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Notations and Problem Growth functions, entropy and critical exponent

Lattices
The problem

Context
@ X complete simply connected Riemannian n-manifold
with pinched negative curvature: —b? < k(X) < —a? <0
@ [ discrete torsion-free subgroup of isometries of X
(a “Kleinian group”)

Growth function of X Growth function of I

vx(x, R) = vol (Bx(x, R)) vr(x, R) = card (Bx(x, R)NTlx)
Exponential growth rate of X Exponential growth rate of I'
W(X) = limsupp_, o 2SR 1 (M) = limsupg_ 4o 22 1H)
(also known as the volume-entropy (also known as the critical exponent

Ent(X) of the manifold X) 6(T") of the group I')




Notations and Problem Growth functions, entropy and critical exponent

Lattices
The problem

The group T is a Lattice of X if vol(I'\ X) < +o0 )
Uniform Non-uniform
if M\ X is compact if M\ X is non-compact
) %/9// .
!




Notations and Problem Growth functions, entropy and critical exponent

Lattices
The problem

: f < g means:
Folklore (Shvarts, Milnor etc.) 3A.B > 0| f(r) < Ag(r+ B) Vr > 0

When T is uniform: f=<gmeans: f<g~f
vr(x, R) < vx(x, R), so w(l') = w(X)
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Lattices
The problem

: f < g means:
Folklore (Shvarts, Milnor etc.) 3A.B > 0| f(r) < Ag(r+ B) Vr > 0

When T is uniform: f=<gmeans: f<g~f
vr(x, R) < vx(x, R), so w(l') = w(X)

Classical argument: the ball Bx(x, R) can be approximated by (about)
vi(x, R) copies of a compact set.

K

|| Bx(vx,d)cBx(x,R)c |J Bx(vx,D)

lv|<R—d |vI<R+D

=4 VI'(X7 R) =< VX(X7 R) = VF(X7 R)
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Notations and Problem Growth functions, entropy and critical exponent
Lattices

The problem

: f < g means:
Folklore (Shvarts, Milnor etc.) 3A.B > 0| f(r) < Ag(r+ B) Vr > 0

When T is uniform: f=<gmeans: f<g~f
vr(x, R) < vx(x, R), so w(l') = w(X)

Problem

What happens for a non-uniform lattice?
@ isvr(x,R) < vx(x,R) ?
@ isw(lN=w(X)?

Remark. A.Eskin and C. McMullen proved that if X is a symmetric space then
w(lN) = w(X). So, the Problem is for general negatively curved manifolds.



Basic inequalities
Theorems | & Il

Main results

I non-uniform lattice of X, dim(X) = n, —b? < k(X) < —a°:
0 () < w(X)

~x, D)

ve(x. R) < vx(x. R) < <)



Basic inequalities

Main results
Theorems | & Il

I non-uniform lattice of X, dim(X) = n, —b? < k(X) < —&?:
0 () < w(X)
@ (n—MNa<wX)<(n—-1)b

(by Bishop-Gunther’'s Volume Comparison Theorems)
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Main results

I non-uniform lattice of X, dim(X) = n, —b? < k(X) < —a°:
0 () < w(X)
@ (n—MNa<wX)<(n—-1)b
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Break the Poincaré series of X as:
10 oy fX efsd(O,x)dX > Z'y e—sd(O,'yO) . jD eSd(o‘X)dX

fw(l) < s <w(X)then [,e*%dx = +o0

Compute the integral in horospherical coord.:
+oo = [ e - area(K(t))dt

< Cf0+°° este~(n—Malgy
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Main results

I non-uniform lattice of X, dim(X) = n, —b? < k(X) < —a?:
0 w(lN <w(X)
@ (n—1)a<wX)<(n—-1)b
@ (n—1)a<w(l)

Argument:
Break the Poincaré series of X as:
70, 87X fX e 90X gy > Z«, e—s4(070) | jD &59(0.%) gy

lfw(l) <s <w(X)then [,e*%dx = +o0

Compute the integral in horospherical coord.:
+oo = [;" e - area(K(t))dt

< C [O+oo este—(n—1)atdt
Thus: s>(n—1a

w()>(n—1)a O

Remark: this already shows that w(I') = w(X) when X has constant cuvature.
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Main results

Theorem | [DPPS, Crelle 2009]

Let X be any complete, simply connected, Riemanniann n-manifold
with pinched negative curvature —b? < k(X) < —a° < 0.

