analogous group for the
universal covering M of M (Proposition 1.3.9). Therefore we have by Corollary 1.4.5 a map

: U! — K where K is the stabilizer of a point 2 € M. Composing u, with the canonical
prOJectlon M— M gives a map from U' to K the stabilizer of a point in M. Since u, acts as
multiplication with z on p and since the canonical projection is a local diffeomorphism, the
composition acts as multiplication with z on p.

Proposition 1.4.10. i) The subgroup K is the centralizer of uz(U') in G and K is con-
nected.
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ii) The center of G is trivial.

iit) The Hermitian symmetric space M is simply connected.

w) If (g,0) is indecomposable, then u,(U') is the center of K.

Proof. i) Let K’ be the centralizer of u,(U!). First we show K’ C K using Lie(K') C

ii)

iii)

iv)

Lie(K). Remark that the Lie algebra of K is the fixed point set of the action of do,
in g. As o is multiplication with —1 on p, we have 0 = Adu,(—1). By definition
Aduy(—1)(= o) is the differential of g + u.(—1)gu,(—1)"!, which is the identity on
K'. Hence do. leaves Lie(K') fixed and therefore Lie(K’) C Lie(K). K'is the centralizer
of a torus, thus it is connected (see Appendix, Proposition A.4.1). Therefore K’ is a
subgroup of K.

Conversely, note that the representation of £ on p and the complex structure J on
p commute and and that the representation of £ on p is faithful. Therefore we have
K C K’, hence K = K’ and K is connected.

We have seen above that k7(y,u)k™! = 7(kv,u) for all k € K, where v is a geodesic
starting in z. By i) the center Z of G must be contained in K. If k is in Z it must
commute with 7(,u) and v € R and hence 7(v,u) = 7(kvy,u) for all k € Z. But since
K acts faithful on p this is only possible for k = ¢, i.e. Z is trivial.

Let m : G — G be the universal covering of G. The Lie algebras of G and G are both
equal to p @ [p,p]. On G exists an involution & with dé = do. Denote by K the fixed
point group of G, it is connected. We have w(K) = K, since the Lie algebras of K
and K are equal and they are both connected. From Remark 1.2.8 we know that G/K
is a symmetric space. We can apply i) and K contains the center of G. Therefore
7 1(K) = K. Hence

G/K =G/K = M,

is simply connected, since G is and K is connected.

Since g is indecomposable, the representation of K in p is irreducible. The commutator
of K in End(p) the same as the commutator of K in Endc(p), since the complex structure
on J commutes with the K-action. By Schur’s lemma the center of K consists only of
multiples of the identity matrix. Since K is compact, the center is, as a closed subgroup,
compact to. Hence the center is u,(U!).

O

Proposition 1.4.11. Let M be a symmetric Riemannian space and let G be the identity
component of its group of automorphisms, x € M, K its stabilizer in G and o the involution
on G generated by conjugation with s,. Assume that G is semi-simple, K is connected and
(g,0) is indecomposable. The following conditions are equivalent:

i) the representation p of € is not absolutely simple (i.e. pc is not simple);

i) the center of £ is non-zero;

iit) M admits the structure of a symmetric Hermitian space (compatible with its Riemannian

structure).
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Proof. 1)= iii). By assumption pc decomposes into a direct sum of two non-trivial complex
subrepresentations p_ and p,. We can embed p into pc = p @ ip and project pc onto pi.
Composing these maps we get two maps

p—Ppc — p+.

Note that p € p C pc can be written uniquely as py + p_ with p_ € p_ and p; € p;.
Since pNp_ = {0} = p N p this maps are injective. Therefore p; and p_ must have the
same dimension, hence the maps are isomorphisms. Therefore we can transport the complex
structure of p4 to p. Since p can be identified with the tangent space of M in some point this
tangent space can be endowed with a complex structure too. By Remark 1.4.7 this induces a
complex structure on M.

iii) = i). Let J denote the complex structure on p. Since J? is symmetric it can be diago-
nalized over C with eigenvalues ¢ and —i. The eigenspace to i is an ad(€) invariant subspace
of the complexification of p, therefore the representation is not absolutely simple.

iii) = ii) follows from Proposition 1.4.10.

ii) = iii) By Schur’s Lemma (Lemma A.3.11) the center of K acts on pc as multiplication
with complex diagonal matrices. Since K is compact, it contains only multiples of the identity
matrix with U'. Since the representation is faithful, we get a complex structure on p and
therefore one on M. O

Example 1.4.12. This shows that P(n,R) is a Hermitian symmetric space if and only if
n = 2. We saw that P(n,R) = SL(n,R)/SO(n,R) and the stabilizer of a point equals
SO(n,R), which has non-trivial center if and only if n = 2 (see [Hi91, p. 328]).

Example 1.4.13. Remember Example 1.2.9. We saw there that the symmetric space
S0(2,n)/S(0(2) x O(n))

can be realized as the space G of two dimensional subspaces of R? @ R"™ on which the bilinear
form of signature (2,n) is positive definite. Since we are dealing with two-dimensional real
subspaces of R"*2 it seems possible, that we can put a complex structure on G. And this
is in fact true: since the center of S(O(2) x O(n)) contains at least O(2), it is non-trivial
and by Proposition 1.4.11, there exists a complex structure on G. There exists a holomorphic
diffeomorphism of

D:={z€C"1-2(z,2)+|22"| >0, |z] <1}

to M.

Remark 1.4.14. Let M = G/K be a compact simple symmetric hermitian space. For z € M
let u, : U' — G be as before. In the representation Adu, on Lie(G)c it acts only through
the characters 1 (on fc) and z and Z (on pc).

Conversely, if G is a compact adjoint simple group and u : U' — G acts like above
on Lie(G)c. Its centralizer K is connected since it is the centralizer of a torus. It has for
Lie algebra the subspace fixed by the involution Adu(—1) of Lie(G) and G/K is Hermitian
symmetric.

The classification problem of irreducible Hermitian symmetric spaces is therefore reduced
to the classification of compact adjoint simple groups with a morphism « : U! — G such that
its representation on Lie(G)c acts only through the characters 1 (on ¢c) and z and z (on pc).
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2 Some Topics on Symmetric Spaces

2.1 Complexification and Cartan Decomposition

Let V be a finite dimensional vector space over R. A complex structure of V is a R-linear
endomorphism J with J? = —1. This endomorphism is something like the multiplication with
i in a complex vector space. A vector space V with a complex structure can be turned into
a vector space V over C by putting

(a+1ib)X :=aX +bJX,

for a,b € R and X € V. The dimension of V over C is %dimR V.
A Lie algebra v over R is said to have a complex structure, if it has a complex structure

J as a vector space and
[X,JY] =JX,Y] (11)

holds for X,Y € v. Remark that the Lie bracket on a complex Lie algebra is C-linear, hence
it commutes with i. If (11) would not hold, it would not be possible to turn it into a complex
Lie algebra like we did it with the vector space V. Bur if (11) hold, it is possible as one can
easily check.

Now let W be a finite dimensional vector space over R (without further structure). If one
wants to extend W to a complex vector space W¢ of the same dimension®, i.e. make a scalar
extension, one has several possibilities (which all yield the same result). The most obvious
way may be to take a basis {e1,...,e,} of W and define

n
We =) Ce;.
i=1
This works but one has to check that W does not depend on the chosen basis. Another
possibility uses the observation that for a,b € R we have i(a+1ib) = —b+ia, i.e. multiplication

with ¢ maps the vector (a,b) to (—=b,a). Defining J : W x W — W x W by (X,Y) —
(=Y, X) for X, Y € W gives us a complex structure on W x W which we also denote by We.
Furthermore one can write W := W +iW as a formal sum and define multiplication with ¢
in the obvious way. Last but not least one can use some theory and put We := W g C. All
four possibilities are isomorphic. The vector space W is called complexification of W.

The complexification works for Lie algebra too. Let g be a Lie algebra and g¢ its com-
plexification (as a vector space). It consists of all symbols X + Y with X,Y € g. For
X +1Y,Z + 14T € gc we define

(X +iY, Z +4T) := [X, Z] — [Y, T] + i([Y, Z] + [Z,T)).

This makes gc to a complex Lie algebra.

Let g be a Lie algebra over C. A real form of g is a subalgebra gg of g considered as a
real Lie algebra, s.t.

g =00 Jgo

as a R Lie algebra.

In this case each Z € g can be written as X 4 ¢Y with unique X,Y € gg. The map
0: X +1Y — X — 1Y is called conjugation with respect to gg.

An important theorem is the following:

8dimR W = dim(c WC
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Theorem 2.1.1. FEvery semi-simple Lie algebra over C has a real form which is compact.

See [He78, Thm. III.6.3] for a proof. It uses a root decomposition to write down explicitly
the compact real form.

Definition 2.1.2. Let go be a semi-simple Lie algebra over R. Denote by g its complexifica-
tion an by o the conjugation in g with respect to go. A decomposition of gg

go = & + po

where £ is a subalgebra of gg and pg is a subvectorspace is a Cartan decomposition if there
exists a compact real form g of g such that

o(gk) C gk, to=0goNgk, Po=goN (igk).

The following theorem and Theorem 2.1.3 show that each semi-simple Lie algebra admits
a Cartan decomposition.

Theorem 2.1.3. Let go be a semi-simple Lie algebra over R, g ist complexification and u
any compact real from of g. Let o denote the conjugation of g with respect to go. Then there
exists an automorphism ¢ of g such that the compact real form p(u) is invariant under o.

One can show that a decomposition of a semi-simple Lie algebra gg into a subalgebra £
and a vector space pg is a Cartan decomposition if an only if the bilinear form

B,(X,Y):=—B(X,7Y),

where 7 : k + p — k — p, is positive definite. An involution 7 on a semi-simple Lie algebra is
called Cartan involution, if B;(X,Y) := —B(X, 1Y) is positive definite. There exists a one-
to-one correspondence between Cartan involutions and Cartan decompositions. Therefore the
decomposition of g in the direct sum of £ and p in the context of the non-compact symmetric
spaces is a Cartan decomposition of g.

