
The Evans Fun
tion:an operator-theoreti
al perspe
tiveYuri LatushkinUniversity of Missouri-Columbia�Dealing with any mathemati
al phenomena, sear
h for a[symmetri
℄ operator sitting behind the 
urtains�[Mark Krein, private 
ommuni
ation℄
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My favorite operatorGiven a linear di�erential equation
dy

dx
= A(x)y(x), x ∈ R,on a (generally, in�nite dimensional) spa
e Y withmatrix-(or, generally, operator-) 
oe�
ients A(x)Consider on L2(R;Y) the operator

(GAu)(x) = −du
dx

+ A(x)u(x)More general: given an in�nite dimensional propagator
Φ(x, x′) − strongly 
ontinuous exp bounded
onsider (strongly 
ontinuous) evolution semigroup

(Etu)(x) = Φ(x, x− t)u(x− t), x ∈ R, t ≥ 0Theorem. In�nitesimal generator G of the semigroup
{Et}t≥0 is the 
losure of GA[GA is 
losed for very general �paraboli
�;diGiorgio/Lunardi/S
hnaubelt℄
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My favorite operator: perturbedGiven
dy

dx
=A(x)y(x), x ∈ R,

dy

dx
=[A(x) +R(x)]y(x)

Assume GA = − d
dx +A(·) is invertibleThen (GA+Ru)(x) = −du

dx +A(x)u(x) +R(x)u(x) 
ould bewritten as
GA+R = GA +R = GA(I +G−1

A R)Fa
torize R(x) = Rℓ(x)Rr(x). Then
GA+R = GA(I +G−1

A Rℓ ·Rr)Observation (�Birman-S
hwinger prin
iple�):Operator I + T1 · T2 is invertible if and only if operator
I + T2 · T1 is invertibleCon
lusion. GA+R is invertible (Fredholm) if and only if
I +RrG

−1
A Rℓ is invertible (Fredholm)De�nition:

H = RrG
−1
A Rℓis 
alled the sandwi
hed resolvent3



Main ResultsGiven �nite dimensional equations
dy

dx
=A(x)y(x), x ∈ R, A(·) = A(z, ·)

dy

dx
=[A(x) +R(x)]y(x), x ∈ R, R(·) = R(z, ·)

z ∈C spe
tral parameterTheorem (Evans=Fredholm). The Evans fun
tion
E(z) is equal to the (modi�ed) Fredholm determinant of theidentity plus the sandwi
hed resolvent
H(z) = Rr(d/dx+A(·))−1Rℓ.For the S
rödinger equationTheorem (Evans=Jost). The Evans fun
tion E(z) isequal to the 
lassi
al Jost fun
tionOpen Question: What if A(x) and R(x) are in�nitedimensional operators?What is the Evans fun
tion?Are there interesting examples?
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Based on1. F. Gesztesy, K. Makarov and Y. LatushkinThe Evans fun
tion and Fredholm determinants, inpreparation2. F. Gesztesy, K. Makarov and Y. LatushkinEvans fun
tions and modi�ed Fredholm determinants,Oberwolfa
h Reports, 2005 (to appear)3. D. Cramer and Y. LatushkinFredholm determinants and the Evans fun
tion fordi�eren
e equations, preprint4. T. Kapitula and B. SandstedeEigenvalues and resonan
es, DCDS (2004)Edge bifur
ations SIAM J. Math. Anal.(2002)(
onne
tions Evans=Fredholm for S
hrödinger)
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My favorite operator: bended
GA = − d

dx
+A(x) on L2(R;Y)View d

dx as the generator of the �ow (translation on R)
ϕx : x′ → x′ + x, x′ ∈ R�Bend� the line RConsider

X a manifold
u a ve
tor �eld

ϕt a �ow generated by the ve
tor �eldRepla
e d
dx by 〈u,∇〉 � derivative along the �owThen GA be
omes

GA = −〈u,∇〉 + operator
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Kinemati
 dynamoExample (Lie bra
ket or kinemati
 dynamo)
GAv = −〈u,∇〉v + 〈v,∇〉u

v ve
tor �eld (say L2-divergen
e free)Comes from eqns for indu
tion H

d

dt
H = ∇× (u× H) +

1Reynolds∆H, divH = 0for Reynolds= ∞ this equation be
omes
d

dt
H = −〈u,∇〉H + 〈H,∇〉u.
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3-min Course in Linear Hydrodynami
sEuler equations for an ideal in
ompressible �uid on T
d,

d = 2 or d = 3

u � velo
ity ve
tor �eld, u = u(t, x), x ∈ Td

P � (a s
alar) pressure
∂tu+ < u,∇ > u+ ∇P = 0, div u = 0Fix a C∞-steady state u = u(x)

< u,∇ > u+ ∇P = 0
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Linearized EulerLinearize Euler equations about a steady-state u.Linearized operator is
Lv = − < u,∇ > v− < v,∇ > u−∇P, div v = 0

L = Lvel , d = 2 or 3Vorti
ity w = curl v (= w~k in 2D, w s
alar)
L = Lvort , d = 2

Lw = − < u,∇ > w− < curl−1w,∇ > curluHere: curlu = −∂2u1 + ∂1u2;

v = curl−1w solves equation curl v = w, div v = 0
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Problem: des
ribe σ(L) and σ(etL)

on Ls
2(T

d) or Hs
m(Td) for Lvel (s - means divergen
e-free)on H0

m(T2) for Lvort (0 means ∫ w dx = 0)Point spe
trum: 
lassi
al(L. Howard, Drazin/Reid, C.C. Lin)Essential Spe
trum:S. Friedlander, M. Vishik, W. Strauss, . . .
?

?

sess(L) sp(L) s(e )
tL

]

]

]

]

]

]

]

]

• Find boundaries
• Is σ(etL) = etσ(L)?
• Des
ribe the geometry of σess(L) and σess(e

tL)
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Results for 2D Euler
u C∞-steady state, 〈u,∇〉u+ ∇P = 0, div u = 0

Lw = −〈u,∇〉w − 〈curl−1 w,∇〉 curlulinearized Euler operator on H0
m(T2), m ∈ Z.

Λ = lim
t→∞

1

t
log max

x∈T2
‖Dϕt(x)‖maximal Lyapunov-Oseledets exponentTheorem (Shvidkoy/Latushkin)1. If Λ > 0 then

σess(L) = {z ∈ C : −|m|Λ ≤ Re z ≤ |m|Λ}
σess(e

tL) = {z ∈ C : e−t|m|Λ ≤ |z| ≤ et|m|Λ}2. If {ϕt} has arbitrarily long traje
tories and Λ = 0 then
σess(L) = iR3. 1
t log radius of σess(e

tL) = |m|Λ (implies linearinstability)4. etσ(L) = σ(etL).
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Formulation by pi
tures
u steady state for 2D-Euler, C∞

ϕt 
orresponding �ow on T2, d
dtϕ

t(x) = u(ϕtx)

y stagnation point u(y) = 0May be hyperboli
: σ(Du(y)) = {−λ, λ}
Du(y) Ja
oby matrix

Dϕt(y)η2 = eλtη2

y

Dϕt(y)η1 = e−λt

η1
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Λ = sup{λ : stable eigenvalues at hyperboli
 stagnation points}
= sup{Σ = Lyapunov-Oseledets exponents}
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e−|m|λ e|m|λ

σess(L)

σess(e
(tL))Linearized Euler Lw = −〈u,∇〉w − 〈curl−1w,∇〉 curlu13



Idea of the proofRe
all
L = − < u,∇ > w− < curl−1 w,∇ > curlu

= −A+K

Aw =< u,∇ > w generates Etw = w ◦ ϕt

K 
ompa
t operator on all H0
m, m = 0, 1, 2, . . .Main LemmaIf α = λ+ iξ, λ ∈ Σ, λ 6= 0, ξ ∈ R, then there is

{fn} : ‖fn‖H0
m

= 1, weak− lim
n→∞

fn = 0, ‖(α−A)fn‖ → 0.Con
lusion: −α is an approximate eigenvalue for LIf λ ∈ Σ, λ 6= 0, then there is a stagnation point y,
u(y) = 0, su
h that