Assume that X is §-pinched (that is, b?/a? < 4):

then any lattice ' of X satisfies v (x, R) < vx(x, R), so w(l) = w(X).

Theorem Il [DPPS, Crelle 2009]

There exists a complete, simply connected Riemannian surface S
with pinched negative curvature —b? < k(S) < —a? < 0 admitting
a non-uniform lattice I' such that w(I') < w(X).

Remark. The same proof works for X homogeneous
(it explains the geometric role of symmetry in the equality w(I') = w(X)).
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Main results Theorems | & I

Theorem | [DPPS, Crelle 2009]

Let X be any complete, simply connected, Riemanniann n-manifold
with pinched negative curvature —b? < k(X) < —a&® < 0.

Assume that X is §-pinched (that is, b?/a? < 4):

then any lattice I of X satisfies vr(x, R) =< vx(x, R), s0 w(I") = w(X).

Theorem Il [DPPS, Crelle 2009]

There exists a complete, simply connected Riemannian surface S
with pinched negative curvature —b? < k(S) < —a? < 0 admitting
a non-uniform lattice I' such that w(I') < w(X).

Remark. Theorem [ is (surprisingly) optimal.
For every € > 0 the surface of Theorem Il can be chosen so that
—4—c<k(S)<-1<0.
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Main results Theorems | & I

Theorem | [DPPS, Crelle 2009]

Let X be any complete, simply connected, Riemanniann n-manifold
with pinched negative curvature —b? < k(X) < —a&* < 0.

Assume that X is §-pinched (that is, b?/a? < 4):

then any lattice I' of X satisfies vr(x, R) < vx(x, R), so w(I') = w(X).

Theorem Il [DPPS, Crelle 2009]

There exists a complete, simply connected Riemannian surface S
with pinched negative curvature —b? < k(S) < —a? < 0 admitting
a non-uniform lattice I' such that w(I') < w(X).

Remark. Theorem | holds under the weaker assumption that '\ X is
only asymptotically 1/4-pinched.
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Proof of Theorem |
Improving the formula
Proof of Theorem I

Proofs

Dissection of a Ball under the action of a nonuniform lattice I

@ I'\X has a finite number of cusps C
@ eachcusp C = P\H¢ :
P < I maximal parabolic sbgr. fixing & € 0X
H, horoball centered in £
@ P acts cocompactly on the horosphere 0H
D = Dirichlet domain centered at O for ' ~ X
C = DN H, fundam. domain for P ~ He
K = D\C (the compact part of D)
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Proof of Theorem |
Improving the formula
Proof of Theorem I

Proofs

Dissection of a Ball under the action of a nonuniform lattice I

@ M\ X has a finite number of cusps C

@ eachcusp C = P\H¢ :
P < I’ maximal parabolic sbgr. fixing £ € 90X
H, horoball centered in £

@ P acts cocompactly on the horosphere 0H
D = Dirichlet domain centered at O for ' ~ X
C = DN H, fundam. domain for P ~ He
K = D\C (the compact part of D) y € OHy;

Uk € Bx(o.R) ¢ Jrk U U IBx(0.R) Nyl
V<R

vI<R cusps Cj |y|<?

= Upi<r 7[Bx(y; B —17]) nH]
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Dissection of a Ball under the action of a nonuniform lattice I'

Uk € Bx(o,R) € Yk U UrBxiR

[vI<R [v|<R  ousps Cj |y|<R

—vl) NHe]

Vi € OH
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lvI<R [YISR  cusps G |[y|<R

— Y1) N He (vi)]
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Proofs
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r T ~ pt r T
B(y7§) C B(yr)mHi(y) C B(yvé)

Formula: w(X) = max {w(r) 5% (SI}JIP vx(y, R))}

[A]
. R—k
Infact: v (O,R) < vx(O,R) < w(O,R) + E E vr(O, k) - sup vx (y T)

cusps k=1

vr(O,R) < vx(O,R) < (O, R) + (vr(O, R) * sup vx(y, H/2)>
y
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Dissection of a Ball under the action of a nonuniform lattice I

