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1. INTRODUCTION

Let X ⊂ Cn be a Zariski closed algebraic set and consider C[X ] ↪→ C (X), where C (X) is the set

of all continuous complex functions in the Euclidean topology. Let I be an ideal in C[X ].

Definition 1.1. (H. Brenner) The continuous closure of I, denoted by I cont, is IC (X)∩C[X ].

Question 1.2. (H. Brenner) Can the continuous closure be characterized algebraically?

Theorem 1.3. (H. Brenner) I ⊂ I cont ⊂ I, where I denotes the integral closure of I.

In general I cont ( I. Also, if we consider a map between two rings R → S, then I contS ⊂ (IS) cont.

Definition 1.4. (H. Brenner) R is called a ring of axes if it is reduced, one–dimensional and either

a smooth irreducible curve or a finite union of such curves all meeting at one point, where the

singurality of the point has a completion of the form

C[[x1, . . . ,xn]]

(xix j : 1 ≤ i < j ≤ n)

Let I be an R–ideal and let f ∈ R. Then f ∈ I ax ⇔ for all maps R → S, where S is a ring of axes,

f ∈ (IS)c, that is, the image of f is in IS.

Theorem 1.5. (H. Brenner) In a ring of axes I = I cont for every ideal I. Then I cont ⊂ I ax.

Conjecture 1.6. (H. Brenner): I cont = I ax.

Theorem 1.7. (H. Brenner)

If I is generated by monomials in x1, . . . ,xn and I is m–primary, then

I cont = I ax = I+(monomials whose exponent vector is in the interior of the convex hull of the

exponent vectors for I).
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2. SOME RESULTS

Definition 2.1. Let R be a Noetherian ring. We say that F is (I,J)–special if F ∈ R[u], and F is

a monic polynomial of the form un + rn−1un−1 + . . .+ r0, where rn− j ∈ JI j where 1 ≤ j ≤ n. We

now define the J–special integral closure of I. We say that r ∈ I
spJ

if there exists an (I,J)–special

polynomial such that F(r) = 0. If J = R then this is the special integral closure is simply integral

closure. Theee (I,J)-special polynomials form a multiplicative system, and from this one can see

that one can test whether an element is in I
spJ

by checking modulo every minimal prime. This

reduces understanding the question to the domain case.

Theorem 2.2. (N. Epstein-M. Hochster)

Assume that R is a domain and I and J are two nonzero ideals. Then the following are equivalent:

(1) r ∈ I
spJ

(2) There exists an n such that rn ∈ JIn

(3) For all maps R ↪→V , where V is a DVR we have

ord(r) ≥
ord(J)

n
+ord(I) for some n

(4) For all maps R ↪→V , where V is a DVR we have

ord(r) ≥ ord(I)

where the inequality is strict if JV ( V .

I
spJ

depends only on the radical of J. If (R,m,K) is local and J = m this coincides with the special

part of the integral closure studied by N. Epstein. If J = I we call I
sp I

the interior integral closure

of I, and denote it by I
int

. For monomial ideals primary to the ideal (x1, . . . ,xn) in the polynomial

ring C[x1, . . . , xn], the interior integral closure is the ideal generated by monomials whose exponent

vectors are in the interior of the convex hull of the exponent vectors of the monomials in the ideal.

Of course, the integral closure corresponds to the convex hull in a similar way.

Also, we define I + I
int

= I \, which we call the natural closure of I. We can show that the natural

closure is contained in the continuous closure. This depends on the result below.

Let R = C[X ] with X ⊂ Cn a closed algebraic set. Consider

C[X ] � C[x1, . . . ,xn],

and that when x1, . . . ,xn are given positive integer weights k1, . . . ,kn the kernel is a weighted ho-

mogeneous ideal Assume Rad(F1, . . . ,Fm) = (x1, . . . ,xn), where the Fj are weighted homogeneous

and let deg(Fj) = d j. Let C act on Cn by λ(c1, . . . ,cn) = (λk1c1, . . . ,λkncn). Let F be weighted

homogeneous of degree d > max jd j.

Theorem 2.3. (H. Brenner) With hypotheses as in the paragraph above,

F ∈ (F1, . . . ,Fm) cont.
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One can see this as follows. One has that ∑i F iFi = ∑i |Fi|
2 = G vanishes only at the origin

P. Therefore on X −P one has F = ∑i giFi where gi = FFi/G is continuous. For any point y =

(y1, . . . ,yn)∈X −{p}, let ||y||= (∑i |yi|
2/ki)1/2. Then for any y∈X −{P}, F(y) = ||y||dF(y/||y||) =

||y||d ∑i gi(y/||y||)Fi(y/||y||) = ∑i hi(y)Fi(y), where hi(y) = ||y||d−digi(y/||y||). Each hi extends to

all of X , because y/||y| ∈ {x ∈ X : ||x|| = 1} and this set is compact. Thus, gi(y/||y||) is bounded,

while ||y||d−di → 0 as y → P.

One can then prove that the interior integral closure of I and, hence, the natural closure of I, is

contained in the continuous closure, because a “generic” equation displaying that an element is in

the interior integral closure is weighted homogeneous. We also have:

Theorem 2.4. (N. Epstein-M. Hochster) Let R be a finitely generated reduced C–algebra. If I is

m–primary, where m is any maximal ideal in R, then

I ax = I cont = I \

Theorem 2.5. (N. Epstein-M. Hochster) Consider an F ∈ C[x1, . . . ,xn] that vanishes at a point.

Then there exists a Zariski neighborhood U of the point such that F = ∑gi
∂F
∂xi

on U, gi is continuous.

Question 2.6. If R is a seminormal affine reduced C-algebra, is I \ = I cont = I ax?

If this is true, it would prove that continuous closure and axes closure are the same in general.

This is not true when R is not seminormal: in R = C[x2,x3,y,xy] one has that if I = yR, then xy is

in the continuous closure of R but it is easy to see that it is not in the natural closure.


