PAVING AND THE KADISON-SINGER PR OBLEM
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Abstra ct.
This is an introduction to problems surrounding the Paving Conjecture.

1. Paving Parameters and Notation

Notation 1.1. Given an orthonormal basis fegj,, for a Hilbert space H, for any A |
we denoteby P, the diagonal pro jection whosematrix has entries all zero exaept for the
(i; 1)-entries for i 2 A which are all one.

Notation 1.2. Given an orthonormal basis f e gj», for a Hilbert sppee H, a k diagonal
decomp osition of the identit y (k-d.d. for short) is a family of diagonal projections with
disjoint rangesand

Notation 1.3. If Aisann n matrix, de ne
«(A) = minfmax jjP;AP;jj : fPig<, is a k-d.dg
and if A is an in nite matrix bounde in the operator norm, de ne
«(A) = inf fmax jjP,AP;jj : fPigk, is a k-d.dg:

If A6 0O, in both casesde ne

k(A).

(A= Ak

De ne

K(S) = sup ~(A);
06 A2S

andif S M,, this supremumis attained by extremal bad paversA,, making
K(S) = max ~(A) = ~(An):

As n increasesfor a xed categoryof matricesS M, sud as selfadjoirt or unitary
operators (so the matrix sizeschange but not the class), one has 0 k(S) landis
increasingin both k and n, although as the table in Section 7 indicates, not necessary

strictly in n (but strict monotonicity yet unknown for k).
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2. Anderson's Paving Conjecture

A remarkable connectionbetweenthe Kadison-SingerExtension Problem (KS) and nite
matrices was given by J. Anderson[A].
Anderson's Paving Conjecture (PC) [A]

For every > O, there is some\univ ersal" positive integer k = k() so that for ewery

zero-diagonal nite matrix A, there existsa k-d.d. fP;gk.; sothat forall i = 1;2;:::;k we
have
(1) kPAPik  kAk:

Note that this is equivalert to the existenceof a universalsud k for some xed < 1. When
we have the inequality in Equation 1 for a matrix A, we say that A is (k; )-pavable.

Givena xed matrix A, if forevery < 1thereisak 2 N sothat A is (k; )-pavablethen we
say that A pavable. If we have a classof matrices,we say this class is pavable (respectively,
(k; )-pavable) if every member of the classis pavable (respectively, (k )-pavable).

It is known [BHKW ] that the classof operatorssatisfying PC (the pavable operators ) is
a closedsubspaceof B(",). The only large classeof operatorswhich have beenshavn to be
pavable are \diagonally dominant" matrices[BCHL, BCHL2, BHKW, G], matriceswith all
ertries real and positive [HKW] and Laurant operators over Riemann integrable functions
(Seealso[HKW?2]). Also, in [BHKW2] there is an analysisof the paving problem for certain
Saatten C,-norms.

Akemann and Anderson [AA] posedseeral conjectureswhich would imply a positive
solution to PC.

Conjecture A ([AA], 7.1.1) For any projection P, there exists a diagonal symmetry S so
that kPSPk 2 .

Weaver [W2] givesa courterexampleto Conjecture A. Recerily, Casazza,Edidin, Kalra
and Paulsen[CEKP] showed that for every equal-normParsewal frame ff;g, for Rk with
n > 4k, its correlation matrix P = (If;;f;i) is a courterexampleto ConjectureA.

Conjecture B ([AA], 7.1.3) There exists ; > 0 (and independen of n) suc that for any
projection P with , < thereis a diagonalsymmetry S sud that kPSPk < 1

ConjectureB is still open despiteconsiderablee ort having beenexpendedon it. Wearer
[W2] statesthat a courterexampleto ConjectureB would probably leadto a negative solution
to the Paving Conjecture.