Unk € Bxo.R) © Uk U UIBx(i R —Ivl) nHe ()]

[vI<R [v|<R  cusps Cj |y|<R

Proofs

15! Key Fact: a ball of radius = in X intersects a horoball passing through its center in

a ball of radius (about) (the center y’ € He(y))

B(y,z) € By.nNH(y) E BY,7)

Formula: w(X) = max {w(r), %w <Sl;p vx(¥, F")) }

(A B
Infact:  ve(0, R) < vx(0,R) < w(O,R) + 3 3 % (O, k) -supvx (yu)
cusps k=1 y 2

vr(O,R) < vx(O,R) < vr(O,R) + (vr(O, R) * sup vx(y, H/2)>
y

() < o) < max (), Lo (sup v ) ) |
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Dissection of a Ball under the action of a nonuniform lattice I

U~k € Bx(0.R) ¢ Uvk U UnBxyi. R—Inl) N Hg ()]

lvI<R ISR cusps Ci [y|<R

Proofs

15! Key Fact: a ball of radius ' in X intersects a horoball passing through its center in
a ball of radius (about) (the center y’ € He(y))

Formula: w(X) = max {w(r), %w (SI}JIP vx (Y, R)) }

em If —b? < k(X) < —&2 with 0 < b < 2a:
Sw (SUP vx (¥, R)) <b(n—1), w()=>aln-1)
y

= w(X) = max {w(r), @} =w(r) O



Starting point

Proof of Theorem |
Improving the formula
Proof of Theorem I

Dissection of a Ball under the action of a nonuniform lattice I

U~k € Bx(0.R) ¢ Uvk U UnBxyi. R—Inl) N Hg ()]

lvI<R ISR cusps Ci [y|<R

Proofs

15! Key Fact: a ball of radius ' in X intersects a horoball passing through its center in
a ball of radius (about) (the center y’ € He(y))

Formula: w(X) = max {w(r), %w (SI}JIP vx (Y, R)) }

The same argument works if X is homogeneous:

Sw (sgp vx(¥, R)) =w(X),

= w(X) = max {w(r), %w(X)} =w(l)
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Proofs

Horospherical Area

P = maximal parabolic subgroup of I ~ X, Fix(P) = ¢

P ~ 9H¢ cocompactly i X
ix x € X:

@ JH:(x) = horosphere centered in £
through x

@ Fy = compact fundamental domain
for P ~ OHe(x)

@ &, radial flow in the direction of £

Horospherical Area Function of P

Ap(x, t) = Area(®de +(Fx))
(only depends on x and on the subgroup P)
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The function Ap(x, R) satisfies: Ap(x, R) =< 1/vp(x,2R)

by hyperbolic geometry ~? Ayt (e t(X), Pei(y) = 14 d(x,y) ~ 2t
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Bx(X,ZR) >~ VP(X, 2H) ] VP(X, ZH)

T disjoint copies disjoint copies
of Fx of ®¢ p(Fx)

g

ve(x,2R) - Area[®¢ p(Fx)] = Area[BH§(¢E,R(X), 1)]

bounded between positive constants v, v

(since —b? < k(X) < —a?)
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Horospherical area

The function Ap(x, R) satisfies: Ap(x, R) =< 1/vp(x,2R)

by hyperbolic geometry ~? Ayt (e t(X), Pei(y) = 14 d(x,y) ~ 2t

¢§,H[BX(X~, ZR) n Hg] & BHg(q)g,H(X), 1)
N — ———

N e

Bx(X,ZR) >~ VP(X, 2H) ] VP(X, ZH)

T disjoint copies disjoint copies
of Fx of ®¢ p(Fx)

g

ve(x,2R) - Area[®¢ p(Fx)] = Area[BHg(%,,q(x), 1)]

bounded between positive constants v, v

(since —b? < k(X) < —a?)

