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A system of 3 differential equations

For t ≥ 0, we consider the system of differential equations

d

dt
X (t) = −

Z (t)

τr

− u X (t)

d

dt
Y (t) = −

Y (t)

τp

+ u X (t)

d

dt
Z (t) =

Y (t)

τp

−
Z (t)

τr
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d
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− u X (t)

d

dt
Y (t) = −

Y (t)

τp

+ u X (t)

d

dt
Z (t) =

Y (t)

τp

−
Z (t)

τr

with initial conditions

X (0) = 1, Y (0) = 0, Z (0) = 0.
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A system of 3 differential equations

For t ≥ 0, we consider the system of differential equations

d

dt
X (t) = −

Z (t)

τr

− u X (t)

d

dt
Y (t) = −

Y (t)

τp

+ u X (t)

d

dt
Z (t) =

Y (t)

τp

−
Z (t)

τr

with initial conditions

X (0) = 1, Y (0) = 0, Z (0) = 0.

Since X (t) + Y (t) + Z (t) = 1 we can reduce the system.
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A system of 2 differential equations

For t ≥ 0, the new system is











d

dt
X (t)

d

dt
Y (t)











=











1

τr

− u
1

τr

u −
1

τp















X (t)

Y (t)



 +







−
1

τr

0






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A system of 2 differential equations

For t ≥ 0, the new system is
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
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
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with initial condition
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X (0)
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

 =


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0




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Formal solution

We recall that for a differential system

V̇ (t) = AV (t) + B
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Formal solution

We recall that for a differential system

V̇ (t) = AV (t) + B

the solution is

V (t) = e
At

V (0) +

∫ t

0

e
A(t−s)

B ds
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Formal solution

We recall that for a differential system

V̇ (t) = AV (t) + B

the solution is

V (t) = e
At

V (0) +

∫ t

0

e
A(t−s)

B ds

In our case

A =


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A case study

We consider the case study where
• τp = 5
• τr = 100
• u = 0.2
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A case study

We consider the case study where
• τp = 5
• τr = 100
• u = 0.2

Hence,

A =

(

−0.19 0.01
0.20 −0.20

)
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A case study

We consider the case study where
• τp = 5
• τr = 100
• u = 0.2

Hence,

A =

(

−0.19 0.01
0.20 −0.20

)

and then

e
At =


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
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4
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The solution

In this case we obtain
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The solution

In this case we obtain

X (t) =
4

9
e
−6t/25 +

5

9
e
−3t/20 +

1

54

(

−3 + e
−6t/25 + 2e

−3t/20
)
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The solution

In this case we obtain

X (t) =
4

9
e
−6t/25 +

5

9
e
−3t/20 +

1

54

(

−3 + e
−6t/25 + 2e

−3t/20
)

Y (t) = −
5

9
e
−6t/25 +

5

9
e
−3t/20 +

1

216

(

−3 − 5e
−6t/25 + 8e

−3t/20
)
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Figures

Plot of X (t)
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Figures

Plot of X (t)
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Figures

Plot of Y (t)
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Figures

Plot of Y (t)
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The end

Thank you for your attention
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