2.2 Totally Geodesic Submanifolds

Definition 2.2.1. Let M be a Riemannian manifold. A submanifold S is called geodesic
in a point p € S, if each geodesic in M, which is tangent to S in p, is a curve in S (i.e. a
differentiable map from I C R to S). The submanifold S is called totally geodesic if it is
geodesic in each point p € S.

One can show (see [He78, Lem 1.14.2]) that geodesics in M which are contained in S are
geodesics in S and vice versa.

Note that a totally geodesic submanifold of a locally symmetric space is locally symmetric,
since the restriction of the geodesic symmetry is again a geodesic symmetry.
For symmetric spaces there exists a nice description of totally geodesic submanifold in terms
of the Lie algebra of the group of automorphisms. For the central theorem we need some
facts, which we don’t want to prove it here, since it would be just copying from Helgason.
We will only sketch the proofs. All details can be found in [He78|, Chapters 1.14 and V.6.

Theorem 2.2.2. Let M be a Riemannian manifold an S a connected, complete submanifold
of M. Then S is totally geodesic if and only if parallel transport in M along curves in S
transports tangents to S into tangents to S.
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The proof uses the differential equations for parallelity which we introduced for Remark
1.1.6 (Equation (1)).

Theorem 2.2.3. Let M = G/K be a symmetric space. For X € p we put Tx := (ad(X))?.
We fix a point p € M and, as usual, we identify T,M with p. The latter can be considered
as a manifold whose tangent space at each point is identified with itself. The exponential map
exp: p+— G/K has in X € p the differential dexpy : p — p, which is given by

— (Tx)"
dexpy = dLeXPX|P © E 1
= (2n +1)!
where Ly : M — M denotes the left-action of G on M.

This is [He78, Thm. IV.4.1]. The next theorem is the main theorem on totally geodesic
submanifolds in Riemannian symmetric spaces. It relates totally geodesic submanifolds to

subspaces of p, called Lie triple systems. A subspaces s of p is called Lie triple system, if it
satisfies [X,[Y, Z]] € s for all X,Y,Z € s.

Theorem 2.2.4. Let M be a Riemannian symmetric space and s be a Lie triple system
contained in p. Then S = exp(s) has a natural differentiable structure in which it is a totally
geodesic submanifold of M with T,S = s.

Conversely, if S is a totally geodesic submanifold of M with p € S, then T,M = s.

Proof. Let s be a Lie triple system. Since s C p, we have [s,5] C [p,p] C €. From the Jacobi
identity we get
(X YLIU VI +[U [V, [X, Y]]+ [V, [[X,Y], U] = 0.

Combined with the fact, that s is a Lie triple system we get that [s,s] is a subalgebra of ¢.
Therefore the g’ := s + [s, 5] is a subalgebra of g. Denote by G’ the corresponding subgroup
of G and by K’ the stabilizer of p in G’. Define S := G’ - p. By definition of K’ we have a
bijection between G'/K’ and S via g - p — gK'. Therefore we can pull the topology and the
differential structure from G'/K’ to S. The tangent space of S in p is s. The geodesics in M
through p have the form exp(tX) - p with X € p. Such a geodesic is tangent to S if and only
if X € 5. Hence S is geodesic in p. Since G acts transitively on M, it is everywhere geodesic,
hence totally geodesic and S = exp(s).

Conversely: let S be a totally geodesic submanifold of M. Denote by s the tangent space
at a point p. For t € R the vector A := dexp, (X) is tangent to S at the point exp(tY),
since exp;y maps § to S because the exponential function on S is the restriction of the one
on M. As above we have dLcy,(—¢y)A is parallel along exp(tY’), hence dLeyp(—y)A € 5. From
Theorem 2.2.3 we know that this is equal to

oo

T
Z (2n jr/ 1)! (X),

n=0

therefore this is in s to. This implies that Tx(Y) € s for all X,Y € s. We have by definition
of TX
Ty+Z — Ty — TZ =adYadZ + adZadY.

The left hand side is in s, hence the same holds for the right hand side. Applying it to X € s
we get with the Jacobi identity

2lY,[Z, X]| + [X,[Y, Z]] € s.
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Interchanging X and Y gives
41X, [Z, Y]] +2[Y,[X, Z]] € s.
Added to the equation above this shows that [X, [V, Z]] € s. O
This is [He78, Thm. IV.7.2].

Remark 2.2.5. A totally geodesic submanifold S of a symmetric space M is a symmetric
space. We saw in the proof of Theorem 2.2.4, that ¢’ := s + [s, 5] is a subalgebra of g. The
automorphism o of g which maps g € G to spgs, can be restricted to a map g’ — ¢/, therefore
S is a symmetric space and can be written as G'/K’.

2.3 Rank

Definition 2.3.1. A Riemannian manifold is flat if the curvature vanishes identically. The

rank of a symmetric space M is the maximal dimension of a flat, totally geodesic submanifold
of M.

The rank is always bigger or equal 1, since a one-dimensional subspace is always flat.
One can describe maximal flat totally geodesic submanifolds in terms of the Lie algebra, using
Theorem 2.2.4.

Theorem 2.3.2. Let M be a symmetric space of the compact or the non-compact type. Let p
be any point in M and we identify the tangent space in p with p. Let s be a Lie triple system
contained in p. Then the totally geodesic submanifold S := exp(s) is flat if and only if s is
abelian.

Proof. Remember Corollary 1.3.8 where we studied the connection between (non-)compact-
ness and the scalar curvature of symmetric spaces. Recall Equation (9)

K(S) = Qol(IX, Y], X1,Y) = 3~ Qol[1%:, il Xil, ¥) = 3 — BX:, ¥il 13, Y2,

Ci

where in our case the ¢; are all positive or all negative since our M, since we assumed M to
be of compact or non-compact type. If we want to apply this formula, we have to proof that
S is symmetric and can be written as G'/K’, since we proved Corollary 1.3.8 for spaces of
this form. But this is true by Remark 2.2.5. O

Theorem 2.3.3. Let G be a Lie group with Lie algebra g and g = t+p a Cartan decomposition
and (g,0) and (gu, o) the corresponding (dual) orthogonal Lie algebras and K be the subgroup
with Lie algebra €. Let a C p be any mazimal abelian subspace and A C G respectively
Ay C Gy the corresponding subgroups to a respectively ayr. Then

G = KAK, Gy = KAy K.
For the proof we need a Lemma
Lemma 2.3.4. Let a and o' be two mazimal abelian subgroups of p. Then

i) There ezists an element H € a whose centralizer in p is a.
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i) There exists an element k € K, such that Ad(k)a = do'.

iii) p = Upese Ad(k)a.

This is [He78, Lem. V.6.3]. A short and nice proof can be found there.
Now we want to prove Theorem 2.3.3. If Kj is the identity component of K, we have by
completeness (Hopf-Rinow) that G - Ky = exp(p). With the Lemma above, we can find for
g € G elements H € p and k € K such that gKy = exp(Ad(k)H). Since exp(Ad(k)H) =
kexp(H)k™!, therefore G = kexp(H )k~ kg for some ko € Ko.

2.4 Bounded Symmetric Domains

A domain is a connected open set in C". A domain D is called bounded symmetric domain,
if D is bounded and for every z € D there exists a biholomorphic map s, : D — D which is
involutive and has z as an isolated fixed point.

Example 2.4.1. Let D be the unit disc in C. It is clearly a bounded domain. Lets make it
symmetric. The map sg : z — —z is a biholomorphic map from D to D. and it has 0 as an
isolated fixed point. If we know, that the group SU(1,1) acts transitive holomorphically on
D, we can choose for z € D a g € SU(1,1), which maps g to 0 and put s, := g~ 'sog. This is
for every z € D a point symmetric.

Lets discuss the action of SU(1,1) on D. The definition and of SU(1,1) can be found in
Example 1.4.6. It acts via Mobius transformations

a b g —|—E)

b a bz +a
on D. The point 0 is mapped to b/a. For an arbitrary z € D we have 1 — |2]? > 0. Put
2) is in SU(1,1) and it maps 0 to

a:=1/(1—z|?) and b := z/(1 — |2|?). The matrix (%

z. Therefore the action is transitive.

The natural question at this point is: Given a bounded symmetric domain. Is there a
(natural?) metric on D, such that D is a Riemannian/Hermitian symmetric space? The
answer is yes. The metric is called Bergman metric. It is discussed shortly in [Ko00] and
more explicitly in [He78].

Let D be a domain. By H?(D) we denote the space of holomorphic functions that are
quare integrable with respect to the Lebesgue measure. If D is bounded the polynomials
are in H2(D), hence it is infinite dimensional. Furthermore it is a complete Hilbert space.
We denote the scalar product by (-|). Consider for w € D the linear functional on H?(D)
given by f ~ f(w). By the Riesz representation theorem there exists K,, € H?(D) with
f(w) = (f|Ky) for all f € H?(D). Sometimes we write K (z,w) for K,(z). The function K
is defined on D x D and it has the property

K(z,w) = Ky(2) = (Ky|K,) = (K;|Ky) = K,(w) = K(w, 2).

Hence K(z,z) = |K.||* > 0. The function K is called Bergman kernel.
For any complete orthogonal system {p} we have

K(zw) = 3 onl2)pn(w).
k
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Since K,, € H?(D), the Bergman kernel is holomorphic in the first and antiholomorphic in
the second variable.
If F: D — D'is an isomorphism® between two domains with Bergman kernels K respec-
tively K’, we have
K(z,w) = K'(F(2), F(w))jr(2)jr(w),

where jp is the (complex) Jacobi determinant of F. A proof of this fact can be found in the
Appendix (Proposition A.4.5).
Let D be a bounded domain and K its Bergman kernel. Let for z € D

2
gik(z) == 5,05

log K(z, z).

