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Abstract

The energy of G, denoted by E(G), is defined as the sum of the absolute values of the eigenvalues of G.
In this paper, we characterize the tree with minimal energy among the trees with k pendent vertices.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Let G be a graph on n vertices and A(G) the adjacency matrix of G. Then the characteristic
polynomial of A(G), denoted by φ(G) = |xI − A(G)|, is called the characteristic polynomial of
G. The n roots of the equation φ(G) = 0, denoted by λ1, λ2, . . . , λn, are called the eigenvalues
of G. Since A(G) is real and symmetric, all eigenvalues of G are real.

The energy of G, denoted by E(G), is defined as

E(G) =
n∑

i=1

|λi |.

This concept was introduced by Gutman and is intensively studied in chemistry, since it can be
used to approximate the total �-electron energy of a molecule (see, e.g., [10,11]). There are a lot
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of results on E(G) (e.g., see, [1,3,5–10,12–23,25–27,29–34]). However, up to now, very little is
known for graphs with extremal energy.

If G is a bipartite graph, then the characteristic polynomial of G can be written as (see [11]):

φ(G) = |xI − A(G)| =
�n/2�∑
k=0

(−1)kb(G, k)xn−2k,

where n is the order of G. Note that b(G, 0) = 1, b(G, k) � 0 for 1 � k � �n/2�. For the other
k, we assume b(G, k) = 0, for convenience. The energy of bipartite graph G can be expressed as
the Coulson integral formula (see [18]):

E(G) = 1

π

∫ +∞

−∞
dx

x2
ln


1 +

�n/2�∑
k=1

b(G, k)x2k


 .

It is easy to see that E(G) is a strictly monotonously increasing function of b(G, k). This fact
inspired Gutman to define a quasiordering to compare the energies for trees and further for a set
of graphs.

Let G1 and G2 be two bipartite graphs of order n, whose characteristic polynomials are

φ(G1) =
�n/2�∑
k=0

(−1)kb(G1, k)xn−2k and φ(G2) =
�n/2�∑
k=0

(−1)kb(G2, k)xn−2k.

If b(G1, k) � b(G2, k) holds for all k � 0, we call G1 � G2 or G2 � G1. If G1 � G2 and there
is a k such that b(G1, k) > b(G2, k), we call G1 � G2. By the strict monotonicity of E(G), if
G1 � G2, then E(G1) � E(G2); if G1 � G2, then E(G1) > E(G2).

This method has been successfully applied in the study of the extremal values of energies
in some classes of graphs. Gutman [6] showed that the path has the maximal energy and the
star has the minimal energy among the trees on n vertices. Zhang and Li characterized the
trees with maximal energy [30] and minimal energy [29], respectively, among the trees with
perfect matchings. Hou determined the graphs with minimal energy among all the trees with
a given size of matching [19] and all unicyclic graphs [18], respectively. Zhang et al. deter-
mined the graphs with maximal energy [32] and minimal energy [31], respectively, among
the hexagonal chains. Recently, Yan and Ye [26] characterized the tree with maximal energy

among the trees with order n and at least
⌊

n+2
2

⌋
pendent vertices. Lin et al. [22] determined

the tree with maximal energy among the trees with order n and maximum degree � (3 � � �
n − 2) and the tree with minimal energy among the trees with order n and maximum degree

�
(⌈

n+1
3

⌉
� � � n − 2

)
.

Let Tn,k be the set of all trees with n vertices and k pendent vertices. In this paper, we show
that Pn,k (as shown in Fig. 1) is the tree with minimal energy in Tn,k .

In order to state our results, we introduce some notation and terminology. Other undefined
notation may refer to [2]. If W ⊆ V (G), we denote by G − W the subgraph of G obtained by

Fig. 1.
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deleting the vertices of W and the edges incident with them. Similarly, if E′ ⊆ E(G), we denote
by G − E′ the subgraph of G obtained by deleting the edges of E′. If W = {v} and E′ = {xy},
we write G − v and G − xy instead of G − {v} and G − {xy}, respectively. If a graph G has
components G1, G2, . . . , Gt , then G is denoted by

⋃t
i=1 Gi . We denote by Pn and Sn the path

and the star on vertices, respectively. We denote by m(G, k) the number of k-matchings of G.