Current researb of Weissand Zarikian [WZ] presered in Sections3-5 quarti es this fact
in terms of \paving parameters"and computing sharp boundsattained by optimal matrices.
Thesepaving parametersand the Sdatten-norm analogswere introduced and investigated
in [HKW]-[HKW2] and later in [BHKW ]-[BHKW?2].
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3. Some Paving Results

An obvious question concernsthe connectionbetweenthe k and in (k; )-pavability. In
[CEKP] it is shawn:

Theorem 3.1. Assumethat everyzem-diagonal,real unitary matrix is (k; )-pavable. Then
1 k2

The most powerful result on paving is due to Bourgain-Tzafriri [BT]
Theorem 3.2 (Bourgain-Tzafriri). Thereis a constantC < 1 and, for eachO< < 1 and
a> 0, an integer n( ;a) suchthat ,whenevern n( ;a) and A = (& ){j-; is @a norm one
n n matrix whoseentries satisfy the condition
_t .
(logn)(1+ a)’
forall1 i;j n,thenA is (k; )-pavablewheek =] 1]and = C &€,

jai;jj

Recallthat ann n matrix A = (a;){}-; is called a conference matrix if A = A,
A?=(n 1),a; = 0andforl i6j nwehaea; = 1.It wasrecerly shavn, using
Theorem 3.2, that the conferencematrices are pavable. [CEKP].

Theorem 3.3. Thereis an < 1 sothat all conferene matricesfor all n 2 N are (2; )-
pavable. Hena, the classof conferene matricesis pavable.

4. Paving Conjectures Equiv alent to PC

Conjecture 4.1. For everyzem-diagonalmatrix A (nite orinnite) thereisak and < 1
sothat A is (k; )-pavable. l.e., For every zem-diagonal matrix A we have ~(A) < 1 for
somek.

The equivalenceof Conjecture 4.1 and PC is a simple diagonal process. Note that in
Conjecture 4.1 doesnot require the universality of k and the bound belonv one dependson
A.

Conjecture 4.2. Thereis a universalk sothat for all zewo-diagonalmatricesA ( nite and
in nite), thereisa < 1sothat A is (k; )-pavable.(l.e., For everyze-diagonalmatrix A
we have ~«(A) < 1.

Note : The rest of the conjecturesin this sectionrequire universal constaris k and < 1
which are independert of n 2 N and the matrix.

Conjecture 4.3. [CEKP] Thereexistsan < 1anda natural numter k sothat all orthogonal
projections A on “3" with 1=2% on the diagonalare (k; )-pavable.

Note that Conjecture4.3doesnot require zero-diagonal.In [?] it is showvn that Conjecture
4.3fails for k = 2. l.e. Thereisno < 1 sothat this classof projectionsis (2; )-pavable.

Conjecture 4.4. [CEKP] There is a universal k and an < 1 so that every norm one
self-adjoint operator U with zeo diagonaland satisfyingU? = | is (k; )-pavable.

Conjecture 4.5. [W] There exist universal constantsO0 < ; < 1 andk 2 N sothat all
orthogonal projections P on "5 with (P) are (k; )-pavable.
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Weaver also posedan equal norm version of this conjecture.

Conjecture 4.6. [W] There exist universal constants0 < ;IO B < landk 2 N sothat
all orthogonal projections P on "5 with (P) andkPek = kPegk forall i;j = 1,2;:::;n
are (k; )-pavable.

([CFTW], Theorem 2.4) provides a number of restricted classesfor which paveability
with respect to any xed basis (of their matrices with diagonal subtracted) is equivalert
to KS: selfadjoirt operators, unitary operators, positive operators, invertible operators (or
invertible operators with zero diagonal), orthogonal projections, and Gram matrices. Also,
[CT] shaws that that PC is equivalert to paving triangular matrices. The theoremsabove,
as they indicate in the papers, apply to classesof either nite or in nite matrices. But
it is important to keepin mind that paving nite matricesin any of the restricted classes
requirespaving norms boundedaway from 1 for KS-equivalence,while for in nite matrices
only strictly lessthan 1 su ces.

