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ABSTRACT. We prove new cases of the Fontaine-Mazur conjecture, that a two di-
mensional p-adic representation p of Gg,s which is potentially semi-stable at p with
distinct Hodge-Tate weights arises from a twist of a modular eigenform of weight
k > 2. Our approach is via the Breuil-Mézard conjecture, which we prove (many
cases of) by combining a global argument with recent results of Colmez and Berger-
Breuil on the p-adic local Langlands correspondence.
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INTRODUCTION

In [FM] Fontaine and Mazur made a remarkable conjecture, predicting that
global p-adic Galois representations which are potentially semi-stable at prime di-
viding p and unramified outside finitely many places, ought to come from algebraic
geometry. For two dimensional representations, the conjecture asserts that poten-
tially semi-stable representations with odd determinant come from modular forms.
The purpose of these notes is to prove that this is so in many cases. Our methods re-
veal an intimate connection between modularity lifting theorems, the Breuil-Mézard
conjecture, and Breuil’s p-adic local Langlands correspondence.
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To state our main theorem, let p > 2, S a set of primes containing {p, oo},
Gq,s the Galois group of the maximal extension of Q unramified outside S, and
Gg, C Gg,s a decomposition group at p. We prove the following

Theorem. Let O be the ring of integers in a finite extension of Qp, having residue
field ¥, and
p:Ggs — GLy(O)
a continuous representation. Suppose that
(1) p|G@p is potentially semi-stable with distinct Hodge-Tate weights.
(2) p becomes semi-stable over an abelian extension of Qp.
(3) p: Gos 2 GLy(0) — GLy(F) is modular, and Place,) is absolutely irre-
ducible.
(4) plag, = s ;) , (wox ;) for any character x : G, — F*, where w denotes
the mod p cyclotomic character

Then (up to a twist) p is modular.

The condition (2) in the theorem can be removed, assuming a compatibility be-
tween the p-adic and classical local Langlands correspondences, which describes the
locally algebraic vectors in the p-adic unitary representation of GL2(Q),) attached
to a de Rham representation. (The precise statement is given in §1.2). This result
should, hopefully, soon be proved by Colmez. Assuming (2) it is a result of Colmez
and Berger-Breuil [Co], [BB 1]. What we prove here is the theorem assuming (1),
(3), (4) and this compatibility.

The restrictions in (4) are almost certainly not intrinsic to our method, and
should be removed in a later version of the paper. They require some extra argu-
ments which we have not included here. The restriction that p > 2 is also likely
to be unnecessary, at least in many cases (for example ﬁ|G@p irreducible) since the
p-adic Langlands correspondence, is available in this situation, unlike the usual
difficulties encountered in integral p-adic Hodge theory when p = 2.

In fact we prove the theorem in somewhat greater generality, where Q is replaced
by any totally real field in which p splits completely. Let us also remind the reader
that the hypothesis p-modular is now not so serious thanks to the work of Khare-
Wintenberger [KW] on Serre’s conjecture. For example it holds for odd p with odd
conductor.

One consequence of the theorem (using only the case when p becomes semi-
stable over an abelian extension) is a conjecture made in [Ki 4, 11.8] which gives a
construction of the eigencurve of Coleman-Mazur in purely Galois theoretic terms.

We now explain how the Breuil-Mézard conjecture and the p-adic local Langlands
correspondence enter the proof of the theorem. The first fundamental breakthrough
in the direction of the Fontaine-Mazur conjecture was made by Wiles and Taylor-
Wiles [Wi], [TW] a little over 10 years ago. They showed how one could deduce
the modularity of certain p-adic Galois representations, assuming the mod p re-
duction was modular. Subsequently a number of authors established modularity
lifting theorems for (2-dimensional) potentially Barosotti-Tate representations, and
more generally representations of small Hodge-Tate weights [Di 2], [CDT], [BCDT],
[DFG], [Ta 2]. There was also work of Skinner-Wiles establishing the conjecture
for ordinary representations [SW 1], [SW 2].

One of the themes in these papers is that in order to prove a modularity lifting
theorem one needs to show a certain local deformation ring is formally smooth (i.e. a
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power series ring). In [BCDT] the authors considered potentially Barsotti-Tate
representations, and they made a conjecture predicting when one could expect this
formal smoothness. This conjecture was later generalized by Breuil-Mézard [BM]
who predicted that pgar, the Hilbert-Samuel multiplicity of the mod p reduction of
the local deformation ring, should be given by a certain invariant pa .t which could
be computed representation theoretically.

In [Ki 2] we showed how to modify the Taylor-Wiles argument, so that it applied
when the local deformation was not formally smooth. This was used to establish a
fairly general modularity lifting theorem for potentially Barsotti-Tate Galois repre-
sentations. However, another consequence of this modification was that one could
use a global argument to show that pga > paut, and that establishing a modularity
lifting theorem was essentially equivalent to proving the reverse equality. This is
explained in §2 of this paper.

The tool which enables us to prove the reverse inequality is the p-adic local
Langlands correspondence, whose study was initiated by Breuil [Br 1], [Br 2], and
developed by Breuil, Berger and Colmez [BB 1], [BB 2|, [Co]. A key insight,
due to Colmez, is that one can construct instances of this correspondence using
Fontaine’s theory of ¢, I'-modules. The papers just cited show how to construct
unitary GL2(Q,)-representations starting with a local Galois representation which
Colmez terms trianguline. For de Rham representations, this means that the rep-
resentation becomes semi-stable over an abelian extension of Q,. In September
2005, at the Montreal conference on p-adic representations, Colmez explained a
quite general construction which associated a local Galois representation to a p-
adic unitary GLo(Q,)-representation satisfying a mild restriction. This association
works integrally, and using it we show that the local deformation rings we wish to
study act faithfully on certain GL2(Q))-representations. This leads to the required
inequality.

We first announced these results at the Montreal conference for p which become
crystalline over an abelian extension in Q,, and p absolutely irreducible at p. The
previous day Colmez had outlined his theory, attaching local Galois representations
to certain GLq2(Q))-representations. The ad hoc arguments we had in mind at
that time for proving the inequality pga < paus, immediately suggested that one
should formulate Colmez’s correspondence on the level of deformation rings for
representations of Gg, and GL2(Q,) :

O: RG‘Q‘p - RGLQ(QP)~

The advantage of this was that, thanks to the previous work of Colmez and Berger-
Breuil, one knew that the image of Spec © contained all trianguline points. A local
analogue of an argument of Gouvéa-Mazur [GM] and Bockle [B6] then showed
that these points were Zariski dense in Spec R, [1/p]. This showed that © was
injective, and its surjectivity was reduced to a calculation involving a map of Ext
groups. Colmez was soon able to carry out this calculation.

This allowed the association of a unitary GL2(Q,) representation to each Gg,-
representation, however this was not yet useful since one could not say much about
the locally algebraic vectors in the GL2(Q,) representation attached to a de Rham
representation of Gg,. On the other hand just the existence of Colmez’s functor
made possible the application of our method to cases where p was reducible at p,
and greatly simplified the arguments. Then, to our surprise, about a month after
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the conference Colmez informed us that it ought to be possible to prove that the
locally algebraic vectors were of the right kind.

Finally, let us mention that using Colmez’s correspondence, and especially the
isomorphism ©, Emerton has found an alternative approach to the Fontaine-Mazur
conjecture (at least in many cases). His method has as a consequence a stronger
version of the conjecture made in [Ki 4, 11.8], which we only dared raise as a question
[Ki 4, 11.7(2)]. Namely that a two dimensional representation of Gg,s which is
trianguline at p arises (up to twist) from an overconvergent modular eigenform.

Acknowledgment: Our debt to the work of Christophe Breuil and Pierre
Colmez will be obvious to the reader. We would like to them, as well as Matthew
Emerton for useful conversations and correspondence.

§1 BREUIL-MEZARD CONJECTURE AND THE p-ADIC LOCAL LANGLANDS.

(1.0) Notation: Throughout p will denote an odd prime. We denote by Q, an
algebraic closure of Q, and we write Gg, = Gal(Q,/Q,) and Iy, C Gq, for the
inertia subgroup. We will write xcyc : Gg, — Z,, for the cyclotomic character.

We denote by Z, the ring of integers of Q,, and by F, the residue field of Z,.
Let ng - @p denote the maximal abelian extension of Q,. Local class field theory
gives an inclusion Q¥ C Gal(Qa"/Q,) normalized to take uniformizers to geometric
Frobenius. This allows us to consider characters of G, as characters of Q.

(1.1) The Breuil-Mézard conjecture: Let E/Q, be a finite extension, and
V a finite dimensional E-vector of dimension d, equipped with a continuous action
of GQP'

Suppose that V is potentially semi-stable in the sense of Fontaine [Fo]. Attached
to V is d-dimensional Q,-representation of the Weil-Deligne group WDq, of Q,.
Given a representation 7 : Iy, — GL4(Qj) with open kernel, we say that V is of
type T if the restriction to Ig, of the associated Weil-Deligne group representation
is equivalent to 7. This is possible only if 7 extends to a representation of the Weil
group of Q,,. Such 7 are said to be of Galois type.

Now let F C F,, be a subfield. Fix a continuous representation

p: G, — GLo(F),

and fix 7 as above, with d = 2. We also fix an integer k¥ > 2. When End g, jp =F p
admits a universal deformation ring R(p). In [BM] Breuil-Mézard conjectured that
the deformations of p to characteristic 0 which are of type 7 and with Hodge-Tate
weights 0 and &k — 1 are parameterized by a quotient R(k, 7, p). Moreover, they gave
a conjectural formula for the Hilbert-Samuel multiplicity of R(k, T, p)/pR(k, T, p) in
terms of certain representation theoretic data attached to the triple (k, 7, p).

We will recall this conjecture below. In fact we will define the corresponding
invariant in all cases, not just those when p has trivial endomorphisms. Before
giving this definition, we recall a result from [Ki 1], which establishes the existence
and basic properties of the ring R(k, 7, p). In fact it will be more convenient to work
with representations of fixed determinant.

Let Vi denote the underlying F-vector space of p. Recall that the universal framed
deformation ring RY(p) of p is the ring representing the functor which to a local
Artin ring A with residue field T, attaches the set of isomorphism classes of a
deformation V4 of p to A, together with a lifting to V4 of some fixed choice of basis
for V.
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We also fix a finite, totally ramified extension E/W (F)[1/p] with ring of integers
O and a uniformizer 7 € O such that 7 factors through GLy(F), and a character
Y Gg, — OX. For E'/E a finite extension we will denote by Op the ring of
integers of E’, and by 7/ a uniformizer of E’.

Proposition (1.1.1). There exists a unique (possibly trivial) quotient RP¥ (k, T, p)
of RP(p) Qw ) O with the following properties.

(1) RP¥(k,,p) is p-torsion free, RO¥(k,1,p)[1/p] is reduced and all its com-
ponents are 5-dimensional.

(2) If E'/E is a finite extension, then a map = : R2(p) — E' factors through
REY(k,7,p) if and only if the corresponding E’-representation V, is po-
tentially semi-stable of type T, with Hodge-Tate weights 0 and k — 1 and
determinant Yy where x denotes the p-adic cyclotomic character.

If p has only scalar endomorphisms, then there exists a quotient RY (k,T,p) of R(p)
with analogous properties, except that the dimension in (1) is 2 rather than 5.

(1.1.2) If E is not a finite extension of Q,,, then the meaning of the condition that

V. is potentially semi-stable of type 7 may not be completely clear. There are two

ways to address this problem. The first is to extend the usual constructions of p-adic

Hodge theory to representations over finite extensions of W(F)[1/p]. When taking
tensor product of V,, with B.,is one should then take completed tensor product

Vo®q, Beris := Ui»oVa®g,t " BY,

cris?

while the tensor product of V,, with Bt = Beyis[¢u] should be defined by tensoring
the above by ®p.,,. Bst-

The second way, is to note that p is defined over a finite subfield F” C F, and
that 7 and ¢ are defined over a finite extension E” of W(F")[1/p]. Let O~ be
the ring of integers of E”. Applying the above proposition one obtains a complete
local Opr algebra R¥O(k,7,5)"”. Then one can define V, in (2) to be potentially
semi-stable of type 7 if and only if 2 induces an E’ valued point of RY'B(k, 7, 5)".

Using the results of [Ki 1] one can show that these two definitions give equivalent
notions of potentially semi-stable representations of type 7. The cautious reader can
simply adopt the second definition here.

