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Abstra ct.
This is an intro duction to problems surrounding the Paving Conjecture.

1. Paving Parameters and Notation

Notation 1.1. Given an orthonormal basis f ei gi 2 I for a Hilbert space H, for any A � I
we denoteby PA the diagonal pro jection whosematrix has entries all zero except for the
(i; i )-entries for i 2 A which are all one.

Notation 1.2. Given an orthonormal basis f ei gi 2 I for a Hilbert space H, a k diagonal
decomp osition of the iden tit y (k-d.d. for short) is a family of diagonalprojections with
disjoint rangesand

kX

i =1

Pi = I :

Notation 1.3. If A is an n � n matrix, de�ne

� k(A) = min f max jjPi APi jj : f Pi gk
i=1 is a k-d.d.g

and if A is an in�nite matrix bounded in the operator norm, de�ne

� k(A) = inf f max jjPi APi jj : f Pi gk
i=1 is a k-d.d.g:

If A 6= 0, in both casesde�ne

~� k(A) =
� k(A)
kAk

:

De�ne

� k(S) = sup
06= A2S

~� k(A);

and if S � M n , this supremum is attained by extremal bad paversAn making

� k(S) = max
06= A2S

~� k(A) = ~� k(An ):

As n increases,for a �xed category of matrices S � M n such as selfadjoint or unitary
operators (so the matrix sizeschange but not the class), one has 0 � � k(S) � 1 and is
increasing in both k and n, although as the table in Section 7 indicates, not necessary
strictly in n (but strict monotonicity yet unknown for k).
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2. Anderson's Paving Conjecture

A remarkable connectionbetweenthe Kadison-SingerExtension Problem (KS) and �nite
matrices was given by J. Anderson[A].
Anderson's Paving Conjecture (PC) [A]

For every � > 0, there is some\univ ersal" positive integer k = k(� ) so that for every
zero-diagonal�nite matrix A, there exists a k-d.d. f Pi gk

i=1 so that for all i = 1; 2; : : : ; k we
have

(1) kPi APi k � � kAk:

Note that this is equivalent to the existenceof a universalsuch k for some�xed � < 1. When
we have the inequality in Equation 1 for a matrix A, we say that A is (k; � )-pavable.

Givena �xed matrix A, if for every � < 1 there is a k 2 N sothat A is (k; � )-pavablethen we
say that A pavable. If wehavea classof matrices,wesay this class is pavable (respectively,
(k; � )-pavable) if every member of the classis pavable (respectively, (k� )-pavable).

It is known [BHKW ] that the classof operatorssatisfying PC (the pavable operators ) is
a closedsubspaceof B(`2). The only largeclassesof operatorswhich have beenshown to be
pavable are \diagonally dominant" matrices [BCHL, BCHL2, BHKW, G], matrices with all
entries real and positive [HKW] and Laurant operators over Riemann integrable functions
(Seealso[HKW2]). Also, in [BHKW2] there is an analysisof the paving problem for certain
Schatten Cp-norms.

Akemann and Anderson [AA] posed several conjectureswhich would imply a positive
solution to PC.

Conjecture A ([AA], 7.1.1) For any projection P, there exists a diagonal symmetry S so
that kPSPk � 2� p.

Weaver [W2] givesa counterexample to Conjecture A. Recently, Casazza,Edidin, Kalra
and Paulsen[CEKP] showed that for every equal-normParseval frame f f i gn

i=1 for Rk with
n > 4k, its correlation matrix P = (hf i ; f j i ) is a counterexampleto ConjectureA.

Conjecture B ([AA], 7.1.3) There exists 
 ; � > 0 (and independent of n) such that for any
projection P with � p < 
 there is a diagonalsymmetry S such that kPSPk < 1 � � .

ConjectureB is still open despiteconsiderablee�ort having beenexpendedon it. Weaver
[W2] statesthat a counterexampleto ConjectureB would probably leadto a negativesolution
to the Paving Conjecture.