5. Problems

Problem 5.1. If KS is true, then are the upper triangular invertibles on “?(N) path con-
nected? (Larson, Paulsen, Orr, Weiss, Zhang)

The problemof the connectednessof the upper triangular invertible matricesis well-known
in the non-self-adjoint operator algeba community.

Are there analagsfor this questionin other classesof operators suchas Laurent, Toeplitz,
analytic Toeplitz, etc.? (Weiss)

Problem 5.2. Are all Laurent operators paveable?
Theseare multiplication operators on L2(T) with L* symitwl. ([BT2] (1991), [HKW] (1986))

Problem 5.3. Are all Laurent operators with H! symiwl paveable? (Paulsen, Weiss)
Are all boundal upper triangular matrices paveable? (Prokably weaker than KS.) (Weiss)

Problem 5.4. Limited exgerimental evidene suggeststhat extremal bad pavers' or near
extremals' best (minimal) pavingsoccur at least for equaly sized projections, e.g., for paving
extremal 7 7 matrices the optimal paving projections that we found haverank 2;2;3. Is
this often or alwaystrue? Can bad pavers havebest pavingsthat are both equaly sized and
not equaly sizad. Evenfor in nitely many n without considesation for k. ([WZ])

Problem 5.5 (Paving parameterbehavior-seeSection4). ([WZ])

(a) Beat the current 3-paving paramg'ger challenges(see Section 7) or prove they are sharp:
:8231for genernl nite matrices or ?5 7454 for selfadjoint nite matrices. Tighten up,
or better, nd the precise bound for 3(M‘7’;Sa) 2 [%; 92—7) from the tablein Section 7.

(b) Is Li,fn k(S) < lor Lign k(S) = 1 for any k > 2? In particular, for k = 3?

Even more hasic, is there somezem-diagonalmatrix for which ~3(A) = 1?

What atout other k > 2 (for k = 2the 3 3 cyclic shift achievesthis)?

The rest of this note is a survey of the researt of Weissand Zarikian on paving small ma-
trices as of January 1, 2007. Enhancemets and modi cations are in progress.
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6. Paving Classes and Parameters

Imp ortan t paving classes with simpler structure for investigating «(S):

M? = n n zero-diagonalcomplex matrices
MPs, = N n zero-diagonalselfadjoirt complexmatrices

Mﬂ;sym = n n zero-diagonalreal symmetric matrices
Mﬁ;H = n n zero-diagonalnon-negatie ertried matrices
Mﬂ; = n n zero-diagonalupper (or lower) triangular matrices

Paving Parameter KS-equiv alents:
Lim «(S) < 1for somek and any of the classegwith diagonalssubtractedif necessary):
n

M2;M2eais M2, nite unitaries (or nite unitaries with zero-diagonal), nite positive ma-
trices, nite orthogonal projections, nite orthogonal projections with constart diagonal%
(or thosewith constart diagonal or near constart diagonal), and nite triangular matrices.
Also important are nite versionsof analytic Toeplitz or analytic Laurernt operators ( nite

blocks of upper triangular Toeplitz or Laurent operators). By [BT] only Laurents with non-
Besw symbol remain unpaved.

Main focus of [WZ]:
To begin a bottom-up approac h towards determining whether or not

2(M9) or  5(M%,) " 1

n;sa

7. Paving small matrices
[WZ] is dewted to 3-paving small matrices by deweloping methods to nd optimal \bad
pavers" and the consequenpaving parameters. For starters, the 1987% challengein [HKW3]

is beatenin [WZ] by proving that 3(MQ) = 75 > % in part, via constructing an obtimal bad
paver Ag given below. 2-pavingsfail to settle K$ becauseasobsenedin [Ibid.], »(M3) =1

so 2-pavings fail. Indeed, clearly ,(M3) = *—Frafk = 1or ewery 3-d.d. for the sim-
010