σ(Du(y)) = {−λ, λ}, Dϕt(y) = etDu(y)

y

x0

D (y) =j h h ht

lt

D (y) =j h h ht

-lt

14



For m = 1:
u

^

jt

jt

-s

s

-N

N
x0

u

H(t, )t

d

g

s

-s

-N N

H(t, )= (x )t j yt 0t
A=<u, >—

d
dt

F (t, τ) = eαtγ(t)δ(τ), δ(τ) = (s− |τ |)I[−s,s]

f = F ◦H−1, supp γ(t) ⊂ [−N,N ]

Af − αf |H(t,τ) = eαtγ′(t)δ(τ) =: F̃ (t, τ), α = λ+ iξwe show
‖L+ α‖2

•,H0
1

≤
∫ s

−s

∫ N

−N
|∇F̃ |2

∫ s

−s

∫ N

−N
|∇F |2

→ 0 as s→ 0

N → ∞
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Open: Evans vs. EulerThe Evans fun
tion dete
ts the point spe
trum of
GA+R = − d

dx
+A(x) +R(x)The Euler operator

L = −〈u,∇〉 +KIs there an Evans fun
tion whi
h dete
ts the pointspe
trum of L?Big literature on the point spe
trum (a 
lassi
al problem)Friedlander, Yudovi
h, Vishik (
ontinuous fra
tions)
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Spe
tral Mapping theoremsWe know for Euler: σ(etL) = etσ(L)We know for matri
es: σ(etA) = etσ(A)Given in�nite dimensional equation
v̇ = Av, v(t) = etAv(0)

A generator of a strongly 
ontinuous semigroupWill the spe
tral mapping theorem hold?
σ(etA)\0 = etσ(A), t > 0.Important: given nonlinear equation

d

dt
u =F (u) linearized around �xed point

d

dt
v =Avwe know σ(A) but often need σ(etA) forstability/instability/invariant manifolds
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An abstra
t nonlinear instability result
dv
dt = Av + F (v), v ∈ Y (a Bana
h spa
e), F (0) = 0Assume

σ(A) ∩ {Re z > 0} 6= ∅Then etσ(A) ⊂ σ(etA) implies
d

dt
v = Av is linearly unstable : σ(etA) ∩ {|z| > 1} 6= ∅Theorem (Shatah/Strauss). If F : Y → Y is 
ontinuousand ‖F (v)‖ ≤ c‖v‖1+η for η > 0 and small ‖v‖ then zero isnonlinearly unstablestable means:

∀ǫ∃δ∀‖v(0)‖ < δ∃!v ∈ C([0,∞];X) : sup0≤t<∞ ‖v(t)‖ < ǫQuestion: Does σ(A) ⊂ {Re z < 0} implies stability?Even linear stability?
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Troubles that one wants to avoidA generator of a strongly 
ontinuous semigroup
v̇ = Av, v(t) = etAv(0)

s(A) = sup{Reα : α ∈ σ(A)} spe
tral bound
ω(A) = lim

t→∞
1

t
log ‖etA‖ growth bound

ẋ = Ax is uniformly stable ⇔ ω(A) < 0Question: is s(A) = ω(A) [Lyapunov Theorem℄Answer: NO. Only exp tσ(A) ⊂ σ(etA) NOT =
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Why: sess(A) < ωess(A)

ωess(A) =
1

t0
log radius of σess(e

t0A)

ω(A) =
1

t0
log radius of σ(et0A)Example: M. Renardy, utt = uxx + uyy + eiyux

u(t, x, y) 2π-periodi
 in x, yRewrite v̇ = Av A is 2 × 2

s(A) = 0 <
1

2
= ω(A)Con
lusion: Spe
tral mapping theorems hold forparaboli
 equations (analyti
 semigroups)Generally, does NOT hold for hyperboli
 equations
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Gearhart-Prüss vs Lyapunov
Y is a Hilbert spa
e, A is C0-semigroup generatorAssume s(A) < 0: σ(A) is to the left of iRWhat should we add to have ω(A) < 0that is σ(etA) is inside of {|z| < 1}?Answer: sup{‖(z −A)−1‖ : Re z ≥ 0} <∞Theorem (Gearhart-Greiner-Herbst-Prüss). YHilbert
σ(etA)\{0} = {eλt |either µk = λ+ 2πik

t ∈ σ(A) for some
k ∈ Z or the sequen
e {‖(µk − A)−1‖}k∈Zis unbounded}Theorem (Latushkin, Montgomery-Smith,...). YBana
h
σ(etA)\{0} = {eλt | either µk = λ+ 2πik

t ∈ σ(A) for some
k ∈ Z or the sequen
e (µk −A)−1 is not an
Lp([0, 2π];Y)-Fourier multiplier}Operator sequen
e {Mk}k∈Z is a Fourier multiplier if

∑

|k|≤N

yke
ik(·) →

∑

|k|≤N

Mkyke
ik(·), yk ∈ Y,

extends to a bounded operator on Lp([0, 2π];Y), p > 1.21



Gearhart-Prüss vs EvansGearhart-Prüss theorem has been used by many ni
epeople to treat stability of traveling wavesKapitula/Sandstede Physi
a D 1998Miller/Weinstein CPAM 1996Pego/Weinstein CMP 1994See a 
olle
tion in Cramer/YL �...a survey�[KdV,BBM,Boussinesq, Green-Naghdi, NLS...℄General strategy:linearize a PDE ∂tu = L(∂x)u+ N (u) about a travelingwave Qc = Qc(x− ct)

Lu = L(∂x)u+ c∂xu+DN(Qc)u1. Use the Evans fun
tion to dete
t the isolatedeigenvalues of L2. Use resolvent estimates to apply Gearhart-Prüss for
A = L
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Gearhart-Prüss vs linearized nonlinear S
hrödingerUsing spe
tral mapping theorems to �nd invariantmanifolds for nonlinear S
hrödinger[Kapitula/Sandstede, Gesztesy/Jones/Stanislavova/YL,Weinstein℄
ut =∆u+ f(x, |u|2)u+ βu

u =u(x, t) ∈ C, x ∈ R
n, t ≥ 0, β < 0Separate real and imaginary parts u = v + iw

vt =∆w + f(x, v2 + w2)w + βw

wt = − ∆v − f(x, v2 + w2)v − βvLinearize about a standing wave of frequen
y β (real-valuedsteady state) to get L =





0 −LR

LI 0



 where
LR = −∆ − β +Q1,, LI = −∆ − β +Q2and Q1, Q2 given potentialsKnown: σess(L) = {iξ|ξ ∈ R, |ξ| ≥ −β} PLUS dis
rete nonimaginary eigenvalues.
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Invariant manifolds for NLSWant: stable/
enter/unstable invariant manifolds for theNLS lo
ally around the standing waveInvariant manifolds exist provided σ(etL) is split
xx xx a xa+ iτ

σ(L)

x
σ(etL)

?
=⇒

x x
Gearhart-Prüss gives =⇒Want to show that ‖(ξ − L)−1‖ is bounded for ξ = a+ iτ ,
a 6= 0 for large enough τ

L =





0 D +Q1

−D +Q2 0



 , D = −∆ − β

ξ − L =





ξ D

−D ξ







I +





ξ D

−D ξ

−1







0 Q1

−Q2 0








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Resolvent estimates
ξ − L =





ξ D

−D ξ



 (I +A(ξ) ·B)where D = −∆ − β, ξ = a+ iτ , a 6= 0, τ → ∞

A(ξ) =





ξ D

−D ξ





−1 



0 Q
1
2

1

−Q
1
2

2 0





B =





|Q2|
1
2 0

0 |Q1|
1
2





L =





0 D +Q1

−D +Q2 0




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Lemma 1. The norm of  ξ D

−D ξ





−1 is bounded as
τ → ∞; here ξ = a+ iτ , a 6= 0, D = −∆ − βLemma 2. ‖B ·A(ξ)‖ → 0 as τ → ∞.Here:
BA(ξ) =





|Q2|
1
2 (ξ2+D2)−1DQ

1
2
2

|Q2|
1
2 ξ(ξ2+D2)−1Q

1
2
1

−|Q1|
1
2 ξ(ξ2+D2)−1Q

1
2
2

|Q1|
1
2 (ξ2+D2)DQ

1
2
1





The proof of the resolvent estimateis is based on
(I + A(ξ) ·B)−1 = I − A(ξ)(I +B ·A(ξ))−1BThus ‖(ξ − L)−1‖ is bounded as τ → ∞be
ause (ξ − L)−1 =

