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Abstract
The energy of G, denoted by E(G), is defined as the sum of the absolute values of the eigenvalues of G.
In this paper, we characterize the tree with minimal energy among the trees with k£ pendent vertices.
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1. Introduction

Let G be a graph on n vertices and A(G) the adjacency matrix of G. Then the characteristic
polynomial of A(G), denoted by ¢ (G) = |xI — A(G)|, is called the characteristic polynomial of
G. The n roots of the equation ¢ (G) = 0, denoted by A1, A2, ..., Ay, are called the eigenvalues
of G. Since A(G) is real and symmetric, all eigenvalues of G are real.

The energy of G, denoted by E(G), is defined as

n
E(G) =) Ihil.
i=1
This concept was introduced by Gutman and is intensively studied in chemistry, since it can be
used to approximate the total m-electron energy of a molecule (see, e.g., [10,11]). There are a lot
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of results on E(G) (e.g., see, [1,3,5-10,12-23,25-27,29-34]). However, up to now, very little is
known for graphs with extremal energy.
If G is a bipartite graph, then the characteristic polynomial of G can be written as (see [11]):
[n/2]
$(G) = |xI — AG)| = Y (=D*b(G, k)x" %,
k=0
where n is the order of G. Note that b(G,0) = 1, b(G, k) > 0 for 1 < k < [n/2]. For the other
k, we assume b(G, k) = 0, for convenience. The energy of bipartite graph G can be expressed as
the Coulson integral formula (see [18]):

1 [T dx /2]
E(G) = _/ —In|1+ Z b(G, k)x**
TJ_ o X
k=1
It is easy to see that E(G) is a strictly monotonously increasing function of b(G, k). This fact
inspired Gutman to define a quasiordering to compare the energies for trees and further for a set

of graphs.
Let G and G be two bipartite graphs of order n, whose characteristic polynomials are
n/2] [n/2]
$(G) =Y (=D*(G1,x""* and $(G2) = Y (—=D*b(Ga, b)x" .
k=0 k=0

Ifb(Gy,k) > b(Go, k) holds forall k > 0, we call G| = Gy or Go» < G1.1f G| = G3 and there
is a k such that b(G1, k) > b(G», k), we call G1 > G». By the strict monotonicity of E(G), if
G1 > Gy, then E(G) > E(G»y);if G; = Gy, then E(G) > E(G»).

This method has been successfully applied in the study of the extremal values of energies
in some classes of graphs. Gutman [6] showed that the path has the maximal energy and the
star has the minimal energy among the trees on n vertices. Zhang and Li characterized the
trees with maximal energy [30] and minimal energy [29], respectively, among the trees with
perfect matchings. Hou determined the graphs with minimal energy among all the trees with
a given size of matching [19] and all unicyclic graphs [18], respectively. Zhang et al. deter-
mined the graphs with maximal energy [32] and minimal energy [31], respectively, among
the hexagonal chains. Recently, Yan and Ye [26] characterized the tree with maximal energy
among the trees with order n and at least L#J pendent vertices. Lin et al. [22] determined
the tree with maximal energy among the trees with order n and maximum degree 4 (3 < 4 <
n — 2) and the tree with minimal energy among the trees with order n and maximum degree
A ([t <a<n-2).

Let 7, be the set of all trees with n vertices and k pendent vertices. In this paper, we show
that P, x (as shown in Fig. 1) is the tree with minimal energy in .7 .

In order to state our results, we introduce some notation and terminology. Other undefined
notation may refer to [2]. If W C V(G), we denote by G — W the subgraph of G obtained by

b {%H

n—k+1
Pnﬁk

Fig. 1.
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deleting the vertices of W and the edges incident with them. Similarly, if E’ € E(G), we denote
by G — E’ the subgraph of G obtained by deleting the edges of E'. If W = {v} and E’ = {xy},
we write G — v and G — xy instead of G — {v} and G — {xy}, respectively. If a graph G has
components G, Ga, ..., G, then G is denoted by Ule G;. We denote by P, and S, the path
and the star on vertices, respectively. We denote by m (G, k) the number of k-matchings of G.

2. Lemmas and results

Lemma 2.1 [4,24]. Let G be a forest and v be a vertex of G. Then the characteristic polynomial
of G satisfies
$(G) =x¢(G —v) — Y (G — {u, v)),

u
where the summation extends over all vertices adjacent to v.

In particular, if v is a pendent vertex of a forest G and u is the unique vertex adjacent to v,
then ¢(G) = x¢(G —v) — ¢(G — {u, v}).