=  Ap(x,R) =< 1/vp(x,2R)
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U~k € Bx(0,R) ¢ U~k U U 7[Bx(yi. R— 1) N He ()]

<R [vISR  ausps Gj [y|<R
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Uak € Bx(0,R) ¢ U~k U U [Bx(yi, R— 1) N He ()]

<R [vISR  ausps G [y|<R

Proofs

1°! Key Fact (sharper estimate): the volume of the intersection of a ball Bx(x, r) with

a horoball He(x) passing through its center x is given by

A Ap(x,t)

vol [Bx(x, R) N He(x)] =< o Ap (x, BR)

dt
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Dissection of a Ball under the action of a nonuniform lattice I'

U’)/IC C BX O, R U'YIC U U'V[BX Vi, _‘”DHH&(YI)]

<R VISR cusps G |y|<R

Proofs

15! Key Fact (sharper estimate): the volume of the intersection of a ball Bx(x, r) with

a horoball He(x) passing through its center x is given by

vol [Bx(x, R) 1 He()] = |

F(x, R): the Cuspidal Function of the cusp
Sharper Formula: w(X) = max{w(l),w(F1), ...,w(Fn)}

where Fy, ..., Fy are the cuspidal functions of the cusps of M\ X
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on an infinite number of bands [r;, R;] along a cusp:
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Fn = the cuspidal function
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Construction of a lattice I' of a space X with w(I') < w(X)

Deform the metric of a finite volume, hyperbolic surface S
on an infinite number of bands [r;, R;] along a cusp:

S, = surface obtained perturbing only outside the ball Bs(O, R,)
C, = the perturbed cusp X -8
Ap = the horospherical area e
Fn = the cuspidal function gn = An(t)?d¥? + dt?
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Ap = the horospherical area e
Fn = the cuspidal function gn = An(t)?d¥? + dt?
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Construction of a lattice I' of a space X with w(I') < w(X)

Deform the metric of a finite volume, hyperbolic surface S
on an infinite number of bands [r;, R;] along a cusp:

S, = surface obtained perturbing only outside the ball Bs(O, R,)
C, = the perturbed cusp X -8
Ap = the horospherical area e
Fn = the cuspidal function gn = An(t)?d¥? + dt?
7 An(t)=e™"  when k(X,) = —1
An(t) = e™X when k(X;) = —k?

e, @ w(Py) =limsupg . #In W =k/2
@ w(F)=7

k[S)=-k2
w(Xn) = max{w(ls),w(F)}

k(S)=-1
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Construction of a lattice I' of a space X with w(I') < w(X)

Deform the metric of a finite volume, hyperbolic surface S
on an infinite number of bands [r;, R;] along a cusp:

S, = surface obtained perturbing only outside the ball Bs(O, R,)
C, = the perturbed cusp X -8
Ap = the horospherical area e
Fn = the cuspidal function gn = An(t)?d¥? + dt?
An(t)=e™"  when k(X,) = —1
An(t) = e™X when k(X;) = —k?

e, @ w(Py) =limsupg . #In W =k/2
@ w(F)=7

k[S)=-k2
w(Xn) = max{w(ls),w(F)}

k(S)=-1 Remark: if w(F) < &
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Proofs

Construction of a lattice I' of a space X with w(I') < w(X)

Deform the metric of a finite volume, hyperbolic surface S

on an infinite number of bands [r;, R;] along a cusp:

S, = surface obtained perturbing only outside the ball Bs(O, R,)

C, = the perturbed cusp
Ap = the horospherical area
Fn = the cuspidal function

k(S)=-k2

k(S)=-r

Xn = én
gn = An(t)zdﬁz + dt2

e ' whenk(X;) = —1
Ap(t) = e™X when k(X;) = —k?

= k/2

@ w(Py) =limsupg . £In
@ w(F)=7

1
An(R/2)

w(Xn) = max{w(ly),w(F)}

Remark: if w(F) < & = w(Pn) < w(lh)
~~> no hope to get w(Xn) > w(ln)
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Construction of a lattice I' of a space X with w(I') < w(X)

S» = surface obtained perturbing only outside the ball Bs(O, R;)
Cn = the perturbed cusp X —8
An = the horospherical area neen I )
Fn = the cuspidal function 9n = An(1)°dV° + dt
' when k(Xp) = —1

e
An(t) =e ¥ when k(X;) = —k®

fe=-z @ w(Py) =limsups_.. £IN gy = k/2

@ w(F)=7

k(S)=-k?
w(Xn) = max{w(Fn), w(F)}

k(S)=-1
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Construction of a lattice I' of a space X with w(I') < w(X)