(1.1.3) Suppose that 7 : Iy, — GL2(E) is of Galois type. In the appendix to
[BM] Henniart shows that there is a unique finite dimensional Q,-representation
o(r) of GLa(Z,), with open kernel, such that if 7 is any extension of Ig, to a
representation of WDgq,,, and 7 is the smooth representation of GL2(Q,) associated
to 7 by the local Langlands correspondence, then 7|gL,(z,) contains o (7).

We may assume that o(7) is defined over E, (increasing E if necessary). Fol-
lowing [BM], we set o(k,7) = o(7) ® Sym*~2E2. This is a finite dimensional
representation of the compact group GL2(Z,), and hence it contains a GLa(Z,)-
stable O-lattice Ly ..

Now any irreducible, finite dimensional representation of GL2(Z,) on an F-vector
space is isomorphic to 0, , = Sym"F ® det™ where n € {0,1,...,p — 1} and
m € {0,1,...p — 2}. (Note that such a representation necessarily factors through
GL3(F,), since the normal subgroup ker (GL3(Z,) — GL2(F,)) is a pro-p group,
and hence has a fixed vector). Then we have

(Liyr)™ ®0 F = @y motm™
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where n and m run over the same ranges explained above.
We set
Paut = pau(k, 7, p) = Z a(n, m)ﬂn,m (p)
n,m
where pi, m(p) € {0,1,2} will be defined below.

(1.1.4) For i a positive integer, we denote by w; : Iy, — F; the fundamental
character of level 7, and we write w = w;. Recall that if Q,: denotes the unramified
extension of ), of degree ¢, and Z,: denotes the ring of integers of Q,:, then w; is
obtained by composing the maps

Iy, < I, 2% — F

where the second map is given by local class field theory normalized as in (1.0). We
extend the map Z;,L- — I_F; to Q;,-, by sending p to 1, and view w; as a character if
G, via the class field theory isomorphism. In particular w = w; is then the mod
p cyclotomic character.

Suppose first that p is absolutely irreducible. For (n,m) € {0,1,...,p — 1} x
{0,1,...p — 2} we set fin m(p) =1if

wn+1

_ 0
2 m
Plrg, ~ ( 0 w;’("“)) Qw

and pn m(p) = 0 otherwise. Note that for a given p, there are exactly two pairs
(n,m) such that p, m(p) # 0. B B
Suppose now that p is reducible. For A € F), we denote by pux : Gg, — F)
the unramified character sending the geometric Frobenius to A\. We set py, 1, (p) = 0
unless »
= W m
P ( 0 3\ ) ®w
for \, M € ]F;, in which case we set
(1) pnm(p) = 2 if A = X, x is peu ramifié (including the case * trivial) and
n=p-—1.
(2) pnm(p) =0if A =N, « is trés ramifié, and n = 0.
(3) pin,m(p) =1 otherwise
The following conjecture generalizes the Breuil-Mézard conjecture to the case
when p has non-trivial endomorphisms. It is the crux of out approach to the
Fontaine-Mazur conjecture, explained in the introduction, and we will prove most
cases of it.

Conjecture (1.1.5). The Hilbert-Samuel multiplicity of RP¥ (k, T, p)/(7) is equal
to pAut-

(1.2) Review of Colmez’s functor: We review some results of Colmez which
allow one to attach a Galois representations to certain representations of GLy(Q)).
We begin by recalling the definition of some mod p GL2(Q,) representations studied
by Barthel-Livne and Breuil.

From now on we assume that F = F,,.

(1.2.1) Write G = GL2(Q,), K = GL2(Z,) and denote by Z the center of
GL2(Qp). If o is any representation of KZ on a finite dimensional F-vector space
V., then we denote by I(0) = Ind% ,o the compact induction of o.
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Recall [BL, Prop. 5] that I(o) has a natural action by the algebra of K Z-bi-
invariant functions ¢ : G — End gV,. That is, the functions ¢ satisfying ¢(hghs) =
o(h1)e(g1)o(hs), for all g € G, and hy, he € KZ acts on I(0). Explicitly, if f € I(o)
then this action is given by [BL, Prop. 5].

o) = Y. ey Hfw= Y. Wiy .

KZyeKZ\G yKZeG/KZ

Next we regard F? as a representation of K Z with GL2(Z,) acting in the natural
way via then map GL2(Z,) — GL2(F,), and the element p € Z acting trivially.
Let r € [0,p — 1] be a non-negative integer, and set ¢ = Sym”F. Denote by T' the
endomorphism of I(o) corresponding to the K Z-bi-invariant function which is sup-

ported on the double coset K Z [1 0 } K Z and takes [1 0

0p-1 0p-1 } to the endomorphism

Sym” [g ﬂ . According to [BL, Prop. 8] F[T] is the full endomorphism algebra of
I(0).

Let x : Q; — F* be a character, and A € F. For z € F we denote by p, : Q —
[ the unramified character sending p € Q; to z.

We set w(r, A\, x) = I(0)/(T — M)I(0) ® x odet. The structure of these represen-
tations is given by the following result [BL, Thm. 30, Cor. 36], [Br 1, Thm. 1.1,
1.3], where Sp denotes the space of F-valued, locally constant functions on P'(Q,),
modulo the space of constant functions.

Proposition (1.2.2).

(1) w(r, A, x) is irreducible unless (r,A) € {(0,£1), (p — 1,£1)}.

(2) If (r,A) = (0,%1) then w(r, A, x) is a non-trivial extension of xp+1 o det by
Xpt+1 © det ®@Sp .

3) If (r,\) = (p—1,%1) then m(p—1, A\, x) is a non-trivial extension of xp+1 ©
det ®@Sp by xp41 o det.

(4) If (ryx, A) and (r',x', N) are two such triples then there exists an isomor-
phism

m(r A, x) — 7 (', N, X)

exactly in the following cases:

(i) r=r', orand {x', N} is {x, A\} or {xp—1,—A}.
(it) A\=0,7"=p—1—7r and X' € {xw", xw" t_1}.
(iii) {r,r'} ={0,p— 1}, A #£ £1, and {x', N} is {x, A} or {xp_1,—A}.

(1.2.3) Let II be a representation of GL2(Q)) on a W (F)-module. If IT has finite
length, we say that II is admissible if each of its Jordan-Holder factors has a central
character.

If IT has finite length then it is a W, (IF)-module for some n > 1, and the admissi-
bility condition implies that the Jordan-Hélder factors of II are either 1-dimensional,
or an infinite dimensional subquotient of some 7(r, A, x) [Br 1, 1.2].

We have the following result of Colmez.

Theorem (1.2.4). There exists an exact contravariant functor V* from the cat-
egory finite length, admissible GL2(Q))-representations to the category of finite
length representations of W(F)[Gq,]. Moreover, we have

(1) V*(II) = 0 if IT is 1-dimensional
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(2) V¥(xr(r,\x)) = Xpi if X # 0.
(3) V*(n(r,0,x)) = Ind¢” wp™ @ x.

(1.2.5) It will often be more convenient to use a covariant functor. For this,
suppose we fix a character Gg, — O as before, which we regard as a character
of Q, via local class field theory. Suppose that II is a finite length O[GL2(Q,)]-
module, which is admissible as a W (F)[1/p]-module. Then we define V,(II) =
(V*(II))* (Xeyc®) where V*(II)* denotes the Pontryagin dual of the finite length O-
module V*(IT). We will typically only use this functor when II has central character
1. The formulas (2) and (3) of (1.2.4) then become

(1) Vy(m(r, A x)) =™ pax if A # 0.

G s
() Vo(r(r,0,)) = Indg w3 @ x.

where in each case ¥ = w”x? is the central character of the representation to which
the functor V;, is being applied.

Suppose now that II is a representation of GL2(Q,) on a W (FF)-module and set
II,, = T ®z Z/p"™. Suppose that II is p-adically complete and separated, so that
IT = limII,,, and that for each n II, is of finite length and admissible. We set
Vy(II) = limV,(II,,). Since admissible representations have finite length inverse
limits in this category are exact, so one sees that Vi (II)/pVy (II) = Vi (II1), and
in particular that Vi (II) is a finitely generated W (IF)-module, since it is p-adically
separated. We call such a representation Il an admissible lattice. If it carries the
structure of an O-module, we call it an admissible O-lattice.

The following result should, hopefully, soon be proved by Colmez. For trianguline
representations it is proved in [Co] and [BB 1]. In the rest of the paper, we proceed
as if (1.2.6) is known. The reader who wishes to remain on completely firm ground
can assume that we deal only with representations which become semi-stable over
an abelian extension of Q,. This corresponds to the representation 7 in (1.1) being
abelian.

Expectation/Theorem (1.2.6). Let E'/E be a finite extension and V a 2-
dimensional E'-vector space equipped with a continuous action of Gq,. Suppose
that V' is potentially semi-stable of type T with Hodge-Tate weights 0,k —1 (k > 2)
and that det V = 9x.

Then there exists an admissible Op -lattice I1 with central character ¥ such that
Vyp(II) @z, Qp — V. If I is another such lattice, then there exists a continuous
isomorphism of E'|[GLy(Q,)]-modules II' @z, Q, AR ) | ®z, Qp.

Moreover, there exists a GLa(Zy)-equivariant inclusion o(k,7) — I @z, Q.

(1.3) Hilbert-Samuel multiplicities: Suppose that A is a Noetherian local
ring with maximal ideal m and M a finite A-module. There is a polynomial P5}(X)
such that P{j(n) is equal to the length of M/m"*!M for sufficiently large integers
n.

If A has dimension d, then PA“}[ has degree at most d, and the Hilbert-Samuel
multiplicity e(M, A) of M is defined to be d! times the coefficient of X¢ in Pf}.

Suppose now that G is a group, and that M is equipped with an action of
G. Let a be a collection of irreducible representations of G on finite dimensional
A/m-vector spaces. Then instead of considering the length of M/m"*1M one can
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consider the number of Jordan-Holder factors of M/m"*1M as an A[G]-module,
which are isomorphic to an element of aw. We denote this number by X‘f/j)a(n).

Proposition (1.3.1). There is a polynomial P]\‘/‘LCy of degree at most d such that
for sufficiently large n such that Xﬁ,a(”) = PA’L}IYQ (n) for sufficiently large positive
integers n. Moreover the coefficient of X¢ in PA‘L}[,Q has the form e, (M, A)/d! where
ea(M, A) is a non-negative integer.

Proof. The proof is identical to the standard result for G trivial [Ma, §13]. Note

that one only has to show that PA‘L}[,Q as above, of some degree exists, since the
bound on the degree follows from the case when G is trivial. [

Proposition (1.3.2). If
0—-M —-M-—->M'—-0
is an exact sequence of A[G]-modules which are finite over A, then we have

ea(M7 A) = eoz(M,vA) + eoz(M//vA)

Proof. The proof with G trivial goes over unchanged [Ma, Thm. 14.6] O
Proposition (1.3.3). Let f: M — M’ be an inclusion of A-finite A[G]-modules,
and x € A such that M and M’ have no z-torsion.

(1) If f is an inclusion then
ea(M/xM,AjzA) < eo(M'JxM' Az A).

(2) If f is an isomorphism at all the generic points of Spec A, then
ea(M/xM,AjzA) = eo(M'JxM' AT A).

Proof. Let P = ker(f). If p € Spec A/xz C Spec A is a minimal prime of A/x,
such that A/p has dimension d — 1, then then P, = 0, for otherwise p would be
an associated prime of P, [Ma, Thm. 6.5] and = € p would be a zero divisor of M.
Hence ey (P/xP, A/xA) = 0, and we may replace M by its image in M’ in (2).

Next let @ C M'/M be the submodule consisting of elements which are killed
by some power of 2. Choose i > 0 so that z* kills Q. The sequence

and (1.3.2) shows that

ea(Qlz], A/zA) = ea(Q[z], A/2' A) = €a(Q/2Q, A/2' A) = €a(Q/2Q, A/zA).
Hence, if M" denotes the preimage of @ in M”, then using (1.3.2) we see that
ea(M/xM,A/xA) = eq(M" JxM", A/xA). Hence we may replace M by M’ and
assume that M’/M is x-torsion free.

Now (1) follows from (1.3.2), and the same argument as in the first paragraph
shows that under the hypothesis of (2), e (M'/(M +2M’), A/zA) = 0, so (2) also
follows [

(1.3.4) We now return to the situation without the action of a group. If ¢ C A
is any m-primary ideal, and M is a finite A-module, then there is a polynomial P,
of degree at most d such that the length of M/q" ™! M is given by Py(n). As above,
we write eq(M, A) for d! times the leading coefficient of P,. If M = A we write
simply eq(A) for eq(A4, A). If ¢ = m we sometimes abbreviate eq(A) to e(A).
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Proposition (1.3.5). Let f: (A,m) — (B,n) be a local map of Noetherian com-
plete local Tings such that

(1.3.6) dimB = dimA + dimB/mB.
Then
(1.3.7) en(B) < em(A)en/mB(B/mB).

