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“Dealing with any mathematical phenomena, search for a

[symmetric| operator sitting behind the curtains”
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My favorite operator

Given a linear differential equation

d
Y A)y(z), zeR,
dx

on a (generally, infinite dimensional) space ) with

matrix-(or, generally, operator-) coefficients A(x)
Consider on L?(R;))) the operator

(Gau)(z) = 5 + Alz)u(2)

More general: given an infinite dimensional propagator
®(x,2") — strongly continuous exp bounded
consider (strongly continuous) evolution semigroup
(E'u)(z) = ®(x,z —t)u(zr —t), z€R, t>0

Theorem. Infinitestmal generator G of the semigroup
{E'}>0 is the closure of G 4

|G 4 is closed for very general “parabolic”;
diGiorgio/Lunardi/Schnaubelt]



My favorite operator: perturbed

Given

Y —A@ye), weR

dy

Y —[A@) + R@)ly(x)

Assume G4 = —-L + A(-) is invertible
Then (Gatpgu)(z) = —2 + A(x)u(z) + R(z)u(z) could be

written as

Garr=Ga+R=Gs(I+G,'R)

Factorize R(x) = Ry(x)R,(z). Then

Garr=Ga(I+G,'Ry- R,)

Observation (“Birman-Schwinger principle”):
Operator I + 17 - 15 is invertible if and only if operator

I + 15 - Ty is invertible

Conclusion. G 44 g is invertible (Fredholm) if and only if
I+ R,.G,'Ry is invertible (Fredholm)

Definition:

H=R.G'R,

1s called the sandwiched resolvent
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Main Results

Given finite dimensional equations

Y _A@)y(x). z € B, AC) = Az, )
Y () + R@)ly(x), v € B, R() = R(z. )

z €C spectral parameter

Theorem (Evans=Fredholm). The Evans function
E(z) is equal to the (modified) Fredholm determinant of the

wdentity plus the sandwiched resolvent

H(2) = R.(d/dz + A(-))"'Ry.

For the Scrodinger equation
Theorem (Evans=Jost). The Fvans function E(z) is

equal to the classical Jost function

Open Question: What if A(x) and R(x) are infinite
dimensional operators?
What is the Evans function?

Are there interesting examples?
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My favorite operator: bended

__d 2(R.
Gg= - + A(x) on L*(R;))
d

View = as the generator of the flow (translation on R)
' i w2 +x, 2 eR
"Bend” the line R

Consider

X a manifold
u a vector field

¢! a flow generated by the vector field
Replace % by (u,V) — derivative along the flow

Then G4 becomes

G4 = —(u, V) 4 operator



Kinematic dynamo

Example (Lie bracket or kinematic dynamo)

Gav = —(u, V)v + (v, V)u

v vector field (say L*-divergence free)

Comes from eqns for induction H

d 1
—H = H AH, divH =0
dt Vo (ux H) + Reynolds v

for Reynolds= oo this equation becomes

d
EH = —(u, VH + (H, V)u.



3-min Course in Linear Hydrodynamics

Euler equations for an ideal incompressible fluid on T,
d=2ord=3

u — velocity vector field, v = u(t, x), x € T?

P — (a scalar) pressure

ou+ < u,V>u+ VP =0,divu =0

Fix a C*°-steady state u = u(x)

<u,V>u+VP=0



Linearized Euler

Linearize Euler equations about a steady-state u.

Linearized operator is

Lv=—<u,V>v—<v,V>u—VP, divv=0

L=Ly,g, d=2or3

Vorticity w = curlv (= wk in 2D, w scalar)
L=Lyort, d=2
Lw=—<uV>w—<cul 'w,V > curlu

Here: curlu = —0yuq + O1us;

-1 . .
v = curl ~ w solves equation curlv = w,divv =0



Problem: describe o(L) and o(et!)

on L§(T%) or HE,(T?) for L, (s - means divergence-free)
on HY) (T?) for Lyopt (0 means [wdx = 0)

Point spectrum: classical
(L. Howard, Drazin/Reid, C.C. Lin)

Essential Spectrum:

S. Friedlander, M. Vishik, W. Strauss, ...

i "y
L

Kk

o) b o(e")

e Find boundaries

o Is o(etl) = eto(L)?

o Describe the geometry of gees(L) and oess(etl)
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Results for 2D Euler

u C*°-steady state, (u,V)u+ VP =0, divu=0
Lw = —(u,V)w — (curl " w, V) curlu
linearized Euler operator on H° (T?), m € Z.
1
A = lim - logmax || Dy ()]

maximal Lyapunov-Oseledets exponent

Theorem (Shvidkoy/Latushkin)
1. If A > 0 then

Oess(L) = {2€C:—m|A <Rez < |m|A}

tL) _ {Z cC - 6—t|m|A < |Z| < 6t|m|A}

Uess(e

2. If {¢+} has arbitrarily long trajectories and A = 0 then
Tess(L) = iR

3. 7 log radius of gess(e'”) = |m|A (implies linear

instability)

4. et"l) = g(eth).
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Formulation by pictures

u  steady state for 2D-Euler, C°
t

¢! corresponding flow on T?, Lof(z) = u(p'x)
y  stagnation point u(y) =0

May be hyperbolic: o(Du(y)) = {—X, A}

Du(y) Jacoby matrix

Do (y)m = e *'m

Dt (y)ne = eMnp

12



A =sup{ )\ : stable eigenvalues at hyperbolic stagnation points}
= sup{> = Lyapunov-Oseledets exponents}

//////

6—|m/ % ol
o
Tess(L)

Oess (e(tL) )

Linearized Euler Lw = —(u, V)w — (curl ™' w, V) curl u

13



Idea of the proof
Recall

L = —<u,V>w—<cul 'w,V > curlu

= A+ K

Aw =< u,V > w generates Efw = w o ¢
K compact operator on all H?, m =0,1,2,...

Main Lemma

[fa=A+1 A€ X, AN#0, £ €R, then there is
{fu}: an”H?n =1, Weak—nli_)H;O fno=20,][(ac—A)fn| — 0.

