
Report by Roman Sauer on the

discussion group about simplicial volume

The following two questions, or conjectures, were the main topic of our
discussion.

Question (Gromov). Let M be an oriented closed connected aspherical
manifold whose simplicial volume is zero. Do all L2-Betti numbers of M
vanish then?

Question. Let n ∈ N. Is there a constant Cn > 0 such that the L2-Betti
numbers of a closed, aspherical, smooth, n-dimensional manifold M are
bounded by Cn MinEnt(M)n ? Here MinEnt(M) is the minimal entropy
of M .

By work of Gromov, a positive answer to the first question implies a pos-
itive answer to the second question. We discussed a modified version of the
simplicial volume (introduced by Gromov in another language [2, p. 305ff],
studied further by Schmidt [4], and used in the context of minimal volume
by Sauer [3]), the so-called integral foliated simplicial volume ‖M‖fol, which
is defined in terms of a measure preserving action of the fundamental group
of the manifold on a probability space X and L∞(X, Z)-valued cycles on the
universal covering of a manifold M . More precisely, ‖M‖fol is the infimum
of the l1-norms of cocycles representing the image of the fundamental class
under the chain homomorphism

C∗(M) = Z⊗Zπ1(M) C∗(M̃)→ L∞(X, Z)⊗Zπ1(M) C∗(M̃)

The L2-Betti numbers of M can be bounded from above by ‖M‖fol [4] (see
also [3]) but it is not yet clear how to relate ‖M‖fol to the simplical volume of
M . One should try to attack the minimal entropy question above directly
using the foliated simplicial volume. This was successfully done for the
corresponding question about the minimal volume and L2-Betti numbers [3].
We also briefly discussed the role of the spherical volume of Besson-Courtois-
Gallot [1] in this context.
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