This defines an invariant Hermitian metric on D. Hermitian means, that for z € D the
matrix g;,(2) defines a Hermitian form on the tangent space 7,D. To see that, note that

9ik(2) = grj(2). It remains to show that it is positive definite on 7., D. This can be done by
a direct calculation using a orthonormal system {@,} of H2(D). A direct calculation shows
also that F' is an isometry between D and D’ equipped with their Bergman metrics.

2.5 Embedding

Our reference in this section is [Ko00] and [Wo72].

2.5.1 The Borel Embedding

In this section we will introduce the Borel embedding. It embeds a Hermitian symmetric
space of non-compact type into its compact dual. In the text one will find numbers (n). They
refer to the corresponding number in Example 2.5.3.

Let g = £ ® p be a non-compact, orthogonal, involutive Lie algebra. Since we are looking
at Hermitian symmetric spaces we assume that the center of £ is non-trivial. An equiva-
lent assumption is, that £ is not semi-simple. In this case we have a n € €, such that the
Bg(n,t) = 0. Since n is in a compact Lie algebra the matrix of ad(n) is skew-symmetric,
hence diagonalisable with eigenvalues of the form it with ¢t € R. Therefore B(n,n) being the
sum of squares is zero if and only if every summand is zero. Hence ad(n) = 0 and n is in the
center of £. This shows that a non-semi simple Lie algebra has a non-trivial center. However,
in the following the center of ¢ is not trivial. (1)

Further we assume that ¢ acts faithful on p. exp £ =: K acts via orthogonal linear transfor-
mations (via k +— dk) faithful on p and therefore on the complexification pc too. The center
of K (which is by the above discussion at least one-dimensional) consists of automorphisms
of the representation of K in p. By Schur’s lemma (Lemma A.3.11) it can only contain di-
agonal matrices. Since K is compact and the center is closed, is must be isomorphic to U®.
Since the representation is faithful there exists a complex structure J = ad(z) on p, with
z € U'. J commutes with the ad(u) and it is diagonalisable. Therefore pc decomposes into
two eigenspaces p* and p~ with respect to the eigenvalues i and —i. Let pi,p2 € p+ and
J = ad(z) be the complex structure of p (2). With the Jacobi-Identity we get

JIp1, p2] = ad(2)[p1, p2] = [z, [p1, p2]] = [[2, p1], p2] + [p1, [2, p2]] = 2i[p1, pa],

9Biholomorphic map.
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hence [p1, po] = 0, since J has only eigenvalues i and —i. This shows that p* is abelian. Since
J is in the center of £ the spaces pT are invariant under ad(¥).

Let now G¢ be the simply connected group with Lie algebra gc. Denote by K¢, K, Pt, P,
G and Gy the subgroups corresponding to the Lie algebras tc, &, p™,p~, g andgy (where gy :=
t+ip) (4). On G there exists an involution ¢ which is induced by the map g1 +ig2 — g1 —igo
on gc since this map induces a local involution on G¢, which can be continued by Proposition
1.1.10. In the same way we can find involutions 7 and #, which leave gy respectively €¢ fixed.
G, K¢ and Gy are closed since they are the connected components of fixed point subgroups
of the involutions o, 7 and 6. K is closed, since it is the connected component of G N K.
Lets consider the case P*. The subalgebra ad(p*) of ad(gc) consists of nilpotent elements.
This can be seen by applying ad(p) a few times to a p € pc and a k € ¢. For example

ad(p)p € tc = ad’(p)pept = ad’(p)p =0,

since pT is abelian. From [He78, Cor VI.4.4] we know, that exp : ad(p™) — Ad(PT) is
regular'® and surjectiv. PV is the pre-image under this covering homomorphism of this
simply connected group. This shows that exp : p™ — P7 is a homeomorphism and P7 is
closed.

Lets have a look at KcP™. It is a subgroup of G¢ with Lie algebra ¢ + p~. It is closed
because €¢ is the normalizer of p~ in g¢ and hence K¢ P~ must be the identity component
of the normalizer of p~ (5).
Let M* = G¢/KcP~. Since it is the quotient of a complex group by a complex subgroup,
M* is a complex manifold.

With these notations we have:

Theorem 2.5.1. The space Gy /K is a compact Hermitian symmetric. The mapi: Gy /K —
M*, defined by gK — gKcP~ is a holomorphic diffeomorphism (see Example 2.5.3 (6)).

Proof. The tangent space of M* at the point o := eKcP~ is p™. The map i is induced by
the map from Gy into G¢. It is well-defined since K C KcP~. Its differential embeds gy
into gc. Since gy N (bc + p~) = ¢, the differential of 7 in eK is the identity. Hence i is a
local injection and it is holomorphic. The image of 4 is the orbit of o of the action of Gy on
M* via multiplication. It is open, since i is a local injection. But it is also compact, since it
is the image of a compact set (Gyy/K) under the continuous function i. Hence it is closed.
This shows that the image of i is M* and ¢ is surjective and G/ K is the universal covering
of M*. But M* is simply connected since G¢ is and K¢ P~ is connected. Therefore ¢ is a
diffeomorphism. O

Now we show that one can embed M into M*.

Theorem 2.5.2. M = G/K is a Hermitian symmetric space. The map j: M — M* defined
by j(gK) := gKc P~ is a G-equivariant holomorphic diffeomorphism onto an open subset of
M* (see Example 2.5.3 (7)).

Proof. We have to show first, that the map is injective. To do that, remark that two points
go and ho are equal in M* if and only if h~1g € KcP~. Since M equals G/K, two points gK
and hK are equal if and only if h~'g € K. Therefore it suffices to show GNKcP~ = K. Since

0A map is regular if its differential is bijectiv.
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G = KP (with P = exp(p)) it suffices to show that P N KcP~ = {e}. Suppose p=kp~ € P
with k € K¢ and p~ € P~. We have

pl=omp=or(kp )=k )"

since a direct calculation, using only the definitions of o and 7 gives us
dodr : k1 4+ p1 + ika +ip2 = k1 — p1 — ip2 + tka.

We get p = kp~ = p~ k! and therefore p> = (p~)2. Applying 7 at both sides gives 7(p?) =

p? = (p7)? = 7(p7)%. By definition of 7 this is in PT. Since the Adg, is faithful we have

p? = e, because Pt and P~ are represented by upper respectively lower triangular matrices.
Therefore p? = e implies p = e.

The proof, that j is holomorphic diffeomorphism works like in the proof of the theorem
above. O

Example 2.5.3. This example should make clear everything that happens in the section
above. In the appendix (Details), one finds a list of the groups appearing here.

(1) Let G be SU(1,1) the group of 2 x 2-matrices of determinant 1 which leave the bilinear
form of signature (1, 1) invariant. Its elements are of the form

G <)

where a,b € C and |a]?— |b|? = 1 (see Proposition A.4.7. Tts Lie algebra su(1, 1) consists

of matrices of the form
i y+iz
Yy —1z —iT

with z,y,z € R. A proof of this fact can be found in [He78, p. 444]. su(1,1) has
therefore the matrices

() e (S ) (25

as a basis and the Lie bracket relations are:

le1,e2] = —es3, [e1,e3] = —e2, [e2, €3] = €.

This follows from a simple computation. Denote by £ the space spanned by e3 and by
p the space spanned by e; and ey. ¥ generates a compact subgroup K of G, namely the
subgroup consisting of matrices of the form

z71 0
0 z)’
with z € U'. The killing form of ¢ is constantly zero since £ is one-dimensional and
hence abelian.
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The complexification of p (denoted by pc) is given by p ® C = p + ip. The Lie algebra
t acts via the adjoint representation on p and the complex structure J = ad(es). It
is diagonalisable over C with eigenvalues i and —i and the eigenspaces p™ and p~ are
spanned by {e; —ieg, e3 +ie1 } respectively {e; + iea, —es +ie1 }. One sees immediately
that they have complex structures and that they are conjugate.

1
The vector space p™ has the matrices by 1= e; —ieg = (8 O) and by := ib; = eg+1ie1 =

0 =2 . . 1 =z
<O O) as a basis. Calculating exp(zb;) = <0 1

equal to C, since it is R? as a vector space and it is complex. The same holds for P~.

> with z € C one sees that Pt is

The Lie algebra gy is € 4 ip. It has the matrices

o=l B (1 )0 ()

as a basis. Therefore gy consists of matrices of the form

1T 1y — 2
wy+z —ix
with z,y,z € R. Consulting [He78, Ch. X.2] one finds that this is the Lie algebra of
SU*(2), the group of matrices which commute with the map

) C?2 - (2
v { (4,0) > (2, —0)

Direct calculation shows that

o ={(% *) avee, i pt o1},

The complexification gc of g has the matrices ey, e5 and eg as a complex basis. Another
basis is
ay = e —1eg, ao ‘= e] + ieg, asg:= —2ies.

Calculation its brackets
la1, a2] = —a3, [a1,a3] = —2a2, [a2,a3] = 2az

and comparing with [He78, Ch. X.2], we see, that gc = s[(2,C). Therefore G¢ =
SL(2,C).
Pt and P~ are isomorphic to C as we have seen in (3). K¢ is isomorphic to C* via

(1 o).

