Ricci flow facts

0. Overview.

8.
9.

. Short-time existence
. maximal extension until curvature blows up

. special solutions (spheres, cylinders, cigar soliton,

Bryant’s soliton)

. evolution equation for the scalar curvature
. maximum principle

. Hamilton’s maximum principle for the curvature op-

erator

a priori estimates for blow-up time depending on
bounds on initial | Rm|

short-time estimate on bounds on geometry

Shi’s gradient estimate.

Unless otherwise mentioned:

e All manifolds and metrics are smooth.

o All results are due to Hamilton.

PART I. SPECIAL SOLUTIONS

1-0. The Ricci flow equation is:

0
519 = —2R;;.



I-1. Shrinking spheres. Let g.., denote the stan-
dard round metric on S§" of radius 1. The shrinking
round sphere solutions are the ancient solutions

g (t) =T (t)2 Gcan,

where

rt)= /-2 1)t=2m - VTt (1)

is obtained by solving the ODE

dr n-—1

dt -~ r
This solution is defined on the maximum time interval
(—o0,T), where T = 2(7:0_1). More generally one has ho-

mothetic solutions on Einstein manifolds (manifolds of
constant Ricci curvature).
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I-2. Shrinking cylinders. Since R has no curvature
we have the cylinder solutions where M"*! = S§* x R
where

Geyl (t) =T (t)Q Jean T dy2-
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I-3. Cigar soliton. The cigar metric is defined on
R? by
do? +dy?*  dr® +r? db?
g= _

= = — ds® + tanh?® s d6>
1—|—a:2—1—y2 15,2 s+ tanh” s

where s = arcsinhr = log (7" +V1+ 7“2) . Its scalar cur-
vature is

4416
142 cosh23_(es+e—3)2'

This is also called the Witten Black Hole.
The cigar:

R

e is a stationary solution to the Ricci flow (steady soli-
ton)

e has positive curvature
e asymptotic to a cylinder
e curvature decays exponentially

e is rotationally symmetric.

I-4. Ricci solitons. A Riemannian manifold (M, g)
is a gradient Ricci soliton if it satisfies the equation

T
Rij — Egij + VZ'ij =0

for some function f and where r is the average scalar
curvature. When pulled back by the appropriate diffeo-
morphisms such a metric satisfies the normalized Ricci
flow:

0

2r
agzj = —2R;; + ggij =2V, V;f = Lvyyi;.
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Such solutions are also called self-similar. When r > 0,
= 0, or < 0, we say that the soliton is shrinking, steady
or expanding.

e The cigar soliton satisfies the steady gradient soliton
equation with f (s) = —log (coshs).

e The sphere is a trivial shrinking soliton: » > 0 and
we may take f = 0.

e The cylinder is a shrinking soliton: » > 0 and we
may take f =7.

I-4. Rosenau solution. Let M? = RxS!, where
S! = R/27nZ is the circle of radius 1. The Rosenau
metric is

sinh (—t)
cosh z 4 cosht

g(x,0,t) =

for t < 0.
The Rosenau solution:

(da* + db?) (2)

e Is ancient: defined for all ¢t € (—00,0).
o Is Type IL: sup iy (_oo 1] [t| R = 00.

e If we take a limit at either pole z = oo ast — —o0,
we get a copy of the cigar soliton.

e M? xR does not occur as a limit of a solution to the
Ricci flow on a closed 3-manifold in finite time (by
Perelman’s no local collapsing theorem).

I-5. Bryant soliton.

e is a stationary solution to the Ricci flow



e has positive sectional curvature

e dimension reduces to a cylinder

curvature decays linearly

is rotationally symmetric

is obtained by solving an ODE

should occur as a limit of a degnerate neck pinch.
PART II. BASIC ANALYTIC FACTS

II-1. Short-time existence.
Fact A. On any closed Riemannian manifold (M", o),
there exists a unique solution g (t) to the Ricci flow de-
fined on some positive time interval [0, €) such that g (0)

90-

e There is a simplified proof due to Dennis DeTurck.

II-2. Maximal extension until curvature blows
up (Long-time existence).

Fact B. If gy is a metric on a closed manifold M"™, the
unique solution g (t) of the Ricci flow such that g (0) = g
exists on a maximal time interval 0 < t < T < 0.
Moreover, if T < oo then

lim ( sup |[Rm (x,t = 0.
i ( sup [fn (2,1,

11I-3. Doubling-time estimate
Let

M (t) = max [Rm (z, )],

be the maximum of the norm of the curvature.



Fact C. There exists ¢ > 0 depending only on the di-
menston n such that if gy is a metric on a closed man-
ifold M™, then a unique solution g (t) with g (0) = go
exists for t € [0,¢/M (0)] and

c

(0)

M (t) <2M (0) for all times 0<t<

See below for the proof.
PArT III. BASiC ANALYTIC TECHNIQUES

ITI-1. Weak maximum principle (for scalars).
Let M™ be a closed manifold, g (t) and X (¢), ¢t € [0,T),
be a 1-parameter family of metrics and vector fields.

MP 1. If a C? function u: M" x [0,T) — R satisfies

0
a—? > Ag(t)u + X (t) - Vu

and u(0) > « for some o € R, then u(x,t) > « for all
r € M" and t € [0,T).