Proof. We first reduce to the case where A has infinite residue field. Suppose A/m is
finite. Let By C B be a coefficient ring for B [Ma, Thm. 29.3]. So By — B/n if B
has equal characteristic p > 0, and B is a discrete valuation ring with uniformizer
p, and By/pBy — B/n, if B has mixed characteristic. Since A/m is finite A
contains a unique coefficient ring Ay, which maps to By. One checks easily that
replacing A by the m-adic completion of A ® 4, By does not change either side of
(1.3.7). In particular, we may assume that A and B have the same residue field.

If By/pBy is a finite field, let x’ be an algebraic closure of By/pBy. Again, one
sees easily that replacing A by the m-adic completion of A ® 4, W (k') and B by
the n-adic completion of B ® g, W (k') does not change either side (1.3.7). Thus,
we may assume that A and B have infinite residue fields.

We now prove the proposition by induction on dimA. Suppose first that dimA =
0, so that A is an Artin ring, and ey (A) is its length. We prove the inequality
by induction on the length of A. If this is 1, then A is a field, and there is noting
to prove. Let I C A be an ideal such that mI = 0. Then using the induction
hypothesis, and (1.3.2), we have

en(B) <en(I ®4 B, B) +en(B/1,B) = ea(! @A/m B/m,B) + en(B/I, B)
< (dimajm] + em/1(A/T))en/mp(B/m) = em(A)en/mp(B/m).

Suppose that dimA > 0. Let 0 = N{_;q; be a minimal primary decomposition
of {0} C A, where the radicals p; = r(q;) satisfy dimA/p; = dimA if and only if
1 < ¢ < m for some m < n. Let I = N,q;. By (1.3.3) (applied with G = 1)
replacing A by A/I does not change the right hand side of (1.3.7), and (1.3.6)
implies that replacing B by B/IB does not change the left hand side of (1.3.7)
[Ma, Thm. 15.1]. Thus we may assume that A has no embedded primes, and that
for each minimal prime p; of A the quotient A/p; has dimension equal to dimA.

By [Ma, Thm. 14.14], since A/m is infinite, there is a m-primary ideal ¢ C A
such that m™*! = gm” for some r > 0, (an ideal q with this property is called a
reduction of m) and q is generated by a sequence of parameters x1,...xz4 for A.
The condition (1.3.6) implies that z1,...,z4 extends to a sequence of parameters
of B, which implies that

(1.3.8) en(B) < en/z,B(B/1B)

by [Ma, Thm. 14.9].

None of the x; can be a zero-divisor, since otherwise we would have x; € p; for
a minimal prime p,, and dimA/z;A > dimA/p, = dimA, which is impossible [Ma,
Thm. 13.6]. Hence if we set © = 1, then

em(A) = eq(A) = eq/za(A/TA) = em/za(A/TA)
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where the second equality follows from [Ma, Thm. 14.11] and the fact that  is not
a zero divisor, while the other two equalities follow from [Ma, Thm. 14.13] since q
and q/xA are reductions of m and m/x A respectively. Finally, we have

en(B) < en/z5(B/1B) < emjpa(A/rA)en/mp(B/mB) = em(A)en/mp(B/mB),

where in the second inequality we have used the induction hypothesis applied to
A/x A, which we saw above has dimension < dimA. 0O

Proposition (1.3.9). Let k be a field and (A1, my) and (As, mg) Noetherian, com-
plete local k-algebras with residue field k. Write n for the radical of B = A1®,As.
Then

en(B) =€m, (Al)emz (AQ)

Proof. We repeat the proof of (1.3.5) with A = A;. As in (1.3.5), we may assume
that x is infinite. If dimA; = 0, then since B is flat over A7, one sees by induction
on the length of A;, that

eﬂ(B) = €m, (A)en/mlB(B/mlB) = €m, (Al)emz (AQ)

Suppose that d = dimA4; > 0. As in the proof of (1.3.5), we may assume that
dimA; /p = dimA;, for any minimal prime p C A;. Let g1 C my and g2 C my be
reductions of m; and my respectively, which are generated by systems of parameters:
q1 = (21,...24) and g2 = (Y1, ..., ¥e). f m ™ = qym] and m§™' = gom3 then

n st = (my B 4+ myB) Tt

C ql(mlB + mgB)”S + qg(mlB + m2_B)T+S = (CI1B + qQB)nT“

0 q = q1 B+ q2B is a reduction of n. Now x = z; is a not a zero divisor in Ay, and
hence it is not a zero divisor in A; ®, As/m for any j > 1, or in B. Thus using
[Ma, Thm 14.11] we find

en(B) = eq(B) = eq/28(B/xB) = en/,53(B/xB).

Thus (1.3.8) is an equality in this context. Arguing exactly as in the last part of
of the proof of (1.3.5) now proves that e,(B) = em, (41)em,(A42) by induction on
d. O

(1.4) Deformation rings and pseudo-deformation rings: In this subsec-
tion we compare deformation rings of Galois representations with the corresponding
pseudo-deformation ring.

(1.4.1) Let G be a group and R a commutative ring with 1. Recall [Ta 1, §1]
that a pseudo-representation of G over R of dimension d is a function T': G — R
such that T has the following properties of the trace of a representation of G on a
finite free R-module.

(1) T(1) =d

(2) T(9192) = T(g291) for g1,92 € G.

(3) Zaesd+1 e(0)To(91,---,9d+1) = 0 for ¢1,...ga+1 € G, where Syq1 is the
symmetric group on d + 1 letters, £(o) denotes the sign of o, and if ¢ has
the cycle decomposition

g P . . .
(2%72%7...,211“)(2%,...,zé"’)...(z}na,...,zma")
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then T, : G4t — R is the function

. . ; s ; .
(91, -+, 9d+1) — T(z%...z’fl)T(zg...zé"’)...T(z}m cime ).

If A — A is a surjection of rings, and T4 : G — A’ is a pseudo-character,
then by a deformation of T)4» to A we mean a lifting of T4» to an A-valued pseudo-
character. If T' is a pseudo-representation of G over R, then we may regard T as
map R[G] — R by linearity.

In the following we shall work with a profinite, finitely topologically generated
group G. Let k be a topological field. If x is discrete and has characteristic p > 0,
then we set W equal either to k or to a Cohen ring for x. In all other cases, we set
W = k.

Suppose that T, : G — k is a continuous pseudo-representation of dimension d.
For a local Artinian W-algebra A with residue field k, denote by D%i (A) the set of
continuous deformations of T,, to A.

Lemma (1.4.2). D%i is (pro-)represented by a Noetherian, complete local W -
algebra Rip .

Proof. By [Ta 1, Thm. 1] there is a finite subset S C G such that a continuous
pseudo-representation of GG is determined by its values on S. This implies that the
tangent space Diy (r[e]) is finite dimensional over . The lemma now follows directly
from Grothendieck’s representability criterion [Maz, §18]. O

Lemma (1.4.3). Let V, be a finite dimensional k-vector space equipped with a
continuous action of G such that End Vi, = k. Let Ry, denote the universal
deformation ring of V., and T, the pseudo-deformation corresponding to V. Let

0 : Rg«i — Ry,

denote the map induced by sending a G-representation to its trace.

(1) If V, is absolutely irreducible, the 6 is an isomorphism.

(2) If char k # 2, Vi is a non-trivial extension of wy by wo for two distinct
character wy and we of G, and EXt}@[G] (w1,ws) is 1-dimensional over k,
then 0 is a surjection.

Proof. (1) follows from a result of Nyssen [Ny]. To prove (2) we shall adapt an
argument of Carayol which applies when Vj; is absolutely irreducible [Ca, Thm. 1].

It suffices to show that 6 induces a surjection on tangent spaces. For this, fix
a basis of V; such that the resulting representation p : k[G] — GLa(k) is upper
triangular. Let A = k[e]/e® denote the dual numbers over r, and suppose that
p : A[G] — GL2(A) is a deformation of p, which satisfies trp(c) = trp(o) for
o € A[G]. Write p(0) = p(0) + A(o) where A(o) € Ma(ek). Since p is a ring map.
one sees that

tr(p(o1)A(o2) + A(o1)p(02)) = tr(A(o102)) =0

for 01,09 € k[G]. Taking o1 € ker p we see that tr(A(oy)p(o2)) = 0 for all o3 € K[G].
Our hypotheses imply that p(k[G]) consists of all upper triangular matrices in

My(k), so A(o1) has the form (8 3) .
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Now for o € A[G] write A(o) = (38)) _%Z;) ¢, and p(o) = (a(og) ZEZ%) o

satisfies p(o) = ((1] 8) or (8 (1)) computing the trace of A(o0?) shows that a(o) = 0.

Choose oy € A[G] so that p(og) = (8 (1)) . Then the calculations above show that

for any o € A[G] a(o) = a(og)b(c). Hence after replacing p by UpU~!, where
U= a(io) (1) we may assume that a(o) = 0 for all o € A[G].

But now o — b(o) + B(0) gives a F[e]*-valued cocycle corresponding to an
extension of wy by wsy. Since Ext]lF[G] (w1, ws) is 1-dimensional, this cocycle vanishes
on ker p, and so A vanishes on the kernel of p. We can now conclude as in Carayol’s
argument: A corresponds to a derivation of p(x[G]), which is necessarily inner, and
this shows that p is equivalent to p. O

Corollary (1.4.4). Suppose that G = Gq,, and x C F,, and that V is as in (1.4.3)
and satisfies one of the conditions (1) or (2). Then the map

(1.4.5) (RE[1/p))! — (Ry, [1/p])™?

induced by 6 is an isomorphism.

Proof. When V,; satisfies (1.4.3)(1), there is nothing to show. Suppose that it
satisfies (1.4.3)(2). Note that (1.4.5) is a surjection between reduced Jacobson
rings, and so it suffices to check that induces a surjection on closed points. If
E/W[1/p] is a finite extension, and 2 an E-valued point of (R} [1/p])*?, then
after replacing F by a finite extension, we may assume that x corresponds to a
G-representation V.

Let O denote the ring of integers of E, and 7 a uniformiser. If V,, is absolutely
irreducible, then it contains a lattice whose reduction mod g is an extension of
wi by wy, and so x corresponds to a point of Ry, . If V, is reducible, then it is
an extension of two characters @; and @ lifting w; and ws respectively. Now any
extension of Wy by @ gives rise to the pseudo-representation corresponding to x.
Thinking of @; and @2 as O -valued characters, consider the map

EXt}?E[GQP]@l’QQ) - EXt}c[GQp](wla wa).

Since the right hand side is a finitely generated Og-module, the image of this map
is non-zero, and hence it is surjective. It follows that we may assume that V, has
a lattice which gives rise to V,;, which again shows that x is induced by a point of
Ry,.. O

Corollary (1.4.6). Let Ty be a two dimensional pseudo-representation of G,
over F and assume that T is either irreducible, or a sum of two distinct pseudo-
representations of dimension 1, given by F*-valued characters wi and wo of Gq,.
If p =3 assume also that w1w2_1 # w.

Denote by R} the image of Ry in (RY;[1/p])™?. Then there is a finite free
R%;’O—module M of rank 2, equipped with a continuous action of Gg,, such that for
o € Gg, the trace of o on M s given by T(0) € RY°.

Proof. This follows from (1.4.4) once we remark that, w; and wy are distinct, then
Extlc% (w1,w2) is one dimensional, provided that wow; ! is not the mod p cyclotomic
character. Since we can exchange the roles of wy and ws, the only case in which

(1.4.4) does not apply is when wow; ' = w = w™!, which can happen only if p =
3. 0
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Proposition (1.4.7). Suppose wy,ws : Go, — F* are two F-valued characters
such that wlwgl ¢ {w,w‘l, 1}, let Vi = wy @wa and denote by Ty the corresponding
pseudo-representation. Write R‘D,F for the universal framed deformation ring of Vi
as in (1.1), and mg, and my;, for the radicals of R%i and Ry, respectively. Then

(1) dimRY, = dimR¥; + dimR{] /m7, RY..
(2) dimRY /mp, Ry = 3.
(3) e(Ry, /mrRY)) = 2.

Proof. A standard cohomological calculation shows that dimRDF = 8 (cf. [Ki 2,
2.3.4]), and using (1.4.3) and (1.4.6), one obtains in a similar way that dimR7; = 5.