Current research of Weissand Zarikian [WZ] presented in Sections3-5 quanti�es this fact
in terms of \paving parameters"and computing sharpboundsattained by optimal matrices.
Thesepaving parametersand the Schatten-norm analogswere introducedand investigated
in [HKW]-[HKW2] and later in [BHKW ]-[BHKW2].
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3. Some Paving Results

An obvious questionconcernsthe connectionbetweenthe k and � in (k; � )-pavabilit y. In
[CEKP] it is shown:

Theorem 3.1. Assumethat everyzero-diagonal,real unitary matrix is (k; � )-pavable.Then
1 � k� 2:

The most powerful result on paving is due to Bourgain-Tzafriri [BT]

Theorem 3.2 (Bourgain-Tzafriri) . There is a constant C < 1 and, for each 0 < � < 1 and
a > 0, an integer n(� ; a) such that ,whenevern � n(� ; a) and A = (ai;j )n

i;j =1 is a norm one
n � n matrix whoseentries satisfy the condition

jai;j j �
1

(log n)(1 + a)
;

for all 1 � i; j � n, then A is (k; � )-pavablewhere k = [� � 1] and � = C� a=C .

Recall that an n � n matrix A = (aij )n
i;j =1 is called a conference matrix if A = A � ,

A2 = (n � 1)I , aii = 0 and for 1 � i 6= j � n we have aij = � 1. It wasrecently shown, using
Theorem3.2, that the conferencematricesare pavable. [CEKP].

Theorem 3.3. There is an � < 1 so that all conference matrices for all n 2 N are (2; � )-
pavable.Hence, the classof conference matrices is pavable.

4. Paving Conjectures Equiv alent to PC

Conjecture 4.1. For everyzero-diagonalmatrix A (�nite or in�nite) there is a k and � < 1
so that A is (k; � )-pavable. I.e., For every zero-diagonalmatrix A we have ~� k(A) < 1 for
somek.

The equivalenceof Conjecture 4.1 and PC is a simple diagonal process. Note that in
Conjecture 4.1 doesnot require the universality of k and the bound below one dependson
A.

Conjecture 4.2. There is a universal k so that for all zero-diagonalmatricesA (�nite and
in�nite), there is a � < 1 so that A is (k; � )-pavable. (I.e., For everyzero-diagonalmatrix A
we have ~� k(A) < 1.

Note : The rest of the conjecturesin this section require universal constants k and � < 1
which are independent of n 2 N and the matrix.

Conjecture 4.3. [CEKP] Thereexistsan � < 1 anda natural number k sothat all orthogonal
projections A on `2n

2 with 1=20s on the diagonalare (k; � )-pavable.

Note that Conjecture4.3doesnot requirezero-diagonal.In [?] it is shown that Conjecture
4.3 fails for k = 2. I.e. There is no � < 1 so that this classof projections is (2; � )-pavable.

Conjecture 4.4. [CEKP] There is a universal k and an � < 1 so that every norm one
self-adjoint operator U with zero diagonaland satisfying U2 = I is (k; � )-pavable.

Conjecture 4.5. [W] There exist universal constants 0 < � ; � < 1 and k 2 N so that all
orthogonal projections P on `n

2 with � (P) � � are (k; � )-pavable.
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Weaver alsoposedan equal norm versionof this conjecture.

Conjecture 4.6. [W] There exist universal constants0 < � ;
p

� � � < 1 and k 2 N so that
all orthogonalprojections P on `n

2 with � (P) � � and kPei k = kPej k for all i; j = 1; 2; : : : ; n
are (k; � )-pavable.

([CFTW], Theorem 2.4) provides a number of restricted classesfor which paveability
with respect to any �xed basis (of their matrices with diagonal subtracted) is equivalent
to KS: selfadjoint operators, unitary operators, positive operators, invertible operators (or
invertible operators with zero diagonal), orthogonal projections, and Gram matrices. Also,
[CT] shows that that PC is equivalent to paving triangular matrices. The theoremsabove,
as they indicate in the papers, apply to classesof either �nite or in�nite matrices. But
it is important to keep in mind that paving �nite matrices in any of the restricted classes
requirespaving norms boundedaway from 1 for KS-equivalence,while for in�nite matrices
only strictly lessthan 1 su�ces.

5. Problems

Problem 5.1. If KS is true, then are the upper triangular invertibles on `2(N) path con-
nected? (Larson, Paulsen,Orr, Weiss, Zhang)

The problemof the connectednessof the upper triangular invertible matricesis well-known
in the non-self-adjoint operator algebra community.