What is Gy /K? Let ( @ Z> in Gy. If a = a1+iae and b = by +ibsy, with a1, a9, by, be €

R, the condition |a|? + |b|? = 1 rewrites as

a? + a3 + b+ b3 = 1.
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Therefore Gy can be identified with S3, the 3-sphere in C? ~ R*. The circle-group
Sl ~ Ul acts on it via right-multiplication

(506 9= (5 %)

The action is faithful, since a or b is non-zero. There is an important and well-known
action of S on S2, namely the Hopf-Filtration. It has S? as the base space, S® as the
total space and S1 as the fiber. For details to this fibration see [Ha02]. The map

a b b
(—b a)HGECU{oo}
is a surjective map from Gy to S2. If b/a = b/a, then a/a = b/b =: z and we have

jaf? +B* = 1= af* + [b]* = [2*(la]* + b*),

hence z € U! = K. Therefore Gy /K = S°.
b) € G with an
a

N

Now we want to determine G/K. If one multiplies an arbitrary (

arbitrary (z

0 (z)) € K we get a matrix

za zb

zZb za)’
An element in M is uniquely determined by a and b. Since z € U' we can assume that
a € R. If b = by +iby with a € R our condition |a|? — |b|?> = 1 becomes a? — b? — b2 = 1.

But this is exactly the condition for a point (a, by, b2) € R to be in the upper sheet of
the hyperboloid defined by the equation x? — y? — 22 = 1.

In Example 1.4.6 we realized G/ K as the space X of one-dimensional subspaces W of C?
on which the quadratic form h(z,y) = x1y1 — 272 is positive definite. Let (21, z2) span
a W. Since |21]? — |22/2> > 0, 21 # 0 and we can assume without loss of generality that
z1 = 1 (because %(21, 29) € W). Therefore W depends only of z; and since 1 — |23|? > 0
we have 1 > |2|? and X can be identified with the unit-disk.

What is G¢/KcP~? Let (Z Z) be in G¢ and (f; 2) € KcP~. We have

a b\ (x 0\ _ (za+yb b/x
c d y z) \wc+yd d/z
Putting z = d and y = —c we get (with ad — bec = 1)
1 b/d
0o 1)’

with b/d = 0o if d = 0. Therefore we have in every equivalence class an element of this
form, hence we can identity the set of this equivalence classes with S2.
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(6) The map i : Gy/K — G¢/KcP~ maps gK to gKcP~. It is a map from S? to S2. Let
rbein 2 =CU{x}. f z =0coputa:=0andb:=1. If x # 0 we can write x as

b/a with |a]?> + |b|> = 1. A representant of z is in both cases <_az) Z) This matrix

is contained in G¢ and represent therefore an equivalence classes of G¢/KcP~. With

the last part of (5), every class has one and only one element of the form (é b{a>.

Therefore ¢ is the identity on the Riemann sphere.

(7) The same calculation shows that j maps a point (a, b1, b2) € G/K to b/a € G¢/KcP~,
with b := by + iby. Since a? — b2 — b2 = 1 we have |a|?> — |b|> = 1 and therefore
la|?> = |b]?> + 1 > |b|?. This shows that j(G/K) is the lower hemisphere in G¢/KcP~.

2.5.2 The Harish-Chandra Embedding

In this section we will use the same notation as in the section on the Borel embedding.

We saw in the preceding section that one can embed a Hermitian symmetric space M of
non-compact type into its compact dual M*. In this section we will show that there exist
amap & : pt — M* which is an embedding. In our example 2.5.3 p* ~ C and M* = S2.
Later we will see that the image of M in M* is contained in the image of p* under &. Tt
is a diffeomorphism onto its image and we can use ¢! to send i(M) C M* onto a bounded
domain in the vector space p*.

Let now g be a Lie algebra as in the preceding chapter. Let h C £ a maximal abelian
subalgebra. This h contains the center and its complexification h¢ is maximal abelian in gc.
Remember the map 7 : gc — gc defined by p1 + ips + k1 + itk — —p1 +ip2 + k1 — tko. Define
a bilinear form B; on g by B, (x,y) := —B(x,7y). A straightforward calculation'! shows
that B; is positive definite Hermitian. The map ad(ih) : gc — gc leaves the Killing form on
g infinitesimally invariant and one can easily check by direct calculation that ad(ih) o 7 =
—7 oad(ih) for all h € h. These two facts combined tell us, that ad(ih) is Hermitian. Hence
ad(ih) is semi-simple (i.e. every invariant subspace of gc has an invariant complement).
Therefore hc is a Cartan subalgebra of gc. We can decompose gc into root spaces g, with
respect to hc. Denote by A the set of roots. We define a positive root system by: a > 0 if and
only if —ia(z) > 0, for the z € h¢ that induces the complex structure on p* via J = ad(z).
The set of positive roots is denoted by AT and we put A~ := —A™. Since for = € g, we have

—z = J?z = ad(2)%z = a(2)%z,

we have a(z) = +i and we defined a root to be positive if a(z) = +i and negative if a(z) = —i.
By Theorem A.2.4 there exists for every root a a unique H, € h¢ such that

B(H,H,)
alH) =2——"~71-—% VH € be.
Further we can find e,, € go with 7eq = —e_q and [eq, e_o] = Hy. To see that, take for every
a € AT a nonzero vector €, € g* and put é_, := —7é,. Note that we have for H € h¢

B(Hv [éavé—ab = B([H, éa]vé—a) = a(H)B(éoué—a)‘

1 This calculation needs only the definition of 7 and the positivity respectively the negativity of B on £ and

p.
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Hence H,, is a multiple of [é,,€é_,] and we can find x, € C such that for e, := z4e, we have
lea,e—a] = Hy.

The root space g, is either in £¢ of in p¢, since the decomposition of gc¢ into &c +py +p—
is the decomposition with respect to eigenspaces of ad(z) with z € U*.

If go C tc we say that a is a compact root, if g, C pc, « is non-compact and we denote the
set of positive non-compact roots by ®. We denote the set of compact roots by Ag and the
non-compact roots by Ap and we put A}r{ := AgNAT and so on. The vector space pc is the
direct sum of the g, with a non-compact. If « is a positive root, —« is a root too (Theorem
A.2.4) and it is negative- Therefore the number of positive and negative non-compact roots
are equal. For a positive root o we have

Jeo = ad(2)eq = az)eq = ieq.

Therefore @, cq 9o C p+ and @_, 4 9o C p~ and by dimension reasons we have
pi = @ a- (12)
act+d

Definition 2.5.4. Two roots «,3 € A are strongly orthogonal, denoted « IF (3, if neither
«a =+ 3 is a root.

If a |- 3 then [ga, 94+48] C ga+p = 0 and by general theory of root they are orthogonal.
One can construct inductively a maximal set of strongly orthogonal non-compact roots

U= {1/}17' "7w7’}
where ;1 is a minimal root, strongly orthogonal to 1, ..., ;.
Since e, = —Te_, the vectors
Ta,0 = €q + €_q and Yo 0 = i(eq — €_q), o€ Aﬁ

form a basis of p, since they are in p by definition of 7 and they are linearly independent.
Therefore

To = 1T = i(€q + €—o) and Yo = iYa,0 := —€q + €—q, o€ Aj;

are a basis of ip.
We define subspaces of pc by

a:= Z Rzyo C p, ay = Z Rz C ip.
pevw YEY

They are abelian subalgebras of pc since the elements of U are pairwise strongly orthogonal.
Further they are maximal abelian since ¥ is maximal.
There are groups A C G and Ay C Gy with Lie algebras a respectively ap.
For a € A put
gC[a] :=CHa + ga + 8-a-

By construction this is a 3-dimensional simple subalgebra of gc and it has real forms

gla] =gNgcla] and gyla] = gu Naclal.
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That defines simple groups Gcla], Gla| and Gyla] with Lie algebras gcla], gla] and gylal.
If I' C ¥ we have the direct sums

gcll]:=> aclel, of):=> gla), eull]:=)_ avle]

acl ael ael

with corresponding groups G¢|[I'], G[I'] and Gy[I']. By definition of H, and e,, we have in
gc[a] the relations:

[eare—a)l = Ha,  [ea Ha] = =264, [6—a, Ha] =2¢_q.
Therefore gelo] >~ s((2,C). See Example 2.5.3 for details.

Theorem 2.5.5 (Polydisc Theorem). Let I' C ¥ and xyg € M a point fized by K. Then
Gell'] - xo = Gu[l'] - xo is a holomorphically embedded submanifold of M, that is a product of

IT'| Riemann spheres and G[I'| - xo is a holomorphically embedded submanifold of M* that is
product of |I'| hemispheres of Gy[I']-zg. Further we have M* = K -Gy [¥] and M = K -G[V].

Proof. Example 2.5.3 tells us that Gyla] - 2o is the Riemann sphere and we can consider
Gla] - xo as a hemisphere in Gyla] - zg. We know that G = KAK and Gy = KAy K, hence

MZG-xOZKAK-:CO:KA-JJO:CK-G[\I/]-xo

and
M*:GU‘SUQZKAUK'.T():KAU‘SUQ :CK'GU[\II]‘SCQ

O]

With the Polydisc Theorem, we can prove the following theorem, which tells us, that we
can realize a hermitian symmetric space of non-compact type as a bounded domain.

Theorem 2.5.6. The map ¢ : PT x K¢ x P~ — G¢ given by (pT,k,p~) — mTkp™ is a
complex diffeomorphism onto a dense open subset of G that contains G. In particular

Jpt =M =G/KcP~
|p = exp(p)KcP™

is a complex diffeomorphism of p™ onto a dense open subset of M* that contains M. Fur-

thermore €~1(M) is a bounded domain in p*.

Proof. First we prove that ¢ is one-to-one. Assume pfklpl_ = p;kgpg . Then (pf)*lp;' =

kipy (k2py)~! € PT N KcP~. We show in Lemma 2.5.7 that P™ N KcP~ = {e}, therefore
pf = p; One can similarly prove that p; = p, and this gives us the injectivity of ¢.

Since d¢ : pT+Ec+p~ — pT+E€c+p~ is an isomorphism, the map ¢ is a local diffeomorphism,
hence its image is open.

To show, that the image is dense and that ¢~!(M) is a bounded domain in p*, we restrict
us to the case where Gc = G¢la]. In the end we will generalize the result using the Polydisc
Theorem.