ple unitary shift e, ! e ! e ! e with matrix Uz = @ 0 1A. Notwithstanding
100

»(M%) =18n 3, ,constrainedto selfadjoirt and other classef matricesis studied by
others (e.g., Casazzaand Paulsen)and are [WZ]-bootstrapping tools for determining 3( ).
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2,3-Small Matrix Pavings Summary Table

n Z(Mg) Z(Mg;sa) Z(Mg;sym) 3(Mg) 3(Mg;sa) 3(M2;++) 3(M2; )
3] 1 L I 0 0 0 0
5773 :5000
4 [?; pl_ﬁ] 1+ 5 pl_§
00 0 |[:5493:5773] :6180 5773 5550
5 Z ¥z [} %l
00 :8944 :8944 00 00 [:555Q:6180]
6 il | (% P
00 ‘7071 00 00
7 [%1) 5 P%=) [; 4]
00 00 00 [:8231:1) | [:6667:7559) | [:5550Q :6667]
8 [21] 5 %]
00 00 00 [:8231 1] | [:6667;:8944] 00
10 [ 1]
00 00 00 00 [7454' 1] 00

The main focusis on the paving parameters 3(M?) and 3(Mﬂ;sa). Their classespossess
the most structure and our methods are best suited for them.

Single ertries in the table represen precisevaluesof the paving parameter. That is,
the given upper bound is proven and concreteextremal matrices are found for which these
boundsare attained (for 3(M9); 3(MQ), A4; Ag are presertied below). The interval ertries
sud as[:8231 1), [2;:7559),and [:7454 1] are rangesfor 3() for which we verify the upper
bound and construct concreteexamplesfor which the lower bound is attained. In the table,

\ %" denotes\ditto to above," \?" denotesthe lack of a closedform for the decimal bound,
blanks indicate work in progressbasedon the new triangular KS-equivalence,and the bold-
face numbers represen the mosg';1 signi cant numerical and mathematical breakthroughsin

. — n 3 n - - .
this study. The constart = 572" Toost@n 16" 59 The interval ertries are important

because,as preliminary bounds, they are essehial bootstrapping ingrediers in the proofs
for sharp bounds. Strengtheningour methods to sharpen the boldfaceboundsfor n = 7 in
the generaland selfadjoirt caseds the next phaseof this part of the project. The selfadjoirts
appearto shav the most promisehaving morerigid structure and supporting more powerful
methods deweloped in [WZ].

Best concrete bounds known by us: a 7
selfadjoin t circulan t matrix Sio for which

7 circulan t matrix A; and a 10 10

5

~3(A7) = :8231 and "‘3(810) = 17574

Extremality for thesesizes(equivalertly, bad paver status of thesematrices) are not known.
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Extremal bad pavers A, Ag for  3(M§), 3(M2) and the not necessarily bad
pavers A; (noncirculan t) and S;go(conference) . (Many other examplesat [KZ], e.g.,a
circulant A;.)

0 L %0 0 0 1 o
011 5 /0 5 0 1 O
001 1 1 0O 0 O 1 0 1
A= @ 0 0 1§ A=P3H L1 1 0 & 0
100 O 10 1 0 O
5 1 3 0 &0
% 1 1 1 1 1 1t
10 1 1 1 1 1
11 0 1 1 1 1
A;=B1 1 1 0 1 1 1¢2MmI,
11 1 1 0 1 1
1 1 1 1 1 0 1
1 1 11 1 1 O
0 1
o1 1 1 1 1 1 1 1 1
10 1 1 1 1 1 1 1 1
11 0 1 1 1 1 1 1 1
11 1 0 1 1 1 1 1 1
171 1 10 1 1 1 1 1 o .
So=B1 1 1 11 0 1 1 1 1f2Mios
1 11 11 10 1 1 1
1 11 1 11 1 0 1 1
17 1 11 1 11 1 0 1
1 1 11 11 11 1 O