Conclusion: —« is an approximate eigenvalue for L

If A € X, A # 0, then there is a stagnation point v,
u(y) = 0, such that

o(Du(y)) = {=\, A}, Dy(y) = ot Du(y)

Dg(y)n=n"n

De(yn=n""n
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For m = 1:

A=<u,V> H(t,t)=pap.(X,)

d )

Ft,7) = e*y@®)o(r), o(r)=(s— 7= s.s]
f = }710}_[_17 SUppW(t) C [_N7 N]
Af —af lur = € (08() = F(t,7), a=A+is
we show
S N ~
VFE|? s — 0
1L+l o < fZSf?vN‘ ‘ > 0 as
o f—sf—]\f‘vo‘2 N — 00
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Open: Evans vs. Euler

The Evans function detects the point spectrum of

d
GAtr = - + A(z) + R(x)

The Euler operator
L=—(u,V)+ K

Is there an Evans function which detects the point
spectrum of L7

Big literature on the point spectrum (a classical problem)

Friedlander, Yudovich, Vishik (continuous fractions)
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Spectral Mapping theorems
We know for Euler:  o(ett) = eto(L)

We know for matrices:  o(et4) = eto(4)

Given infinite dimensional equation

v = Av, v(t) = eov(0)

A generator of a strongly continuous semigroup

Will the spectral mapping theorem hold?
o(e!N\0 = e ¢ >0,

Important: given nonlinear equation

d

ﬁu =F'(u) linearized around fixed point
d

av —Av

we know o(A) but often need o(e*) for

stability /instability /invariant manifolds
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An abstract nonlinear instability result
% = Av+ F(v), v € Y (a Banach space), F'(0) =0
Assume
c(A)N{Rez >0} # 10
Then et C o(et4) implies

d
%U = Awv is linearly unstable : a(etA) N{lz| > 1} # 0

Theorem (Shatah/Strauss). If F': Y — Y is continuous
and |[|[F(v)|| < c||v||*™ for n > 0 and small ||v|| then zero is

nonlinearly unstable

stable means:
Veddv||v(0)|| < 03w € C([0,00]; X) @ SuPgescoe [0 < €

Question: Does 0(A) C {Rez < 0} implies stability?

Even linear stability?
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Troubles that one wants to avoid

A generator of a strongly continuous semigroup

o= Av, v(t) = eov(0)

s(A) = sup{Rea:a € o(A)} spectral bound
1
w(A) = tlim p log ||e"}|| growth bound

& = Ax is uniformly stable < w(A) <0

Question: is s(A) = w(A) [Lyapunov Theorem]

Answer: NO. Ounly expto(A) C o(e!?) NOT =

19



1
Wess(A) = = log radius of aess(etoA)
w(A) = 1 log radius of o(e®?)
to

Example: M. Renardy, ui = Uggy + Uy + eV,
u(t,z,y) 2m-periodic in x,y
Rewrite v = Av  Ais 2 x 2

s(A) =0 < % — w(A)

Conclusion: Spectral mapping theorems hold for
parabolic equations (analytic semigroups)

Generally, does NOT hold for hyperbolic equations

20



Gearhart-Priiss vs Lyapunov

Y is a Hilbert space, A is Cy-semigroup generator
Assume s(A) < 0: o(A) is to the left of iR

What should we add to have w(A) < 0
that is o(e) is inside of {|z] < 1}?
Answer: sup{|[(z — A)7!|| : Rez > 0} < o0

Theorem (Gearhart-Greiner-Herbst-Priiss). )
H:lbert

o(e")\{0} = {e |either u, = A+ 22 € o(A) for some
k € Z or the sequence {||(ux — A) ™|} rezis unbounded}

Theorem (Latushkin, Montgomery-Smith,...). )
Banach
o(e\{0} = {eM | either pur, = A + 22 ¢ g(A) for some

t
—1 s not an

k € Z or the sequence (ux — A)
LP(]0,27]; V)-Fourier multiplier}

Operator sequence { My } ez is a Fourier multiplier if

Z ye't ) — Z Miyre™,  yp € Y,

[k|<N |k|<N

extends to a bounded operator on LP([0,27];)), p > 1.
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Gearhart-Priuss vs Evans

Gearhart-Priiss theorem has been used by many nice

people to treat stability of traveling waves

Kapitula/Sandstede Physica D 1998
Miller /Weinstein CPAM 1996
Pego/Weinstein CMP 1994

See a collection in Cramer/YL “...a survey”
|IKdV,BBM,Boussinesq, Green-Naghdi, NLS...]

General strategy:
linearize a PDE dyu = L(9;)u + N (u) about a traveling

wave Q. = Q.(x — ct)
Lu = L(0z)u+ cOpu+ DN (Q.)u

1. Use the Evans function to detect the isolated

eigenvalues of L

2. Use resolvent estimates to apply Gearhart-Priiss for

A=CL
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Gearhart-Priiss vs linearized nonlinear Schrodinger

Using spectral mapping theorems to find invariant
manifolds for nonlinear Schrodinger
|Kapitula/Sandstede, Gesztesy/Jones/Stanislavova /YL,

Weinstein|

wy =Au + f(z, [ul*)u + Bu
u=u(x,t) €eC, x e R"t>0, <0

Separate real and imaginary parts u = v + 1w

v =Aw + f(x,v? + w?)w + fw
wy = — Av — f(z,v* + w?)v — fu

Linearize about a standing wave of frequency 3 (real-valued

0 —Lg
steady state) to get £ = where
L 0
Lrp=-A—-0+GQ1, Li=-A—-F+Q

and (01, ()2 given potentials

Known: o.ss(L) = {i&|€ € R, |€| > —F} PLUS discrete non

imaginary eigenvalues.
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Invariant manifolds for NLS

Want: stable/center /unstable invariant manifolds for the

NLS locally around the standing wave

Invariant manifolds exist provided o(et*) is split

.a,+i’7'

0

X

13

X

N

Gearhart-Priiss gives —-

X
P

Want to show that [|[(¢ — £)7!]| is bounded for £ = a + iT,
a # 0 for large enough 7

0

—D + Q2

& D

—D g

D + @
0

I+
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Resolvent estimates

£ L

§

D
-D ¢

(I + A(§) - B)

where D = —-A -3, =a+1i1,a #0, T —

—1

¢ D 0 Q7
1
D ¢ -Q; 0
Qa2 0
0 Q7
0 D+ o
—D—I—QQ 0
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Lemma 1. The norm of

¢ D
—Df

18 bounded as

T—o00; heref=a+ir,a#0, D=—-A-0
Lemma 2. ||B-A(£)|| — 0 as 7 — oc.

Here:

BA(§) =

1
Q2]2 (£24+D2)~1DQ2

1
— Q1|2 £(€2+D?) 71 Q7

1
Q2] Z£(£2+D?)1Q?

1
Q12 (624+D?)DQ?

The proof of the resolvent estimateis is based on
(I+AE)-B) =1-A&UI+B-A)"'B
Thus |[(§ — £)7| is bounded as 7 — oo

because (£ — L)~ ! = (I + A(€) - B)

26
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The Evans function

Evans function F(z) is a Wronskian-type determinant used
to detect the point spectrum of differential operators
obtained by linearizing PDEs about special solutions such

as pulses, fronts, traveling waves, etc.