Let Gc = Ge[a]. Then Gec = SL(2,C) /(1) and we realize

0 1 00 0 1
cwi= (g o) o= (3 o) Hao= (2 o)
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In particular

Lo (01 (0
a0= 11 o) «a=\i 0)"

A direct calculation shows that

cosht sinht 1 tanht S 0 1 0
_ _ cosht
exp(taa,) = (sinh t cosh t> o <O 1 ) ( 0  cosh t) <tanh t 0>

= exp({tanht}e,) exp({—logcosht} H,)exp({tanht}e_,)

and
_ (cosh(it) sinh(it)\ [ cost isint
exp(tia) = <sinh(it) cosh(it) )  \isint cost
(1 dtant) (X 0 1 0
—\0 1 0 cost) \itant 0)°
Note that

£(04) = exp(Cea) e = { (i 1) Ker |z e

and Gy = KAy K, where Ay = exp(Rz,) is the subgroup generated by a = Re,, since « is
the only positive non-compact root. Therefore

E(pt) = {k-exp(tey)KcP |k € K,t € R and cost # 0},
and this shows that £(p™) is dense in M*. Furthermore we have M ~ G/K¢cP~. Note that
a b . . T Yy _ .
for (l_) a> € G there exists a unique <0 z> € K¢ P~ with
b\ [z 0\ (1 b/a
a)\y z) \0 1)
Since |a|? — |b|? = 1, we can write a = wcosht and b = wsinht with w,% € U! and t € R.
Hence we have:

U

M = {<(1) i) KcP~| |z| = tanht for some real t}

- {((1) ‘i) KcP™ 2] < 1} = ({zeal |2[ < 1}),

hence ¢~1(M) is a bounded domain in p* and we proved the theorem for G¢ = Gcla]. The
general case follows from the Polydisc Theorem via

M* = {kexp()_ tyry)KcPT|k € K, t, € R}

pew
EpT) = {kexp(z tyry)KcPYlk € Kty € R and costy # 0}
Yew
M = {k&()  zpey)|k € K and |zy| < 1}.
pew
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Lemma 2.5.7. With the notion from above we have PT™ N Kc P~ = {e}.

Proof. Let e # g € PT N KcP~. We know from our discussion above that exp : p™ — P71 is
a diffeomorphism. Since g € P, there exists a unique x € p* with expxz = g. We can write
T =) ,ca Cafa, because of equation (12). Let 8 be a root with a —3 > 0if « € ® and a — 3

is a root. Such a 3 exists. Denoting n™ = > a>0 Cea, we have

[#,e-p] =csHs+ D cplease—g]-
aed,a#p3

The sum is in n, since [eq, e_g] € go—p and by our choice of 3, either the space g,—g is zero
or o — 3 is a positive root. Therefore

ad(z)e_p = [z,e_g] = cghg mod n™. (13)

We know by general theory that Ad(g) = Ad(expx) = exp(ad(x)). By the definition of exp
Ai
Kl

as the power series exp(A) = Y .2, <+ we get

Ad(g) = exp(ad(z))e_g = e_g +ad(z)e_g + %ad(ac)Qe_g +...

For positive roots o and @ we have [eq,e5] C gata C n' and since Hg € bhe, we have
[Hp, eq] = a(Hq)eq € go C ', hence ad(z)"e_g € n' for n > 2. Since by equation (13)
ad(z)e_g = cgHz mod n™, we get

Ad(g)e_ﬁ = +CﬁHﬂ mod n+.

e_
~ ——

€p~ €t

This follows from g € P+.

But g is also in K¢ P~, which normalizes p~. Hence Ad(g)e_g € p~ which is a contradiction.
Therefore our assumption that there is e # g € Pt N KcP~ is false and PT™ N KcP™ is
trivial. O

Example 2.5.8. We use Example 2.5.3 to explain the Harrish-Chandra embedding. We
saw that p* is C. The map exp : pT — PT which maps (8 g) to (1 T) is clearly a

0
1 a [z 0\ (z+ya za
0 1 y z) Y z )’

every equivalence class in the image of p™ contains one and only one element of the form

diffeomorphism. Since

(é Cll) with a € C. The image is therefore the sphere without the north-pole. We saw

in Example 2.5.3, that one can embed G/K into the 2-sphere as the lower hemisphere. It
preimage is the unit disc.
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2.6 Filtrations, Gradations and Hodge Structures

In the following part we well need some notions and theory of algebraic groups. See the
Appendix for a short overview or [Mi06] for a more detailed introduction.
Let k be a field and V a finite dimensional vector space over k. A Z-gradations of V is a

decomposition
V=@V
1€EZ
where the V? are subvectorspaces of V. Given such a gradation we can construct a represen-
tation (V,w) of G,,, the multiplicative group of k, via

w(\)v := N, for v e V.

Conversely, every representation of (G,,)* decomposes into representations by characters
(maps from (G,,)* into G,,). This hold especially for representations of G,, (see [Mi06,
Ch.9]). Since the maps from G,, to G,, are all of the form z +— 2™, every representation of
Gy, defines a gradation as above. Therefore the category of representations of G,, and the
category of graded vector spaces are isomorphic.

Every gradation defines an increasing (resp. decreasing) filtration by

Wi V) =PV
j<i
(resp.W; (V) = @ V7).
j>i

Let G be a reductive group over a field k of characteristic zero and let w : G, — G be a
morphism. For any representation o : G — GL(V) of G, pow : G, — GL(V) defines an
increasing filtration W of V.

The map w : G, — G defines a functor from the category of G representations to the category
of Z-graded vector spaces. This functor is compatible with tensorproduct and with taking
the dual. Conversely: a functor with these properties is induced by some w. This follows
from the Tannaka duality since such a functor is a functor between the representations of
G and the representations of G,, which is by the Tannaka-duality induced by a morphism
w : Gy, — G. For more informations to the Tannaka duality see [JS91] or [Mi06, Ch. 24].

Proposition 2.6.1. Let n € Z and H a real finite dimensional vector space. Given one of
the following, one can construct the other two.

i) A bigradation of the complezification'?> He:
He = @ HP4,
ptq=n
such that HTP is the complex conjugate of HPY.
ii) A finite decreasing filtration F' on Hc such that
H(C =FP 3 s
forp+qg=n+1.
PHe:=V®C
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ii1) An action h of the real algebraic group C* on H s.t. x € R* C C* acts as multiplication
n

by x7".
Proof.  a) Given i), we construct ii). Define F? := @, H “J. This is clearly a decreasing
filtration. We have to show that for given p and ¢ with p+¢ = n+1 the complexification
Hc equals FP @ F9. Remark, that i + j = n and H%* is the complex conjugate of H*!,

Pt = @PHEY |o|@PH" = P HYoHM = @5 HP = H.
izp I2q i>p p+a=n

[>n+1-—p

b) Given ii), we construct i). Define HP? := FP N 4. Note that H¥? = FP N FY is the
complex conjugate of HP4. Since F' is a filtration we have

He=...DFP o> Frtl 5

In additional we have Hc = FPYl @ F9 if p + ¢ = n. Therefore we have HP? =
FP N F94= FP/FPt!. Since the dimension of Hg is finite and F is a filtration we have

Hc = @p+q=n Fp/Ferl = @erq:n HPA.

iii) Given i) we construct iii) via
h(z)v =2"Pz %

for z € C* and v € HP1,

iv) Given iii). Every representation of C* in an algebraic group is multiplication with
z Pz74.

O]

Definition 2.6.2. Let H be a vector space. Given i), ii) or iii) of Proposition 2.6.1 is a Hodge
structure on H. The filtration in ii) is called Hodge filtration.

Let H be a vector space equipped with a Hodge structure. A polarization v on H is a bilinear
form invariant under h(U'), such that v(z, h(—i)y) is symmetric and positive definite.

Example 2.6.3. Let H be a real vector with a complex structure J. The complex structure
gives an action of C* on H, via (a+1ib)-v := (a+bJ)v for a+ib € C* and v € H. Denote by H
the set that equals H as a vector space equipped with the action of C* via (a+ib)-v := (a—bJ)b.
By Proposition 2.6.1 this gives a Hogde structure on H with H=10 := H and H%"! := H.
With the notations above we have FO = %l and F~' = HO- '@ H~10. 0 — H®/F°(Hc)
is a C-linear isomorphism.

In this case a polarization is nothing but the imaginary part of a positive definite hermitian
form. Hermitian means here, that ¢(A\x, py) = A\p(x, y)fi, for ,y € H and A\, u € C. Since it
is non-degenerate, we can find a basis {ej,..., e} of H which is orthonormal with respect
to ¢. By assumption ¢(e;,e;) is bigger than zero, hence real. If x = > x;e; and y = > yie;
we have

d(a,y) =Y wilid(ei,er) = Y viTid(es, e) = ¢y, 7) = $(7, T).
Denote by ¢ the real part of ¢ and by 1 its imaginary part. We write zz instead of h(z)z.
For z € U' we have

P2z, 2y) = 220(x, y) = (2, y),
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that means ¢ and therefore ¢ are invariant under h(U'). We have

QZ)(.’E, _iy) = ¢(Zya .’E) = ¢(y7 —il’),

hence ¢(z, —iy) is symmetric. The last thing to check is the positive definiteness. Since ¢ is
positive definite (and therefore real) we have ¢(x,x) = ¥(z,z) > 0 and

ﬁ(x7 _iy) + Z¢($, _iy) = (15(56, _iy) = ’L(ﬁ($, y) = “9(377 y) - ¢(.%', y),

comparison of real and imaginary part of both sides shows that ¢ (x, —iy) = ¥(x,y) and
therefore it is positive definite.
For the converse on can define ¢(x,y) := ¥ (x, —iy) + i (z,y).