Are there analogsfor this questionin other classesof operators suchas Laurent, Toeplitz,
analytic Toeplitz, etc.? (Weiss)

Problem 5.2. Are all Laurent operators paveable?
Theseare multiplication operators on L 2(T) with L1 symbol. ([BT2] (1991), [HKW] (1986))

Problem 5.3. Are all Laurent operators with H 1 symbol paveable? (Paulsen, Weiss)
Are all bounded upper triangular matricespaveable? (Probably weaker than KS.) (Weiss)

Problem 5.4. Limited experimental evidence suggeststhat extremal bad pavers' or near
extremals' best (minimal) pavingsoccur at least for equally sized projections, e.g., for paving
extremal 7 � 7 matrices the optimal paving projections that we found have rank 2; 2; 3. Is
this often or alwaystrue? Can bad pavershavebest pavings that are both equally sized and
not equally sized. Even for in�nitely many n without consideration for k. ([WZ])

Problem 5.5 (Paving parameterbehavior-seeSection4). ([WZ])
(a) Beat the current 3-paving parameter challenges(see Section 7) or prove they are sharp:
:8231for general �nite matrices or

p
5

3 � :7454for selfadjoint �nite matrices. Tighten up,
or better, �nd the precise bound for � 3(M0

7;sa) 2 [2
3; 2p

7
) from the table in Section 7.

(b) Is Lim
n

� k(S) < 1 or Lim
n

� k(S) = 1 for any k > 2? In particular, for k = 3?

Even more basic, is there somezero-diagonalmatrix for which ~� 3(A) = 1?
What about other k > 2 (for k = 2 the 3 � 3 cyclic shift achievesthis)?

The rest of this note is a survey of the research of Weissand Zarikian on paving small ma-
trices asof January 1, 2007. Enhancements and modi�cations are in progress.
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6. Paving Classes and Parameters

Imp ortan t paving classes with simpler structure for investigating � k (S):

M0
n = n � n zero-diagonalcomplexmatrices

M0
n;sa = n � n zero-diagonalselfadjoint complexmatrices

M0
n;sy m = n � n zero-diagonalreal symmetric matrices

M0
n;++ = n � n zero-diagonalnon-negative entried matrices

M0
n; � = n � n zero-diagonalupper (or lower) triangular matrices

Paving Parameter KS-equiv alents:
Lim

n
� k(S) < 1 for somek and any of the classes(with diagonalssubtracted if necessary):

M0
n ; M0

n;sa ; ; M0
n; � , �nite unitaries (or �nite unitaries with zero-diagonal),�nite positive ma-

trices, �nite orthogonal projections, �nite orthogonal projections with constant diagonal 1
2

(or thosewith constant diagonal or near constant diagonal), and �nite triangular matrices.
Also important are �nite versionsof analytic Toeplitz or analytic Laurent operators (�nite
blocks of upper triangular Toeplitz or Laurent operators). By [BT] only Laurents with non-
Besov symbol remain unpaved.

Main focus of [WZ]:
To begin a bottom-up approac h towards determining whether or not

� 3(M0
n ) or � 3(M0

n;sa ) " 1:

7. Paving small matrices

[WZ] is devoted to 3-paving small matrices by developing methods to �nd optimal \bad
pavers" and the consequent paving parameters.For starters, the 19872

3 challengein [HKW3]
is beatenin [WZ] by proving that � 3(M0

6) =
p

2
2 > 2

3 , in part, via constructingan obtimal bad
paver A6 given below. 2-pavings fail to settle KS because,asobserved in [Ibid.], � 2(M0

3) = 1
so 2-pavings fail. Indeed, clearly � 2(M0

3) = k
P

Pi U3Pi k
kU3k = 1 for every 3-d.d. for the sim-

ple unitary shift e1 ! e2 ! e3 ! e1 with matrix U3 =

0

@
0 1 0
0 0 1
1 0 0

1

A . Notwithstanding

� 2(M0
n ) = 1 8 n � 3, � 2 constrainedto selfadjoint and other classesof matricesis studied by

others (e.g., Casazzaand Paulsen)and are [WZ]-bootstrapping tools for determining � 3(�).
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2,3-Small Matrix Pavings Summary Table

n � 2(M0
n ) � 2(M0

n;sa ) � 2(M0
n;sy m ) � 3(M0

n ) � 3(M0
n;sa ) � 3(M0

n;++ ) � 3(M0
n; � )

3 1 1p
3

1
2 0 0 0 0

:5773 :5000
4 [?; 1p

3
] 2

1+
p

5
1p
3

�
00 00 [:5493; :5773] :6180 :5773 :5550

5 2p
5

2p
5

[�; 2
1+

p
5
]

00 :8944 :8944 00 00 [:5550; :6180]
6 [ 2p

5
; 1] [ 2p

5
; 1] 1p

2
00 :7071 00 00

7 [?; 1) [ 2
3 ; 2p

7
) [�; 2

3 ]
00 00 00 [:8231; 1) [:6667; :7559) [:5550; :6667]

8 [?; 1] [ 2
3 ; 2p

5
]

00 00 00 [:8231; 1] [:6667; :8944] 00

10 [
p

5
3 ; 1]

00 00 00 00 [:7454; 1] 00

The main focus is on the paving parameters� 3(M0
n ) and � 3(M0

n;sa ). Their classespossess
the most structure and our methods are best suited for them.