(

I +A(ξ) ·B
)−1





ξ D

−D ξ





−1
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The Evans fun
tion
Evans fun
tion E(z) is a Wronskian-type determinant usedto dete
t the point spe
trum of di�erential operatorsobtained by linearizing PDEs about spe
ial solutions su
has pulses, fronts, traveling waves, et
.
General rule:
• E(·) is analyti
 outside of σess(L)

• E(z) = 0 if and only if z ∈ σp(L)

where L is the �linearized" operator

27



Main results
1. Coordinate-free de�nition of the Evans fun
tion in the
ontext of perturbation theory for general �rst ordermatrix nonautonomous equations.
2. The Evans fun
tion is equal to the modi�ed Fredholmdeterminant of the �sandwi
hed resolvent".
3. S
hrödinger equations: The Evans fun
tion is equal tothe 
lassi
al Jost fun
tion.
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The Evans fun
tion: an exampleRea
tion-di�usion equation
ut = uxx − u+ 2u3, u = u(x, t), (x, t) ∈ R × R+Pulse solution: u0(x) = sechx Linearize!Operator L:

Lv = v′′ − (1 − 6u2
0(x))v, v = v(x)Rewrite the eigenvalue problem Lv = zv as

y′(x) = [Az +R(x)]y(x), x ∈ R,

Az =





0 1

1 + z 0



 , R(x) =





0 0

−6u2
0(x) 0



 .

Note R(x) → 0 as x→ ±∞ exponentiallyWant to dete
t z's that yield bounded on R solution ythen z ∈ σp(L)Fix z with Re z > −1
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y′(x) = [A+R(x)]y(x), x ∈ R perturbed equation
A =





0 1

1 + z 0



, R(x) exp de
aying (2 × 2) perturbation
Eigenvalues of A are −

√
1 + z and √

1 + zEigenve
tors of A are
η+ =





1

−
√

1 + z



 and η− =





1

−
√

1 + z





Solutions of the unperturbed equation
y′(x) = Ay(x), x ∈ R, (plane waves) are

e−(
√

1+z)xη+ −→ 0 as x→ +∞
e(

√
1+z)xη− −→ 0 as x→ −∞
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Take solutions y±(x, z) of y′(x) = [A+R(x)]y(x),
y±(x) → 0, x→ ±∞asymptoti
 to solutions
e∓(

√
1+z)xη± of y′(x) = Ay(x)so that

e(
√

1+z)xy+(x) −→ η+, x→ +∞
e−(

√
1+z)xy−(x) −→ η−, x→ −∞Evans fun
tion E(z) = det[y+(x, z) y−(x, z)]

E(z) = 0 if and only if there is a bounded yif and only if z ∈ σp(L)Not a fun
tion!
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Exponential di
hotomies
y′ = A(x)y (d× d) matrix equation, A ∈ L∞(R; Cd×d)

Q+ an exponential di
hotomy on R+

x

ImQ+

ker Q+

Q− an exponential di
hotomy on R−

x

ImQ−

kerQ−

Q± are not unique! only ImQ+ and KerQ−!
32



Q ED on R for y′ = A(x)yImQ
x

kerQ

Q is unique!
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Di
hotomy and operators
Theorem. My favorite operator

GA = − d

dx
+ A(x)is invertible on L2(R; Cd) if and only if dy

dx = A(x)y has anexponential di
hotomy on R(old theorem. Holds for in�nite dimensional spa
es andunbounded operators A(x). See [Chi
one/Latushkin℄ formany di�erent proofs that go ba
k to Dale
kij/Krein, et
.)
Question: When GA = − d

dx +A(x) is Fredholm?Di
hotomy Theorem: GA is Fredholm if and only if
dy
dx = A(x)y has an exponential di
hotomy Q+ on R+ ANDan exponential di
hotomy Q− on R−Also IndGA = dim ImQ− − dim ImQ+
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Finite dimensional Di
hotomy Theorem:R. Sa
ker,Splitting index for linear di�erential systems, 1979K. Palmer,Di
hotomies & transversal homo
lini
 points, 1984Di
hotomies & Fredholm operators, 1988Palmer's TheoremA Ben-Artzi & I. Gohberg, Di
hotomy of systems, 1992

Important for hetero
lini
 orbitsKey ingredient in travelling waves
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In�nite dimensional Di
hotomy TheoremA. Baskakov (1996-2002)J. Harteri
h, B. Sandstede, A. S
heel (2002)X.-B. Lin (1986)J. Mallet-Paret (1999)D. Peterhof, B. Sandstede, A. S
heel (1997)H. Rodrigues and J. Ruas-Filho (1995)B. Sandstede, A. S
heel (2001)W.N. Zhang (1995)Re
ent:Abbondandolo-Majer (2001,2003)Di Giorgio, A. Lunardi (2003)Di Giorgio, A. Lunardi, R. S
hnaubelt (2004)(paraboli
 in�nite dimensional)P. Rabier (2004)Assume that...[e.g., unstable subspa
es are �nite dimensional℄Then
G is Fredholm

⇐⇒there exist di
hotomies on R+ and R−
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In�nite dimensional Di
hotomy TheoremWhat is GA = − d
dx + A(x) on L2(R;Y)?here A(x) are unbounded and Y is in�nite dimensionalTwo approa
hes1. Assume DomA(x) ≡W 
ompa
tly embedded in YTreat GA : L2(R;W ) ∩H2(R,Y) → L2(R;Y) asbounded operator [Robbin/Salamon, re
ently Rabier℄Plus: dy

dx = A(x)y is NOT assumed to be well-posedImportant: Papers by Sandstede and S
heel onNOT well-posed
2. Assume dy

dx = A(x)y is well-posed.Take the propagator Φ(x, x′)De�ne the evolution semigroup on L2(R,Y)Treat GA as its generator [Tomilov/YL℄In other words: u ∈ DomGA, GAu = f if and only if
u(x) = Φ(x, x′)u(x′)−

∫ x

x′

Φ(x, s)f(s)ds, x ≥ x′, f ∈ L2(R;Y)mild solutions
GA = − d

dx + A(x) for general paraboli
[Lunardi/S
hnaubelt℄ 37



General Di
hotomy TheoremGiven: {Φ(x, x′)}x≥x′ , x, x′ ∈ Rstrongly 
ontinuous exponentially boundedevolution family on a re�exive Bana
h spa
e Ygenerator G of the evolution semigroupDi
hotomy Theorem
G is Fredholm on Lp(R;Y), 1 ≤ p <∞

⇐⇒ for some b ≥ a in R(i) There exist di
hotomies {P−
x }x≤a on (−∞, a] and

{P+
x }x≥b on [b,+∞), and(ii) The node operator N(b, a)

N(b, a) = (I − P+
b )Φ(b, a) |ker P−

a
: kerP−

a → kerP+
bis Fredholm.Also

dimkerG = dimkerN(b, a)
odim ImG = 
odim ImN(b, a)

IndG = IndN(b, a)38



G = 
losure (− d
dx +A(x)

) is Fredholm
⇐⇒

-
�

�
�

�
��

A
A
A
A
AA

ImP−
a ImP+

b

kerP−
a kerP+

b

a b

-
N(b, a)

Node Operator
N(b, a) = (I − P+

b )Φ(b, a) |Ker P−
a

: KerP−
a → KerP+

b
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Another form of the Di
hotomy Theorem
G is Fredholm on Lp(R;Y), 1 ≤ p <∞

⇐⇒(i') There exist di
hotomies {P−
x }x≤0 on R− and {P+

x }x≥0on R+, and(ii') The pair of subspa
es (KerP−
0 , ImP+

0 ) is Fredholm.
Also,

dimKerG = dim(KerP−
0 ) ∩ ImP+

0 )
odim ImG = 
odim (kerP−
0 + ImP+

0 )

IndG = Ind(KerP−
0 , ImP+

0 )