2. Lemmas and results

Lemma 2.1 [4,24]. Let G be a forest and v be a vertex of G. Then the characteristic polynomial
of G satisfies

φ(G) = xφ(G − v) −
∑
u

φ(G − {u, v}),
where the summation extends over all vertices adjacent to v.

In particular, if v is a pendent vertex of a forest G and u is the unique vertex adjacent to v,
then φ(G) = xφ(G − v) − φ(G − {u, v}).

Lemma 2.2 [4,24]. Let G be a forest and e = uv be an edge of G. The characteristic polynomial
of G satisfies

φ(G) = φ(G − e) − φ(G − {u, v}).

Lemma 2.3 [4]. If G1, G2, . . . , Gt are the components of a forest G, we have

φ(G) =
t∏

i=1

φ(Gi).

Lemma 2.4 [29]. Let G and G′ be two forests of order n with characteristic polynomials

φ(G) =
�n/2�∑
k=0

akx
n−2k and φ(G′) =

�n/2�∑
k=0

a′
kx

n−2k,

respectively, then G � G′ if and only if a0 − a′
0 = 0 and (−1)k(ak − a′

k) � 0 for k = 1,

2, . . . , �n/2�; G � G′ if and only if G � G′ and there is a k (1 � k � �n/2�) such that (−1)k

(ak − a′
k) > 0.

Note that if G and G′ are two forests, (−1)kak = m(G, k), (−1)ka′
k = m(G′, k) and m(G, 0) =

m(G′, 0) = 1. Thus the above lemma can also be written as the following.
Let G and G′ be two forests of order n. G � G′ if and only if m(G, k) � m(G′, k) for

k = 1, 2, . . . , �n/2�; G � G′ if and only if G � G′ and there is a k (1 � k � �n/2�) such that
m(G, k) > m(G′, k).

Lemma 2.5 [26]. Let G be a forest of order n (n > 1) and G′ be a spanning subgraph (respec-
tively a proper spanning subgraph) of G. Then G � G′ (respectively G � G′).

Lemma 2.6 [26]. Let T and T ′ be two trees of order n. Suppose that uv(respectively u′v′) is a
pendent edge of T (respectively T ′) and u(respectively u′) is a pendent vertex of T (respectively
T ′). Let T1 = T − u, T2 = T − {u, v}, T ′

1 = T ′ − u′ and T ′
2 = T ′ − {u′, v′}. If T1 � T ′

1 and
T2 � T ′

2, or T1 � T ′
1 and T2 � T ′

2, then T � T ′.
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Fig. 2.

Lemma 2.7 [29]. Let ϕ(x) = ∑�m/2�
k=0 ϕkx

m−2k and ϕ′(x) = ∑�m′/2�
k=0 ϕ′

kx
m′−2k, where ϕ0 = ϕ′

0 =
0, (−1)kϕk � 0 (1 � k � �m/2�) and (−1)kϕ′

k � 0 (1 � k � �m′/2�). If

�(x) =
�(m+m′)/2�∑

k=0

πkx
m+m′−2k = ϕ(x)ϕ′(x),

then we have π0 = 0 and (−1)kπk � 0 (1 � k � �(m + m′)/2�).

Let P = v0v1 · · · vk (k � 1) be a path of a tree T . If dT (v0) � 3, dT (vk) � 3 and dT (vi) = 2
(0 < i < k), we call P an internal path of T . If dT (v0) � 3, dT (vk) = 1 and dT (vi) = 2 (0 < i <

k), we call P a pendent path of T with root v0 and particularly when k = 1, we call P a pendent
edge. Let s(T ) be the number of vertices in T with degree more than 2 and p(T ) the number of
pendent paths in T with length more than 1. For example, we consider the tree T as shown in
Fig. 2. v3v4v5v6 is an internal path of T , while v6v7v8v9v10, v6v11, v3v1 and v3v2 are all pendent
paths of T ; s(T ) = 2 and p(T ) = 1.