Hence we need to show that R = R":/’F /mTlFREF is 3-dimensional, and that if m
denotes its maximal ideal then ey (R) = 2.

Now consider the functor which to a local F-algebra, with residue field F assigns
the set of framed deformations V4 of V& to A, such that Vy is an extension of wo
by wy (viewed as A-valued characters). Since wy # ws, there is a unique finite free,
rank 1 A-submodule L4 C V4 on which GQp acts via wy. Using this, one sees easily
that this functor is representable by a complete local F-algebra R,,,. We define in
a similar way a complete local F-algebra R,,,. Since

HQ(GQp,wlwz_l) = HQ(GQp,wal_l) =0,

R,, and R,, are formally smooth, and since the space of extensions of wy by w;
(resp. wy by ws) is 1-dimensional one finds that

dimR,, = dimR,, = 3.

Now let Vi denote the tautological framed deformation of Vg to R. Let p be a
minimal prime of R, and (p) the residue field of p. Write V), = VR @ g R/p. Then
(VRr/p)r(p) has semi-simplification wy © wy. Suppose that (Vz/,)r(p) is an extension
of wy by wi. We claim that p is induced by a prime of R,,,. To see this, for any
F[Gg,]-module M and i = 1,2 write M[w;] C M for the submodule on which Gg,
acts by w;. Then Vg ,lwi] has R/p-rank 1, and Gg, acts on Vg,,/(Vg/plwi]) via
wy. Since Vi/p/(Vr/p, [w1]) ®r R/m is a quotient of Vg ®g R/m, it follows that it
is one dimensional over F, so that Vg, /(Vg/p[w1]) is a free R/p-module of rank 1,
and the same argument now shows that Vg, is free of rank 1 over R/p.

This shows that p contains the kernel of R — R,,,. Now since p is a minimal
prime of R, Vy is a non-trivial extension of wy by wi. By (1.4.3), applied with
k = K(p), any deformation of (Vg/p).(p) which induces a trivial deformation on
pseudo-representations is trivial. Hence R — R,,, is an isomorphism at p.

It follows that the map

R — R, ® Ry,

is an isomorphism at the minimal primes of R, so R is 3-dimensional. Since we have
already seen that R, and R, are formally smooth we find (cf. [Ma, Thm. 14.7])

em(R) = em(Ry,, R) + em(Ry,, R) = 2.
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(1.5) GL2(Qp)-representations mod p: In this subsection we study certain
(pro-)finite length, admissible GLy(Q,)-representation built out of irreducible mod
GL3(Z,)-representations, and the Galois representations obtained from them by
applying the functor Vj, introduced in (1.2).

(1.5.1) Asin (1.2), fix an integer r € [0, p—1], and we consider the representation
o = Sym"F? of KZ obtained by letting p € K act trivially. We also fix a character
x : Q) — F*, and an element A € F.

The operator T introduced in (1.2.1) acts on I(0) = Ind% ,Sym"F? and hence
on I, (0) =I(o) ® x o det. We set

I(r, A, x) = lim I (o) /(T = A)" I ()

The GL2(Qp)-representation II(r, A, x) is naturally a module of F[S], where S
acts on I, (0)/(T — A\)"I (o) by T — X\. We will sometimes write T — X for S. As
mentioned in (1.2.5), inverse limits on the category of admissible representations
are exact. In particular one sees that II(r, X, x)/(T — \)" — I (0)/(T — \)". The
list of possibilities for 7(r, A x) = I(r, A\, x)/(T — A) is given in (1.2.2).

Denote by 1 the central character of I, (¢) (and hence also of II(r, A, x)).

Lemma (1.5.2). Let
Vo (I(r, A, X)) = Wm Ve (I (0) /(T =A)" I () = LV (I(r, A, )/ (T=A)"11(r, A, x))

Then Vy(I(r, X, x)) is a finite free F[S]-module which has rank 1 if X # 0 and has
rank 2 if A =0.

Proof. Let i = 1if A # 0 and 2 if A = 0. The exactness of V;, and (1.2.4) implies
that

Vw(H(T’ A, X))/SV¢(H(’I‘, A, X)) - Vw (71'(7“, A, X))

has F-dimension ¢, and hence one sees that there is a surjection
F[S]'/S™ — Vi (IL(r, X, x) /(= A)"IL(r, A, X))

Since I, () has no T'— A torsion (this is easily seen using the fact that the functions
in I, (o) are compactly supported), II(r, A, x)/(m — A)"II(r, A, x) has a filtration of
length n where the associated graded pieces are isomorphic to m(r, A, x). Hence
Vi (IL(r, A, x)/(m — X)™I(r, A, x)) has length n by (1.2.4), and this surjection is an
isomorphism. The lemma follows by passing to the limit over n. [

Lemma (1.5.3). V,(II(r,0,x)) is a deformation to F[T] of the absolutely irre-
ducible 2-dimensional F-representation Vi (7(r,0,x)) of Gq,. If R denotes the uni-
versal deformation ring of this representation, then the map R — F[T7] is surjective.

Proof. Tt suffices to consider the case when y is trivial. We first consider the case
when r € [0,p — 2]. Let E be a finite extension of W (F)[1/p], with ring of integers
O and uniformizer 7g, and let E(T) € W(F)[T] be the Eisenstein polynomial of
wg. Write e = [E : W(F)[1/p]].

Consider Sym"W (F)? viewed as a K Z-module, by letting p € KZ act trivially.
The compact induction Ind% ,Sym” W (F)? is a W (F)[T]-module, where T acts via
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the K Z-bivariant function on Sym”W (FF)? which is supported on KZ and takes
[1 01] to Sym” [(1) 2] (cf. 1.2.1). Then [Br 2, Prop. 3.3.3] asserts that

0p~
(1.5.4) (Ind$ ,Sym" W (F)?)/(E(T)) = (Ind$ ,Sym"0?)/(T — 7g)

is p-torsion free, and that its reduction modulo g is isomorphic to w(r,0,1).
Let 1) denote the central character of (1.5.4). (So % corresponds via class field
theory to ng+cl.) By [BB 1, Thm. 4.3.1, 5.3.2] taking the p-adic completion of
Ind$ ,Sym" W (F)2/(E(T)) and applying V;; vields a lattice in a two dimensional,
crystalline E-representation V., of Gg,, having Hodge-Tate weights 0, r + 1. More-
over, if D} ;.(Vz,) denotes the weakly admissible module contravariantly associated
to Vi, then the trace of the Frobenius ¢ on D} (V) is equal to 7.

Let R%"+! denote the quotient of R corresponding to crystalline deformations
having Hodge-Tate weights 0, 7+ 1. Suppose that A is any finite local W (F)-algebra,
and consider a map of W (F)-algebras 6 : R%"*1 — A. Denote by V4 the correspond-
ing A-representation of Gg,. The theory of Fontaine-Laffaille [FL] implies that there
is an element a, € R®" ™! such that for any A and 6 as above, the trace of ¢ on
Deis(V}) is equal to 6(ap). Here V denotes the A-dual of Vj4.

Now the reduction of (1.5.4) modulo p is

Ind% ,Sym"F?/T¢ =5 T1(r,0,1)/T°TI(r, 0, 1).

It follows that R — F[T¢] factors through the quotient R%"*! and sends a, to T
Since this is true for any e, the lemma follows when r € [0,p — 2]. When r =p —1
it follows from the case r = 0 and (1.5.5) below. O

Lemma (1.5.5). There is a morphism of F[T|[GL2(Q))]-modules
Ind% ,Sym?~'F? — Ind% ,1
which induces a continuous isomorphism of F[T][GL2(Qy)]-modules

for A € F\{£1}.

Proof. Tt suffices to consider the case y = 1.

We recall the notation of [Br 1, 2.3]. Suppose that o, V,, and I(0) are as in (1.2).
If g € G and v € V,, we denote by [g,v] € I(o) the function which is supported
KZg=! and given by [g,v](¢') = o(g'g)v for ¢’ € KZg= . If ¢ : G — EndyV, is a
K Z-bivariant function, then the corresponding operator Ty, on I (o) is given by [Br
1, 2.4]

To(lg:o) = Y. o' eld "))

g KZeG/KZ

We identify Sym?~!'F? with the space of polynomials in F[x, %] which are homo-
geneous of degree p — 1, with (Z Z) acting by

(i Z) 271y = (aw + ey)”" 1 (b + dy)’.
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Let I C GLy(Z,) denote the Iwahori subgroup consisting of matrices whose re-
duction modulo p is upper triangular. Then we identify I\K with P!(F,) via

cd
that Sym?~! becomes a subspace of IndX 1, consisting of the functions with average
value 0.

Set o = (é 2) , and denote by T' the operator introduced in (1.2), which cor-

responds to the K Z-bi-invariant function ¢, supported on K Za 'K Z and send-

mg o - to Sym . A simple calculation (ctf. |Br 1, Prop. 4.1. shows that
i to Sym" (o). A simple calculation (cf. [Br 1, Prop. 4.1.2]) shows th

the elements [o,1] and [1,1] of Ind$ ;1 are I-invariant. Let b € Ind%,1 be an
element contained in the F-span of {TY[x,1],77[1,1]};>0. Since the stabilizer of
zP~t € SymP~1F? C Ind¥1is I C K, there is a unique map of F[GLy(Z,)]-modules

(a b) — (c,d), and we may think of z,y as projective co-ordinates on P*(F,), so

SymP~1F? — Ind%zl
taking 2P~! to b, and we denote by
hy - Ind$ ,Sym?~1F? — Ind% ,1 = I(1)

the map obtained by Frobenius reciprocity. h; is characterised by the property that
hy([1,2P71]) = b.
We now find a b such that the composite of h;, with the projection I(1) —

I(1)/T™ is compatible with the action of T. Let C' C K denote the set of matrices
of the form (1 ?) with ¢ =0,1,...p—1 together with the matrix w = ((1) é) . Then
C consists of a set of representatives for KZaKZ/K Z, and we compute

T(La""' )= > lg.0alg”)a")]

gKZeG/KZ
= S (ka) - [Lpala™ k@] = S tha) - [1, ([0 V) k@)
0 1
keC keC
= 3 k) Ly = Y (kaw) - [LaY)
keC\{1} keC\{1}
Hence we have
(1.5.6) hy(T[1,2P71]) = Z (kaw) - b.
keC\{1}

Suppose that b = T7[a, 1] for some j > 0. Then
koawT?[a, 1] = TV [kawa, 1] = T [kpw, 1] = T?[1,1].

In particular the summands in the right hand side of (1.5.6) do not depend on k.
Since there are p summands, we see that h,(T[1,zP~1]) = 0.
Suppose that b = T[1,1] for some j > 0. Then

hb(T[l,acp_l]) = Z Tj[kaw, 1] = Tj( Z [ka,1]) = Tj(T[l, 1] = [, 1)).
keC\{1} keC\{1}
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Hence if we set b = [a, 1] — T[1, 1], then we find hy(T[1, 2P~ ]) = Thy([1, 2P ]), so
hy is a map of F[T][GL2(Q,)]-modules.

Now let A € F. Then h; is non-zero modulo T' — A, for if (T'— A)c = b for some
¢ € Ind$ ,1 then by comparing supports one find that ¢ must be in F - [1,1] (see
[BL, Lem. 20]). But then [a, 1] would be in the span of [1,1] and T'[1,1] which is
not the case.

Suppose that A # +1. Taking the reduction of hy modulo (T — \)™ gives a map
of F[T][GL2(Qp)]-modules

(1.5.7) I(SymP~1F?) /(T — \)" — I(1)/(T — \)™.

Since I(1)/(T — A) is irreducible, and (1.5.7) is non-zero modulo T — A, it is sur-
jective by Nakayama’s lemma. Since both sides have the same length, (1.5.7) is an
isomorphism. Passing to the limit over n, yields the isomorphism of the lemma. O

Lemma (1.5.8). If A € F*, then the action of Gg, on Vy(Il(r, X, X)) is given by
the F[S]* -valued character xpp-1, where pp-1 is the unramified character of G,
sending the geometric Frobenius corresponding to p, Flrob;1 toT=t=(S+ X)L

Proof. We use the notation of the proof of (1.5.4). Again it suffices to consider the
case when x is trivial. Let [A\] € W(F) be the Teichmiiller representative of A and
consider the quotient

(1.5.9) (Ind%zSym" W (F)*)/(E(T — [A])) = (Indz8ym"O*)/(T = ([\] + 75))

Let ¢ denote the central character of (1.5.9) (as in (1.5.4), 1) is induced by Xegd). By
[BB 2, §7.2] p-adically completing (1.5.9) and applying V;; produces an unramified
character Gg, — O™ sending Frob,; 1 to the inverse of the unit root of the quadratic
equation X2 — ([A]+7g)X +p"+L. Hence applying V;, to (Ind% ,Sym"F?) /(T — \)¢
produces the character

Gg, — (0/rR)" — (F[S]/5°)"

given by sending Frob, ! to 7! = (S + A)~'. The lemma follows as in (1.5.4). [0

Lemma (1.5.10). Lett: Gq, — I be a 2-dimensional pseudo-representation with
determinant ¥xeye, and denote by RP3(t) its universal deformation ring. Suppose
that Vi (m(r, A, x)) is a factor of the semi-simple F-representation Vr of Ggq, at-
tached to t.