Fredholm pair (W,V ):
dim(W ∩ V ) <∞, W + V is 
losed,
odim (W + V ) <∞,

Ind(W,V ) = dim(W ∩ V ) − 
odim (W + V )
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Spe
ial CasesRe
all: G is Fredholm ⇐⇒(i) di
hotomies on R±(ii) node operator is Fredholm
N(0, 0) = (I − P+

0 ) |Ker P−

0

: KerP−
0 → KerP+

0why (ii) is new?
Lemma If P+

0 − P−
0 is 
ompa
t then N(0, 0) is Fredholm

Proof. Consider Fredholm operator
L = I − (P+

0 − P
−

0 ) : Im P
−

0 ⊕ Ker P
−

0 → Im P
+

0 ⊕ Ker P
+

0

L =

2

4

P
+

0 P
−

0 0

∗ N(0, 0)

3

5 Fredholm ⇒ N(0, 0) is Fredholm
If A =





A11 0

A21 A22



 is Fredholm then(general fa
t, Litvin
huk/Spitkovskiy)
ImA22 is 
losed and dimKerA22 <∞41



Conne
tions to spe
tral �owAtiyah-Patodi-Singer TheoremRobbin-Salmon Spe
tral Flow=Index Theorem (1995)Abbondandolo-Majer (2001,2003)DiGiorgio-Lunardi-S
hnaubelt (2003,2004)Rabier (2004)Consider {A(x)}∞x=−∞ operator path
A(x) selfadjoint, A± = limx→±∞A(x),
B(x) = A(x) −A0(x) is 
ompa
t

A0(x) =







A+, if x ≥ 0;
A−, if x < 0;Assume 
ompa
t resolventsAssume 0 /∈ σ(A±).Then G is Fredholm. Alsospe
tral �ow = (# positive eigenvalues of A−)

− (# positive eigenvalues of A+)

= dimKerPA−
− dimKerPA+

= IndGA0
= IndGA

A(x) = A0(x) + (A(x) − A0(x))42



General di
hotomy theorem for dy
dt = A(x)y(x)on Bana
h Y

G is Fredholm ⇐⇒(i) Di
hotomies on R±(ii) (KerP−
0 , ImP+

0 ) is FredholmAlso, IndG = Ind(KerP−
0 , ImP+

0 )Parti
ular 
ase on Hilbert Y
A(x) are selfadjoint with 
ompa
t resolvent,

A± = lim
x→±∞

A(x), DomA+ = DomA−

B(x) = A(x) −A0(x) is 
ompa
t
G is Fredholm ⇐⇒

0 /∈ σ(A±) (∗)
IndG = dimKerPA−

− dimKerPA+
= spe
tral �ow (∗∗)Why? PA±

are 
ompa
t, so (ii) holdsNote (*) and (**) are �spe
tral" obje
ts(i) and (ii) are �geometri
" obje
ts43



Conne
tions to Morse Theory
Y = Rd, v hetero
lini
 solution

dv

dx
= f(v(x)), v− = lim

x→−∞
v(t)

v+ = lim
x→+∞

v(t)

f = −DF gradient ve
tor �eld, F Morse fun
tionalafter linearization
Gu = −u′ +A(x)u, A(x) = Df(v(x))

A± = Df(v±)

dimKerPA+
= #unstable eigenvalues Df(v+)

dimKerPA−
= #unstable eigenvalues Df(v−)These are Morse indi
es of v+ and v−Di
hotomy Theorem:

IndG = Morse index (v−) − Morse index (v+)
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In�nite dimensional setting:
Y =Hilbert
F : Y → R Morse fun
tional (energy fun
tional)
v± 
riti
al points of Fhyperboli
: D2F (v±) ∩ {|z| = 1} = ∅typi
al F (v) = 1

2 〈Av, v〉 + b(v)where A = 2nd order self-adjoint
D2b(v) =
ompa
t operator
So, formula

IndG = Ind(KerPA−
, ImPA+

)is a generalization of
IndG = di�eren
e of Morse indi
es

Hyperboli
ity is ne
essary
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The Evans fun
tion: a de�nition via EDs
y′ = A(x)y, A = A(z, x) analyti
 in z, (d× d)Assume ED on R+ and R− and also assume

k := dim ImQ+ = dim ImQ−

Q± = Q±(z) are analyti
Sele
t
η+
1 , . . . , η

+
k a basis in ImQ+(z)

η−k+1, . . . , η
−
d a basis in KerQ−(z)De�ne the Evans fun
tion:

E(z) = det[η+
1 . . . η

+
k η

−
k+1 . . . η

−
d ]Then

• E(z) = 0 if and only if ImQ+ ∩ KerQ− 6= {0}

• E(z) = 0 if and only if there is a bounded solution
• E(z) = 0 if and only if z ∈ σp(L)

E depends on the bases. What is a natural 
hoi
e?
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Bohl and Lyapunov exponents
y′(x) = A(x)y(x), (d× d), A ∈ L1

loc on R, on R+ or on R−

Φ(x) fundamental matrix solution, Φ(0) = I

Φ(x, x′) = Φ(x)Φ(x′)−1 propagatorassumed to be exponentially bounded
P proje
tor on CdBohl exponents
κ(P ) = lim sup

x→∞,x′→∞

1

x′
log ‖Φ(x+ x′)PΦ(x)−1‖ upper Bohl

κ
′(P ) = − lim sup

x→∞,x′→∞

1

x′
log ‖Φ(x)PΦ(x+ x′)−1‖ lower Bohl

Lyapunov exponents
λ(P ) = lim sup

x→∞

1

x
log ‖Φ(x)P‖ upper Lyapunov

λ′(P ) = − lim sup
x→∞

1

x
log ‖PΦ(x)−1‖ lower Lyapunov
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Bohl and Lyapunov exponents (in other words)
κ(P ) = inf{α ∈ R : sup

x≥x′

e−α(x−x′)‖Φ(x)PΦ(x′)−1‖ <∞}

κ
′(P ) = sup{α ∈ R : sup

x≤x′

e−α(x−x′)‖Φ(x)PΦ(x′)−1‖ <∞}

λ(P ) = inf{α ∈ R : sup
x
e−αx‖Φ(x)P‖ <∞}

λ′(P ) = sup{α ∈ R : sup
x
eαx‖PΦ(x)−1‖ <∞}

Upper (lower) Bohl measures the best (worst)
exp growth of the propagator on ImPUpper (lower) Lyapunov measures the best (worst)

exp growth of the fundamental solution on ImP

κ
′(P ) ≤ λ′(P ) ≤ λ(P ) ≤ κ(P )Generally stri
tly smaller (Perron!)Similarly on R± : κ

′±(P ) ≤ λ′±(P ) ≤ λ±(P ) ≤ κ
±(P )
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Exponential splittingDisjoint proje
tors Q1, Q2, . . . , Qd′ , d ≥ d′, so that
Q1 + · · · +Qd′ = I form an exponential splitting for
y′ = A(x)y on R if:Bohl segments [κ′(Qk),κ(Qk)] are disjointBohl spe
trum B = ∪d′

k=1[κ
′(Qk),κ(Qk)]

• α /∈ B if and only if y′ = [A(x) − α]y has ED
• B = σ

(

d
dx − A(x)

)

∩ R (a theorem)
• B = Sa
ker Sell spe
trum (on R)If A ≡ A(x) autonomous then:

Qk spe
tral proje
tions for A
σ(A | ImQk) = {λ ∈ σ(A) : Reλ = κ(Qk)}
κ(Qk) = λ(Qk) = λ′(Qk) = κ

′(Qk)Similarly on R±.If {Qk}d′

k=1 is a splitting on R then it also a splitting on R±
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Di
hotomy and L1-perturbationsAssume y′ = A(x)y has exponential di
hotomy Q+ on R+Consider y′ = [A(x) +R(x)]y with ‖R(·)‖ ∈ L1(R+)Lemma 3 (Dale
kij-Krein,Coppel). There existsexponential di
hotomy P+ on R+ for y′ = [A(x) +R(x)]yEven better:
κ

′+(P+) = κ
′+(Q+) and κ

+(I − P+) = κ
′+(I −Q+)Also

dim ImP+ = dim ImQ+, dimKerP+ = dimKerQ+Lemma 4. Let Q+
1 , . . . , Q

+
d′ be an exponential splitting for

y′ = A(x)y on R+ and ‖R(·)‖ ∈ L1(R+).Then there exists an exponential splitting P+
1 , . . . , P