(General rule:
e F(-) is analytic outside of gess(L)
e F(z)=0if and only if z € 0,(L)

where L is the “linearized" operator
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Main results

1. Coordinate-free definition of the Evans function in the
context of perturbation theory for general first order

matrix nonautonomous equations.

2. The Evans function is equal to the modified Fredholm

determinant of the “sandwiched resolvent".

3. Schrodinger equations: The Evans function is equal to

the classical Jost function.
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The Evans function: an example

Reaction-diffusion equation

Up = Uz — U+ 2u°, uw=u(z,t), (x,t)ceR xR,

Pulse solution: ug(x) = sech z Linearize!

Operator L:

Lv=1v"—(1-6ui(z))v, v=uv(z)

Rewrite the eigenvalue problem Lv = zv as

Y@ = [+ R@E), ceR _
A~ |0 Y pmo]| O 0
_1 + z ()_ _—6u(2)(:£) O_

Note R(z) — 0 as x — 00 exponentially

Want to detect z’s that yield bounded on R solution y
then z € 0,(L)

Fix z with Rez > —1

29



y' () = [A+ R(x)]y(x), z € R perturbed equation

0 1
A= , R(z) exp decaying (2 x 2) perturbation
1+2z 0

Eigenvalues of A are —v/1 + z and /1 + z

Eigenvectors of A are

1 1
Ny = and n_ =

—v1+z

Solutions of the unperturbed equation

y' () = Ay(x), x € R, (plane waves) are

e~ Witep Qasz — +00

eWVIT2T, . Qasax — —o0
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Take solutions y(x, z) of y'(x) = [A + R(x)]y(z),
y+(z) — 0, x — F00

asymptotic to solutions
eTWIT2En, of i (x) = Ay(x)

so that

eVIHTY (1) — oy, @ too

e” Wty (2) — ., T — -

Evans function E(z) = det|ys(z,2) y_(x,2)]

E(z) =0 if and only if there is a bounded y
if and only if z € 0,(L)

Not a function!
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Exponential dichotomies
y = A(x)y (d x d) matrix equation, A € L>°(R; C?*4)

(01 an exponential dichotomy on R

Im@)

I

ker @)+

()_ an exponential dichotomy on R_

|

ker ()_

(Q+ are not unique! only Im Q)4 and Ker () _!

32



Q ED on R for ¢y = A(x)y

Im()

ker ()

() is unique!

33



Dichotomy and operators

Theorem. My favorite operator

d

is invertible on L*(R;C%) if and only if g—g = A(x)y has an
exponential dichotomy on R
(old theorem. Holds for infinite dimensional spaces and

unbounded operators A(x). See [Chicone/Latushkin| for
many different proofs that go back to Daleckij/Krein, etc.)

Question: When G4 = —-% + A(z) is Fredholm?
Dichotomy Theorem: G 4 is Fredholm if and only if

g—z = A(x)y has an exponential dichotomy Q4+ on R, AND

an exponential dichotomy ¢)_ on R_

Also IndG4 =dimIm@Q_ —dimIm Q

34



Finite dimensional Dichotomy Theorem:
R. Sacker,
Splitting index for linear differential systems, 1979
K. Palmer,
Dichotomies & transversal homoclinic points, 1984
Dichotomies & Fredholm operators, 1988
Palmer’s Theorem

A Ben-Artzi & I. Gohberg, Dichotomy of systems, 1992

Important for heteroclinic orbits

Key ingredient in travelling waves
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Infinite dimensional Dichotomy Theorem
A. Baskakov (1996-2002)

J. Harterich, B. Sandstede, A. Scheel (2002)
X.-B. Lin (1986)

J. Mallet-Paret (1999)

D. Peterhof, B. Sandstede, A. Scheel (1997)
H. Rodrigues and J. Ruas-Filho (1995)

B. Sandstede, A. Scheel (2001)

W.N. Zhang (1995)

Recent:

Abbondandolo-Majer (2001,2003)

Di Giorgio, A. Lunardi (2003)

Di Giorgio, A. Lunardi, R. Schnaubelt (2004)
(parabolic infinite dimensional)

P. Rabier (2004)

Assume that...

le.g., unstable subspaces are finite dimensionall
Then
GG is Fredholm

—

there exist dichotomies on R, and R_
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Infinite dimensional Dichotomy Theorem

What is G4 = —-& + A(z) on L*(R; V)?

here A(x) are unbounded and ) is infinite dimensional

Two approaches

1. Assume Dom A(x) = W compactly embedded in Y
Treat G4 : L*(R; W) N H*(R,Y) — L*(R;)Y) as
bounded operator |Robbin/Salamon, recently Rabier|
Plus: % = A(z)y is NOT assumed to be well-posed

Important: Papers by Sandstede and Scheel on
NOT well-posed

2. Assume g—g = A(x)y is well-posed.
Take the propagator ®(z,x’)
Define the evolution semigroup on L?(R,))

Treat G 4 as its generator [Tomilov/YL]

In other words: w € Dom G4, Gau = f if and only if

x

u(x) = @(x,x’)u(w’)—/ ®(x,s)f(s)ds, x> 2, fe L*(R;Y)

x/
mild solutions

Ga = —-L 4 A(z) for general parabolic
|Lunardi/Schnaubelt]
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General Dichotomy Theorem

Given: {®(z,2")}y>qr, x, 2" € R

strongly continuous exponentially bounded
evolution family on a reflexive Banach space Y

generator G of the evolution semigroup

Dichotomy Theorem

G is Fredholm on L,(R;Y), 1 <p < o0
<= for some b > a in R

(i) There exist dichotomies {P, },<, on (—o0,a| and
{P*}:>p on [b,+00), and

(i) The node operator N (b, a)
N(b,a) = (I — P )®(b,a) |ker p—+ ker P~ — ker P

1s Fredholm.

Also
dimker G = dimker N(b,a)
codim ImG = codim Im N(b,a)
IndG = IndN(b,a)
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G = closure (—-% + A(z)) is Fredholm

dx
<
{ Im P’
a b i
N(b
(ba)
ker P_7 er Pt

Node Operator

N(b,a) = (I — P )®(b,a) ker p—: Ker P — Ker P

39



Another form of the Dichotomy Theorem
G is Fredholm on L,(R;)), 1 <p < o0

—

(i) There exist dichotomies {P, }.<o on R_ and {P, }.>0
on R, , and

(ii’) The pair of subspaces (Ker P; ,Im P;") is Fredholm.