Then there is map 6 : RP*(r) — F[S] such that for o € Gq,, the element
0(T(c)) € F[S] acts on Vy(IL(r, A, X)) by 0 + ¥Xeye(o)o ™.

Moreover, the map 6 is surjective unless (xpix-1)% = V¥ Xeye (that is Vi is scalar),
in which case the image of 8 has the form F[S'], where S’ € F[S] is an element of
S-adic valuation 2.

Proof. If Vg is irreducible, this follows from (1.5.3), since Vi, (II(r, x, A)) is a defor-
mation of V.

If V& is reducible, then Vi (II(r, x, A)) is a direct summand of the deformation
Xtr-1 B X M Xeyeptr of Vi by (1.5.8), and this gives a map 6 : RP5(x) — F[S], with
T(0) acting as claimed.
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Now if o € Gg, acts via the geometric Frobenius on the residue field of Qp, then
(1.5.11) (T (o)) = x(0)(S +X) " + X Xeye(0)(S + N).

The coefficient of S in the above expression is —x(0)A™? + x ' Xcyc (o), which is
0 if and only if for all such o (xur-1)? = ¥Xeye-

For i > 2, the coefficient of S in (1.5.11) is (—1)'x(c)A"""1 # 0, so if the
coefficient of S in (1.5.11) is 0, then we may take S’ = > 2, SIAT"1. [

(1.6) Local patching and multiplicities: In this subsection we give a con-
struction of certain finite modules over deformation rings for certain 2-dimensional
pseudo-representations of Gg, .

(1.6.1) We now return to the notation of (1.1). In particular k > 2, ¥ : Gg, —
O* asin (1.1.1), 7 : Iy, — GL2(E) is of Galois type, and

Ly, Co(k,7) =0o(1) ®p Sym" 2 E?

is a GLa(Z,)-stable O-lattice. We will regard ¢ as a character of Q,, as before,
and we assume that the central character of o(k, 7) is 1/)|Z;.

We also fix a 2-dimensional pseudo-representation t of Gg, over F. Thus t is
the trace of a unique semi-simple, 2-dimensional F-representation of Gq,, which we
denote by Vg [Ta 1, Thm. 1]. We denote by RP*(t) the universal deformation ring
of t.

Suppose that E’ is a finite extension of E with ring of integers O/, and that v is
a deformation of T to Og/. Regarding v as an E’-valued pseudo-representation, there
is a representation V; of G, on a 2-dimensional E’-vector space, so that t is given
by the trace of V;. Moreover the semi-simplification of V; is uniquely determined.

Suppose that V; is potentially semi-stable of type 7 with Hodge-Tate weights,
0, k — 1, and has determinant ©xcy.. We will say that V; has type (k,7,7¢). By
(1.2.6) there is an admissible Ogs-lattice II, such that V, — V(1) Rz, Qp,
IT. has central character ¢ and there is a K = GLg(Z,)-equivariant embedding
o(k,7) — Il ®z, Qp. Since TI(V;) has central character 9, this embedding becomes
K Z-equivariant, if we let Z act on o(k,7) via ¢, and hence we obtain a map

Ind%zo(kﬂ') — 11, ®z, Q,.

Multiplying this map by a power of p, if necessary, we may assume that it induces
a map

(1.6.2) md$ , Ly, — TI,.

Denote by II(t) the closure of the image of (1.6.2). It is an admissible O-lattice,
whose E'-span is II, ®z, Q, if V; is absolutely irreducible, and is a proper closed
submodule otherwise. Let V(t) = V,(II(r)). The E’-span of the image of the
composite

V() - V(L) - Vo

is V; if V; is absolutely irreducible and is a 1-dimensional E’-subspace of V; other-
wise.
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Next suppose that we are given a finite collection of distinct deformations U =
{t1,...t,} of T, and for each v; a potentially semi-stable representation V%, of type
(k,7,%) giving rise to t;. Then we obtain a map as in (1.6.2) for each v;, and we
denote by II(U) the closure of the image of

d% , Ly, — ®F I,,.

This is again an admissible O-lattice

Finally if we are given a countable collection U = {r;};>1 of deformations, and
a a potentially semi-stable representation V¢, of type (k, 7,1) giving rise to t;, then
we set

() = lmI1(U")
where U’ runs over finite subsets of U. We set V(U) = limV (II(U")).

Lemma (1.6.3). Suppose U = {v;};>1 is as above. Then

(1) V(U) is naturally a RP*(t)-module.

(2) IfU" C U is any subset than the natural map V(U) — V(U') is a map of
RP3(%)-modules

(3) If v € U is a deformation of © to Ops, then RP*(Y) acts on V(t) via the
image of the corresponding map x. : RP*(t) — Og. In particular V (x) is an
xe(RP3(%))-module.

Proof. Tt suffices to prove the lemma when U = {ty,...,t,} is finite, where the t;
are distinct pseudo-representations.

Note that we have an inclusion V(U) — @P_,V,, and RP3(t) acts on each V;,
via the corresponding character z,, : RP®* — Op/. We saw in (1.4) that RP® is
topologically generated by the elements T'(o) with o € Gg,. Hence it suffices to
check that the map T'(0) : V(U) — @]'_,V;, induced by T'(¢) has image in V(U).

The operator 0 — T'(0)o + ¥(0)Xeyc(0) acts on each V¢, by 0, so that T'(c) on
&, Vi, is given by o + txeye(0)o ™!, which preserves V(U) since V(U) C &, V,,
is a G, -stable subspace. [

(1.6.4) Suppose that @ is a representation of GL2(Q,) on an F-vector space,
and that we given a finite collection P of representations of the form m(r, A, x), all
with some fixed central character ¢». We set @p = limQ" where @’ runs over finite
length quotients of GL2(Q,) all of whose Jordan-Hélder factors are isomorphic to
a subquotient of a representation 7 (r, A, x) € P.

It is clear that the functor @ — Qp is right exact. We write V,(Qp) =

limVy, (Q').

Lemma (1.6.5). Let Q = Ind% ,L where L = Sym"F? ® y o det is an irreducible
representation of KZ on a finite dimensional F-vector space (sor € [0,p—1]). Then
Qp is a successive extension of representations of the form I1(r, X, x) introduced in

(1.5).

Proof. By [BL, Prop. 32] any irreducible quotient of Ind%¥,L is a quotient of
Ind$ ,L/(T — \)Ind% , L. The lemma follows easily from this. [
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Lemma (1.6.6). V(U) is a finite RP5(t)-module of dimension < 2. In particular,
if R (%) denotes the image of RP5(t) in End V(U), then Ry} (%) is a flat O-algebra
of relative dimension at most 1.

Proof. From the construction, one sees that V' (U) is p-adically separated (and even
M ges (o) -adically separated, where mpps (. is the maximal ideal of RP®). Hence it suf-
fices to show that V(U)/7V (U) is a finitely generated RP*(t)-module of dimension
at most 1. The claim regarding the dimension of R}/ (t) follows from this.

Let P be the set of m(r, A, x) with central character v, such that Vi, (7 (r, A, x))
is a factor in Vy. Then P is a finite set, and V(U) is a quotient of (Ind¥ , Ly ;)5
where Ekﬂ— = Lk7.,—/ka7.,—.

Let {0} = Lo C L1 C Ly C --- C Ly, = Li, be a filtration by K Z-stable
subspaces, such L;y1/L; is an irreducible KZ-module for ¢ = 1,...m — 1. For
t=1,...m, let V(U); denote the image of the composite

Vy((Ind ;L) 5) — Vop((Ind§ ; Ly ) p) — V(U)/xV (U).

Then V(U); is a Gg,-stable subspace of V/(U), and is hence RP*(t)-stable, since the
elements T'(c) of RP5(x) act on V(U)/mV (U) via 0 + 1Xeyco ' Hence it suffices
to show that V' (U);+1/V(U); is a finitely generated RP%(t)-module of dimension at
most 1.

Now for i = 1,...r — 1, (Ind¥ ,(Li41/L;))p is isomorphic to a successive ex-
tension of representations of the form II(r, A, x) by (1.6.5), so the lemma follows
from (1.5.10). (In fact it is not hard to check that (Ind%,(Li+1/L;))5 is actually
isomorphic to a II(r, A, x) unless L;y1/L; — SymP~2F2? ® x o det, in which case it
is an extension of two such spaces). [

(1.6.7) Let I, be the kernel of the map z. of (1.6.3)(3), corresponding to a
deformation t of T which corresponds to a potentially semi-stable representation of
type 7, Hodge-Tate weights 0, k—1, and determinant 1 xcyc. Let I be the intersection
of all the ideals I, with t of this kind. The set of such v has a countable subset
Up such that I = Neep, ;. (This holds for any set of ideals corresponding to closed
points of Spec RP*(t).) In particular, any Rp;(t) is a quotient of Rp; (t). We shall
study specific components of Spec Ry ().

Suppose now that p : Gg, — GL2(IF) is indecomposable with trace given by .
Set

l’l’jAllt = :u‘iﬁut(k% 7, p) = Z a(n, m):u/n,m (ﬁ)
where a(n,m) is as in (1.1.2), py, ,,,(p) = 0 if pinm(p) = 0 and uy, ,,(p) = 1 other-
wise.
We will use the notion of (1.3.2)
Lemma (1.6.8). Let o = {p} if p is absolutely irreducible, and o = {w" 1™y}
wn+1

if pr~ ( o u:il ) Qw™uy withn,m € [0,p—2] and A\, N € F*. If p is reducible

and n = 0, then we suppose that X # +1. Then
ea(V(U)/7V(U), R*(¥)) < Haue
unless p has scalar semi-simplification, in which case

ea(V(U)/mV(U), R (%)) < 2uiyy-
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Proof. We use the notation of the proof of (1.6.6). Let ¢ € [1,p — 1] and suppose
that L;,1/L; = Sym"F? ® (det)®. It suffices to show that

(1.6.9) ca = ea(Vy((Ind§ z(Lir1/Li)) p), B> (%)) = i1, (p)

unless p has scalar semi-simplification in which case it is equal to 2. ((p).

Comparing the definition of u;. .(p) with the formulas of (1.2.5) one sees that
prs(p) # 0 if and only if there exists an extension x of (det)® to Q, such that
¢ =w"x? and a A € F such that Vi (m(r, A, x)) is the unique element of a. (This
is where we use the hypothesis that A # +1 if p is reducible and n = 0, since in
this exceptional case whether ug’s(ﬁ) # 0 also depends on the extension class *.)
By (1.6.5) this is equivalent to asking that the left hand side of (1.6.9) is non-zero,
in which case it is equal to ey (Vy(II(r, A, x), RP(t))), where the RP%(t)-module
structure on TI(r, A, x) is given by (1.5.3) and (1.5.10). These lemmas also show
that e, = 1 unless p has scalar semi-simplification, in which case e, =2. O

Proposition (1.6.10). Suppose that p is absolutely irreducible. Then

e(RY: () /7R (1)) < praus (k. 7 D).

Proof. By (1.4.6), Ry} (t) is a quotient of the universal deformation ring of Vr and
hence carries a finite free Rgz (¥)-module of rank 2 equipped with a continuous
action of Gg,. Denote this module by M (Up).

Let 0 € Ry} (v)[Go,]- By definition

Py(X)=X?-T(0)X + %(T(J)Q —T(c?))

is the characteristic polynomial of ¢ acting on M (Up), and by construction P, (o)
annihilates V(Up). Hence, by (1.6.11) below, (and because R, (t) is reduced by
construction) M (Up) is a RI(DEO)(E) [Gg,]-submodule of V(Uy) at each generic point
of Spec Ry} (t). Hence there exists an inclusion of R?ISJO) (t)[Gq,]-modules M (Uy) —
V(Up).