+
d′ for

y′ = [A(x) +R(x)]y on R+ with the same Bohl spe
trum:
κ

′+(Q+
k ) = κ

′+(P+
k ) and κ

+(Q+
k ) = κ

+(P+
k ), k = 1, . . . , d′.Also, dim ImQ+

k = dim ImP+
k , k = 1, . . . , d′.
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Towards the Evans fun
tionAssumptions: the unperturbed equation y′ = A(x)y,
A ∈ L∞(R; Cd×d) has:
• exponentially bounded propagator Φ(x, x′)

• exponential di
hotomy Q on R

• exponential splitting Q1, . . . , Qd′ so that
Q =

k0
∑

k=1

Qk, κ(Q1) < · · · < κ(Qk0
) < 0

I −Q =
d′

∑

k=k0+1

Qk, κ
′(Qd′) > · · · > κ

′(Qk0+1) > 0

Perturbed equation y′ = [A(x) +R(x)]y has:
• for some δ > 0
∫ ∞

0

e(λ
+(Qk)−κ

′+(Qk)+δ)x‖R(x)‖ dx <∞, k = 1, . . . , k0

∫ 0

−∞
e−(κ−(Qk)−λ′−(Qk)+δ)x‖R(x)‖ dx <∞, k = k0 + 1, . . . , d′Take the exponential splitting P±

1 , . . . , P
±
d′ on R± so that

κ
′±(P±

k ) = κ
′±(Qk), κ

±(P±
k ) = κ

±(Qk)51



Jost solutions and the Evans determinantDe�nition 1. Matrix (d× d) solutions of
Y ′ = [A(x) +R(x)]Y (x)

Z+
1 , . . . , Z

+
k0

on R+

Z−
k0+1, . . . , Z

−
d′ on R−are 
alled the generalized Jost solutions provided

lim sup
x→+∞

1

x
log ‖Z+

k (x) − Φ(x)Qk‖ < κ
′+(Qk), and

Z+
k (0) = Z+

k (0)Qk, k = 1, . . . , k0,

lim inf
x→−∞

1

x
log ‖Z−

k (x) − Φ(x)Qk‖ > κ
−(Qk), and

Z−
k (0) = Z−

k (0)Qk, k = k0 + 1, . . . , d′Here: Φ and {Qk}d′

1 is the fundamental matrix solution andthe unique exponential splitting for y′ = A(x)y on R(and hen
e on R+ and R−)so that κ
±(Qk0

) < 0 < κ
′±(Qk0+1).De�nition 2. The Evans determinant E is de�ned by

E = det





k0
∑

k=1

Z+
k (0) +

d′

∑

k=k0+1

Z−
k (0)




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Jost solutions: 
omments
• Jost solutions of Y ′ = [A(x) +R(x)]Y are matrixsolutions so that
λ+(‖Z+

k (·) − Φ(·)Qk‖) < κ
′+(Qk), k = 1, . . . , k0

λ′
−

(‖Z−
k (·) − Φ(·)Qk‖) > κ

−(Qk), k = k0 + 1, . . . , d′This means that Z±
k approximate solutions Φ(·)Qk of

y′ = A(x)y up to terms of lower than k-th exponentialorder
• Condition Z±

k (0) = Z±
k (0)Qk means that Z±

k havemany zero 
olumn
• Lyapunov exponents of the Jost solutions belong to
k-th Bohl segment

• Jost solutions are unique up to the terms of lowerexponential order: Z+
k and Z̃+

k are Jost solutionsimplies Z+
k (0) − Z̃+

k (0) belongs to Im
∑k−1

j=1 P
+
j ,does not belong to ∑k

j=1 P
+
j
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Lemma 5. The Evans determinant
E = det

[

∑k0

k=1 Z
+
k (0) +

∑d′

k=k0+1 Z
−
k (0)

] does not dependon the 
hoi
e of the Jost solutions, that is, all lower orderterms 
an be dropped.Thus, the Evans determinant is uniquely determined by theequation y′ = [A(x) +R(x)]y(x).Proof
Z =

∑k0

k=1 Z
+
k (0) +

∑d′

k=k0+1 Z
−
k (0) as a blo
k-matrix in

ImQ⊕ Im(I −Q) → Im

k0
∑

k=1

P+
k ⊕ Im

d′

∑

k=k0+1

P−
k

is blo
k-diagonal: Z =





Z11 0

0 Z22



; also
Z11 :

k0
⊕

k=1

ImQk →
k0
⊕

k=1

ImP+
k is upper-triangular

Z22 :
d′
⊕

k=k0+1

ImQk →
d′
⊕

k=k0+1

ImP−
k is lower-triangular
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Lemma 6. There exists a unique 
hoi
e of Jost solutionssu
h that Z±
k (0) ∈ ImP±

k for the splitting {P±
k }d′

k=1 of
y′ = [A(x) +R(x)]y with the same Bohl spe
trum as
{Qk}d′

k=1.Lemma 7. Columns of Z+(0) form a basis in
ImP+ = Im

∑k0

k=1 P
+
k . Columns of Z−(0) form a basis in

KerP− = Im
∑d′

k=k0+1 P
−
kThus, the �new Evans" = �old Evans".
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Jost solutions: existen
eRe
all assumption
∫ ∞

0

e(λ
+(Qk)−κ

′+(Qk)+δ)x‖R(x)‖dx <∞, k = 1, . . . , k0.WLOG δ < 1
2 mink{κ′(Qk) − κ(Qk−1)}Consider equation

Z(x) − (TτZ)(x) = Φ(x)Qk on [τ,∞), τ > 0,where
(TτZ)(x) = −

∫ ∞

x

Φ(x)





d′

∑

j=k

Qj



Φ(x′)−1R(x′)Z(x′)dx′

+

∫ x

τ

Φ(x)



I −
d′

∑

j=k

Qj



Φ(x′)−1R(x′)Z(x′)dx′, x ≥ τ

Lemma 8. For τ large enough Tτ is a 
ontra
tion on
Cb([τ,∞); e−(λ+(Qk)+δ/2)x). Also,

sup
x≥τ

e−(κ′+(Qk)−δ/2)x‖Z(x) − Φ(x)Qk‖ <∞for the unique solution of Z − TτZ = Φ(·)Qk.56



Full system for Jost solutions
Z+

1 (x) − Φ(x)Q1 = −
∫ ∞

x

Φ(x)Φ(x′)−1R(x′)Z+
1 (x′)dx′,

Z+
k (x) − Φ(x)Qk = −

∫ ∞

x

Φ(x)





d′

∑

j=k

Qj



Φ(x′)−1R(x′)Z+
k (x′)dx

+

∫ ∞

τ

Φ(x)



I −
d′

∑

j=k

Qj



Φ(x′)−1R(x′)Z+
k (x′)dx′,

x ≥ τ, k = 2, . . . , k0,κk0
< 0,

Z−
k (x) − Φ(x)Qk =

∫ x

−∞
Φ(x)





k
∑

j=1

Qj



Φ(x′)−1R(x′)Z−
k (x′)dx′

−
∫ −τ

x

Φ(x)



I −
k
∑

j=1

Qj



Φ(x′)−1R(x′)Z−
k (x′)dx′,

x ≤ −τ, k = k0 + 1, . . . , d′ − 1, κ
′
k0+1 > 0,

Z−
d′(x) − Φ(x)Qd′ =

∫ x

−∞
Φ(x)Φ(x′)−1R(x′)Z−

d′(x
′)dx′.Volterra-Fredholm mixture!
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Di
hotomies and operatorsRe
all assumptions
• y′ = A(x)y has ED Q on R