Also,
dimKerG = dim(Ker P, )N Im POJr )
codim ImG = codim (ker Py + Im P;")
IndG = Ind(Ker Py ,Im P(;r )

Fredholm pair (W, V):

dim(WNV) <oo, W +V is closed,
codim (W + V) < oo,
Ind(W, V) =dim(W NV) — codim (W + V)
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Special Cases

Recall: G is Fredholm <—

(i) dichotomies on R

(ii) node operator is Fredholm

why (ii) is new?

N(0,0) = (I — Py) |xer p-+ Ker Py — Ker P

Lemma If Py — Py is compact then N(0,0) is Fredholm

Proof. Consider Fredholm operator

L =

L =

If A=

I— (P —Py):ImPy ®KerPy — ImP,” @ Ker Py

|

PPy

x

An
Ao

N(0,0)

0
Ago

0

:| Fredholm =- N(0,0) is Fredholm

1s Fredholm then

(general fact, Litvinchuk/Spitkovskiy)

Im Ay, is closed and dim Ker A5y < 00
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Connections to spectral flow
Atiyah-Patodi-Singer Theorem

Robbin-Salmon Spectral Flow=Index Theorem (1995)
Abbondandolo-Majer (2001,2003)
DiGiorgio-Lunardi-Schnaubelt (2003,2004)

Rabier (2004)

Consider {A(x)}° operator path

A(x) selfadjoint, AL = lim,_ 4+ A(z),
B(x) = A(z) — Ag(x) is compact

A_|_, it x Z O,

Ao(z) =
A_, if x < 0;

Assume compact resolvents
Assume 0 ¢ o(AL).
Then G is Fredholm. Also

spectral low = (# positive eigenvalues of A_)
— (# positive eigenvalues of A, )
= dimKer Py —dimKer Py
= IIldGAO:IndGA

A(z) = Ao(z) + (A(z) — Ao(z))
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General dichotomy theorem for % = A(z)y(z)

dt
on Banach Y

G is Fredholm <—

(i) Dichotomies on R4

(ii) (Ker Py ,Im P;") is Fredholm
Also, Ind G = Ind(Ker P, , Im P;")

Particular case on Hilbert

A(x) are selfadjoint with compact resolvent,

Ay = lim A(x), DomA,; =DomA_

xr— 100

B(x) = A(x) — Ag(x) is compact
G is Fredholm <=
0¢o(Ax) (%)
Ind G = dimKer P4 — dimKer P4, = spectral flow (xx)
Why? P4, are compact, so (ii) holds

Note (*) and (**) are “spectral" objects

(i) and (ii) are “geometric" objects
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Connections to Morse Theory

Y = R4, v heteroclinic solution

d
= @), v = lim ()
= L ¢
o= )

f = —DF gradient vector field, ' Morse functional

after linearization

Gu=—u"+A(x)u, A(xr) = Df(v(x))
Ar = Df(vy)

dimKer P4, = #unstable eigenvalues D f(v;)
dim Ker P4

#unstable eigenvalues D f(v_)

These are Morse indices of vy and v_

Dichotomy Theorem:

Ind G = Morse index (v_) — Morse index (v4)
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Infinite dimensional setting:
Y =Hilbert

F : Y — R Morse functional (energy functional)

v+ critical points of F

hyperbolic: D*F(vy)N{|z| =1} =10
typical F(v) = 1 (Av,v) + b(v)

where A = 2nd order self-adjoint
D?b(v) =compact operator

So, formula
Ind G = Ind(Ker P4_,Im P4 )
is a generalization of

Ind G = difference of Morse indices

Hyperbolicity is necessary
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The Evans function: a definition via EDs
y = A(x)y, A = A(z,x) analytic in z, (d X d)

Assume ED on R, and R_ and also assume
k:=dimIm@; =dimIm@Q_

Q+ = Q+(z) are analytic
Select

n’,...,m; abasis in Im Q4 ()

Mit1s--+»7g @ basis in KerQ_(z)
Define the Evans function:
E(z) = detn) ..o my iy - -7y ]
Then
e F(z)=0if and only if InQ, NKer@Q_ # {0}
e F(z) =0 if and only if there is a bounded solution
e F(z)=0if and only if z € 0,(£)

E depends on the bases. What is a natural choice?

46



Bohl and Lyapunov exponents

y' () = A(x)y(x), (dxd), Ac L on R, on Ry or on R_

loc

¢ (z) fundamental matrix solution, ®(0) = I

®(x,2') = ®(x)P(2') ! propagator
assumed to be exponentially bounded

P projector on C¢

Bohl exponents

1
»#(P)= limsup - log||®(z+ 2')P®(x)""| upper Bohl

r—o00,xr’ —00

1

#(P)=— limsup — log||®(z)P®(z+ z')""| lower Bohl
Lyapunov exponents
1
A(P) = limsup — log ||®(x)P|| upper Lyapunov
rx—oo <L

1
N (P) = —limsup — log ||P®(x)!|| lower Lyapunov
T

r—00
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Bohl and Lyapunov exponents (in other words)

#(P) =inf{a € R: sup e *®~%)||®(2)PP(z') " < oo}

x>x!

# (P) = sup{a € R : sup e *C=%)|®(2)P®(z') || < 0o}
r<x’

AMP)=inf{a € R:supe” **||®(z)P|| < oo}

N (P) = sup{a € R : sup e®®||P®(z) | < oo}

Upper (lower) Bohl measures the best (worst)
exp growth of the propagator on Im P
Upper (lower) Lyapunov measures the best (worst)
exp growth of the fundamental solution on Im P
i (P) < N (P) < AP) < (P)

Generally strictly smaller (Perron!)

Similarly on Ry : 3/ (P) < N5(P) < ME(P) < »=(P)
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Exponential splitting

Disjoint projectors Q1,Q2,...,Qq, d > d’, so that
Q1+ -+ Qg = I form an exponential splitting for
y' = A(x)y on R if:

Bohl segments [»'(Qy), >#(Q%)] are disjoint

Bohl spectrum B = U¢_, [/ (Qx), 2(Qx)]
e o ¢ Bif and only if 4y’ = [A(z) — o]y has ED

e B=0 (L — A(z)) NR (a theorem)

e B = Sacker Sell spectrum (on R)

If A= A(x) autonomous then:

(. spectral projections for A

oc(A|ImQr) ={N€d(A): ReX = »(Qr)}

#(Qr) = MQr) = N (Qr) = #'(Qr)

Similarly on R.