Set a = {Vk}. Since M (Up) is a finite free Ry} (t)-module of rank 2, and Vg is ab-
solutely irreducible we see that the Hilbert-Samuel multiplicity of Ry}, (t)/7Rp; (t)
is equal to eo (M (Uy)/mM (Uy), RP%Uy(¥)). Using the above inclusion, together with
(1.6.8) and (1.3.3), we find that

ea(M(Uo)/mM (Uo), Ry, (¥)) < ea(V(Uo)/mV (Uo), Ry, () < Haue = Haut

O

Lemma (1.6.11). Let  be a field, and V and W representations of a group G
on finite dimensional k-vector spaces. Suppose that V is absolutely irreducible, and
for o € [G] let Py(X) = det(X — o|V). If P,(0)|lw = 0 for all o € k[G], then W
s V -isotypic.

Proof. Tt suffices to consider the case when W is absolutely irreducible. Let I C
k[G] be the two-sided ideal generated by the elements P, (o) for o € k[G], and J
(resp. J') the kernel of k[G] acting on V (resp. W). By Burnside’s theorem x[G]
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surjects onto End ,W and End .V, so in particular k[G]/J and x[G]/J" are simple
k-algebras and (J +J')/J’ is either 0 of k[G]/J'. If o € J, then P,(X) = X% where
d = dimV, and so 6% € I. Hence J is contained in the radical of I C J’' Hence
(J+J')/J # k[G], and so J C J', and hence J = J' as x[G]/J is simple.

It follows that V' and W both have dimension d, and that if we consider k[G] as
a k[G] module via multiplication on the left, then we find that

Ve~ k[G))J = k[G])J ~ W1

hence V. ~ W as required. O

(1.6.12) Suppose that Z C Spec Rp; (t)[1/p] is an irreducible component. We
say that Z is of irreducible type if the pseudo-representation of G, at the generic
point of Z corresponds to an absolutely irreducible representation. Otherwise we
say that Z is of reducible type. Note that although the representation at the generic
point of Z is a priori defined over some finite extension of the residue field at that
point, (1.4.6) guarantees that it is actually defined over the residue field itself in
almost all cases. Of course all components are of irreducible type if Vf is irreducible.
In fact one can show that a component of irreducible type cannot meet a component
of reducible type, but we shall not need this hear.

Suppose that Vg ~ wi @ wy is reducible. Let Z be a component of reducible
type, and = € Z a closed point, which corresponds to an absolutely reducible
representation of Gg,, V. Since V, has distinct Hodge-Tate weights, V. is in fact
reducible, and its semi-simplification V;® is uniquely determined by x. Suppose
V3 ~ &1 @09 with ©; reducing to w;, for ¢ = 1, 2. If we insist that V, be potentially
semi-stable, and indecomposable then this determines which of @ and &y appears
as a subspace of V,,. We say that the point x is of type w; if w; appears as a subspace.
Explicitly this means that the image of inertia in &;(1 — k) is finite. It is not hard
to see that either all points on Z are of type w; or all are of type ws, and we say
that Z is of type wy or wo respectively.

Proposition (1.6.13). Suppose that Vi ~ w1 @ wa, with w1 # wo,wws. Choose
U = Uy, so that Spec R (t) C Spec Rp; (t) is the closure of the union of the
components of irreducible type and of type wi. Then

e(Rp; (¥)/mRE (¥) < paw(k, 7, ).

Proof. Let I'™ C R’ (%) be the ideal corresponding to the components of irreducible
type, and I¥* C R};(t) the ideal corresponding to components of type wy. Write
V(Uy)™ and V(U)“r for V(U)/I™™ and V(U)/I** respectively.

Since Ext]%‘[G%](wg,wl) is one dimensional, RY(T) carries a finite free mod-
ule of rank 2, M(U) equipped with a continuous action of Gq,, by (1.4.6), and
M(U)/I“*M(U) has a finite free rank 1-submodule L** on which Gq, acts via a
character @, : Gg, — (R (¥)/I™)*.

The same argument as in (1.6.10), using (1.4.6) as well as (1.3.3) and (1.6.8)
shows that

(L6.14)  efuy (RE®)/(I™,m), RE(©)) < g,y (VO™ /xV(U)™, RE (),
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Similarly, using (1.6.11), one sees that there is a G, -equivariant inclusion L** —
V(U)“1, so that (1.3.3) gives

(1.6.15)  e(RE(¥)/ (I, 1), RY (V) = equyy (L /m L, RY (¥))
< ey (VWU /mV(U)™, Ry (7))

Now the map _
VU)-VO) " e V(U)*

is an isomorphism at all the generic points of R} (¥). Hence combining ((1.6.14)
and (1.6.15), and using (1.3.3), and (.6.8) one finds that

e(RY (v)/mRY (¥), Ry (¥)) = e(RY (v)/(I™, p), RY (v))+e(RY (¥)/ (1", ), RY ()
< ey (V)™ /aV(U)™, RE (V) + o,y (V(U) /7V(U)*", RY (7))
= ey (V) /7V(U), R (Y) < fiaue = HAut-

O

Corollary (1.6.16). Suppose that p is either absolutely irreducible, or a non-trivial
extension of wo by wi, where wy,ws : Gg, — F* are characters satisfying w1 # wws.
Then

e(RY(k,7,p)/mR" (k, 7, p)) < pau(k, 7, p).

Proof. Let U = Uy if p is irreducible, and U = U,, if not. By (1.4.6) there is a
surjection RP*(t) — R¥(k,7,p). By (16.10) and (1.6.13) it suffices to show that this
surjection factors through R} ().

Since RY(k,T,p) is p-torsion free, and formally smooth after inverting p, by
(1.1.1), it suffices to check that for any finite extension E’/E, an E’-valued point
z of RY(k,T,p) gives rise to an E’-valued point of R}, (t). Now 2 corresponds to a
2-dimensional E’-representation which is a potentially semi-stable of type T with
Hodge-Tate weights 0,k — 1. Moreover V,, admits a lattice which is a deformation
of p to the ring of integers Op/ of E’. Hence the trace of V is a deformation t of
t. It follows from the maximality of Rp; (t) that x factors through Rpr (t), which
completes the proof if p is absolutely irreducible. If p is reducible, then z lies either
on a component of irreducible type or of type wy, and hence also factors through
RY(x). O
Proposition (1.6.17). Suppose that p ~ wi Gwy where wy,ws — FX, and wiw; ' ¢
{1,w,w=t}. Then

e(R™Y (k, 7, p)[m R (,7.0)) < pawe (k. 7, ).

Proof. Choose U™ so that Spec Ry}, (t) C Spec Ry, (t) is the union of the com-

ponents of irreducible type. For ¢ = 1,2 choose Ured so that SpecRUU=d (¥) C

Spec Rp;, (t) is the union of components of type w;. We set

Rirr = Im (R‘jﬂf’(k,r, ﬁ) — RD’w(k,’ﬁ /3) ®R‘£]SO (¥) RU]rr( )[1/pD
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and similarly for Rffld and szd. Note that for i = 1,2, RZfid is a quotient of the
maximal quotient of RP%(k, 7, p) over which the universal representation of Go, is
an extension of @ by & for two characters &', & with @ lifting w;.

Let my, denote the radical of Ry, (t), and m™, m?% and mi2 the radicals of R'™,
Rred and R respectively. By (1.1.1) dimR™ = 5, while dimR™ /my, R"™ < 3, by
(1.4.7) and dimR}7,, (t) < 2 by (1.6.6). Since

dimR™ < dimR™ /my, R™ + dimRY;,, ()

by [Ma,Thm. 15.1], each of these inequalities is an equality. Hence, applying (1.3.5),
we have

(1.6.18) e(R™ /7 R™) < e(RPS,

D (8)/m)e(R™ fmy, R™) < 2e(R7 (8) /7 Ry ().

where the second inequality follows from (1.4.7). The same argument shows that
fori=1,2

e(REY /) < e(RY;

Uzt /pi (¥)e(Ry /mu, REY).

and that dimR’*? /my, R'¢! = 3. By construction R'*? /my, R'e? carries a reducible
representation of Gg,, and since w; # wy one sees easily that this representation is
an extension of we by wy if i = 1, and of wy by ws if ¢ = 2. Hence Riid/mUORff;d
is a quotient of the ring R, introduced in the proof of (1.4.7), and since R,, is
formally smooth of dimension 3, Riid /mUORiid = R,,. In particular we see that
(R /my, R'Y) = 1, so that

(1.6.19) e(RY /) < e(RIl}SEd () /7).

Now let p,, be a non-trivial extension of wy by w; and p,, be a non-trivial
extension of wy by ws.
Using (1.6.18) and (1.6.19), together with (1.6.13) we compute

e(RD’d’(k, 7,p)/7) = e(R"™ /) + e(Rfld/w) + e(Rde/ﬂ)
< 2e(Ry. (T)/m) + G(RI()]SLeld /m) + G(RE}; /™)

= e(Ry, (©)/m) +e(Ry /7)) < paue(k, T, pu,) + piaue(k, 7, o)
= NAut(k; T, ﬁ)

where the first two equalities follows from (1.3.3)(2), and the final equality follows
from the definition of paye. O

§2 MODULARITY VIA THE BREUIL-MEZARD CONJECTURE

(2.1) Quaternionic forms: We recall some standard facts and notation from
the theory of quaternionic forms. Further details may be found in [Tay 2, §1] or
Ki 2, §3).

(2.1.1)Let F be a totally real field, and D a quaternion algebra with center F
which is ramified at all the infinite places of F' and at a set of finite places 3, which
does not contain any primes dividing p. We fix a maximal order Op of D, and for
each finite place v ¢ ¥, an isomorphism (Op), — Ma(OF,). For each finite place
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v of F' we will denote by N(v) the order of the residue field at v, and by 7, € F, a
uniformizer.

Let U = [[,U, C (D ®F A{,)X be a compact open subgroup contained in
[1,(Op)X. We assume that if v € ¥, then U, = (Op)J, and that U, = GL2(OF,)
for v|p.

Let A be a topological Z,-algebra. For each v|p, we fix a continuous represen-
tation o, : U, — Aut(W,,) on a finite free A-module. We write W, = ®p,, 4 W5,
and we denote by o : [],, U, — Aut(W,) the corresponding representation. We
regard o as being a representation of U by letting U, act trivially if v { p.

Finally, we fix a continuous character v : (A’;)X JF* — A* such that for any
place v of F, 0 on U, N OF is given by multiplication by 1~'. We think of (AL)x
as acting on W, via ¢!, so that W, becomes a U(Aé)x—module.

Let Sy, (U, A) denote the set of continuous functions

[ D\(D®p ALY — W,

such that for ¢ € (D ®p A{,)X we have f(gu) = o(u)~!f(g) for u € U, and
fg2) = ¥(2) f(g) for z € (AL)*. If we write (D @p AL)* = [,c; D*t;U(Af)* for
some t; € (D ®p A{,)X and some finite index set I, then we have
~ (UALY* Nt 1 D> t;)/F*
So- U7 A e @7, Wa’ F v .
wlOA) | Ty Bt

We will make the following assumption:
(2.1.2)
For all t € (D @p AL)* the group (U(AL)* Nt~ D*t)/F* has prime to p-order.

The calculations of [Tay 1, 1.1] show that (U(A};)X Nt~1D*t)/F* is automatically
finite, and a 2-group if U is sufficiently small. Thus (2.1.2) holds for U sufficiently
small.

Assuming (2.1.2), S, (U, A) is a finite projective A-module, and the functor
Wo — Sy4(U, A) is exact in W,,.

(2.1.3) Let @ be a finite set of finite primes of F, such that for v € @, D is
unramified at v and v t p. Suppose that for each v € @,

Uy ={g€GLa(Op,) : g= () (m)}-

For v € @ fix a quotient A, of (OF,/m,OF,)* of p-power order, and write A =
[,eq Av- Define a compact open subgroup Ua = [[,(Ua)» C U by setting (Ua ), =
U, ifv ¢ Q, and (Ua), the set of g = (Z Z) € U, such that ad~! maps to 1 in
A,. Then A — U/Up acts naturally S, (Ua, A) via the right multiplication of
U on D*\(D®p AJI;) *. For h € A we denote by (h) the corresponding operator on
Sop(Ua, A).