Single entries in the table represent precisevaluesof the � paving parameter. That is,
the given upper bound is proven and concreteextremal matrices are found for which these
boundsare attained (for � 3(M0

4); � 3(M0
6), A4; A6 are presented below). The interval entries

such as [:8231; 1), [2
3; :7559),and [:7454; 1] are rangesfor � 3(�) for which we verify the upper

bound and construct concreteexamplesfor which the lower bound is attained. In the table,
\ 00" denotes\ditto to above," \?" denotesthe lack of a closedform for the decimalbound,
blanks indicate work in progressbasedon the new triangular KS-equivalence,and the bold-
facenumbers represent the most signi�cant numerical and mathematical breakthroughsin
this study. The constant � :=

q
3

5+2
p

7 cos(tan � 1(3
p

3)=3)
. The interval entries are important

because,as preliminary bounds, they are essential bootstrapping ingredients in the proofs
for sharp bounds. Strengtheningour methods to sharpen the boldfacebounds for n = 7 in
the generaland selfadjoint casesis the next phaseof this part of the project. The selfadjoints
appear to show the most promisehaving more rigid structure and supporting morepowerful
methods developed in [WZ].

Best concrete bounds known by us: a 7 � 7 circulan t matrix A 7 and a 10 � 10
selfadjoin t circulan t matrix S10 for whic h

~� 3(A 7) = :8231 and ~� 3(S10 ) =

p
5

3
� :7574:

Extremality for thesesizes(equivalently, bad paver status of thesematrices) are not known.
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Extremal bad pavers A 4; A 6 for � 3(M0
4), � 3(M0

6) and the not necessarily bad
pavers A 7 (noncirculan t) and S10 (conference) . (Many other examplesat [KZ], e.g.,a
circulant A7.)

A4 =

0

B
B
@

0 1 1 � 2
1+

p
5

0 0 1 1
0 0 0 1
1 0 0 0

1

C
C
A A6 =

1
p

2

0

B
B
B
B
B
B
@

0 0 0 1 0 1
1p
2

0 � 1p
2

0 1 0
0 0 0 � 1 0 1

� 1
2 1 1

2 0 1p
2

0
1 0 1 0 0 0
1
2 1 � 1

2 0 � 1p
2

0

1

C
C
C
C
C
C
A

A7 =

0

B
B
B
B
B
B
B
@

0 1 1 1 1 1 1
1 0 1 1 1 � 1 � 1
1 1 0 � 1 1 � 1 � 1
1 1 � 1 0 � 1 � 1 1
1 1 1 � 1 0 1 1
1 � 1 � 1 � 1 1 0 1
1 � 1 � 1 1 1 1 0

1

C
C
C
C
C
C
C
A

2 M0
7;sa

S10 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 1 1 1 1 1 1 1 1 1
1 0 1 1 1 1 � 1 � 1 � 1 � 1
1 1 0 1 � 1 � 1 1 1 � 1 � 1
1 1 1 0 � 1 � 1 � 1 � 1 1 1
1 1 � 1 � 1 0 1 1 � 1 1 � 1
1 1 � 1 � 1 1 0 � 1 1 � 1 1
1 � 1 1 � 1 1 � 1 0 1 1 � 1
1 � 1 1 � 1 � 1 1 1 0 � 1 1
1 � 1 � 1 1 1 � 1 1 � 1 0 1
1 � 1 � 1 1 � 1 1 � 1 1 1 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
A

2 M0
10;sa :

Uniquenessof bad pavers is discussedat length in [WZ]. Uniquenessnever occursas the
bad paver classis closedunder scalar multiplication and basispermutations. However, as
[WZ] �nds in several instances,one has uniquenessin a graph theory sense. Additionally
in [WZ] the eigenvalue distributions of bad pavers and near bad pavers are studied with
variational methods developed for this.
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8. Univ ersal iden tities for small matrices

The strategy in [WZ] for its resultssummarizedabove in Section7 is to normalize,not the
norm of a target zero-diagonalmatrix A, but its optimal paving norm. That is, multiply A
by a suitable scalar(thereby not changing its ~� 3(A)) so to assumewithout lossof generality
that � 3(A) = 1. To this end we found it useful to develop generalformulas for 2; 3; 4 size
matrices, especially selfadjoint ones, to determine from their entries or various standard
measurements including: determinants, tracesand the various Schatten norms, whether or
not they have norm 1 and more generally, whether they have norm lessor greater than 1
(i.e., whether or not they are contractions and strict contractions). Explicit formulas for
their norms involve solutions to polynomial equations,but information can be gleenedmore
easily from certain universal identities.