Lemma 2.2 [4,24]. Let G be a forest and e = uv be an edge of G. The characteristic polynomial
of G satisfies

¢(G) =¢(G —e) —d(G —{u, v}).

Lemma 2.3 [4]. If G, G2, ..., G; are the components of a forest G, we have

t
$(G) =[G
i=1

Lemma 2.4 [29]. Let G and G’ be two forests of order n with characteristic polynomials

n/2] [n/2]
#(G) = Z arx"* and ¢(G) = Z apx" =2k,
k=0 k=0

respectively, then G > G' if and only if ap —aj =0 and (—D*(ar — a;) =0 for k=1,
2,...,n/2]; G = G ifand only if G > G’ and there is a k (1 < k < |n/2]) such that (—1)¥
(ak —ay) > 0.

Note thatif G and G’ are two forests, (—1)*ax = m(G, k), (—1)*a = m(G’, k) andm(G, 0) =
m(G’, 0) = 1. Thus the above lemma can also be written as the following.

Let G and G’ be two forests of order n. G > G’ if and only if m(G, k) > m(G’, k) for
k=1,2,...,|n/2]; G = G’ if and only if G > G’ and there is a k (1 < k < |n/2]) such that
m(G, k) > m(G', k).

Lemma 2.5 [26]. Let G be a forest of order n (n > 1) and G’ be a spanning subgraph (respec-
tively a proper spanning subgraph) of G. Then G = G’ (respectively G = G').

Lemma 2.6 [26]. Let T and T’ be two trees of order n. Suppose that uv(respectively u’v') is a
pendent edge of T (respectively T') and u(respectively u') is a pendent vertex of T (respectively
TY. Let Ty =T —u, =T —{u,v}, T/ =T —u" and T, =T — {u',v'}. If T} = T| and
T, >T,,orTy > T/ and Ty = T,, then T > T"'.
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Lemma 2.7 [29]. Let o(x) = Z,Em{)ZJ ox™ kK and ¢’ (x) = £m0/2J XM =2k \where o=@, =
0, (—=1)kgr =0 (1 <k < |m/2]) and (— 1)k o, =200 <k< m /2J)- If
L(m+m")/2]
Ox =Y mx"™" =g ),

k=0
then we have mop = 0 and (—1)*m, > 0 (1 <k < Lom +m")/2]).

Let P = vovy ---vg (k > 1) be apath of atree T. If d7(vg) > 3, dr(vg) = 3 and dr (v;) = 2
(0 <i < k), wecall P aninternal path of 7. If d7 (vo) > 3,dr(vx) = landdr(v;)) =2 (0 <i <
k), we call P a pendent path of T with root vy and particularly when k = 1, we call P a pendent
edge. Let s(T) be the number of vertices in T with degree more than 2 and p(T) the number of
pendent paths in 7 with length more than 1. For example, we consider the tree T as shown in
Fig. 2. v3v4v504 is an internal path of 7', while vgv7v8v9v10, VeV11, V3V1 and v3v; are all pendent
paths of 7; s(T) =2 and p(T) = 1.

UTeT,r B<k<n—-2), T2 P,y and p(T) # 0, then T can be seen as the tree as
shown in Fig. 3, where Ps (s > 3) is the pendent path of 7" with s vertices and root u, 77 and
T, are two subtrees of T with vertices v and u as roots, respectively, and Ty, T» 2 P. If T' is
obtained from T by replacing P, with a pendent edge and replacing the edge uv with a path Py,
we say that T’ is obtained from 7 by Operation I (as shown in Fig. 3). It is easy to see that
T' e n k-

Lemma 2.8 [28]. If T’ is obtained from T by Operation I, then
L5] 15]
> om(T' k) <Y m(T. k).
k=0 k=0

Now we show that Operation I makes the energy of a tree decrease strictly. In the following
proof, we shall use the same notations as above.

Lemma 2.9. [f T’ is obtained from T by Operation I, then E(T") < E(T).