Application 1. Nonnegative scalar curvature is pre-
served since

%—If — AR+ 2|Re|* > AR.
MP 2. Suppose
ov
n < Ay + (X, Vo) + F (v) (3)

where F': R — R and u (0) < C. Let ¢ (t) be the solution
to the associated ODE

dy
L = F

¢ (0)=C.
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Then
u(z,t) < p(t)
for all x € M™ and t € [0,T) such that ¢ (t) exists.

Application 2. Suppose max,cu [Rm (z,0)],q) <
M (0) . Since

%|Rm\2 < A|Rm|* + C (n) |Rm/|*,

we have

1
M) =1cMm)t

Hence for t < M (0)™' /C (n) we have (doubling-time
estimate)

max
TEM™

Rm (.I', t) ‘g(t) S

max
reEM™

Rm (z,1)[,,) < 2M (0).

II1I-2. Tensor maximum principle.
MP 3. Let a(t) € C*(T*M" @g T*M™) be a sym-
metric (2,0)-tensor satisfying
0
&Oé Z Ag(t)a + 57

where B (o, g,t) is a symmetric (2,0)-tensor which sat-
1sfies the null eigenvector assumption that

BV, V) (z,t) = (8;V'V7) (2,t) > 0

whenever V (x,t) is a null eigenvector of «(t), that is
whenever

(Oéijvj) (ZIJ’,t) = 0.
If a(0) > 0 (that is, if «(0) is positive semidefinite),
then o (t) > 0 for all t > 0 such that the solution exists.
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Application 3a. When n = 3 both nonnegative Ricci
curvature and nonnegative sectional curvature are pre-
served.

0

aRij = ARjj + Qi
where ();; is quadratic in the Ricci curvature.
Application 3b. n = 3. Let v (x,t) denote the small-
est eigenvalue of the curvature operator. If inf,c e v (2,0) >
—1, then at any point (z,t) € M3x[0,T) where v (z,t) <
0, the scalar curvature is estimated by

R > |v| (log|v| +log (1 +t) — 3)
> [v| (log|v| = 3).

e Rm > —¢(R) R — C where ¢ (R) — 0 as R — oc.
That is, [v| < ¢ (R) R+ C.
(Since if |v| > €5, then R > 1|v|log|v|.)

e To control |Rm/| in dimension 3, it suffices to bound
R from above. lLe., if R < C, then |Rm| < C.
(Since R < C implies |v| < C which implies |Rm| <
C\)

II1I-4. Derivative estimates.

(i). Global derivative estimates. The following
estimate is due to S. Bando and W.-X. Shi based on a
general idea of Bernstein.

For each o > 0 and every m € N , there exists a con-

stant C,, depending only on m, and n, and max {«a, 1}such
that if

[Rm (z,¢)], < K for all x € M" and t € [0, %],



then

|VmRm(x,t)|g§% for all x € M" anth(O,%].
This is used in the proof of the Long-time Existence The-
orem (Fact B).

The following estimate is due to Shi.

(ii). Local first derivative estimate. For any a >
0 there exists a constant C' (n,«) depending only on n
and o such that if M 1is a n-manifold, p € M, and
g(t),te0,7],0 <71 < a/K, is a solution to the Ricci
flow on B = Byq) (p,7), and if

|Rm (z,t)] < K for all x € B and t € [0, 7],

then
1 1 1/2
IVRm (p,7)| < C(n,a) K (ﬁ—i———i—K) :
T

ITI-5. Harnack (Li-Yau-Hamilton) type esti-
mates.
(A) n=2.
(Stronger) Matrix:
1 1
ViV log R+ -Rg;j + —gij > 0.
2 2t
(Medium) Trace:

0 1 1
o log It — IV log R|* + s =AlogR+R+->0.
(Weaker) Monotonicity:
0

o (tR) >0



If we have an ancient solution, then the above inequal-
ities hold with the time term removed.

(B) n>2.

(Stronger) Matrix: for every 2-form U and 1-form
|44

MWW + 2P;,Usi Wi + RijieUs iU > 0
where
Pijr = DiRji, — DRy,

and
1 1

(Medium) Trace: for every vector V

% + g +2VR -V +2R,; V'V’ > 0.

(Weaker) Monotonicity:

0
— (tR) > 0.
815( )2
e P. i and S.-T. Yau: gradient estimate method to

prove Harnack inequalities for the heat equation.

e S.-C. Chu: Harnack = space-time curvature (as con-
jectured by Hamilton).

e Integrated version (comparing curvatures at differ-
ent points and times): taking the minimizing Vi =
—1 (Re™ )Y VR, we have
OR R 1

I p—

SO

0 1 INY
5108 (tR) — 5 (Re™")Y V;RV;R > 0.
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Integrating over a path v : [t1,t2] — M joining x4
and x9

o (PR = | os R G 0. 0)a

to
= / <glog(tR)—|—VlogR-ﬁ> dt
; \Ot

2R

to 1 o
> — — R; A dt.
= /t1 oR iV

Since R;; < Rg;; (Rc > 0), we have
tQR (.ZCQ, tz)

R

= 7> 6_%14,
thR (I’l,tl) o
where
t 2
2ld
A= A(:L’l,tl, ZEQ,tz) = mf/ _’}/ dt,
vy t dt

and the infimum is taken over all Cl-paths v : [t1, 5] —
M? joining z; and 5. Since Y Oy < 17 Oy -
we conclude

t
R(l‘g, t2) > a e_d(fl,m,tl)z/2(t2—t1)R(x1’ tl) )

to

11

l2 ..
> / (i (Re™1)" V,RVjRleVR-
3]

)a