Lemma (2.1.4). We have

(1) The operator Y, A (h) on Sy (Una, A) induces an isomorphism

D (k) So(Un, A)a — So.(U, A)
heA

(2) S5.4(U,A) is a finite projective A[A]-module
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Proof. The argument in [Tay 2, 2.3] uses duality on the space S, (Ua, A), which is
not available in our level of generality. However we have the following more direct
argument: It suffices to show that A acts freely on D*\(D ®p AJI;)X/UA (A?)X.
If w € U fixes one of these double cosets, then there exists ¢t € (D ®r Ap)* and
v € Ua(AL)* such that wv=' € t-'D*t N Ua(Ap)*. Hence (uv")2" € F* for
some 7 > 0, and in particular u?> € U N UA(AJ;)X = Ua. Since U/Up is a p-group,
we are done. [

(2.1.5) Let S be a set of primes containing 3, the primes dividing p, and
the primes v of F' such that U, C D) is not maximal compact. Let ']I‘gf‘jl" =
A[Ty, Sy]vgs, be a commutative polynomial ring in the indicated formal variables.
For each finite prime v of F' we fix a uniformiser m, of F,. We consider the left ac-
tion of (D ®@p AL)* on W,-valued functions on (D @p AL)* given by the formula
(9f)(2) = f(zg). Then S, (U, A) becomes a T¢"-module with S, acting via the

double coset U (W“ 0 ) U and T, via U (7:)“ ?) U. These operators do not depend

0 my
on the choice of m,. We write T, (U, A) or simply T, ,(U) for the image of Tgf‘i“’
acting on Sy 4 (U, A).

Let m be a maximal ideal of ']I“éf‘j{’. We say that m is in the support of (o,)
if Sy(U, A)w is non-zero. We say that m is Fisenstein if T, — 2 € m for all but
finitely many primes which split in some fixed abelian extension of F.

(2.1.6) Let @ be a finite set of primes of F' which is disjoint from S, and for
each v € @ fix a quotient A, of (Op, /7)™ of p-power order. Define compact open
subgroups Ug and Uy of [[,(Op);, by setting (Ug)v = (Ug)w = Uy if v ¢ @, and
defining

U3)e ={9 € CLaOr) : = (37) ()}
and
(Ve ={g=(2}) € W) : ad ' 1€ A},

Suppose that O and F are as in (1.1.1). We will assume here that F is a finite
field. We fix a maximal ideal m C Tgn(lg" such that m is induced by a maximal ideal
of Ty yp(U) = Ty(U, O), and for v € Q the Hecke polynomial X2 — T, X +N(v)S,
has distinct roots in ’]I“gn(‘oV /m. After increasing F, we may assume each of these
polynomials has two distinct roots «,, 3, € F.

Write Sg = S U Q. Consider the polynomial ring T‘égi:’o[U,ru] over ng,vo in the

formal symbols Uy, for v € ). Let mg denote the ideal T Q,O[Uw | generated by

v

mn Tg«g,"o and the elements U,, — &,, where &, € O is any lifting of «,,.
Denote by T, (Ug) (vesp. ’ffa,w(Ué)) the rings of epdomorphisms of Sy (Ug, O)
(resp. So,4(Ug, O)) generated by the elements of 15 [Ur, | where Ur, acts by the

endomorphisms corresponding to the double cosets U, (7;) (1)) U,.

Lemma (2.1.7). The ideal mg induces proper, mazimal ideals in Ty (Ug) and
’]I‘cmp(Ué). If 31 # N(v)*! for all v € Q, then the natural map

(2.1.8) (U, 0)m = Sos(U5: O)mg

univ

is an isomorphism of S »-modules.
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Proof. The first claim follows from the fact that the Hecke polynomial X2 — T, X +
N(v)S, vanishes at X = U,,. To see the second claim, it suffices to consider the
case when Q) consists of a single element. Since o, 3; ! # N(v)*!, the map

Sa,w(U,O)‘?iQHSU,w(Ué,@)m; (fi, fa) = fi + <O 7Tv>f2

is an isomorphism after inverting p, and a calculation using the fact that a, # 3,
shows that it is an isomorphism (see for example [Ki 3, 7.5]). Here the subscript m
on the right hand side means localisation with respect to the ideal m N ng%

Since X? — T, X + N(v)S, has distinct roots in F, by Hensel’s lemma it has two
distinct roots Ay, By € To y(U)m, lifting a,, and G, respectively. Then

e =B+ (g ) )= (U = B + Bl

and since o, # By, Ur, — B, induces an automorphism of S(,,w(Ué,O)mQ. This
shows that (2.1.8) is a surjection between finite free O-modules of the same rank,
and hence an isomorphism. [J

(2.2) Global patching and multiplicities: We now carry out the Taylor-
Wiles style patching argument (as modified in [Di] and [Ki 2]), which allows to
relate the local deformation rings studied in §1, with patched Hecke algebras.

Keeping the notation above, we denote by G'r s the Galois group of the maximal
extension of F, which is unramified outside S. For each finite prime prime v we
denote by G, the absolute Galois group of F,, and we fix a map Gp, — Gps
induced by the inclusion of an algebraic closure of F' into an algebraic closure of
F,. We also fix a continuous absolutely irreducible representation

p: Grs — GLo(F).

Write Vi for the underlying F-vector space of p and fix a basis for V.

Let ¥, = X U {v},),. For v € £,, we denote by RJ) the universal framed de-
formation O-algebra of p|g,, (considered with the chosen basis for V&), and by
RE’ ¥ the quotient of RE’ corresponding to deformations with determinant . We
denote by Rw s the universal framed deformation O-algebra of p, and by R F’g’ the
complete local O- algebra representing the functor which assigns to a local Artinian
O-algebra A, the set of isomorphism classes of tuples {V, 5, }vex,, where Vy is
a deformation of Vg to A having determinant ¢, and £, is a lifting of the chosen
basis of Vg to an A-basis of V4. For v € X, the functor {Va, Buw}wes, — {Va, B}
induces the structure of an RS"¥-algebra on RF ¢ . Finally we set Rz’w = ®oRY,
where in the tensor product v runs over the elements of ¥,,.

We now assume the following conditions hold.

(1) pis unramified outside the primes of F' dividing p, and has odd determinant.
(2) The restriction of p to G, is absolutely irreducible.

(3) If p> 3, then [F((p) : F] > 2

(4) fv e S\ X, then

(1 —N())((1 4 N(v))?det p(Frob,) — (N(v))(trp(Frob,))?) € F*.

Here, Frob,, denotes an arithmetic Frobenius at v.
Then as in [Ki 2, 2.3.5], we have
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Proposition (2.2.1). Set g = dimFHl(GF)&adOﬁ(l)) —[F : Q]+ |%,| — 1. For
each positive integer n, there exists a finite set of primes Q, of F, which is disjoint
from S, and such that
(1) If v € Qn, then N(v) = 1(p") and p(Frob,) has distinct eigenvalues.
(2) |Qn| = dimpH(GFrs,ad’p5(1)). If Sg, = SUQ,, then as an Rg:;f’—algebm
R%’g% s topologically generated by g elements. In particular g > 0.

(2.2.2) Suppose now that m C ']T‘gng is as in (2.1.6), and that m is non-Eisenstein,
with associated representation p. That is, if v ¢ S, and Frob, € Gps is an arith-
metic Frobenius, then p(Frob,) has trace equal to the image of T}, in F.

For n > 1 fix a set @, as in (2.2.1). Let A, be the maximal p-quotient of
(OF/m)*, and Aq, = [[,cq, Av- For each v € @, we fix a choice of zero in F
of the polynomial X? — T, X + N(v)S, (increasing F if necessary), and we denote
by mg, € Tg," o the corresponding maximal ideal. We apply the discussion of
(2.1.6) and (2.1.7) to each of these Q,.

There is a map of O-algebras Rﬁs@n — To,4(UqQ, )mg, such that for v ¢ Sq,,

the trace of Frob, on the tautological R?’ S@ﬂ—representation of GFs,, maps to
T,. Thus, we regard So,4(Uq, , O)my,

R}{i} so, has a natural structure of O[Aq,]-algebra so that the induced O[Aq,]-

structure on Sy, (Uq, ; O)my, is the one given by (2.1.4) [Ta 2, 1.3, 2.1]. By (2.1.4)
this is a finite free O[A, ]-module, whose rank does not depend on n. Denote this
rank by r. We now set

as an R}{i g-module via this map. Moreover

0,
M= B3, Sy, SeulUa,Ohng,.

for n > 0, where Sg, = S.
Fix a filtration by F-subspaces

0=LoCLiC---CL;=W;R0F=W5

on W5 such that L; is GLg(Z,)-stable, and o; = L;1+1/L; is absolutely irreducible.
This induces a filtration on S, (Ug,, (’))an ®o F whose associated graded pieces
are the finite free F{Ag, ]-modules S,, +(Ug,,,F)m, . We denote by

an
0=M°C My C...M; =M, ®0F,

the induced filtration in M,,, obtained by extension of scalars.
Following [Ki 2], set j = 4|%,| — 1, h = |Qn], and d = [F : Q] + 3|Z,|. Then
g = h+ j — d. We fix surjections

(2.2.3) Oly1,-- -, yn] = O[Aq,]

Then My — M, /(y1,...,yxn) by (2.1.4) and (2.1.7).
The map R? So, RE:;Z’Q is formally smooth of relative dimension j. We
extend the maps (2.2.3) to maps

o,
(2.2.4) Olyr--- -, yn+il — Rp,é"Qn
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. o, . . .
in such a way that RF,;‘Z}QH is identified with R?SQH [Wh+1s- .- Yntj]. We also fix

surjections of Rg:b—algebras
(2.2.5) RYV[an,...,20] = Rps,
and a lifting of the maps in (2.2.4) to maps
Olyi-- - Yntj] — Rg:p[[;vh o xg]

We regard each M, as a Rgf [z1,...,z4]-module via (2.2.5) and the map R}@ So.

Ts,4(UqQ, )me, introduced above.
For n > 1 let

Cn = (ﬂ-n7(y1 + 1)17 - 17-'~7(yh + l)p - 17y£+1,-~-795+j) C O[[ylv"'7yh+j]]'

The proof of [Ki 2, 3.3.1] (which is of course based on the argument of Taylor-Wiles)
shows that, after replacing the sequence {Q,}n>1 by a subsequence, we may as-
sume that there exist maps of Rg:p [z1,...,z4]-modules f, : Myy1/cnp1Mpi1 —
M,, /¢, M,, which reduce modulo (y1,...,yr) + ¢, to the identity on My/c,. More-
over, the same finiteness argument as in loc. cit implies that we may assume that
this map is compatible with the filtration on M,, ®» F defined above.

Passing to the limit over n, we obtain a map of Rg:p [z1,...,z4]-modules

Moo — Moo/(yhyh)Moo L) Mo.

Since M, is a finite free O[Ag, ][yr+1, - -, Ynt;]-module M, /¢, M, is a finite free
Olyi, - .- Yn+tj]/cn-module, and My is a finite free Oy, ... yn+;]-module. More-
over, M., ®o F has a filtration

0=M2 cMLC..M=M,®cF

and since M} /M/~! is a finite free O[AQ, ][Yn+1, - - -, Yntj]-module, MZ /MIST is
a finite free Oy, . .., yn+;]-module for i =1,...s.

(2.2.6) We now assume that p splits in F, so that F,, = Q, for v|p. For each
such v, let I, C G, denote the inertia subgroup, and fix a representation 7, :
I, — GLy(FE) of Galois type. Suppose that for v|p the representation W, of
U, — GL3(Op,) has the form o(ky, 7,) = Sym**~20%, ® o(r,) where k, > 2, and
o(T,) is a representation with open kernel which is associated to 7, by the local
Langlands correspondence in the sense explained in (1.1.3).

For each v € %, we now define a quotient RJ" of RU¥ such that the ac-
tion of RL*¥ on each M, factors through RU%. If v|p RL'¥ is the ring denoted
RYY(k,,7,,p) in (1.1.1). That the action of RY* on M, factors through R
follows from the fact that the Galois representations attached to Hilbert modular
eigenforms are compatible with the local Langlands correspondence [Ki 1], as well
as the compatibility of the local and global Jacquet-Langlands correspondences.

For v f p we fix an unramified character v : Gg, — O such that 42 = YlGp,
and p|g,,, is an extension of v by 7(1). Again, the fact that the action of RDJ¥ on
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M, factors through REW is a consequence of the compatibility between the local
and global Langlands and Jacquet-Langlands correspondences.
We set Rg;w = ®o R where v runs over ¥,. The relative dimension, over O

of RD is 3+ [F, : Qy] = 4 if v|p, and 3 if v { p. In particular Rg;w has relative
dimension [F' : Qp] + 3|3,|.