S, = surface obtained perturbing only outside the ball Bs(O, R,)
C, = the perturbed cusp X — &
Ap = the horospherical area ne e
Fn = the cuspidal function gn = An(t)?d¥? + dt?
' when k(X;) = —1

e
An(t) = e M when k(X,) = —k2

k=-r o W(Pn) = limsup/—?—»x %ln W - k/2

® w(F)=7

k[S)=-k>
w(Xn) = max{w(ln),w(F)}

k/S)=-1
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Construction of a lattice I' of a space X with w(I') < w(X)

= surface obtained perturbing only outside the ball Bs(O, R;)
C, = the perturbed cusp X -8
An = the horospherical area e
Fn = the cuspidal function gn = An(t)?d¥? + dt?
: ~t when k(X)) = —1

e
An(t) = e M when k(X;) = —k?

P @ w(Py) =limsupp_.. N gy = k/2
@ w(F)=7

k(S)=-k2
w(Xn) = max{w(n), w(F)}

k(S)=-1

FR) =[] AnA,;it‘)?i at > [F el _dt = etR frlﬁ, o5 iyt

ld ,k(Lz”i>
e
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Construction of a lattice I' of a space X with w(I') < w(X)

S, = surface obtained perturbing only outside the ball Bs(O, R,)

C, = the perturbed cusp X _ &
Ap = the horospherical area ne e

Fn = the cuspidal function gn = An(t)2d0? + df?
e! when k(X)) = —1
An(t) = e when k(Xp) = —k?
@ w(Pp) =limsupg_ H In H/z =k/2
@ w(F)=7

w(Xn) = max{w(ln),w(F)}

dt 7e2”f els Vg2 ets R

.e k(HFi)
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Construction of a lattice I' of a space X with w(I') < w(X)

S, = surface obtained perturbing only outside the ball Bs(O, R,)
C, = the perturbed cusp X -8
Ap = the horospherical area e
Fn = the cuspidal function gn = An(t)?d? + dt?
_ e™!  whenk(Xp) = —1
An(t) =e ™  when k(X,) = —K?

fms ® w(Pn) = iMSUPs_. 41N ik = K/2

@ WF)=k/2+e (ifk®>4)

k(S)=-k2
w(Xn) = max{w(Fn), w(F)}

k/(S)=-1
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Construction of a lattice I' of a space X with w(I') < w(X)

Cn = the perturbed cusp N
A, = the horospherical area
Fn = the cuspidal function gn = An(t)?d¥? + df?
An(t) = e when k(X)) = —1
An(t) = e M when k(X;) = —k?
1

f——s o w(Pn) = Ilm supFi‘mc %ln m = k/z

@ WF)=k/2+e (ifk®>4)

k(S)=-k2
w(Xn) = max{w(Fn),w(F)}

k(S)=-1

2" Key Fact: perturbing outside Bs(O, Ry) for Ry > 0 = w(Ps) — w(ls).
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Proofs

Constructlon of a lattice I of a space X with w(r) < w(X)

Cn the perturbed cusp
Apn = the horospherical area
Fn = the cuspidal function gn = An(t)?d¥? + dt®

e’ whenk(X,) = —1
An(t) =M when k(Xp) = —K?

@ w(Py) =limsupg_. %m m =k/2
@ W(F)=k/2+e¢ (ifk?®>4)
w(Xn) = max{w(Tn),w(F)}

2" Key Fact: perturbing outside Bs(O, Ry) for Ry > 0 = w(Ps) — w(lp).

= w(Xn) = max{ w(ln) , w(F) }
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Proofs

Congiruction of a ix T of aspace Xwith ') -2 (XD

n = the perturbed cusp
A, = the horospherical area 5 1o »
Fn = the cuspidal function 9n = An(1)°dV° + dt

. et when k(X;) = —1
An(t) =e M when k(X;) = —k®

fe=-z @ w(Py) =limsups_.. £IN gy = k/2

@ WF)=k/2+e (ifk®>4)

k(S)=-k2
w(Xn) = max{w(ln),w(F)}

k(S)=-1

2" Key Fact: perturbing outside Bs(O, R,) for n>> 0 = w(P,) — w(ly).

= w(Xn) = max{ f-(\tll)” w(F) }>w(ln) O

——
~w(Py) >%+e
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