• ‖R(·)‖ ∈ L1(R)This implies
• y′ = [A(x) +R(x)]y has EDs P± on R±

• dim ImP+ = dim ImQ, dimKerP− = dimKerQConsider operator
GA+Ru(·) = u′(·) − [A(·) +R(·)]u(·) on L2(R; Cd).Di
hotomy Theorem. (Palmer, Ben-Artzi/Gohberg,Sandstede/S
heel, . . . YL/Tomilov)
GA+R is Fredholm if and only if y′ = [A(x) +R(x)]y hasexponential di
hotomies P± on R±. Also,
IndGA+R = dim ImP+ − dim ImP−
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Thus we know GA+R is Fredholm and IndGA+R = 0.Either GA+R is invertible or
KerGA+R 6= {0}that is, there exists a bounded solution of

y′ = [A(x) +R(x)]y(x).Ba
k to the �linearized" ODE operator L:
z ∈ σp(L)means Lv = zv for a bounded vmeans y′ = [Az(·) +Rz(·)]y has a bounded solutionmeans GAz+Rz

is not invertible
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Sandwi
hed resolventRe
all that y′ = A(x)y, A ∈ L∞(R; Cd×d} has ED Q on R.Equivalently (a theorem!):
GAu(·) = u′(·) − A(·)u(·), DomGA = H2(R; Cd) isinvertible and G−1

A u(x) =
∫

R
K(x, x′)u(x′)dx′ where

K(x, x′) =







Φ(x)QΦ(x′)−1, x > x′

−Φ(x)(I −Q)Φ(x′)−1, x < x′Use polar de
omposition R(x) = VR(x)|R(x)| to write
R(x) = Rℓ(x)Rr(x)Lemma 9. If ‖R(·)‖ ∈ L1(R) then the �sandwi
hedresolvent"
H = RrG

−1
A Rℓis a Hilbert-S
hmidt integral operator with the kernel

Rr(x)K(x, x′)Rℓ(x
′).Modi�ed Fredholm determinant

det2[I −H] = det[(I −H)eH ]

=
∏

λ∈σ(H)

(1 − λ)eλ
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Di
hotomies and sandwi
hed resolventsSin
e y′ = A(x)y has ED on R if and only if
GAu = u′ −A(·)u is invertible,Then GA+Ru = u′ − [A(·) +R(·)]u satis�es

GA+R = GA −R(·) = GA(I −G−1
A R)

= GA(I −G−1
A Rℓ ·Rr)be
ause R = Rℓ ·Rr.Then GA+R is not invertible (has nontrivial kernel)if and only if

1 ∈ σp(RrG
−1
A Rℓ) = σ (sandwi
hed resolvent)Con
lusion: y′ = [A(x) +R(x)]y has a bounded on Rsolution if and only if

det2(I −H) = 0, H = RrG
−1
A RℓEvans determinant E = 0 if and only y′ = [A(x) +R(x)]yhas a bounded on R solutions.So E and det2(I −H) must be related.
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The main resultAssume:
• y′ = A(x)y has ED Q on R, {Qk}d′

k=1 exp splitting
Φ(x) fundamental matrix solution

• ‖R(·)‖ is in L1 with the exponential weight
e(λ

+(Qk)−κ
′+(Qk)+δ)x, x ≥ 0, k = 1, . . . , k0

e−(κ−(Qk)−λ′−(Qk)+δ)x, x ≤ 0, k = k0 + 1, . . . , d′De�ne the Evans determinant
E = det





k0
∑

k=1

Z+
k (0) +

d′

∑

k=k0+1

Z−
k (0)





De�ne the sandwi
hed resolvent H = RrG
−1
A Rℓ

GAu = u′ −A(·)u, R(x) = Rℓ(x)Rr(x)Theorem. Evans=Fredholm
det2(I −H) = θE,where

θ = exp

(∫ ∞

0

tr[Φ(x)QΦ(x)−1R(x)]dx

−
∫ 0

−∞
tr[Φ(x)(I −Q)Φ(x)−1R(x)]

)

dx62



Plan of the proofWant det2(I −H) = θETrun
ate: R(n)(x) =







R(x), |x| ≤ n

0, |x| > n
and let n→ ∞.

Then H(n) = R
(n)
r G−1

A R
(n)
ℓ → H in Hilbert-S
hmidt normThus det2(I −H(n)) → det2(I −H) and also

θ(n) = exp
(

∫ ∞

0

tr[ΦQΦ−1R(n)]dx

−
∫ 0

−∞
tr[Φ(I −Q)Φ−1]R(n)

)

dx→ θ

Need to see E(n) → E or Z(n)
k → Zk for Jost solutions Z(n)

kof y′ = [A(x) +R(n)(x)]yBut Jost solutions satisfy integral equations
Zk − TτZk = Φ(·)QkFor 
ontra
tions Tτ , T

(n)
τ 
he
k (I − T (n))−1 → (I − Tτ )−1
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Compa
tly supported perturbationIf suppR is 
ompa
t, then the integral equations
Zk − TτZk = T (·)Qk, k = 1, . . . , d′for the Jost solutions be
ome Volterra equations(after exp lower order terms are dropped)

Z+(x) = Φ(x)Q−
∫ ∞

x

Φ(x)Φ(x′)−1R(x′)Z+(x′)dx′,

Z−(x) = Φ(x)(I −Q) +

∫ x

−∞
Φ(x)Φ(x′)−1R(x′)Z−(x)dx′,where

Z+(x) =

k0
∑

k=1

Z+
k (x) and Z−(x) =

d′

∑

k=k0+1

Z−
k (x)

Re
all that H = RrG
−1
A Rℓ is an integral operator with asemi-separable kernel.Re
ent papers:[Gesztesy/Makarov℄, [Gohberg/Kaashoek/Krupnik℄relate det2(I −H) and solutions of the Volterra equations.
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Gesztesy/Makarov andGohberg/Kaashoek/Krupnik
H(x, x′) =







f1(x)g1(x
′), x′ < x

f2(x)g2(x
′), x ≤ x′where fj ∈ L2(R,Cd×dj ), gj ∈ L2(R,Cdj×d)Theorem.

det2(I −H) = detU(a) exp

∫ ∞

−∞
tr(f1(x)g1(x))dx

= detU(b) exp

∫ ∞

−∞
tr(f2(x)g2(x))dxwhere

U(x) =





I −
∫∞

x
g1(x)f̂1(x)dx

∫ x

−∞ g1(x)f̂2(x)dx
∫∞

x
g2(x)f̂1(x)dx I −

∫ x

−∞ g2(x)f̂2(x)dx





and f̂i solve the Volterra equations
f̂1(x) = f1(x) −

∫ ∞

x

S(x, x′)f̂1(x
′)dx′

f̂2(x) = f2(x) +

∫ x

−∞
S(x, x′)f̂2(x

′)dx′with S(x, x′) = f1(x)g1(x
′) − f2(x)g2(x

′)65



Semi-separable kernels: why does it work?
(Hu)(x) =

∫∞
−∞ H(x, x′)u(x′)dx′ with semi-separable
H(x, x′) =







f1(x)g1(x
′), x′ < x

f2(x)g2(x
′), x < x′Then

(Hu)(x) =

∫ x

−∞
f1(x)g1(x

′)u(x′)dx′ +

∫ ∞

x

f2(x)g2(x
′)u(x′)dx′

=

∫ x

−∞
S(x, x′)u(x′)dx′ +

∫ ∞

−∞
f2(x)g2(x

′)u(x′)dx′where S(x, x′) = f1(x)g1(x
′) − f2(x)g2(x

′)In other words H = S + F2G2 where
Su(x) =

∫ x

−∞ S(x, x′)u(x′)dx′ Volterra
(F2u)(x) =f2(x)u, F2 : C

d2 → L2(R; Cd)

G2u =

∫ ∞

−∞
g2(x

′)u(x′)du′, G2 : L2(R; Cd) → C
d2
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Semi-separable: why it works
H = S + F2G2 where:
S Volterra, G2 �nite rank

det(I −H) = det(I − S + F2 +G2)

= det(I − S) det(I + (I − S)−1F2G2)

= det(I + (I − S)−1F2G2)

= det(I +G2(I − S)−1F2)�nite dimensional determinant!Similarly for det2(I −H)
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Similarly
(Hu)(x) =

∫ x

−∞
f1(x)g1(x

′)u(x′)dx′ +

∫ ∞

x

f2(x)g2(x
′)u(x′)dx′

+

∫ ∞

x

f1(x)g1(x
′)u(x′)dx′ −

∫ ∞

x

f1(x)g1(x
′)u(x′)dx′)implies H = S′ + F1G1 and

det(I −H) = det(I +G1(I − S′)−1F1)