Remark 2.6.4. Let w : G,,, — G be a morphism. It defines for every representation (V, p)
of G a filtration. We look at the case where this representation is the adjoint representation
of G on g = Lie(G). We use the following notations: w(G,) is abelian, hence contained in a
maximal torus 7. We denote by to the Lie algebra of w(G,,) and by t the Lie algebra of T
For i € Z let

g' = {z € g|Ad(w(\)z = Nz, VA € G}

and for o : t — R linear
go = {z € glad(h)z = a(h)z, Vh € t}.

One sees immediately, that the g° and the g, are similar. They are both eigenspaces to some
common eigenvalues. The non-empty g, are rootspaces of g. We define a positive root system.
1o is one-dimensional, hence the value of every root o on 1 is determined by an arbitrary non-
zero vector a € to. Roots a which have the property that the restriction to the one-dimensional
subspace tv is multiplication with a negative scalar, are now called positive. Let a be a positive
root and i := a(a). Since exp(a(a)) = exp(ad(a)) = Ad(exp(a)) with exp(a) € w(G,,) there
exists a A € Gy, with w()\) = exp(a). Since exp(a(a)) = Ad(exp(a)) = A" we have i € Z~
and g, C g for some i € Z~. Therefore g, C g for i < 0 and therefore g, C Wy(g). This
shows that Wy(g) is a parabolic Lie algebra. It generates a parabolic subgroup Wy(G) of G,
which respects the filtration W on every representation of G.

Remark 2.6.5. Let M be a Hermitian symmetric space and G the identity component of
its group of automorphisms. For z € M we have by Remark 1.4.9 a morphism u, : Ul — G
sending z to the automorphism of M that fixes and acts as multiplication by z on T, M. For
g € G the maps ug, and guzg~ ' act both as multiplication by z on Ty M and leave gz fixed.
Therefore they are equal by Lemma A.1.5. We saw in Proposition 1.4.10 that the centralizer
of u, is equal to the stabilizer of x. Therefore the mapping x — u, identifies M with the set
of conjugates of u,.

Definition 2.6.6. Let V' be a n-dimensional vector space. The set of d-dimensional subvector
spaces of V', denoted by G4(V) is called Grassmann variety.
Let d = (d1,...,dy) with 0 < d; < ... < d, <n. A flag F of type d is a sequence of
decreasing vector spaces V'
F:VcVlic...cv'co

with dim V? = d;. The set of flags of type d is called flag variety.
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The group GL(V) acts transitively on the set of bases of V', hence it acts transitively on
Gq(V). Let W be in G4(V) and denote by P(W) the closed subset of GL(V') which stabilizes
W. Since the action of GL(V') is transitive, we have

GL(V)/P(W) ~ Ga(W).
Hence G4(V') is a manifold. The tangent space to Gg(V') at W is
Ty (Ga(V)) = Hom(W, V/W).

See [Mi04, p. 13f.].

The map F — (V%) from Gq(V) to [[; Gq,(V) realizes G4(V) as a closed subset of
[, Ga,(V). The proof that G4(V') is a manifold works like the proof for G4(V'). The tangent
space of G4q(V) at a point F' consists of homomorphisms ¢° : V¢ — V/V with ¢f| i1 = ¢ T!
mod ViT1,

Definition 2.6.7. Let VP4 be a real Hodge decomposition for the real vector space V. A
Hodge tensor is a multilinear map (7-tensor)

t:Vx...xV-=R
—_——

r—times
which is left invariant by the action of A.

Now we will discuss Variations of Hodge structures and we will see that they are para-
metrized by Hermitian symmetric spaces.

Fix a real vector space V' and let S be a connected complex manifold. A family of Hodge
structures (V?) parametrized by s € S is said to be continuous if, for each (p,q) the VI
vary continuously with s, i.e. d(p,q) = dimV?? is constant and s — V&7 € Gy, (V) is
continuous. Let d = (..., d(p),...) with d(p) = >_,5,d(r,s). A continuous family of Hodge
structures (V%) is holomorphic if the Hodge filtration F; vary holomorphically, i.e.

s Fy € Gg(V)
is holomorphic. The differential of ¢ at s is C-linear:
dips : TsS — Tp,(Ga(V)) C @phom(F?, V/FP).
If the image of d¢s is contained in
®p hom(F?, FP~1/FP)

for all s, then the holomorphic family is called a variation of Hodge structures on S.
Let V' be a real vector space and let T' = {¢;} be a finite family of tensors with ¢y a
non-degenerate bilinear form on V. Let d : Z x Z — N be such that

e d(p,q) = 0 for almost all p, ¢;

e d(q,p) = d(p,q);

e d(p,q) =0 unless p+ g = n.
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Let S(d,T) be the set of all Hodge structure (V%) on V such that
o dimVP4 = d(p,q) for all p,q;
e cach t € T is a Hodge tensor of VP4;

e {g is a polarization of VP4,

The set S(d, T) is a subspace of [, o120 Fu(p.g) (V)- Let S(d, T)* be a connected component
of S(d,T).

The next theorem is the reason why we introduced Hodge structures in the context of
symmetric spaces.

Theorem 2.6.8. (a) If nonempty, S(d,T)" has a unique structure of a complex manifold
for which (V, ng’q) is a holomorphic family of Hodge structures.

(b) With this complex structure, S(d,T)" is a hermitian symmetric domain if (V,VF?) is
a variation of Hodge structures.

(c) Every irreducible hermitian symmetric domain is of the form S(d,T) for a suitable V,

d andT.

Proof. To show (a), first of all one shows that ST can be written as a homogeneous space,
namely as a quotient of the smallest subgroup of GL(V') which contains h(S) for all h € ST
and a point stabilizer. The complex structure on ST comes from an embedding into Gq (V).

For part (b) see [De79]. The proof uses Remark 1.4.14.

Given an irreducible Hermitian symmetric domain. We are searching for a vector space V/,
a suitable set of tensors 1" and a map d. The vector space V arises as a self dual representation
G — GL(V) where G the algebraic subgroup of GL(h) for h = Lie(Hol(M)4) with G(R)" =
Hol(M)*. One can show that there exists a non-degenerate bilinear form ¢, on V fixed by
G. Furthermore one can find a set of tensors such that G is the subgroup of GL(V') which
fixes T. Let x € D and let hy : S — U! — u, be the map which maps z to u;(z/z). This h,
defines a Hodge structure for which the ¢t € T" are Hodge tensors and tg is a polarisation.

See [De79, 1.3] and [Mi04, Ch. 2] for details

2.7 Symmetric Cones and Jordan Algebras
In this chapter we will give a short introduction to symmetric cones and Jordan algebras and
their correspondence. A good reference is [FK94].

2.7.1 Cones

Let V be a finite dimensional real Euclidean vector space with scalar product (:|-). A subset
C C V is called cone if it is non-empty and if for all A > 0 and ¢ € C the vector \v € C. A
cone is convex if and only if A\, u > 0 and z,y € C imply xAx + py € C. A cone C' is proper
if C N (—C) ={0}. The dual open cone of a convex cone C' is defined by

C*:={yeY|(zly) >0 Ve e C\{0}}.

An open convex cone C' is said to be self dual if C = C*. Such a cone is proper since for a
non-zero x € C'N(—C) we have —z € C and from (z| — z) < 0 we deduce see that C' = C* is
impossible.
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The automorphism group G(C') of an open convex cone C' is defined by
G(C)={g9g e GL(V)|¢C = C}.

It is a closed subgroup of GL(V') hence a Lie group. The open cone C'is said to be homogeneous
if G(C) acts transitively on it. In this case we can apply Theorem A.1.4. A cone is said to
be symmetric if it is homogeneous and self dual.

Example 2.7.1. In Example 1.2.4 we discussed P = P(n,R), the set of positive definite
matrices in Sym(n,R). It is clearly a cone in R™*™. The closure P of P is the set of positive
matrices. We want to prove that P is a symmetric cone. We know from the discussion in
Example 1.2.4 that the group GL(n,R) acts via

g v :=grg'

linearly on P and that this action is transitive. It remains to show that P is self-dual. To
show that we need a criterion for y € Sym(n,RR) to be positive definite. An inner product on
Sym(n,R) is given by

($|y = tl“ xy szﬂ/zg
The quadratic form ) associated to the symmetric matrix x is give by

&)= zi;&¢
i,

for £ € R™. Therefore we have
Q&) = (zl&€ ™).

Back to our problem: let y € Q*. For a non-zero £ € R™ the matrix = &€ is positive and
symmetric hence z € P\ {0}. By the definition of P* we get

k
> &ty = (ylw) > 0
=1

The vector ¢ was arbitrary, hence y € P.
Any element z € p\ {0} can be written as

k
_E: ot
T = Qo

J=1

where the «; are independent vectors in R" and k£ > 1. Therefore, if y € P:

(ylz) = Z y’aj

Jj=1

o

since all (y\ajajT) = Q(cj) > 0. Hence P C P*. This shows P = P*, therefore P is a
symmetric cone.
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One can turn a symmetric cone C into a Riemannian symmetric space like we did it with
bounded domains in C™. First we introduce a metric on C. This works like in the case of the
bounded domains. Define

o(x) == / e~ @) gy,

This integral exists, it is uniformly convergent for x in any compact subset and it is C*°. For
all g € G(C) we have

p(gx) = |det g| " ().

The map x — x* := Vlog p(zx) is a bijection of C' onto C*. It has a unique fixed point.
We define for x € C and u,v € V

82
Gz(u,v) == Sudo log p(x).

Where One can show (see [FK94, Ch. 1.4]) that is in fact a metric, which is invariant under
G(C). The map = — z* becomes an isometry, hence C' is a Riemannian symmetric space.

2.7.2 Jordan Algebras

A Jordan algebra is a vector space V with a bilinear (not necessarily associative!) product
VxV =V, (r,y) — zy with

yr = xy
2 2
r(z%y) = 2°(zy).

Define for L(x) the map L(z) : V — V which maps y to zy. The second property says that
L(x) and L(z?) commute.