If {Qk}glzl is a splitting on R then it also a splitting on R
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Dichotomy and L'-perturbations

Assume 3y’ = A(z)y has exponential dichotomy @, on R

Consider ¢y = [A(x) + R(z)]y with ||R(:)|| € L} (R,)
Lemma 3 (Daleckij-Krein,Coppel). There exists
exponential dichotomy Py on Ry fory = [A(x) + R(x)]y

Even better:

W T (Pr) =T (Qy) and s (I — Py) =57 (I - Q)

Also

dimIm P, =dimIm @y, dimKer Py = dimKer Q)4

Lemma 4. Let Q,..., Q:{, be an exponential splitting for
y' = A(z)y on Ry and [|R(-)|| € L*(Ry).
Then there exists an exponential splitting P1+, e PJ for

Yy = [A(x) + R(z)]y on Ry with the same Bohl spectrum:
2 T(QF) =2 T(BF) and 5T (QF) =T (P), k=1,....d.

Also, dimIm Q} = dimIm P, k=1,...,d.
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Towards the Evans function

Assumptions: the unperturbed equation 3’ = A(z)y,
A € L% (R; C4*%) has:

e exponentially bounded propagator ®(x,z’)
e exponential dichotomy () on R

e exponential splitting ()1, ..., Q4 so that

ko
Q=D Qr Q1)< <(Qk) <0
k=1
p
I-Q= ) Qr #(Qa)> > (Qrr1)>0
k=ko+1

Perturbed equation 3y’ = [A(z) + R(x)]y has:
e for some o > 0

/ (X @)= @ R(g) [ da < o0, k=1, ... ko
0

0
/ e~ (" Q=A@+ R de < 00, k=ko+1,...,d

Take the exponential splitting Pli, ey P$ on R4 so that

o/ (PE) = 55 (Qr), #E(PF) = #5(Qr)
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Jost solutions and the Evans determinant

Definition 1. Matriz (d x d) solutions of
V' =[A(z) + R(x)]Y (z)

- -
Z]-7.'.7Zk30 OnR+

Lyov1r-- Ly onR_

are called the generalized Jost solutions provided

1
lim sup - log | Z,7 (z) — ®(x) Qx| < #T(Qy), and

Tr——+0o0

Z50)=Z(0)Qk, k=1,... ko,

lim inf ! log | Z, () — ®(z)Qk|| > 2~ (Qk), and

r——00 I

Z (0)=2Z_(0)Qk, k=ko+1,....d

Here: ® and {Qy ‘il/ is the fundamental matrix solution and
the unique exponential splitting for ¢y’ = A(x)y on R

(and hence on Ry and R_)

so that 3% (Qu,) < 0 < 5= (Quys1).

Definition 2. The Evans determinant E is defined by

ko d’
E=det | ZF0)+ > Z;(0)
_kzzl k=ko+1 i
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Jost solutions: comments

e Jost solutions of Y/ = [A(z) + R(z)]Y are matrix

solutions so that

MIZE() = 2O)Qkl) < # (@), k=1, ko
N(12, () = 2()Qkl) > 57 (Qk), k=ko+1,....d
This means that Z ,;t approximate solutions ®(-)Qy of

y' = A(x)y up to terms of lower than k-th exponential

order

e Condition Z;7(0) = ZF(0)Q means that Z;© have

many zero column

e Lyapunov exponents of the Jost solutions belong to
k-th Bohl segment

e Jost solutions are unique up to the terms of lower
exponential order: Z,j and Z,j are Jost solutions
implies Z;"(0) — Z;F (0) belongs to Im Z;:ll Pj+,

k -
does not belong to ) ,_; P
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Lemma 5. The Evans determinant
E = det [ Zozl Z.7(0) + ZZ:%H Z, (0)| does not depend
on the choice of the Jost solutions, that is, all lower order

terms can be dropped.

Thus, the Evans determinant is uniquely determined by the
equation ¢y’ = [A(x) + R(x)]y(z).

Proof
Z =31 ZE0) + X0, 1 Z (0) as a block-matrix in

ko d’

mQ&Im(I-Q)—Im) Pfelm Y P
k=1 k=ko+1
. . Zi1 0
is block-diagonal: Z = : also
0 Zoo

ko ko
Z11: @ ImQy — @ Im P’ is upper-triangular

d’ d’
Zao: P ImQr— & ImP, is lower-triangular
k=ko-+1 k=ko-+1
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Lemma 6. There erists a unique choice of Jost solutions
such that Z,;E(O) € Im P,f for the splitting {Pgt}g/:l of

y' = [A(x) + R(x)|y with the same Bohl spectrum as

{Qrk %;1-

Lemma 7. Columns of Z7(0) form a basis in
Im P™ =1Im ZZ":l P . Columns of Z~(0) form a basis in
Ker P~ =TmY¢_, .| Po

Thus, the “new Evans" = “old Evans".
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Jost solutions: existence

Recall assumption

/ e(>‘+(Qk)_%l+(Q’“)+6)xHR(:E)Hd:c <oo, k=1,... ko.
0

WLOG 0 < 5 ming{»(Qr) — #(Qr-1)}

Consider equation

Z(x) = (1:2)(x) = ®(x)Qk on [1,00), T >0,

where
- 4]
T.2)@) =~ [ 0@) | 30| o) R)Z ()
x =k |
x 4
—I—/ P (x) I—ZQj &) 'R(NZ(2)dr', x>7T
T =k |

Lemma 8. For 7 large enough T; is a contraction on
Cy([1, 00); e~ AT (@u)+6/2)2) - Al

sup e~ (% (@W=0/2)7) (1) — B(2) Q|| < o0

T>T

for the unique solution of Z — 1.7 = ®(-)Qy.
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Full system for Jost solutions

00 KA
Zi@) - 0@)Qu =~ [ o) | Y0 Q;| o) RE)Z (@)
X _j:k |
00 .
+/ O(x) [I— ZQj (") R(2) Z; (2 )da',
T I =k |
x>T1, k=2,...,ko, s, <0,

r< -1, k=ky+1,...,d -1, %,’mH > 0,
2 (2) — (2)Qu = / () () R(2) 25 (2 )da

Volterra-Fredholm mixture!
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Dichotomies and operators
Recall assumptions
e yy = A(x)y has ED @Q on R
o |R()| € L} (R)
This implies
e y =[A(x) 4+ R(x)]y has EDs Py on R
e dimIm P, = dimIm (@), dim Ker P_ = dim Ker Q)

Consider operator

Gatru(-) = u'(-) = [A() + R()Ju(-) on L*(R;CY).
Dichotomy Theorem. (Palmer, Ben-Artzi/Gohberg,
Sandstede/Scheel, ... YL/Tomilov)

G a1 g s Fredholm if and only if v = [A(z) + R(x)|y has
exponential dichotomies P+ on Ry. Also,
IndGarp =dimIm Py — dimIm P_
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Thus we know G 41 g is Fredholm and Ind G441 r = 0.