If T ∈ Tn,k (3 � k � n − 2), T � Pn,k and p(T ) /= 0, then T can be seen as the tree as
shown in Fig. 3, where Ps (s � 3) is the pendent path of T with s vertices and root u, T1 and
T2 are two subtrees of T with vertices v and u as roots, respectively, and T1, T2 � P1. If T ′ is
obtained from T by replacing Ps with a pendent edge and replacing the edge uv with a path Ps ,
we say that T ′ is obtained from T by Operation I (as shown in Fig. 3). It is easy to see that
T ′ ∈ Tn,k .

Lemma 2.8 [28]. If T ′ is obtained from T by Operation I, then

� n
2 �∑

k=0

m(T ′, k) <

� n
2 �∑

k=0

m(T , k).

Now we show that Operation I makes the energy of a tree decrease strictly. In the following
proof, we shall use the same notations as above.

Lemma 2.9. If T ′ is obtained from T by Operation I, then E(T ′) < E(T ).

Proof. Let Al and Bl are the trees as shown in Fig. 4.

Fig. 3.
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Fig. 4.

By Lemmas 2.1–2.3, we have

φ(T )=φ(T − uv) − φ(T − {u, v})
=φ(T1) · φ(As) − φ(T1 − v) · φ(T2 − u) · φ(Ps−1)

=x · φ(T1) · φ(As−1) − φ(T1) · φ(As−2) − φ(T1 − v) · φ(T2 − u) · φ(Ps−1),

φ(T ′)=φ(T ′ − v′v) − φ(T ′ − {v′, v})
=φ(T1) · φ(Bs−1) − φ(T1 − v) · φ(Bs−2)

=x · φ(T1) · φ(As−1) − φ(T1) · φ(T2 − u) · φ(Ps−2) − x · φ(T1 − v) · φ(As−2)

+ φ(T1 − v) · φ(T2 − u) · φ(Ps−3).

Since T1, T2 � P1, φ(P0) = 1, φ(P1) = x and φ(Pn) = xφ(Pn−1) − φ(Pn−2) for n � 2, we
have

φ(T ) − φ(T ′)
= (φ(T1) − xφ(T1 − v))(φ(T2 − u) · φ(Ps−2) − φ(As−2))

= −

 ∑

vvi∈E(T1)

φ(T1 − {v, vi})

 ·


 ∑

uui∈E(T2)

φ(T2 − {u, ui})

 · φ(Ps−3).

Let φ(T ) − φ(T ′) = ϕ(x) · ϕ′(x) · ϕ′′(x), where

ϕ(x)=−
∑

vvi∈E(T1)

φ(T1 − {v, vi}) =
�n1/2�∑
k=0

ϕkx
n1−2k,

ϕ′(x)=−
∑

uui∈E(T2)

φ(T2 − {u, ui}) =
�n2/2�∑
j=0

ϕ′
j x

n2−2j ,

ϕ′′(x)=−φ(Ps−3) =
�(s−1)/2�∑

l=0

ϕ′′
l xs−1−2l ,

and n1, n2 are the order of T1, T2, respectively. Since T1 − {v, vi}, T2 − {u, ui} and Ps−3 (s � 3)

are forests, we have ϕ0 = ϕ′
0 = ϕ′′

0 = 0, (−1)kϕk � 0, (−1)jϕ′
j � 0 and (−1)lϕ′′

l � 0 for any
1 � k � �n1/2�, 1 � j � �n2/2� and 1 � l � �(s − 1)/2�. By Lemmas 2.7 and 2.4, we have
T ′ � T . Note that

φ(T ) =
�n/2�∑
k=0

(−1)km(T , k)xn−2k and φ(T ′) =
�n/2�∑
k=0

(−1)km(T ′, k)xn−2k,
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we have m(T ′, k) � m(T ′, k) for any k (1 � k � �n/2�). By Lemma 2.8,

� n
2 �∑

k=0

m(T ′, k) <

� n
2 �∑

k=0

m(T , k).

Hence m(T ′, k) � m(T ′, k) for any k (1 � k � �n/2�) and there is a k (1 � k � �n/2�) such that
m(T ′, k) < m(T ′, k). By Lemma 2.4, we have T ′ ≺ T , and then E(T ′) < E(T ). �

From lemma 2.9, we immediately get the following result.