Example 2.7.2. Let V be the algebra of n x n matrices over a field F. For z,y € V put
1
Toy = i(aﬁy + yzx).
This defines a non-associative Jordan algebra as one can easily check by a direct calculation.
A Jordan algebra is said to Euclidian if there exists a positive definite bilinear form (-|-)
such that (L(z)u|v) = (u|L(z)|v) for all x,u,v € V.
2.7.3 Correspondence between Cones and Jordan Algebras

Let V' be an Euclidian Jordan algebra. Let
Q:= {22z eV}

Clearly, @ is a cone. The interior C' of @) is a symmetric cone. This is not obvious and the
proof is very technical. It can be found in [FK94, p. 46ff]. The cone C is the connected
component of e in the set of invertible elements.

Let now C be a symmetric cone in a Euclidian space V. We denote by G(C) its automor-
phism group, by G the identity component of G(C') and by K the subgroup G N O(V). One
can show that there exists a point e € C whose stabilizer is K. We write g for the Lie algebra
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of G and ¢ for the Lie algebra of K. An element X of g belongs to ¢ if an only if X -e = 0.
We have G - e = C' and one can show that g-e = V. Therefore we have a subspace p of g
which is isomorphic to V' via X — X -e. We denote by L its inverse: for z € V', L(x) is the
unique element in p such that L(z) e = x.
Defining
zy := L(2)y

gives V the structure of a Jordan algebra with identity element e. We have xy — yx =
[L(z), L(y)]-e =0, since [p,p] C ¢ and €-e = 0. The proof of the second property of a Jordan
algebra is again very technical and therefore omitted. It can be found in [FK94, p. 49f].



A Appendix

A.1 Riemannian geometry

Theorem A.1.1 (Hopf-Rinow). Let M be a Riemannian manifold. The following three
conditions are equivalent

(i) M is geodesically complete;

(ii) M is complete;
(iii) Each bounded subset U C M s relatively compact.
These three conditions imply

(iv) Two points in M can be joined by a geodesic.

Proof. This proof is due to de Rham in [dRh52].

“(iii) implies (ii)” is trivial, “(ii) implies (i)” is easy, since every non-closed geodesic which
can not be continued to infinity contains a non-convergent Cauchy-sequence. Therefore it
suffices to show that (i) implies (iii) and (iv).

Fix a € V. An initial vector of a geodesic arc v from a to x is a tangent vector of v with the
same length and direction. By assumption i) for every vector in T, M there exits a geodesic
arc starting in a in the direction of this vector and with the same length.

For r > 0 let S, be the set of points x € M with d(z,a) < r. Denote by E, the subset of S,
which contains the points that can be joined with a by a geodesic. E, is compact. To see this
take a sequence xy in F,.. Every z; can be joined with a by a geodesic v, parameterized such
that 7%(0) = @ and 7%(1) = x. Therefore 4y, is contained in the ball with radius r and center
0 in T, M, which is compact. Hence 7, has an accumulation point X. X generates a geodesic
~vx and vx(1) is an accumulation point of xg. Therefore E, is compact. We will show that
E,. = S, for all r > 0. This relation is true for » = 0. If it is true for r = R > 0, then it is
also true for r < R. Conversely if it holds for every r < R, it also holds for r = R, since Er
is closed. We will show that if Er = Sg, then there exists s > 0 such that Frys = Spys.
First note, that the metric d(x,y) is defined as the infimum of the length’ of pathes joining x
and y. Hence for all n € N we can find for all y € M a path (not necessarily a geodesic) from
a to y such that its length is smaller than d(a,y) + h~!. Denote by z,, the last point of this
path which is contained in Er = Sg. Then we have d(a, z,) = R and

d(zn,y) < d(a,y) — R+n"".
From the triangle inequality we get
d(aa y) - R= d((l, y) - d(aa ‘/L'n) < d(l‘na y)

Since (z,,) C Eg it has an accumulation point x and by the inequalities above we get d(a,y) =
d(z,y) + R.

On M there exists a continuous function s : M — R, such that if d(z,y) < s(z), then
x and y can be joined by a unique geodesic of length d(z,y). Every point in M has a
normal neighborhood, hence s can be chosen to be positive. Since Er is compact, s has a
minimum on it, denote it by s(> 0). s depends continuously of R. Let y € M such that
R < d(a,y) < R+s. There exists z € Eg such that d(a,z) = R and d(z,y) = d(a,y) — R < s.
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Hence x and y respectively x and a can be joined by geodesics. The path between a and y has
length d(a,y) and is therefore a geodesic. Hence y € EFrs. This shows that if Er = Sg then

Erys(r) = Srys(r) hence Ery g (R)+s(R+s(R)) = SR+s(R)+s(R+s(r)) and so on. If the sequence
Ry+1:= R, + s(R,) converges to R € R, then

R = lim R, = lim (R, + s(R,)) = R+ s(R),

n—oo
therefore s(R) = 0. Since s is positive, R,, can not converge. Hence Sp = Ep for all R. [
Theorem A.1.2. The stabilizer K of a point p € M in the group of isometries G is compact.

Proof. G is equipped with the compact open topology, which is generated by sets of the form
W(C,U) :={f € G|f(C) C U}, where C,U C G with C compact and U open. K is a closed
subset of W ({p},U). The last has compact closure, hence K is compact. A more detailed
proof can be found in [He78, 1.3]. O

Theorem A.1.3. The automorphisms of a symmetric space form a finite dimensional Lie
group G.

Proof. If G is a Lie group, it has a Lie algebra g. The stabilizer of a point p is a compact
subgroup, which can be embedded in O(T,M) via k — dk, hence it is a Lie (sub-)group with
Lie algebra €. Therefore g decomposes into € @ p. If we can determine p we can generate G
in a neighborhood of e via exp and with some technical stuff one can in fact show, that G
is a Lie group. The transformations 7(vy,u), defined in Corollary 1.1.11 with «(0) = p are
elements of G. They are generated by elements of T,M. In fact one can show (see [HeT78,
1.3]) that they do the job. O

Theorem A.1.4. Let G be a locally compact group with a countable base. Suppose G is a
transitive topological transformation group of a locally compact Hausdorff space M. Let p be
any point in M and K the subgroup of G which leaves p fixed. Then K is closed and the
mapping gH +— g - p is a homeomorphism of G/H onto M.

Proof. Since K is the stabilizer of p it is clear that the map gH +— g - p is welldefined and
bijectiv. See [He78, Thm. IV.3.3] for details. O

Lemma A.1.5. Let M be a Riemannian manifold, ¢ and i two isometries of M onto itself.
Suppose there exists a point x € M for which ¢(x) = ¥ (x) and dp, = dip,. Then p = .

Proof. We may assume ¢(x) = x and dy, is the identity. In an arbitrary normal neighborhood
of = all points are left fixed by ¢ because ¢ is an isometry. Since M is connected each point
y € M can be connected to z by a chain of overlapping normal neighborhoods and hence

oY) =y. O

Lemma A.1.6. If K is a compact Lie subgroup of a Lie group G, then the matrices of ad(¥)
are all skew-symmetric.

Proof. Ad(K) leaves (on g) the positive non-degenerate bilinear form

<ab>= / (Ad(K) - a, Ad(k) - b)dk,
K
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invariant. (-,-) was an arbitrary positive definite bilinear form on g. Therefore Ad(K) is a
closed subgroup of the orthogonal group that leaves < -,- > fixed, which is compact. Hence
the matrices in Lie(Ad(K)) are skew-symmetric. Since for k € € we have exp(k) € K and

expoad(k) = Ad o exp(k) € Ad(K).
Therefore ad(k) € Lie(Ad(K)) and hence ad(£) consists only of skew-symmetric matrices. [

Lemma A.1.7. An skew-symmetric real matriz A is diagonalisable and all eigenvalues are
of the form it with t € R.

Proof. A skew-symmetric matrix over R can be seen as a hermitian matrix over C. If it is
diagonalisable, its eigenvalues must have the form ¢t with ¢ € R.

We know from linear algebra, that a symmetric matrix is diagonalisable. A? is symmetric and
hence diagonalisable. Let A € R be an eigenvalue of A% and e # 0 an eigenvector with respect
to A. The space X spanned by e and Ae is invariant under A because Ae and A%e = e are
contained in X. Now we have two possibilities. The dimension of X is either 1 or 2. In the
first case Ae = Ae with A2 = \. Therefore A can be written as

A0
0 A
with A a (n —1) x (n — 1)-matrix and since A is skew-symmetric, A and A are zero. .
If A\ =0 and Ae = le, we get 0 = A%e = A\%e and since e # 0 by assumption we get A = 0

and therefore dim X = 1. Therefore if dim X = 2 we have A # 0. The matrix of A restricted
to X with respect to the basis {e, Ae} is

0 A

10

Since X # 0, this matrix is diagonalisable, because it has two distinct eigenvalues £v/X. O

Remark A.1.8. We can use the same argumentation to show that a matrix A is diagonaliz-
able if its square is diagonalizable with non-zero entries on the diagonal. To see that, take an
eigenvector e and look at the space X = {e, Ae}. If it is one-dimensional we have Ae = Ae.
If the dimension is 2, A acts as matrix
0 A
(1 3)

which is diagonalizable since A is non-zero. This works especially for involutions and complex
structures on vector spaces.

A.2 Roots

A good introduction to roots is [Kn96]. But everything we need can also be found in [He78,
Ch.IIL.3].

Definition A.2.1. Let g be a Lie algebra. A subalgebra ) C g is called Cartan subalgebra
if for all h € b the map ad(h) is semi-simple, i.e. every invariant subspace has an invariant
complement.
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Theorem A.2.2. Every semi-simple Lie algebra over C has a Cartan subalgebra.

Definition A.2.3. Let a: h — C be a linear functional. We put
g0 = {X € glad(H)X = a(H)XVH € b}.
If g, # 0, the functional « is called root and g, is the root space.