(S′u)(x) = −
∫ ∞

x

S(x, x′)u(x′)dx′

(F1u)(x) =f1(x)u, F1 : C
d1 → L2(R; Cd)

G1u =

∫ ∞

−∞
g2(x

′)u(x′)dx′, G2 : L2(R; Cd) → C
d1
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Determinants
det(I −H) =det(I +G2(I − S)−1F2)

=det(I +G1(I − S′)−1F1)
an be expressed via solutions f̂1 and f̂2 of the Volterraequations
(I − S′)f̂1 = f1 and (I − S)f̂2 = f2or
f̂1(x) =f1(x) −

∫ ∞

x

S(x, x′)f̂1(x
′)dx′

f̂2(x) =f2(x) +

∫ x

−∞
S(x, x′)f̂2(x

′)dx′
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Gesztesy-Makarov works be
ause
G1(I − S′)−1F1 =

∫ ∞

−∞
g1(x

′)f̂1(x
′)dx′

G2(I − S)−1F2 =

∫ ∞

−∞
g2(x

′)f̂2(x
′)dx′

U(−∞) =





I −G1(I − S′)−1F1 0
∫∞
−∞ g2(x

′)f̂1(x′)dx′ I





U(+∞) =





I
∫∞
−∞ g1(x

′)f̂2(x′)dx′

0 I −G2(I − S)−1F2




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Semi-separable vs EvansJost solutions Z±(x) satisfy Volterra equations
Z+(x) =Φ(x)Q−

∫ ∞

x

Φ(x)Φ(x′)−1R(x′)Z+(x′)dx′

Z−(x) =Φ(x)(I −Q) +

∫ x

−∞
Φ(x)Φ(x′)−1R(x′)Z−(x′)dx′Re
all that Z+(x) = Z+(x)Q and Z−(x) = Z−(x)(I −Q)The Evans determinant

E =det[Z+(0) + Z−(0)]

=det[U+(0) + U−(0)]where U±(x) = Φ(x)−1Z±(x) satisfy Volterra equations
U+(x) =Q−

∫ ∞

x

Φ(x′)−1Rℓ(x
′) ·Rr(x

′)Φ(x′)U+(x′)dx′

U−(x) =(I −Q) +

∫ x

−∞
Φ(x′)−1Rℓ(x

′) ·Rr(x
′)Φ(x′)U−(x′)dx′
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Evans vs Gesztesy/Makarov:De�ne U(x) = U+(x) + U−(x) so that E = detU(0)Use U+(x) = U+(x)Q and U−(x) = U−(x)(I −Q) to write
U(x) in the de
omposition Cd = ImQ⊕ Im(I −Q) as
U(x) =





Q−
R

∞

x
g1(x

′)f̂1(x
′)dx′

R

x

−∞
g1(x

′)f̂2(x
′)dx′

R

∞

x
g2(x

′)f̂1(x
′)dx′ (I−Q)−

R

x

−∞
g2(x

′)f̂2(x
′)dx′





where we denote
g1(x) =QΦ(x)−1Rℓ(x) : C

d → ImQ

g2(x) = − (I −Q)Φ(x)−1Rℓ(x) : C
d → Im(I −Q)

f̂1(x) =Rr(x)Φ(x)U+(x)Q : ImQ→ C
d

f̂2(x) =Rr(x)Φ(x)U−(x)(I −Q) : Im(I −Q) → C
dThis is the Gesztesy/Makarov U(x)!
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Remark that U(x) is de�ned using
f̂1(x) = Rr(x)Z

+(x)Q and f̂2(x) = Rr(x)Z
−(x)(I −Q)They solve

f̂1(x) =f1(x) −
∫ ∞

x

S(x, x′)f̂1(x
′)dx′

f̂2(x) =f2(x) +

∫ x

−∞
S(x, x′)f̂2(x

′)dx′where S(x, x′) = Rr(x)Φ(x)Φ(x′)−1Rℓ(x
′)

f1(x) =Rr(x)Φ(x)Q : ImQ→ C
d

f2(x) =Rr(x)Φ(x)(I −Q) : Im(I −Q) → C
d
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Semi-separable:Sandwi
hed resolvent H = RrG
−1
A Rℓ has the kernel

H(x, x′) =







Rr(x)Φ(x)Q·QΦ(x′)−1Rℓ(x
′), x>x′

−Rr(x)Φ(x)(I−Q)·(I−Q)Φ(x′)−1Rℓ(x
′), x<x′

=







f1(x) · g1(x′), x > x′

f2(x) · g2(x′), x < x′By Gesztesy-Makarov, det2(I −H) and detU(x) arerelated. Also, U(x) satis�es
dU

dx
=





g1(x)f1(x) g1(x)f2(x)

−g2(x)f1(x) −g2(x)f2(x)



U(x)

Using that detU(0) = E (the Evans determinant), andLiouville's-Abel formula we have the required assertion
det2(I −H) = θE,where θ 
ontains the tra
es
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Constant A: Evans vs Fredholm
y′ = Ay on R

A =
onstant (d× d) =sum of Jordan blo
ks










λ . . .
λ











or










λ 1

λ 1. . . λ











m = max size of nondiagonal Jordan blo
ksplit eigenvalues σ(A) = ∪d′

k=1σkeigenvalues λ's in σk have the same Reλ =: κk

κk =Bohl exponents=Lyapunov exponentsBohl proje
tors Qk =spe
tral proje
tions of A with
σ(A |Im Qk

) = σkAssume σ(A) ∩ iR = ∅that is di
hotomy y′ = Ay on R:
κ1 < · · · < κk0

< 0 < κk0+1 < · · · < κd′
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Constant A: assume lessMatrix Jost solutions of Z ′ = [A+R(x)]Z satisfyVolterra-Fredholm
Z+

k (x)−exAQk = −
∫ ∞

x

e(x−x′)A





d′

∑

j=k

Qj



R(x′)Z+
k (x′)dx′

+

∫ ∞

τ

e(x−x′)A



I −
d′

∑

j=k

Qj



R(x′)Z+
k (x′)dx′,

k = 1, . . . , k0,κk0
< 0

Z−
k (x)− exAQk =

∫ x

−∞
e(x−x′)A





k
∑

j=1

Qj



R(x′)Z−
k (x′)dx′

−
∫ −τ

x

e(x−x′)A



I −
k
∑

j=1

Qj



R(x′)Z−
k (x′)dx′,

k = k0 + 1, . . . , d′,κk0+1 > 0
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Constant A: the resultJost solutions exist provided
∫ ∞

−∞
|x|m‖R(x)‖dx <∞ (*)where m is the maximal size of nondiagonal Jordan blo
ksNo need in exponential de
ay of ‖R(x)‖ as in

∫ ∞

0

e(λ
+(Qk)−κ

′+(Qk)+δ)x‖R(x)‖dx <∞Need only ‖R(·)‖ ∈ L1(R) if all Jordan blo
ks are diagonalTheorem. Evans=Fredholm provided:
A =
onstant and (∗) holds
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Di�eren
e equationsUnperturbed equation
yj+1 = Ajyj , j ∈ Z, yj ∈ Cd, Aj are (d× d) matri
esPerturbed equation
yj+1 = A×

j yj , j ∈ Z,
A×

j = Aj +BjCj , Bj and Cj are matri
esAssumptions:
Aj and A×

j are invertibleFundamental matrix solutions
Φj = produ
t of Aj and A−1

j , Φ0 = I

Ψj = produ
t of A×
j and (A×

j )−1, Ψ0 = INote: propagator Φ(x, x′) = Φ(x)Φ(x′)−1 for y′ = A(x)ywith bounded A(x)Also assume:Exponential di
hotomy for yj+1 = Ajyj on ZBohl exponents: similar to di�erential equations
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Gesztesy/Makarov vs di�eren
e equationsAssume: (Aj), (A−1
j ) ∈ ℓ∞(Z; Cd×d)

yj+1 = Ajyj has exponential di
hotomy Q on Z

(CjΦj), (Φ−1
j+1Bj) ∈ ℓ2(Z,Cd×d)

A×
j = Aj +BjCj is invertible for ea
h j ∈ ZOn ℓ2(Z; Cd) 
onsider di�eren
e operator