Uniquenessof bad paversis discussedat length in [WZ]. Uniquenessnewer occursas the
bad paver classis closedunder scalar multiplication and basis permutations. Howewer, as
[WZ] nds in seeral instances,one has uniquenessin a graph theory sense. Additionally
in [WZ] the eigervalue distributions of bad pavers and near bad pavers are studied with
variational methods deweloped for this.
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8. Univ ersal identities for small matrices

The strategy in [WZ] for its results summarizedabove in Section7 is to normalize,not the
norm of a target zero-diagonalmatrix A, but its optimal paving norm. That is, multiply A
by a suitable scalar(thereby not changingits ~3(A)) soto assumewithout lossof generality
that 3(A) = 1. To this end we found it usefulto dewelop generalformulas for 2; 3; 4 size
matrices, especially selfadjoirt ones,to determine from their entries or various standard
measuremets including: determinarts, tracesand the various Scatten norms, whether or
not they have norm 1 and more generally whether they have norm lessor greater than 1
(i.e., whether or not they are cortractions and strict cortractions). Explicit formulas for
their normsinvolve solutionsto polynomial equations,but information can be gleenedmore
easily from certain universalidertities.

The universalgeneral2-idertit y is the well-known formula for the norm of an arbltrary rank

2 operator in terms of its Hilb ert-Schmidt norm and C4-norm: kSk = kSkZ + k52k4 kSk4.

Higher order universal idertities expressthe norm only implicitly in terms of such other
guartities (see[WZ] for details).

Universal Selfadjoint 3-Identity for arbitrary rank 3 self-adjoirt trace zerooperators S:
jisii3 | iDetSj _
2jjsjiz - iisii®
Norm 1 criteria: for arbitrary rank 3 selfadjoirt trace zerooperators S,
iSii3
2

jisi=1,

+ jDetSj = 1.

For greateror lessthan 1, the respective conditions are equivalert.
A necessarycondition for equality is 3=2  jjSjj3 2.

Universal Selfadjoint 4-1dentity for rank 4 self-adjoirt zero-traceoperators:
jiSii3 N jTrS% DetS _
2ijSjiz - 3isi® st

DetSj iTr 3 iisi3 . jTrs®

iisi® ' 3isic 3 and 2517 T Fsp

Consequences?

Dewelopmen of Universal Selfadjoirt 4-ldertity: Let S denotea rank 4 selfadjoirt zero-trace
operator with eigervalues: 1= | j 5 | 3 ] 4

c(S)= *+p? g +r=( 1)(X 2)( 3)g< 2)

= 4 (1t 2+ at+ g) 3+ ( i) 2 ( i i)t 1234
i<j i<j <k
SUMMARY: NASC for jjSjj = 1 (unvetted)
1.p 2 2.p+ijg+r=1

3.0 pt+ijqg 2(equiva|ert to jproduct of roots] 1)
4.Whenp< 1,2 fp ZG@p 2°%) q 5 fp+ £Gp 2%

5.Whenp 1,0 ¢ % %p+ %(3[3 2)32,

(4-5:max (0;22 2p ZBp 2)*%) aq 2 Zp+ Z(3p 2)*?)
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9. Opera tor Norm/p-Norm  Comparisons

Becausehe p-norm plays sud a certral rolein this work, nding relationsto the operator
norm proved useful. Theserelations depend on the eigervalue distribution.

Prop osition 9.1 (Operator Norm/p-Norm) . If A is a nite rank selfadjoint trace O matrix
and
k = j# strictly positive eigenvalues # strictly negative eigenvalueg
thenforp 1,
iiAijlp  (rank A K jjAjj
(Sharp example:diag( 1;1))

note: rank Ak must be even)

Corollary 9.2. If Aisann n selfadjoint trace 0 matrix with n odd, then

IAJ)2 n  1jAj:
Prop osition 9.3. If Aisann n selfadjointtrace O matrix andp 1 (or more geneally
rank A = n), then

IAle [+ W]lzp JiA]]
with equality i A = cdiag( 1; 25;::1; =5).
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