Theorem A.2.4. Let g be a Lie algebra and h a Cartan subalgebra of g. We denote by A
the set of non-zero roots of g. Then

(Z) g=he @ Jas
(ii) dimc go = 1;
(111) if o and 3 are roots with o+ 3 # 0, then go and gg are orthogonal with respect to By;

() Blyxy s non-degenerate and for every linear functional o on b exists a unique H, € b
with
B(H,H,)

U =25, 11.)

VH €

and a(H,) # 0;
(v) if a« € A then —a € A and [ga, 9—a] = CHy;

(vi) if oo+ 3 # 0 then [ga, 93] = Ga+3-

A.3 Algebraic groups

We follow [Mi06].

Let k£ be a field. An algebraic group is a group defined by polynomials. Examples are
SL(V), it is defined as {A € M™*"(k)|det(A) — 1 = 0} or GL(V), which is defined as
{(A,t)|A € M™"(k),t € k : det(A)t — 1 = 0}, where M"™*™(k) denotes the vector space of
n X n-matrices over k. Since a polynomial over k is also a polynomial over a k-algebra A we
need a concretization of the definition:

Definition A.3.1. Let G be a functor of k-algebras into groups. G is an affine algebraic
group if there exists a finitely generated k-algebra A such that

G(R) = Homk:—algebra(Aa R)
is functorially in R.

To see why this definition makes sense, G be a group defined by the sets of zeros of
polynomials f1,..., f, and A be the ideal in k[X, ..., X,,] generated by the f;. Then G(R) =
Hom(k[X71,...,X,]/A, R).

By [Mi06, Ch. 3] one can embed every algebraic group in the general linear group over a
vector space V.

Example A.3.2. (i) G, is defined by the set of zeros of the zero-polynomial. G, (k) = k
as an additive group. In the above notation it is Homy (k[ X], R).
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(ii) Gy, is defined as the set of zeros of the polynomial XY — 1. Gy, (k) = k* is the
multiplicative group of k. We have G,,(R) = Homy(k[X, X ], R).

Definition A.3.3. (i) An algebraic group is a split torus if it is isomorphic to a product

of copies of G,,, and it is a torus if it becomes a split torus over the algebraic closure
of k.

(ii) Let R be a ring with 1. z € R is called unipotent, if 1 — x is nilpotent!?
(iii) A group G is solvable if there exists a chain of subgroups
G=G1DGyD...0G, =1,
such that G; is normal in G;4+1 and G;/G;41 is abelian.

(iv) The radical of an algebraic group G is the largest!4

denoted by RG.

normal solvable subgroup. It is

(v) The unipotent radical is the intersection of RG and the set of unipotent elements of G.
It is denoted by R,G.

(vi) A smooth connected algebraic group G # 1 is semisimple if it has no smooth connected
normal commutative subgroup other than the identity, and it is reductive if the only
such subgroups are tori.

Proposition A.3.4. Let k be a field of characteristic zero. FEvery algebraic group over k has

a radical and a unipotent radical.

Proof. Let H and N be normal algebraic solvable subgroups of G. Then HN is normal and
solvable. (See [Mi06, p. 94]) O

Remark A.3.5. A group is reductive if and only if its unipotent radical is zero. A reductive

group has the property that every representation decomposes in irreducible representations.

Definition A.3.6. The derived group G is the intersection of the normal algebraic sub-
groups N of G such that G/N is commutative.

Theorem A.3.7. If G is reductive, then the derived group G of G is semisimple, the
connected center Z° of G is a torus, and Z° N G is the (finite) center of G%"; moreover,
Z° .Gl =@G.

Definition A.3.8. A Levi-subgroup H has the property G = R,G x H.
Definition A.3.9. (i) A parabolic subgroup P is a subgroup, such that G/ P is projective.

(ii) A Borel subgroup is a maximal connected solvable algebraic subgroup.

Proposition A.3.10. A subgroup P is parabolic if and only if it is contained in a Borel
subgroup. FEvery parabolic subgroup can be identified with a stabilizer of a (not necessarily
complete) flag.

Lemma A.3.11. (Schur’s lemma). Let G be a group and (V, o) a irreducible complex repre-
sentation of G, then the only automorphism of this representation, i.e. vectorspace-morphisms
which commute with o(G) are complex multiples of the identity matriz.

!3ie. there exists a n € N with (1 —z)" = 0.
T argest means that it contains every other normal solvable subgroup.
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A.4 Details

Proposition A.4.1. The centralizer of a torus in a connected compact Lie group is connected.
This proposition is Corollary 4.51 in [Kn96]. The proof needs two lemmas:

Lemma A.4.2. Let A be a compact abelian Lie group. Denote by Ag its identity component.
Assume that A/Ag is cyclic. Then A has an element whose powers are dense in A.

Proof. Since Ag is connected, closed and abelian it is a compact torus, hence isomorphic to
St x ... x 8. Therefore there exists ag € Ag such that the powers are dense in Ag. Since A
is compact, the factor group A/Ay is finite (say of order V) and we can choose by assumtion
a representative b of a generating coset. Clearly b € Ay. Since Ay is a torus we can find
¢ € Ag such that bV e = ag. The closure of the powers of be contains Ay and a representative
of each coset in A/Ay, hence it contains A. O]

Lemma A.4.3. Let G be a compact connected Lie group and let S be a torus of G. If g € G
centralizes S, then there exists a torus S’ in G containing both S and g.

Proof. Let A be the closure of | J;~ . ¢"S. This is a subgroup of G, since for g"s, g™t € A
we have ¢g"s(g™t)"! = g™ "st~! € A. The identity component of Ag is closed, abelian and
connected, hence a torus. Since it is also open, the set [ ;2 ¢"Ap is open in A and it
contains (J;~ . ¢g"S. Therefore |J,__. g"Ao = A. By compactness of Ay some nonzero
power of g is in Ag. Therefore A/Ay is cyclic and by Lemma [??] we can find a € A whose
powers are dense in A. Since A is compact, we can find an element X of the Lie algebra a
of A such that a = exp X. The closure of {exptX|t € R} is a torus S’ containing A, and

therefore S and g. O

Proof of Proposition A.4.1: The centralizer of S is by the lemma above the union of tori,
hence connected.

Proposition A.4.4. Let D and D' be domains, F : D — D’ an isomorphism and denote by
jr the Jacobi determinant of F. The map o : H*(D') — H?(D) given by f + (f o F)jp is a
Hilbert space isomorphism.

Proof. The linearity is obvious. The inverse of o is give by f + (f o F~1) j;l. It exists since
F is an isomorphism, which implies the existence of F~! and j;l. The last thing to check is
that o leaves the scalar product invariant. Let f, g € H2(D):

((fo F)jrl(g o F)jr) = /D f(F(2))g(F(2))jr(2)ir(z)du(z) = . F()g(2)du(z) = (flg).

In the last step we used the fact that |jg|? is the Jacobi determinant of F regarded as a
map R?" — R2". This can be seen by writing % = a% + 18% and using the Cauchy-Riemann

differential equations. O

Proposition A.4.5. For the Bergman kernels K of D and K' of D' we have

K'(F(2), F(w))jr(2)jr(w) = K(z,w).
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Proof. Let f: D' — C in H?(D) and w € D. We have

FEw))jr(w) = (fIKpuw)ir(w) = ((f o F)jp|(Kpq, o F)ir)jr(w)
= ((f o F)jr|(Kp o F)irjr(w)),
where we applied in the first step the defrinitio of K’ on f : D’ — C. In the second step we used

Proposition A.4.4. One the other hand, if one applies the definition of K to (foF)jr : D — C,
we get

fFW))jr(w) = ((f o F)jr(w)| Kuy).

Example A.4.6.

QU

G:SU(1,1):{<Z )}a,bec, |a‘2_‘b2:1};
su(1,1) :{< z_xzz y:;ﬁ) ‘x,y,zeR};
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Proposition A.4.7. The matrices in SU(1,1) are exactly those of the form

G <)

)\aec}

3
‘?

o 2 O

SR

with a,b € C and |a|> — |b]? = 1.
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Proof. Let <Ccl b) be a matrix in SU(1,1). By definition we have

d

1 0\ [(a ¢ 1 0 (a b\ [(aa—cc ab—cd
0 —-1) \b dJ/\0o -1 c d)  \ab—cd bb—dd)’
hence
aag —cc=1 (14)
dd —bb =1 (15)
ab = cd (16)
ad — bc = 1. (17)

We have to show that ¢ = b and d = a. We multiply (14) and (15), their product is equal to
1 and we get:

(a@ — c¢)(dd — bb) = aadd — cedd — aabb + cebb = aadd — 2ccdd + ccbb
=(aa@ — c€)dd — cé(dd — bb) = dd — c¢ = 1.
We used (16) in the second step and (14) and_(15) in the last step. Again with (14) and (15)
we see with dd — ¢¢ = 1 that bb = c¢¢ and dd = aa. Therefore the absolute values of a and

d respectively b and ¢ are equal and there exist two complex numbers s; and s9 in the unit
circle such that b = sjc and d = sea. With (14) and (17) we have

ad — bc = assa — csic=1=aa — cc
and therefore
a(sqa — a) = ¢(s1c — ¢).

With (16) we get 0 = ab — cd = acs; — cass. Adding ac — ac gives
c(asy —a) = a(es; —c).

(14) can be written as |a|? — |¢|> = 1, hence a # 0. Now assume csy — ¢ # 0. Since a is
non-zero the right-hand side of the above equation is non-zere, hence the left-hand side and
we can divide by all factors of the equations. This yields

a s1c—C

c Soa — @

c
>
a

hence aa = c¢ with is a contradiction to (14). Therefore b = sjc = ¢. If ¢ is non-zero, d = a
follows from (16), if ¢ is zero, it follows from 17 and we are done. O
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