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q, t-Kostka polynomials: K, (q.t)

2o = S+ at’ S

+ ¢°t* S

+ 5
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An Observation

Hys = t*(Sg+ tSan + ¢ Semm) + (87 + %) (Sﬁ: + tSHI') + (SE +15 + t2353)
Ho11 = t(Sm + t5a0 + tSem) + (1 4 gt?) (Sﬁ: + tSH:D) + q<SE + 157 + t2553)
Hss = (Sm+ tSan + t* Samm) + (tg + ) (Sﬁj + tSE|I,> + ¢* <SE + 157 + t2 SE)
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3igger positive basis for k-bounded Macdonalds
Coefficients remain positive sums of monomials
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3igger positive basis for k-bounded Macdonalds
Coefficients remain positive sums of monomials

New basis? S, (*)

ndexed by partitions with no part larger than &



The atoms:
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ATOM: A =, Sy, A A <k

1. Promotion operators: S,
Add horizontal \;-strip
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2. Filtering operator: Ky«
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Atoms

e Partition the set of tableaux (depending on A and k)
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e Conjecture: form a basis for £ {Jx}, -,

e Conjecture: expansion coefficients refine ¢, t-Kostkas

Jy = ZK(’“) (q,t) AF) where K( (g, t) € N[g, 1]




A refinement for Schur functions: t = 1

Involution: ws™ = 5%

k-Pieri rule:
(k) (k) (k)
he Sy = E S,” where Cy; €N

k
necs’

k-Kostka Numbers:

ha=> KN SE  where K'Y €N
7

k-Littlewood Richarsdon rule
S\ sk = > cr s where b € N



k-Schurs: S\ = K\" S, S\ | where )\ <k

1. Multiply by S, : 53 S§52) = 53522 = 53,22+54,21+552

2. Apply projection operator: K"

» Expand in terms of k-split basis: P; Ss S§52) = P3yo+Piy,—1

Pt =SS S B =S5m S

» Kill Pj unless 1 = A1: S 5;52) = P35’2’2 = S



k=Schur functions

k
LT < = LU < = £ {Sg )}/\1<k

Jy = ZKIS’;)(q,t)Sfﬁ) where Kg;)(q,t) € Zlq, t]
7

" =g, forlarge k
Sy“) = S\ + larger terms

Sr S\ = S}fﬁ\

Positivity, involution, etc. for k£ = 2



HMMMMMM

Hys = t*(Sg+ tSan + 2 Sam) + (87 + %) (Sﬁ: + tSHI,> + <SE +15 + t2853>
Ho11 = t(Sm+ t9a0 + t°Sam) + (14 ¢t?) (Sﬁ: + tSHjj) + q<SE + 157 + t2553>

Hss = (Sm+ tSan + t°Sam) + (tg + ) (Sﬁj + tSHI,) + ¢* <SE + 157 + t2 SE>

Study ¢ =t = 1:

hi11,1 = 158+ Sgn + Sam) + 2<Sﬁj + S&) +1 (SE + Sﬁj -+ SEE)

Pieri Rule = Kostka Numbers =— ¢, t-Coefficients



k-tableaux

3ijection: k-bounded partitions « k + 1-core diagrams
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k-tableaux

3ijection: k-bounded partitions « k + 1-core diagrams

OO |—=
w

Standard k-Tableaux:
. + 1-core filled strictly increasing in rows and columns
Multiplicities have same color (k£ + 1-residue)
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k-tableaux
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Characterize k.-Schur functions

Semi-Standard k-Tableaux:

Column strict filling of k + 1-core
=xactly «; colors for letter ¢

®© © ¢ 6 o 0o o0 o o ®© 6 ¢ ¢ o 0o o0 o o
5/ e e o e e e e 50 e o e e e @
A1 © e e o e A1 © @ e o @
35| e e e 35| o e e
11213]5|° 114(4]5|°

veight: (1,1,1,1,1) (1,0,1,2,1)

2roperty:

0 of p<A

(k) _ 1. ' =
K,y = #k-tableaux of shape x and weight A = {1 it =

Characterize k-Schurs by inverting expression



k-Schur properties

Basis for A = £ {h,},, .,

Involution: wS/(\"“) = Sf\’i)k where \“* = core(\)".

k-Pieri rule:
hy Sg\k) = Z SL’“) where Cgf) = {p| p =X + colored corners }
MEC&%}

k-Kostka numbers

ha=Y KN SH where K'Y =# k-tableaux shape 4
P> A

Dual basis (for A/ 7) given by
S, = Z z!
T=ktab shape core(\)
Cauchy Kernel
1
S sPxePy =] ( mod J