Either G 44 g is invertible or

Ker Gayrgr # {0}

that is, there exists a bounded solution of

y' = [Alz) + R(x)]y(x).
Back to the “linearized" ODE operator L:

z € op(L)means Lv = zv for a bounded v

means y = [A,(-) + R.(-)]y has a bounded solution

means G 4_4g. 1s not invertible
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Sandwiched resolvent

Recall that ' = A(z)y, A € L*°(R; C%*?} has ED @ on R.
Equivalently (a theorem!):

Gau(-) =u'(-) — A()u(-), Dom G4 = H?(R; C?) is
invertible and G u(z) = Jp K(z, 2" )u(z")dz’ where
P(z)QP ('), x>

Bla,o) = —®(2)(I - Q)®(z")~ L, z<a

Use polar decomposition R(z) = V)| R(x)| to write
R(x) = Re(x) Ry (2)

Lemma 9. If |R(:)|| € L*(R) then the “sandwiched
resolvent”
H=R.G,'Ry

18 a Hilbert-Schmadt integral operator with the kernel
RT(ZU)K(ZU, ZE,)Rg(f,).

Modified Fredholm determinant
deto[I — H] = det[(I — H)e"]

= [ a-xe

A€o (H)
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Dichotomies and sandwiched resolvents

Since y' = A(x)y has ED on R if and only if
G au = u' — A(-)u is invertible,

Then Gaypu =1u" — [A() + R(-)]u satisfies
Garr=Ga—R(:)=G4s(I-G'R)
=Ga(I -G, 'R¢- R,)
because R = Ry - R,.

Then G 44 g is not invertible (has nontrivial kernel)
it and only if

1 € 0,(R.G; Ry) = o (sandwiched resolvent)

Conclusion: 3" = [A(x) + R(x)]y has a bounded on R

solution if and only if
deto(I — H) =0, H=R,G,'R,

Evans determinant E = 0 if and only 3/ = [A(x) + R(x)]y

has a bounded on R solutions.

So E and dets (I — H) must be related.
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The main result

Assume:

e 4y = A(z)y has ED Q on R, {Qk}glzl exp splitting
¢ (z) fundamental matrix solution

e ||[R(-)] is in L' with the exponential weight

6(>‘+(Qk)_%l+(Qk)+5)x’ t>0,k=1,.... ko

6_(%_(Qk)_>\/_(Qk)+5)x’ <0 k=ko+1,....d

Define the Evans determinant

ko d’
E=det |Y Z0)+ ) Z(0)
_k=1 k=ko+1 i

Define the sandwiched resolvent H = RTG;&le
Gau=1u"—A()u, R(z)= Ry(z)R.(x)
Theorem. Evans=Fredholm
deto(I — H) = 0F,

where

f = exp (/OOO tr[®(2)Q®(z) ' R(z)]dx

- /0 tr[®(z)(I - Q)q)(év)_lR(iv)]) dx

— OO
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Plan of the proof
Want deto(I — H) = 0F

R(z), |z]<n

Truncate: R™(z) = and let n — oo.

0, x| >n
Then H™ = RIWG;'R\™ — H in Hilbert-Schmidt norm
Thus dety(I — H™) — dety(I — H) and also

p(") = exp (/ tr[PQP L R™]dx
0

- /O tr[d (1 — Q)CID_l]R(">)d:1: By

— 0

Need to see E(™) — E or Z,gn) — Zy, for Jost solutions Z,gn)
of yf = [A(x) + R™(z)]y

But Jost solutions satisty integral equations
Zy — TrZy, = O(-)Qx

For contractions 17, 7™ check (I =T~ (I —-T.)"!
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Compactly supported perturbation

If supp R is compact, then the integral equations
Zy =T, 2, =T()Qr, k=1,...,d

for the Jost solutions become Volterra equations

(after exp lower order terms are dropped)
Z(z) = ®(2)Q —/ ®(x)®(2) RN ZT (2" )d',
Q)

Z (x) = ®(x)(I — —|—/_ ®(2)® (') R(2")Z (z)dx’,

where
ko d’
Zt(z) = ZZ:(%) and Z~ (z) = Z Z, (x)
k=1 k=ko+1

Recall that H = RTG;lle is an integral operator with a

semi-separable kernel.

Recent papers:
|Gesztesy /Makarov]|, [Gohberg/Kaashoek /Krupnik]

relate deto (I — H) and solutions of the Volterra equations.
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Gesztesy /Makarov and
Gohberg/Kaashoek /Krupnik

H(z,2') = {fl(w)gl(x,)’ <@

fa(x)ga(z), o <o’

where fj c L2(R, (Cd><dj)7 gj € L2(R, C4; Xd)

Theorem.

deto(I — H) = detU(a) exp /_OO tr(fi1(x)g1(x))dx

= det U(b) exp /_OO tr( fo(x)gz(x))dx

-I - g1(z) f1(z)d £ o (2) fo(x)da _
I fxoo !Jz(ﬂ?)‘l?l(i’?)alm I — ffoo gg(x)f’g(x)d:c_

and fz solve the Volterra equations
fi) = hia) = [ Sta)frla)da
fal@) = fola) + [ Stao)fala)is’

with S(z, ') = f1(z)g1(2') — fa(z)g2(2’)
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Semi-separable kernels: why does it work?

(Hu)(z) = [~ H(z,z')u(z’)dz’ with semi-separable

H(x,z") = {fl(w)gl(xl)’ x <

fa(x)ga(x'), =<’

Then

_ /_x (@)1 (@) u(z')da + /OO Fo () g0 (2 (e )

:/x S(x, z" )u(z")dx' + /_O:O fa(x)go () u(z")dx'
)

where S(z,z') = f1(2)g1(2") — f2(z)g2(2")

In other words H = S + F>(G5 where
Su(z) = [*__S(z,2")u(z’)ds’ Volterra

(Fgll)(ib) :fQ(ZC)ll, FQ . Cd2 — L2(R; (Cd)

Gau :/ go (2N u(z')du', Gy : L*(R;C%) — C%
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Semi-separable: why it works
H = S + F>Go where:
S Volterra, G5 finite rank
det(I — H) =det(I — S + F» 4+ G5)
=det(I — S)det(I + (I —9) ' FrGy)
=det(I + (I — S) 1 F,G5)
=det(I + Go(I — S) ' Fy)

finite dimensional determinant!