Lemma 2.10. Let T ∈ Tn,k (3 � k � n − 2), T � Pn,k and p(T ) /= 0.

(1) If s(T ) = 1, we can finally get a tree T ′ by Operation I with E(T ′) < E(T ) and p(T ′) = 1;
it is easy to see that T ′∼=Pn,k.

(2) If s(T ) � 2, we can finally get a tree T ′ by Operation I with E(T ′) < E(T ), s(T ′) = s(T )

and p(T ′) = 0.

If T ∈ Tn,k (3 � k � n − 2), T � Pn,k and p(T ) = 0, then we always can find two pen-
dent vertices u1 and v1 of T such that d(u1, v1) = max{d(u, v) : u, v ∈ V (T )}. Let u1u, v1v ∈
E(T ), then NT (u) = {u1, u2, . . . , us, w} (s � 2), NT (v) = {v1, v2, . . . , vt , w

′} (t � 2), where
u1, u2, . . . , us, v1, v2, . . . , vt are pendent vertices of T , dT (w) � 2 and dT (w′) � 2. Note
that w = w′, when d(u1, v1) = 3. If T ′ = T − {uu2, . . . , uus} + {vu2, . . . , vus} or T ′ = T −
{vv2, . . . , vvt } + {uv2, . . . , uvt }, we say that T ′ is obtained from T by Operation II. It is easy
to see that T ′ ∈ Tn,k , p(T ′) = 1 and s(T ′) = s(T ) − 1.

Now we show that Operation II makes the energy of a tree decrease strictly. In the following
proof, we shall use the same notations as above.

Lemma 2.11. If T ′ is obtained from T by Operation II, then E(T ′) < E(T ).

Proof. Let u1, v1 be the pendent vertices such that d(u1, v1) = max{d(u, v) : u, v ∈ V (T )}. If
d(u1, v1) � 4, without loss of generality, we suppose u1u, v1v, uw ∈ E(T ) and dT (w) � 2. Then
w 
= v. Without loss of generality, we suppose T ′ = T − {uu2, . . . , uus} + {vu2, . . . , vus}. Then
T and T ′ can be seen as the trees shown in Fig. 5.

Denote A = ∑
v′v∈E(T1)

φ(T1 − {v′, v}) and B = ∑
v′v∈E(T1−w) φ(T1 − {v′, v, w}). By Lem-

mas 2.1–2.3, we have

φ(T )=φ(T − uw) − φ(T − {u, w})
=xs+t−2[(x2 − s)(x2 − t)φ(T1 − v) − x(x2 − s)A

−x(x2 − t)φ(T1 − {w, v}) + x2B],

Fig. 5.
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φ(T ′)=φ(T ′′ − uw) − φ(T ′′ − {u, w})
=xs+t−2[(x2 − s − t + 1)(x2 − 1)φ(T1 − v) − x(x2 − 1)A

−x(x2 − s − t + 1)φ(T1 − {w, v}) + x2B].
It is easy to see that

φ(T ) − φ(T ′)=(s − 1)xs+t−2[(t − 1) · φ(T1 − v) − xφ(T1 − {w, v}) + xA]
=(s − 1)xs+t−2[(t − 1) · φ(T1 − v) − φ((T1 − {w, v}) ∪ {w}) + xA].

Let

(t − 1) · φ(T1 − v) − φ((T1 − {w, v}) ∪ {w})=
�(n1−1)/2�∑

k=0

ϕkx
n1−1−2k,

xA=
�(n1−1)/2�∑

k=0

ϕ′
kx

n1−1−2k,

where n1 is the order of T1. Thus

φ(T ) − φ(T ′)=
�n/2�∑
l=0

(al − a′
l )x

n−2l

=
�(n1−1)/2�∑

k=0

(s − 1)(ϕk + ϕ′
k)x

n1+s+t−3−2k

=
�(n1−1)/2�∑

k=0

(s − 1)(ϕk + ϕ′
k)x

n−2(2+k).