H : (yj)j∈Z 7→
( ∞
∑

k=−∞
Hjkyk

)

j∈Zwith a semi-separable kernel
Hjk =







CjΦjQΦ−1
k+1Bk, j > k

−CjΦj(I −Q)Φ−1
k+1Bk, j ≤ kMain identity

(Hy)j =

j−1
∑

k=−∞
CjΦjQΦ−1

k+1Bkyk −
∞
∑

k=j

CjΦj(I −Q)Φ−1
k+1Bkyk

=

j−1
∑

k=−∞
CjΦjΦ

−1
k+1Bkyk −

∞
∑

k=−∞
CjΦj(I −Q)Φ−1

k+1Bkyk

= − CjΦjΦ
−1
j+1Bjyj

−
∞
∑

k=j+1

CjΦjΦ
−1
k+1Bkyk +

∞
∑

k=−∞
CjΦjQΦ−1

k+1Bkyk79



Theorem.
det2(I −H) = �nite dimensional determinantinvolving solutions of Volterra

× exp
∑

j∈Z

− tr(I −Q)Φ−1
j+1BjCjΦj(I −Q)

=
∏

j∈Z

detA−1
j detA×

j

× �nite dimensional determinantinvolving solutions of Volterra
× exp

∑

j∈Z

− tr(I −Q)Φ−1
j+1BjCjΦj(I −Q)
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Evans determinant E : similarly via Jost solutionsTheorem (Evans=Fredholm). Assume
∞
∑

j=0

e(κ
+

k
−κ

′−

k
+δ)j‖BjCj‖ <∞, k = 1, . . . , k0

∞
∑

j=−∞
e−(κ−

k
−κ

′−

k
+δ)j‖BjCj‖ <∞, k = k0 + 1, . . . , d′

Then E = θdet2(I −H), where θ = exp(. . . ) 
ontainstra
es.Similarly for A ≡ Aj assume less
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S
hrödinger equationsEigenvalue problem on L2(R)

−v′′ + V (x)v = zv, z ∈ C \ R+, x ∈ R, V ∈ L1(R; R)Re-write for y(x) = [v(x) v′(x)]T as
y′ = [A+R(x)]y

A =





0 1

−z 0



 (depends on z) and R(x) =





0 0

V (x) 0





Eigenvalues of A = Az

σ(A) = {iz 1
2 ,−iz 1

2 }, Im z
1
2 ≥ 0assuming z /∈ [0,∞) we have Re(iz

1
2 ) < 0So y′ = Ay has exponential di
hotomy Q on R

Q = Qz spe
tral proje
tion for A with σ(A |Im Q) = {iz 1
2 }Bohl-Lyapunov exponents

κ1 = Re(iz
1
2 ) < 0 < κ2 = Re(−iz 1

2 )
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Evans vs JostEvans E = det[Z+(0) + Z−(0)] where Z± satisfy
Z+(x) − exAQ = −

∫ ∞

x

e(x−x′)AR(x′)Z+(x′)dx′,

Z−(x) − exA(I −Q) =

∫ x

−∞
e(x−x′)AR(x′)Z−(x′)dx;

where A =





0 1

−z 0



, R(x) =





0 0

V (x) 0





use W =





1 1

iz
1
2 −iz 1

2



, W−1 = 1

2iz
1
2





iz
1
2 1

iz
1
2 −1



to diagonalize A = Az:
Ã = W−1AW =





iz
1
2 0

0 −iz 1
2



 , exÃ =





eiz
1
2 x 0

0 e−iz
1
2 x





Q̃ = W−1QW =





1 0

0 0





R̃ = W−1RW =
1

2iz
1
2

V (x)S, S =





1 1

−1 −1




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Change of variables Z̃±(x) = W−1Z±(x)WConditions Z̃+Q̃ = Z̃+ and Z̃−(I − Q̃) = Z̃− imply
Z̃+(x) =





u+
1 (x) 0

u+
2 (x) 0



 , Z̃−(x) =





0 u−1 (x)

0 u−2 (x)





Going ba
k to
y±(x) =





f±(x)

f±
′
(x)



 = W





u±1 (x)

u±2 (x)





The system for the (generalized) Jost solutions Z± isequivalent to
f+(x) = eiz

1
2 x −

∫ ∞

x

[

z−
1
2 sin(z

1
2 (x− x′))

]

V (x′)f+(x′)dx′

f−(x) = e−iz
1
2 x +

∫ x

−∞

[

z−
1
2 sin(z

1
2 (x− x′)

]

V (x′)f−(x′)dx′Also, detW = −2iz
1
2 impliesWronskian (f+, f−) = −2iz

1
2 det[Z+(0) + Z−(0)]Jost fun
tion J = − Wronskian (f+, f−)

2iz
1
2Evans fun
tion E = det[Z+(0) + Z−(0)]We proved Jost = Evans! 84



S
attering theoryConsider S
hrödinger v′′ + k2v = V (x)v,
V real potential, ∫∞

−∞(1 + |x|)|V (x)|dx <∞For brevity k = z
1
2 , Im k ≥ 0.Plane waves e±ikx satisfy v′′ + k2v = 0Seek s
attering solutions ψ1(k, x) and ψ2(k, x) of

v′′ + k2v = V (x)v su
h that
ψ1(k, x) ∼







eikx + s12(k)e
−ikx, x→ −∞

s11(k)e
ikx, x→ +∞

ψ2(k, x) ∼







s22(k)e
−ikx, x→ −∞

e−ikx + s21(k)e
ikx, x→ +∞

s12(k)e
−ikx part of eikx re�e
ted to the left

s12(k) = R(k) re�e
tion 
oe�
ient
s11(k)e

ikx part of eikx transmitted to the right
s11(k) = T (k) transmission 
oe�
ient
S = [sij(k)] is 
alled the S-matrix
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Jost solutionsJost solutions f±(k, x) solve Volterra equations and
|f+(k, x) − eikx| =O

(

|k|−1
)

, |k| → ∞, Im k > 0

|f−(k, x) − e−ikx| =O
(

|k|−1
)

, |k| → ∞, Im k < 0Denote f+(−k, x) = f+(k, x) and f−(−k, x) = f−(k, x)For k 6= 0, k ∈ R, solutions
f+(k, x), f+(−k, x) are fundamental
f−(k, x), f−(−k, x)are fundamentalWronskian (f±(k, x), f±(−k, x)) = ∓2ik 6= 0Then

f−(k, x) =c11(k)f+(k, x) + c12(k)f+(−k, x)
f+(k, x) =c22(k)f−(k, x) + c21(k)f−(−k, x)Here

c12(k) =Wronskian (f−(k, x), f+(k, x))/2ik = c21(k)is 
alled the Jost fun
tion (and as we know, it is equal tothe Evans fun
tion)
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Transmission 
oe�
ient
hose s11 and s12 so that
ψ1(k, x) :=f−(−k, x) + s12(k)f−(k, x)

=s11(k)f+(k, x) (*)Then
f−(−k, x) =f−(k, x) ∼ e−ikx = eikx, x→ −∞
f+(k, x) ∼eikx, x→ +∞, f−(k, x) ∼ e−ikx, x→ −∞gives

ψ1(k, x) ∼eikx + s12(k)e
−ikx, x→ −∞

∼s11(k)eikx, x→ +∞Thus ψ1(k, x) is a s
attering solutionexpress f+(k, x) = c22(k)f−(k, x) + c21(k)f−(−k, x)Then (∗) is possible only if
s11(k) =

1

c21(k)
, s12(k) =

c22(k)

c21(k)Con
lusion: Jost= 1/transmission 
oe�
ient
1/transmission 
oe�
ient=Evans fun
tion[Kapitula/Sandstede℄ 87



Plan
d/dx+A(x) +R(x) and �sandwi
hed resolvent�main results: Evans=Fredholm, Evans=Jost

Evans fun
tion: old defn and example

oordinate free Evans: Bohl/Lyapunov, splittingsJost solutions and Evans determinantsEvans=Fredholm: di
hotomy vs sandwi
hed resolvent

Evans=Fredholm: 
onstant 
oe�
ients
Evans=Jost: S
hrödinger eqns
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hed resolvent�main results: Evans=Fredholm, Evans=Jost�bended� d/dx : linearized 2D Euler: σessspe
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hotomy Theorem
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