Similarly for deto(I — H)
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Similarly

) :/_x f1(x)g1 (2 )u(z")da’ +/OO fo(x) g2 (z )u(z")dz’
+ /OO fi(2) g1 (2 )u(z')da' — /OO (@)1 (2 Yul(e ) da

implies H = S’ + F;G and

det(I — H) =det(I +G,(I —S") ')

(S'u)(z) = — /OO S(x, 2" )u(x")dx'
(Flll)(ib) :fl(ﬂf)ll, F1 . (Cdl — L2(R; (Cd)

Giu :/ go(2Nu(z")dz', Gy : L?(R;C?) — C*
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Determinants

det(I — H) =det(I + Go(I — S) ' Fy)
=det(I +G,(I =S ')

can be expressed via solutions fl and fg of the Volterra

equations
(I =8 f1=frand (I = 8)fz = fa
or
fie) =ie) = [ Sa)fula! )i
fole) =fale) + [ Staafa(e' )
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Gesztesy-Makarov works because

Gl(I — S/)_lFl :/OO gl(wl)fl(ilf/)daﬁl
Gy(I - S)™'F, :/OO g2 () fo (') da’
Ua)= | LSCU=SR
o 92(@) fr(@)da” T
U(+00) = E JZo 1) fo(a")da”
0 I—Gy(I—-9S)'F
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Semi-separable vs Evans

Jost solutions Z*(x) satisfy Volterra equations
00~ [ o ()2 (')
Z" () =®(2)(I - Q) / B(2)(a') " R’ 2~ (o!)d

Recall that Z7(2) = Z7(2)Q and Z~ () = Z~ (2)(I — Q)

The Evans determinant

E =det[Z7(0) + Z~(0)]
= det[UT(0) + U (0)]

where U (z) = ®(z) "1 Z*(x) satisfy Volterra equations
=Q — / ) - R (2 ®(2"\UT (2")da’

U™ (z) =(I — /_ ®(2) ' Ry(2)) - R (2@ (2 U™ (2')da’
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Evans vs Gesztesy /Makarov:

Define U(x) = U™ (z) + U~ () so that E = det U(0)
Use Ut(2) =UT(2)Q and U~ () = U (z)(I — Q) to write
U(x) in the decomposition C? = Im Q @ Im(I — Q) as
O—[= i@V fi(@)de’ [ gi(a)) fala)de!
[ g2 ) fr(x)da'  (I-Q)—["__ g2(x) f2(a)da’

where we denote

g1(7) =Q®(z) ' Ry(z) : C* - ImQ

g2(2) = = (I = Q)@(z) " Re(z) : C* — Im(I — Q)
i (2) =R, (2)®(2)U T ()Q : Im Q — C°

fo(z) =R, (2)®(2)U (2)(I — Q) : Im(I — Q) — C¢

This is the Gesztesy/Makarov U (x)!
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Remark that U(x) is defined using

fi(x) = Rp(2)Z*(2)Q and fa(x) = R(2)Z~ (z)(I — Q)
They solve

where S(z,2") = R, (2)®(2)®(z') "t Ry(x)
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Semi-separable:

Sandwiched resolvent H — Rerle has the kernel

H(z,z") =

R, (2)®(2)Q-Q®(z') "Ry ('),

—R,(2)®(z)(I-Q)-(I-Q)®(z') " "Re(z'),

fi(@)-g1(z"), x>
fa(@) - ga(2), @ <o’

>

r<x

By Gesztesy-Makarov, deto(I — H) and det U (x) are
related. Also, U(x) satisfies

w
dr

gi(z)f1(z)  g1(x)fa(w)

- —g2(x)fi(z)  —ga(2)fa(2)

Ulx)

Using that det U(0) = E (the Evans determinant), and

Liouville’s-Abel formula we have the required assertion

detg(I — H) = HE,

where 6 contains the traces
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Constant A: Evans vs Fredholm
y' = Ay on R
A =constant (d x d) =sum of Jordan blocks

A A
or A1

A LA

m = max size of nondiagonal Jordan block
split eigenvalues o(A4) = U_, oy

eigenvalues \’s in o have the same Re A =: s,
s, =Bohl exponents=Lyapunov exponents

Bohl projectors (). =spectral projections of A with
0(A[mq.) = ok

Assume oc(A)NiR =10
that is dichotomy ¢’ = Ay on R:

s < v < gy <0< sy < cor < g
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Constant A: assume less

Matrix Jost solutions of Z' = [A + R(x)|Z satisfy

Volterra-Fredholm

Zt (z)—e" Q) = —/

_|_/ e(ac—ac’)A

00 d’
o 320, | Rz (i
d
I — ZQj R(z")Z," («')dx,
=k
k= 1,...,k‘0,%k0 <0
[k
(413 Q, | B2 (o)
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Constant A: the result

Jost solutions exist provided

[ lem @) e < oo )

where m is the maximal size of nondiagonal Jordan blocks

No need in exponential decay of |R(x)|| as in
/ 6(/\+(ka)—%’*(C>2k)+5)ﬂcHR(QC)Hagaj < 00
0

Need only ||R(-)|| € L*(R) if all Jordan blocks are diagonal

Theorem. FEvans=Fredholm provided:
A =constant and (x) holds
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Difference equations

Unperturbed equation

yir1= Ay, j €Z,y; € CY A, are (d X d) matrices
Perturbed equation

yir1 = Ay, j €L,
A = Aj + B;Cj, Bj and C; are matrices

Assumptions:
Aj and A are invertible
Fundamental matrix solutions
¢, = product of A; and Aj_l, by =1
¥; = product of AS and (A?)_l, Ug=1
Note: propagator ®(z,z’) = ®(z)®(2’)~! for ¢y = A(x)y
with bounded A(x)
Also assume:
Exponential dichotomy for y;4+1 = A;y; on Z

Bohl exponents: similar to differential equations
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Gesztesy /Makarov vs difference equations
Assume: (A4;), (Aj_l) € (> (Z; CI*d)

Yj+1 = A;y,; has exponential dichotomy () on Z
(C;®;), (97,1 B;) € £2(Z,C*)

AY = Aj + B;Cj is invertible for each j € Z

On (?(Z; C%) consider difference operator
sl (3 o
k=—o00 JEL
with a semi-separable kernel

C;;QP; L, By, i>k
—C;®;(I —Q)®; By, j<k

gk —

Main identity

7—1
(Hy); = ) C;%;Q%, Beyk ZC ®;(I - Q)P Bryx
k=—o0 k=j
j_l o0
= > G001 Buyr — Y Ci0;(I — Q)0 By
k=—o0 k=—o0
C (I) (I)j—i—lBjyj

- Z C;j®;®; 1, Byyy, + Z C;®;QP; L, Bryx
k=j+1 k=—o0
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Theorem.

deto(I — H) = finite dimensional determinant

wnvolving solutions of Volterra

X expz —tr(l — Q)(I)j__&lBjqu)j(I - Q)

JEZL
=[] det A; " det A¥
JEZL
X finite dimensional determinant

wnvolving solutions of Volterra

X eXpZ —tr(l — Q)(I)j__ilBjqu)j(I - Q)

JEZ
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Evans determinant E : similarly via Jost solutions

Theorem (Evans=Fredholm). Assume

Ze(%’:—_%l’;+5)j||BjCjH <oo, k=1,...,kg
§=0
Y e O I BiC | < 00, k=Ko +1,...,d

j=—00

Then E = 0dety(I — H), where 0 = exp(...) contains

traces.