1 — 2y,
>\1§k i)] Zy])




q, t-Kostka polynomials

L-Kostka numbers:

ha=Y KN SH  where k) = #k—tableaux
p=>A

1, t-generalize

X, 8] = Kl (q,) SO
u>A

where KL’?(L 1) = # standard k—tableaux = # reduced words
20X 0,1 = S+ (tg + ) S +¢*SY
O

— S0 S3 81 S92 = S0 81 S3 S92

el [SV] 1A
= DN |~




Quantum cohomology: QH*(Gr, )

—numeration of “Gromov-Witten invariants"

» Additive structure: QH*(Gra.,) = H*(Gra.n) @ Z[q]

Schubert classes o) for A C a x (n — a) are a basis

» Product:
O\ * 0, = Z q° Ci’j o,

vCaXx(n—a)
lvI=IX+p]—dn

('yl/,d

U\, = 7 rational curves of degree d in Gr, ,, that meet fixed generic
ranslates of the Schubert varieties X, X, and X,

Symmetric Function Connection:
QH*(Grqn) =2 ARZlq) /T, where I, = (en—at1,..-,€n—1,n + (—1)%q) U{h; : i >

o Sy for NCax(n—a).



Structure constants

Cohomology structure: oy xo0, <+ SyS, mod Z,

SaSu = ) K5
!
S\S, mod 7, = » 7S,
vCax(n—a)
0
O\N* 0, = Z 777 o,

vCax(n—a)



Structure constants

Cohomology structure: oy xo0, <+ SyS, mod Z,

xSy = > &S+ Y &L
vCax(n—a) vZax(n—a)
l Problem: S\, Z0for A Z a x (n — a)
5\S, modZ, = YooK S+ Y R () S
vCax(n—a) vCax(n—a)

O\N* 0, = E 777 o,

vCax(n—a)



Structure constants

Cohomology structure: oy xo0, <+ SyS, mod Z,

S\ sk = S e S+ > ek S
v=(k+1,a)—diagram v#£(k+1,a)—diagram
i
S\S, modI, = > e Sy
v=(k+1,a)—diagram
i
S S, modZ, = > e Sy
vCax(k+1—a)
!
o5 k0, = Z qdcifa,,

vCax(k+1—a)

aromov-Witten invariants = k-Littlewood Richardson coefficients



Alternate .-Schurs

« Schur functions in symmetric function theory of A(*)
Conjecture: k-q, t-Kostka polynomials lie in Ng, ¢].

Conjecture: (dual) k-Schurs are symmetric component of affine
Schubert polynomials

« Schur functions in theory of quantum cohomology

Conjecture: k-Schur functions are Schubert basis of the
homology of the affine Grassmannian

Conjecture: dual k-Schurs are Schubert basis of the cohomology
of the affine Grassmannian



Another characterization

Want definition for k-Schurs:
Sf\k): Z gstat(T) .. T

some T

Want:
« Affine Pieri rule for dual k-Schurs

2. @

T=ktab

« Affine Schensted
« Affine Plactic Monoid

 Tie together various characterizations for k-Schurs



Strong order k-tableaux

Chain in Bruhat (strong) order:
Sequence of k + 1-cores:

BcAD @ . P =4

# k-bounded hooks in (¥ = # k-bounded hooks in v+1h — 1

Dual Standard Case:
~illing of a k + 1-core ~ with letter i in cells of y(i1) /()
One ribbon containing letter 7 is marked

— o |eo|~af~1
Wl

oy




Semi-Standard Dual

Put letters i(i +1) - (i + ) — a

F NW cell of the marked ribbons containing letters i(i + 1) - -

‘ead increasing

7 7

7 7

3|6 — 316

215156 2131316

11314]15[5]6 11313[3]3]6
Weight: o; = number of marked ribbons containing i
Definition

Sgk)[X’ t] _ Z tstat(T)xT
T=dual k tab
of shape core(X)

vhere

stat(T) = Z pa(spin(i))+b

# of ribbons containing letter ¢
# of ribbons containing letter : above marked one

(24 0)



Future work

« Combinatorial interpretation for k-Littlewood Richardson
coefficients and Macdonald coefficients

« affine RSK insertion algorithm and plactic monoid

e (dual) k-Schur functions = Schubert classes in (co)homology of
the loop Grassmannian

 Affine Schubert polynomials that reduce to k£-Schur functions in
the grassmannian

« Unimodality, sieved sum identities

* Representation theoretic interpretation for k-Schur functions
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