The following lemma shows that to prove a modularity lifting theorem we are
reduced to showing that M. is a faithful R, = Rg’w[[xl, ... xg]-module, or to a
question on Hilbert-Samuel multiplicities. '

Lemma (2.2.7). The following conditions are equivalent.

(1) My is a faithful Ro.-module

(2) My, is a faithful Ro-module which has rank 1 at all generic points of Ree.

(3) e(Roo/TRo) = e(Muo /T Moo, Roo /T Roo)-

(4) e(Roo/TRo) < e(Moo /TMuo, Roo /T Roo)-
Moreover, if these conditions hold, and p : Gp,s — GL2(O) is a deformation of p
such that for v € ¥y, pl1, is unipotent if v{p, and pla,, is potentially semi-stable
of type T, and with Hodge-Tate weights 0,k — 1 if v|p, then p is modular, and arises
from an eigenform in S, (U, O) @0 E.

Proof. Write O[As] = O[yi,---yn+;], and denote by To, the image of R in
End pja j(Ms). Then Ty is a finite, torsion free O[A]-module, and hence all
its components have relative dimension h + j over Spec O. Hence, if Z is such
a component, then Z surjects onto Spec O[Ay]. This implies that the rank of
My|z is at most one, since otherwise My = Mo, ®opa.] O would have a fibre
of dimension > 1 over some point of Spec R% s[1/p], and Sg (U, O)m would have
rank > 1 over some generic point of Ty (U )m, which is impossible by the condition
(4) in (2.2). Since My is a faithful To-module its rank is exactly one on each
irreducible component of Spec T .
This shows the equivalence of (1) and (2). Moreover, by (1.3.3)(2) we have

e(Muo /TM oo, Roo /T Ro0) = €(Moo/TMoo, Too /TTo0) = €(Too/mToo)

Since R is pure of relative dimension d+¢g = h+j over O, the inclusion Spec To,
Spec R identifies Spec T, with a union of irreducible components of Spec R, and
we have €(To /T o) < €(Roo/TRoo) With equality if and only if the above inclusion
is an isomorphism. This shows that (1), (3) and (4) are equivalent.

Suppose that the conditions (1)-(4) hold. Then p induces a map To, = Roo — O,
which kills the ideal (yi,...yn4;), and hence a map & : Too/(y1, ... Yn4;5)[1/p] —
E. Since M., has positive rank on all components of T, the fibre of My over
the closed point of Too/(y1, ... Yn+j)[1/p] corresponding to ¢ is non-empty, and &
induces a map T,y (U)m — E, which corresponds to the required eigenform in
Sop(U,0)®0 E. O

(2.2.8) Our next task is to compute e(My,/TMu, Roo/TRs). For i = 1,.. s,
write o; for the representation L;i1/L;. Thus o; has the form o; = QulpTni o mi
where (1., mi) € {0,1,...,p—1}x{0,1,...,p—2}, and 0, , ,m, , is an irreducible
constituent of W, /7W,, .

For v € 3, we set ex; = [[, 5, e(R5Y /7 RDY).
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Proposition (2.2.9). The Ry, -module M  is non-zero if and only if for each v|p
we have fin, , m,,(Plar,) # 0. If this condition hold for all v|p, and for each v|p

Plar, * (B( ;) , (wox ;) for any character x : Gg, — F* then

(2-2-10) e(Méo, ROO/T"ROO) = €xn H Hng oy mi o (/leF,U) =€y

vlp

Proof. The first statement follow from results of Gee [Ge 1], [Ge 2]. (When F = Q
or p arises from a modular representation of Gig this can be deduced from results
asserting that the weights of modular forms giving rise to a given modular p are
predicted by Serre’s conjecture).

For n,m € {0,1,...,p— 1} x {0,1,...,p — 2}, let Gy m = Sym"O? ® det™, and
set i = Qy|p0n, ,,,m.,- Lhere is a surjection

“ri 0, O,
M= RS, @y S5(UausOmg = Brky, @y Souw(Ugu, Flmg = MY

n

so for v|p, the action of RCW¥ on M’ factors through RD*w(ni,U +1,7;,,p) where
Tiv = X?;c . IFU — O*.

Now under our restrictions on pla,, , RD’w(nm + 1,74, p) is a power series ring
over 0. This follows, for example, from (1.6.10). (Of course in most cases, one
does not need the ellaborate arguments of (1.6) to see this; when p is absolutely
reducible it follows from a standard calculation using Galois cohomology, while
when p is absolutely irreducible, this is a consequence of Fontaine-Laffaille theory
when n < p — 2.) Moreover in this situation all the terms in the product in (2.2.10)
are 1, so the claim is that e(MZ , Ro /TRo) = ex.

To prove this, we will need to augment the situation considered in the patching
argument of (2.2.2). Set

i —~ — ~ _
Rg:p’z = ®U€ZRE7’$®U|[)RD”¢} (ni,v + ]-7 Tiv, P)

and R!_ = Rg:p’i[[acl, ..., Z4]. The same finiteness argument used in (2.2.2) shows
that after replacing the @, by a subsequence, we may assume that we have maps
of R\ -modules f : M, /c, — M. /c,, lifting the maps M, — M} induced by
the maps f, of (2.2.2). We set M’ = limM /c,. The same argument as (2.2.2)
shows that this is a finite flat O[AJ-module, and we have M’ /m M > M.
Now the image of R’  in End @[[Aoo]]]\;[go has relative dimension h + j over O, and

since R’ is a domain we find that MZ, is a faithful R%_-module Thus, as in the
proof of (2.2.7) we find

e( ML, /mML, Rl /wRL) = e(RL /nRL) = e(Rg" /Ry ™) = ex

where in the final equality we have used (1.3.9). O
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X 0 x
character x : Gg, — F*. Then My, is a faithful Re-module, and any p : Gps —
GL2(O) as in (2.2.7) is modular.

Proof. Using (1.3.9) together with (1.6.16) and (1.6.17), we have

Corollary (2.2.11). Suppose that for each v|p pla,, ~ (B( *) , (wx *) for any

e(Roo/TRoo) = ex [ [ e(RY) < ex [ [ taut (v, 7o lar, )-
v|p

vlp

Now under our assumptions piaus(kv, 7o, play, ) is equal to the number of irre-
ducible constituents of W, /7W,, which have the form oy, ,, with ., ,(7) # 0.
(That is under our assumptions, fin . (p) # 0 implies i, () = 1.) Hence (2.2.9)
yields

S

€y HﬂAut(kvavaﬁ‘Gpv) = Ze(MémRoo/ﬂ'Roo) = 6(A]\/[oo/ﬂ'jwocaRoo/ﬂ'éoo)~

vlp i=1

Hence B - - B
e(Roo/TRoo) € (Moo /TMoo, Reo /TRo),

and the corollary follows from (2.2.7). O
Theorem (2.2.12). Let F be a totally real field where p is totally split and

p: GF,S — GLQ(O)

a continuous representation. Assume (1.2.6) and suppose that
(1) For vlp play, is potentially semi-stable with distinct Hodge-Tate weights.

(2) 5 : Grs 2 GLy(O) — GLy(F) is modular and plr(c,) is absolutely irre-
ducible.

(3) Forvlp play, ~ (ﬁ ;) ) (WOX ;) for any character x : Gg, — F*.

Then p s modular.

Proof. This follows from (2.2.11) using the same base change arguments as in [Ki
2, 3.5]. Note that the relevant results on raising and lowering the level at v { p can
be deduced from the case where all the W, are of the form Sym*> =2 ®det™" where
2 <k, <p+1, and in this case one has the relevant version of Thara’s lemma, (see
[Ki 2, 3.1.8,3.1.10) O

REFERENCES

[BB 1] L. Berger, C. Breuil, Représentations cristallines irréductibles de GL2(Qyp), prepublica-
tions IHES 46 (2004).

[BB 2] L. Berger, C. Breuil, Towards a p-adic Langlands program (Course at C.M.S, Hangzhou)
(2004).

[BCDT] C. Breuil, B. Conrad, F. Diamond, R. Taylor, On the modularity of elliptic curves over
Q : wild 3-adic ezercises, J. Amer. Math. Soc. 14 (2001), 843-939.

[BL] L. Barthel, R. Livne, Irreducible modular representations of GLa of a local field, Duke
75 (1994), 261-292.

[BM] C. Breuil, A. Mézard, Multiplicités modulaires et représentations de GLa(Zyp) et de
Gal(Qp/Qyp) enl = p, Duke Math. J. 115 (2002), 205-310, with an appendix by G. Hen-
niart.



34 MARK KISIN

B9 G. Bockle, On the density of modular points in universal deformation spaces, Amer. J. Math.
123 (2001), 985-1007.

[Br 1]  C. Breuil, Sur quelques reprsentations modulaires et p-adiques de GL2(Qp) I, Compositio
Math. 138 (2003), 165-188.

[Br 2] C. Breuil, Sur quelques représentations modulaires et p-adiques de GL2(Qp) II, J. Inst.
Math. Jussieu 2 (2003), 1-36.

[Ca] H. Carayol, Formes modulaires et représentations galoisiennes a valeurs dans un anneau
local complet, p-adic monodromy and the Birch and Swinnerton-Dyer conjecture (Boston,
MA, 1991), Contemp. Math., 165,, Amer. Math. Soc., 1994, pp. 213-237.

[CDT] B. Conrad, F. Diamond, R. Taylor, Modularity of certain potentially Barsotti- Tate Galois
representations, J. Amer. Math. Soc. 12(2) (1999), 521-567.

[Co] P. Colmez, Série principale unitaire pour GL2(Qp) et représentations triangulines de
dimension 2, preprint (2004).

[DFG] F. Diamond, M. Flach, L. Guo, The Tamagawa number conjecture for adjoint motives
of modular forms, Ann. Sci. Ec. Norm. Sup 37 (2004), 663-727.

[Dj] F. Diamond, The Taylor-Wiles construction and multiplicity one, Invent. Math. 128
(1997), 379-391.

[Di 2] F. Diamond, On deformation rings and Hecke rings, Anm. Math 144 (1996), 137-166.

[FL] J. M Fontaine, G. Laffaille, Construction de représentations p-adiques, Ann. Sci. Ecole
Norm. Sup. 15 (1983), 547-683.
[FM] J.M. Fontaine, B. Mazur, Geometric Galois Representations, Elliptic curves, modular

forms, and Fermat’s last theorem (Hong Kong 1993)., Internat. Press, Cambridge MA,
pp. 41-78, 1995.

[Fo] J.M. Fontaine, Représentations p-adiques semi-stables, Périodes p-adiques, Astérisque
223, Société Mathématique de France, pp. 113-184, 1994.

[Ge 1] T. Gee, On the weights of mod p Hilbert modular forms, preprint (2005).

[Ge 2] T. Gee, On the weights of mod p Hilbert modular forms II, In preparation.

[GM] F. Gouvéa, B. Mazur, On the density of modular representations, Computational per-
spectives on number theory (Chicago, IL, 1995), AMS/IP Stud. Adv. Math., 7, 1998,
pp. 127-142.

[Ki 1] M. Kisin, Potentially semi-stable deformation rings, preprint (2006).

[Ki2] M. Kisin, Moduli of finite flat group schemes and modularity, preprint (2004).

[Ki3] M. Kisin, Geometric deformations of modular Galois representations, Invent. Math. 157
(2004), 275-328.

[Ki4] M. Kisin, Overconverget modular forms and the Fontaine-Mazur conjecture, Invent. Math
153, 373-454.

[KW] C. Khare, J-P. Wintenberger, Serre’s modularity conjecture: The case of odd conductor
(I), preprint (2006).

[Ma] H. Matsumura, Commutative Algebra, Mathematics Lecture Note Series, The Benjamin
Cummings Publishing Company, 1980.

[Maz] B. Mazur, An introduction to the deformation theory of Galois representations, Modular
forms and Fermat’s last theorem (Boston, MA, 1995), Springer, New York, pp. 243-311,
1997.

[Ny] L. Nyssen, Pseudo-représentations, Math. Ann. 306 (1996), 257-283.

[SW 1] C. Skinner, A. Wiles, Residually reducible representations and modular forms, Inst. Hautes
Etudes Sci. Publ. Math. THES 89 (1999), 5-126.

[SW 2] C. Skinner, A. Wiles, Nearly ordinary deformations of irreducible residual representa-
tions, Ann. Fac. Sci.Toulouse Math (6) 10 (2001), 185-215.

[Ta 1]  R. Taylor, Galois representations associated to Siegel modular forms of low weight, Duke
63 (1991), 281-332.

[Ta 2] R. Taylor, On the meromorphic continuation of degree 2 L-functions, preprint (2001).