Note that, for 2 � l � �(n1 − 1)/2� + 2,

(−1)l(al − a′
l )=(−1)k+2(ak+2 − a′

k+2)

=(−1)k+2(s − 1)(ϕk + ϕ′
k) = (−1)k(s − 1)(ϕk + ϕ′

k)

(0 � k � �(n1 − 1)/2�), and for the other l, al − a′
l = 0.

Since (T1 − {w, v}) ∪ {w} is a proper spanning subgraph of T1 − v and t � 2, by Lemmas
2.5 and 2.4, we have (−1)kϕk � 0 for 0 � k � �(n1 − 1)/2� and there is a k (1 � k � �(n1 −
1)/2�) such that (−1)kϕk > 0. Recall A = ∑

v′v∈E(T1)
φ(T1 − {v′, v}). We have (−1)kϕ′

k � 0
for 0 � k � �(n1 − 1)/2�. Thus, a0 − a′

0 = 0, (−1)l(al − a′
l ) � 0 for 1 � l � �n/2� and there

is a l (1 � l � �n/2�) such that (−1)l(al − a′
l ) > 0. By Lemma 2.4, we have T � T ′, and then

E(T ) > E(T ′).
If d(u1, v1) = 3, we have

φ(T ) − φ(T ′)=(s − 1)(t − 1)xs+t−2

=(s − 1)(t − 1)xn−4.

Noting that s, t � 2, by Lemma 2.4, T ′ ≺ T , and then E(T ′) < E(T ). �
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Theorem 2.1. LetT ∈Tn,k.ThenE(T )�E(Pn,k),and the equality holds if and only if T ∼= Pn,k.

Proof. Since Tn,2 = {Pn} and Pn
∼= Pn,2, Tn,n−1 = {Sn} and Sn

∼= Pn,n−1, we may assume
3 � k � n − 2 and it is sufficient to show that E(T ) > E(Pn,k) for any T ∈ Tn,k and T � Pn,k .

For T ∈ Tn,k (3 � k � n − 2) and T � Pn,k , we know 1 � s(T ) � n − k, we shall show
E(T ) > E(Pn,k) by induction on s(T ). When s(T ) = 1, note T � Sn, Pn, Pn,k , by Lemma
2.10(1), we haveE(T ) > E(Pn,k). Suppose the result holds for any treeT ′ with s(T ′) = s − 1. Let
s(T ) = s � 2. If p(T ) /= 0, by Lemma 2.10(2), we can get a tree T1 ∈ Tn,k such that p(T1) = 0,
s(T1) = s and E(T ) > E(T1). By Lemma 2.11, we can get a tree T2 ∈ Tn,k from T1 such that
p(T2) = 1, s(T2) = s − 1 and E(T1) > E(T2). Hence E(T ) > E(T1) > E(T2). By the induction
hypothesis, we have

E(T ) > E(T1) > E(T2) > E(Pn,k).

Therefore, if T ∈ Tn,k , then E(T ) � E(Pn,k), and the equality holds if and only if T ∼= Pn,k . �

Lemma 2.12. For 3 � k � n − 1, we have E(Pn,k) < E(Pn,k−1).

Proof. By Lemma 2.1, we have

φ(Pn,k)=xφ(Pn−1,k−1) − xk−2φ(Pn−k),

=xφ(Pn−1,k−1) − φ(Pn−k ∪ (k − 2)K1),

φ(Pn,k−1)=xφ(Pn−1,k−1) − φ(Pn−2,k−1).

Since Pn−k ∪ (k − 2)K1 is a proper spanning subgraph of Pn−2,k−1, by Lemma 2.5, we have
Pn−k ∪ (k − 2)K1 ≺ Pn−2,k−1. By Lemma 2.6, we have Pn,k ≺ Pn,k−1. Thus for 3 � k � n − 1,
we have E(Pn,k) < E(Pn,k−1). �

By Theorem 2.1 and Lemma 2.12, we immediately get the following results.

Corollary 2.1 [6]. Let T be a tree with n vertices. Then

(1) E(T ) � 2
√

n − 1, the equality holds if and only if T ∼= Sn.

(2) If T � Sn, E(T ) �
√

2n − 2 + 2
√

n2 − 6n + 13 +
√

2n − 2 − 2
√

n2 − 6n + 13, the
equality holds if and only if T ∼= Pn,n−2.
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