Similarly for A = A, assume less
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Schrodinger equations

Eigenvalue problem on L?(R)
" +V(z)v=2v, z€ C\Ry, 2 €R, V € L'(R;R)
Re-write for y(z) = [v(z) o'(z)]! as

y' = [A+ R(2)ly

0 1 0 0
A= (depends on z) and R(x) =
—» 0 Viz) 0

Eigenvalues of A = A,
g(A) = {iz%, —iz%}, Imz? >0

assuming z ¢ [0, 0o) we have Re(iz2) < 0
So y' = Ay has exponential dichotomy @) on R
Q) = Q. spectral projection for A with 0(A |img) = {iz2}

Bohl-Lyapunov exponents

N[

w1 = Re(i22) <0 < 30 = Re(—z’z%)
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Evans vs Jost

Evans F = det[Z7(0) + Z~(0)] where Z* satisfy

7V (z) — e Q = —/ e=TVAR(NZ T (2')dx,

0 1 0 0
where A = , R(x) =
—z 0 V(z) O
1 1 T K
use W = . W=
122 —i22 2122 |4z

to diagonalize A = A, :

N 23 0 ]
A=w=taw = |~ |, e =
0 —iz2
~ 1 1 0
Q=W 1Qw =
0 0
- —1 1 ].
R=W"RW=—=V(x)S, S=
21272 1
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-1
B 1
eiz2a:
0
1
—1

e VAR Z ™ () d;




Change of variables Z*(z) = W~1Z%(2)W
Conditions ZTQ = Z+ and Z=(I — Q) = Z~ imply

: ui(z) 0 ~_ 0 uy ()
7% (x) = , 4 () =
() _u;(a:) O_ () _O u2_(:1:)_
Going back to
co [ PE@ | e
O | T e

The system for the (generalized) Jost solutions Z% is

equivalent to

Also, det W = —2iz32 implies

Wronskian (f+, f7) = —2i2% det[Z+(0) + Z~(0)]
Wronskian (fT, f7)

2iz3
Evans function £ = det[Z7(0) + Z~(0)]

Jost function J = —

We proved Jost = Evans!
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Scattering theory

Consider Schrédinger v’ + k?v = V (x)v,
V real potential, [~ (14 |z|)|V(z)|dz < oo

For brevity k = z%, Im#k > 0.
Plane waves e gatisfy v” + kv = 0

Seek scattering solutions ¥4 (k, x) and 1o (k, z) of
v" + k*v = V(z)v such that

)
tkx —ikx
e + s19(k)e " — —o0
¢1(k>517) ~ < "
\811(]{)62 i r — 400
s22(k)e "k, T — —00
¢2(k7$) ~ < e e
\e_’ T+ s91(k)e ™, x— 400

(F)
s12(k) = R(k) reflection coefficient

s11(k)e**® part of €*** transmitted to the right
(k) = T'(k) transmission coefficient

S = [si;(k)] is called the S-matrix
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Jost solutions

Jost solutions fi(k,x) solve Volterra equations and
£y (k) — etk :O(|k\_1>, k| — oo, Tmk > 0

f- (k@) = e[ =O(|k| 7)), k| — o0, Tmk < 0

Denote f—i-(_ka ZC) — f-i-(ka ZC) and f_(—k,ZC) — f_(k,ZC)
For k # 0, k € R, solutions
fi(k,z), fi(—k,x) are fundamental
f_(k,z), f_(—k,z)are fundamental
Wronskian (fy(k,x), f+(—k,x)) = F2ik # 0

Then
f-(k,z) =cu1(k) f4(k, x) + c12(k) [+ (=K, )
f4(k, ) =coa(k) f-(k, ) + car(k) f-(—k, )

Here
c12(k) =Wronskian (f_(k,x), fi(k,x))/2ik = co1(k)
is called the Jost function (and as we know, it is equal to

the Evans function)
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Transmission coefficient

chose s11 and si9 so that
Ur (k) i=f(—k,x) + s12(k) f_ (k, 2)
=s11(k) f+(k, x) (*)
Then

fo(=k,x) =f_(k,x) ~ ekt = k% o o
folk,x) ~e™* 2 — +oo, f_(k,x) ~e * 2 — —0
gives
i1 (k, ) ~e™ 4 519(k)e R 2 — —o00
~s11(k)e™®, & — 400

Thus 91 (k, x) is a scattering solution

express fy(k,x) = co2(k)f-(k,z) + ca1(k) f-(—k, )
Then (x) is possible only if

811(]43) —

Conclusion:
Jost= 1/transmission coefficient

1 /transmission coefficient=Evans function

|Kapitula/Sandstede]
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Plan

d/dx + A(x) + R(x)

main results:

Evans function:

coordinate free Evans:
Jost solutions
Evans—=Fredholm:

Evans=Fredholm:

Evans=Jost:

and “sandwiched resolvent”

Evans=Fredholm, Evans=Jost

old defn and example

Bohl /Lyapunov, splittings
and Evans determinants
dichotomy vs sandwiched resolvent

constant coeflicients

Schrodinger eqns



Plan

d/dx + A(x) + R(x)
main results:
“bended” d/dx :
spectral mapping thms:
NLS invar mnflds:
Evans function:

exp dichotomies:
connections:
coordinate free Evans:
Jost solutions
Evans=Fredholm:
Gesztesy /Makarov:
Evans=Fredholm:
difference equations:
Evans=Jost:

scattering theory:

and “sandwiched resolvent”
Evans=Fredholm, Evans=Jost
linearized 2D Euler: cqg
Gearhart-Priiss, stability /instability
resolvent estimates

old defn and example

Dichotomy Theorem

Morse, spectral flow/index
Bohl/Lyapunov, splittings

and Evans determinants

dichotomy vs sandwiched resolvent
semi-separable kernels

constant coefficients

Gesztesy /Makarov, Evans=Fredholm
Schrodinger eqns

transmission coeff