Proof. Let A; and B; are the trees as shown in Fig. 4.
@ a Operatlon I @ :

T T
Fig. 3.
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By Lemmas 2.1-2.3, we have

d(T)=¢(T —uv) — (T — {u, v})
=¢(Th) - ¢(As) —d(T1 —v) - ¢(T2 —u) - p(Py—1)
=x-¢(T) - Pp(As—1) — ¢(T1) - $p(As—2) — d(T1 —v) - ¢(T2 —u) - p(Ps—1),
d(T=¢(T" —v'v) — (T — {v', v})
=¢(T1) - ¢(Bs—1) — ¢(T1 — v) - $(Bs—2)
=x-¢(T1) - p(As—1) — ¢(T1) - (T2 —u) - p(Ps—2) — x - $(T1 — v) - Pp(As—2)
+¢(T1 —v) - ¢(T2 — u) - ¢(Ps-3).
Since Ty, To Z P1, ¢(Po) =1, ¢(P1) = x and ¢(Py) = xp(Py—1) — ¢(Py—2) for n > 2, we
have
¢(T) — ¢(T")
= (@(T1) —x¢(T1 —))(@(T2 — u) - p(Ps—2) — $p(As-2))

- DY emi—twoub || D ST—{wuih) | sz
vy €eE(Ty) uu; €E(T»)

Let ¢(T) — ¢(T") = ¢(x) - ¢'(x) - 9" (x), where

[n1/2]
p)=— Y d(Mi—fv,uh= Y gx",
vv;eE(T) k=0

ln2/2]
YX=— Y ¢ —{uu}) = Z ix" 2,
uu; €E(T»)
Ls—1)/2]
' )==¢(P3)= Y glx

=0

and ni, ny are the order of T1 T, respectlvely Since T1 — {v, v;}, T» — {u, u;}and Py_3 (s = 3)
are forests, we have goo =g, =¢) =0, (- Dfgr >0, (- 1)1¢) >0 and (—1)!g/ > 0 for any
1<k n/2,,1<j< /2] and 1 <1< (s —1)/2]. By Lemmas 2.7 and 2.4, we have

T’ < T. Note that
n/2] n/2]
¢(T) =Y (=D'm(T )x" and ¢(T) = Y (~=D'm(T’, k)x" %,

k=0 k=0
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we have m(T', k) < m(T', k) for any k (1 < k < |n/2]). By Lemma 2.8,

1] 1]
Zm(T/, k) < Zm(T, k).
k=0 k=0

Hence m(T’, k) < m(T', k) forany k (1 < k < |n/2])and thereisak (1 < k < [n/2]) such that
m(T', k) <m(T’, k). By Lemma 2.4, we have T’ < T, and then E(T') < E(T). O

From lemma 2.9, we immediately get the following result.
Lemma2.10. LetT € 7, B<k<n—2), T 2 P,xand p(T) # 0.

(1) If s(T) = 1, we can finally get a tree T’ by Operation I with E(T") < E(T) and p(T') = 1;
it is easy to see that T'"=P, j.

(2) If s(T) > 2, we can finally get a tree T' by Operation I with E(T') < E(T), s(T") = s(T)
and p(T") = 0.

UTeTur B<k<n—-2), T2 P,k and p(T) =0, then we always can find two pen-
dent vertices u#1 and vy of T such that d(u, vi) = max{d(u,v) : u,v € V(T)}. Let uju, viv €
E(T), then N7 (u) = {u1,uz, ..., us, w} (s > 2), Nr(v) = {vr, v2, ..., v, w'} (¢t > 2), where

Wi, uy,...,Uus, vy, v2,...,0 are pendent vertices of T, dr(w) > 2 and dr(w’) > 2. Note
that w = w’, when d(uy, v1) =3. T/ =T — {uuy, ..., uus} + {vus, ..., vusyor T =T —
{vv, ..., v} + {uvy, ..., uv}, we say that T’ is obtained from 7 by Operation IL. It is easy

toseethat T’ € T i, p(T") = 1and s(T') = s(T) — 1.
Now we show that Operation II makes the energy of a tree decrease strictly. In the following
proof, we shall use the same notations as above.

Lemma 2.11. If T’ is obtained from T by Operation II, then E(T") < E(T).

Proof. Let u1, v be the pendent vertices such that d(u1, v1) = max{d(u,v) :u,v € V(T)}. If
d(uy, v1) > 4, without loss of generality, we suppose uju, viv,uw € E(T)anddr(w) > 2. Then
w # v. Without loss of generality, we suppose T’ = T — {uuy, ..., uug} + {vuy, ..., vus}. Then
T and T’ can be seen as the trees shown in Fig. 5.

Denote A =3/ cpr) ¢(T1 —{v',vhand B =3 cpir—u) ¢ (T1 — {v', v, w}). By Lem-
mas 2.1-2.3, we have

¢(T)=¢(T — uw) — ¢(T — {u, w})
=022 = )% = NP(T1 — v) — x(x> — 5)A
—x(x* = (11 — {w, v}) + x*B],

Operation II

f}t =  w f}s+t—1

Fig. 5.
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d(T)=¢(T" —uw) — ¢(T" — {u, w})
=22 — s —t + D = DT —v) —x(x* — DA
—x(x*>=s—t4+ D$(Ty — {w, v}) + x*B].