The universalgeneral2-identit y is the well-known formula for the norm of an arbitrary rank

2 operator in terms of its Hilbert-Schmidt norm and C4-norm: kSk = kSk2
2

2 +
q

kSk4
4

2 � kSk4
2

4 .
Higher order universal identities expressthe norm only implicitly in terms of such other
quantities (see[WZ] for details).

Universal Selfadjoint 3-Identity for arbitrary rank 3 self-adjoint trace zerooperators S:

jjSjj 2
2

2jjSjj 2
+

jDetSj
jjSjj 3

= 1

Norm 1 criteria : for arbitrary rank 3 selfadjoint trace zerooperators S,

jjSjj = 1 ,
jjSjj 2

2

2
+ jDetSj = 1:

For greater or lessthan 1, the respective conditions are equivalent.
A necessarycondition for equality is 3=2 � jjSjj 2

2 � 2.

Universal Selfadjoint 4-Identity for rank 4 self-adjoint zero-traceoperators:

jjSjj 2
2

2jjSjj 2
+

jTr S3j
3jjSjj 3

�
DetS
jjSjj 4

= 1

Consequences:jD et Sj
jj Sjj 4 � 1, jT r S3 j

3jj Sjj 3 � 4
3 and jj Sjj 2

2
2jj Sjj 2 + jT r S3 j

3jj Sjj 3 � 2

Development of UniversalSelfadjoint 4-Identit y: Let S denotea rank 4 selfadjoint zero-trace
operator with eigenvalues: 1 = � 1 � j� 2j � j� 3j � j� 4j:

c� (S) = � 4 + p� 2 � q� + r = (� � � 1)( � � � 2)( � � � 3)( � � � 4)

= � 4 � (� 1 + � 2 + � 3 + � 4)� 3 + (
X

i<j

� i � j )� 2 � (
X

i<j <k

� i � j � j )� + � 1� 2� 3� 4

SUMMARY: NASC for jjSjj = 1 (unvetted)
1. p � 2

3 2. p + jqj + r = 1
3. 0 � p + jqj � 2 (equivalent to jproduct of rootsj � 1)
4. When p < 1, 20

27 � 2
3p � 2

27(3p � 2)3=2) � q � 20
27 � 2

3p + 2
27(3p � 2)3=2.

5. When p � 1, 0 � q � 20
27 � 2

3p + 2
27(3p � 2)3=2.

(4-5: max (0; 20
27 � 2

3p � 2
27(3p � 2)3=2) � q � 20

27 � 2
3p + 2

27(3p � 2)3=2)
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9. Opera tor Norm/p-Norm Comparisons

Becausethe p-norm plays such a central role in this work, �nding relations to the operator
norm proved useful. Theserelations depend on the eigenvalue distribution.

Prop osition 9.1 (Operator Norm/p-Norm) . If A is a �nite rank selfadjoint trace 0 matrix
and

k = j# strictly positive eigenvalues� # strictly negative eigenvaluesj;
then for p � 1,

jjAjj p � (r ank A � k)1=p jjAjj
(Sharp example:diag (� 1; 1))
(Sharpasymptotically: diag (� 1; : : : ; � 1( r ank A � k� 2

2 pair sof them); 1; � k
k+1 ; � 1

k(k+1) ; : : : ; � 1
k(k+1) );

note: r ank A � k must be even)

Corollary 9.2. If A is an n � n selfadjoint trace 0 matrix with n odd, then

jjAjj 2 �
p

n � 1 jjAjj :

Prop osition 9.3. If A is an n � n selfadjoint trace 0 matrix and p � 1 (or more generally
r ank A = n), then

jjAjj p � [1 +
1

(n � 1)p� 1
]1=p jjAjj

with equality i� A = cdiag(� 1; 1
n� 1; : : : ; 1

n� 1).
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