It is easy to see that

O(T) —d(T)=(s — Dx*T"2[(t — 1) - §(T1 — v) — x$(T1 — {w, v}) + xA]
=(s — DX*T2[(t = 1) - ¢(T1 — v) — ¢((T1 — {w, v}) U {w}) + xA].

Let

L1 —1)/2]
=1 ¢ —v) —¢((T1 — (w. ) Ufwh= > g7,

k=0
L(n1—1)/2]

XA= Z (,01/()6"1_1_2](,
k=0

where n is the order of T;. Thus

[n/2]
¢(T) —¢(T)=)_ (@ —apx"""
=0
L(ni—1)/2]
— Z (s — D(gr + (p]/()x;11+s+t7372k
k=0
L1 —1)/2]
= Y (5= D +gpx" 0,
k=0

Note that, for2 < I < [(ny — 1)/2] + 2,

(=D — a) = (=D*(ars2 — af )
=(—D*2(s — Dige + ¢p) = (=D(s — (o + ¢})

O <k < |(n —1)/2]), and for the other [, a; — al’ =0.

Since (71 — {w, v}) U {w} is a proper spanning subgraph of 77 — v and ¢ > 2, by Lemmas
2.5 and 2.4, we have (—1)¥¢g; > 0 for 0 < k < [(n1 — 1)/2] and there is a k (1 < k < |[(n] —
1)/2]) such that (—1)*g; > 0. Recall A =Y cpr) #(T1 — {v/, v}). We have (—1)Fg; >0
for 0 < k < [(n1 — 1)/2]. Thus, ap — a), =0, (=Dlay — a;) = 0for 1 <1< |n/2] and there
isal (1 <!I< |n/2)) such that (—1)!(a; — a;) > 0. By Lemma 2.4, we have T > T, and then
E(T) > E(T").

Ifd(uy, vi) = 3, we have

O(T) — d(T)=(s — 1)(t — Dx* T2
=(s — D) — Dx"*

Noting that s, ¢ > 2, by Lemma 2.4, T’ < T, and then E(T") < E(T). O
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Theorem 2.1. LetT € J ;, . Then E(T) > E(Py ), andthe equality holds ifandonly if T = P, .

Proof. Since 9,2 = {P,} and P, = Py 2, I pn—1 = {Sp} and S, = P, ,—1, We may assume
3 <k < n—2anditis sufficient to show that E(T) > E(Py ) forany T € I, rand T 2 Py k.

ForT e 7,k B<k<n—-2)and T 2 Py, we know 1 < s(T) < n —k, we shall show
E(T) > E(P, k) by induction on s(T). When s(T) =1, note T 2 S,, P, P, x, by Lemma
2.10(1),wehave E(T) > E(P, k). Suppose the resultholds for any tree T’ with s (T") = s — 1. Let
s(T)=s =2 2.1f p(T) # 0,by Lemma 2.10(2), we can getatree 71 € 7 , ; such that p(T7) = 0,
s(T1) = s and E(T) > E(T1). By Lemma 2.11, we can get a tree 7> € 7 ,, x from T} such that
p(Tr) =1,5(T) =s — land E(T) > E(T»).Hence E(T) > E(T1) > E(T3).By the induction
hypothesis, we have

E(T) > E(Th) > E(Tz) > E(Pux).

Therefore,if T € I, k,then E(T) > E(Py k), and the equality holdsifandonly if T = P, . U

Lemma 2.12. For3 <k <n—1, we have E(P, ) < E(Py k—1)-

Proof. By Lemma 2.1, we have

G (Pas)=x¢(Pu_1 k1) — x* 2P (Pay).
=x¢(Pp1 k1) —d (P Uk —2)Ky),
O (Pui—1)=x¢(Pr_1k-1) — ¢ (Pr—2k—1)-
Since P,—; U (k — 2)K is a proper spanning subgraph of P,_» x_1, by Lemma 2.5, we have

Py Uk —2)K1 < Py_3—1.ByLemma2.6, wehave P, y < Py —1.Thusfor3 <k <n -1,
we have E(Py k) < E(Pyx—1). O

By Theorem 2.1 and Lemma 2.12, we immediately get the following results.
Corollary 2.1 [6]. Let T be a tree with n vertices. Then

(1) E(T) = 2+/n — 1, the equality holds if and only if T = S,,.

QI T2S,, ET)>vV2n—2+2Vn2 —6n+134+v2n—2—2Jn2 —6n+ 13, the
equality holds if and only if T = Py p—2.
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