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In tro duction

This paper is an attempt to survey the currert state of our knowledgeon the Caccetta-Haggkvist
conjectureand related questions.In January 2006there was a workshophostedby the American
Institute of Mathematics in Palo Alto, on the Caccetta-Haggkvistconjecture, and this paper
partly originated there, asa summary of the open problemsand partial results presered at the
workshop. Our thanks to the many participants who helped with this paper.

Notations & De nitions

A graph G = (V(G); E(G)) is a collection of vertices V(G) and edgeskE (G), where eath
edgeis an unorderedpair of distinct verticesu; v.

A digraphD = (V(D);E(D)) is a collection of verticesV (D) and edgesk (D), along with
two incidencerelationsh;t : V(D) E(D)! 0;1. Welett(u;e)= 1i uisthe tail ofee
(i.e. the edgeis directed from u to another vertex v), and similarly h(v;e) = 1i v isthe
headof the edge. Note this allows multiple edgesfrom u to v. We will assumethat jV(D);j
and JE(D)j are nite throughout this paper, unlessexplicitly stated otherwise.

A simple digraphis a directed graph G sud that for all u;v 2 V(G), at most one edge
from u to v appearsin E(G) (i.e. no parallel directed edges).

In a digraph G, for u;v 2 V(G), the distance d(u;v) from u to v is the length of the
shortest directed path from u to v. We say v is at out-distane d(u;v) from u, and u at
in-distance d(u; v) from v.

For integersj > O, Nj+ (v) is the set of vertices at out-distance exactly j from v, and
N; (v) is the setof verticesat in-distanceexactly j from v. We may abbreviateN; (v) and
N, (v) to N*(v) and N (v), respectively.



In adigraph G, ¢ and , denotethe minimum out-degreeand in-degreeof G, respectively.
For a given vertex v, ¢(v); s(v) denotethe out-degreeand in-degreeof the vertex v. In
caseswherethe graph being referenceds clear, we may write *(v) and (v).

2 The Caccetta-H aggkvist Conjecture

Conjecture 2.1. (L. Caccetta, R. Haggkvist [5]) Every simple n-vertex digraph with minimum
out-degree at least r hasa cyclewith lengthat mostdte.

This canbe restatedin the following way: Let A beann n 0-1matrix sud that a; = 1implies
a;6 lforalli6j. Letg = 1foralli. If the sumof every row in A is at leastr + 1, Adn=re
hastrace greaterthan n.

2.1 Partial Results

The C-H conjecture has beenproved for:

r = 2 by Caccettaand Haggkvist [5]

r = 3 by Hamidoune [17]

r=4andr = 5 by Hoang and Reed [19]

P— : :
r n=2 by Shen [30]. For the exact statemen of his result, seeTheorem 5.1. This
shows that for any given r, the number of courterexamplesto the conjecture (if any) is
nite.

Cayley graphs (which implies all vertex transitive graphs using cosetrepresetations) by
Hamidoune [15]. This proof usesa lemma of Kemperman [21] (Lemma 5.9).

Also, Shen [32] proved that if ded  (u) + dedg (v) 4 for all (u;v) 2 E(G), theng dn=2e,
where g denotesthe girth of G. This is an averagelocal outdegreeversionfor the r = 2 caseof
the Caccetta-Haggkvist conjecture.

2.2 Appro ximate Results | - Additiv e Constan t

+

Another approad is to shawv that if § r, then there is a cycle of length at most * + ¢ for
somesmall c. This hasbeenproved for somevaluesof c, asfollows:

c = 2500by Chvatal and Szemeedi [9]
¢ = 304 by Nishimura [27]
c= 73 by Shen [31]].



2.3 Appro ximate Results Il - Special Case n/3

The caser = n=2is trivial, but r = n=3 hasreceivd much attention. Researb hassough the

+

minimum constart ¢ sud that ¢  cn in an n-vertex simple digraph G forcesa directed cycle
of length at most 3. The conjectureis that ¢ = 1=3, and the curren results are:

c (3 P 5)=2 = 0:382by Caccettaand Haggkvist [5]
c (2p 6 3)=5= 0:3797by Bondy in a neat subgraphcourting argumeri [4]
c 3 P 7 = 0:3542by [29

Similarly, Seymour, Graaf, and Sdirijver [12] asked for the minimum value of sothat when
the minimum in- and out-degreesof G are at least n, G hasa directed cycle of length at most
3. They proved that 0:3487and gave a formula relating and c. Shenapplied this formula
to his 1998result to get a slight improvemern to 0:3477 [29].

3 Seymour's Second Neigh borho od Conjecture

This conjecture implies the special caseof Caccetta-Haggkvist when both in- and out-degrees
are at leastn=3, and hasreceivd much attention of its own.

Conjecture 3.1. (Seymour) Any simple digraph with no loops or digonshasa vertexv whose
second neighlorhood is at least as big asits rst neightorhood, i.e. jN5 (v)j  jN* (v)j.

The following is known for Seymour'ssecondneighborhood conjecture:

When G is a tournamert, this is Dean's conjecture,and was proved by Fisher [13] using
probabilistic methods. There is alsoa combinatorial proof by Havet and Thomas® [18].

It was proved for digraphswith minimum outdegree 6 by Kaneko and Locke [20].

There is a vertex v wherejN (V)j JNT(v)j and = 0:657298: is the unique real root
of 2x3+ x? 1= 0. (Note the conjectureis that = 1) by Chen, Shen,and Yuster [7].
They alsoclaim a slight improvemen to = 0:67815(proof unpublished).

Godbole, Cole, and Wright [14] shaved that the conjecture holds for almost all digraphs.

4 r-Regular Digraphs

A digraph G is r-regular if every vertexv has ;(v) = (v) =r.

Conjecture 4.1. (Behzad, Chartrand, Wall [2]) The minimum number of verticesin an r-
regular digraph G with girth gisr(g 1)+ 1.

Behzad,Chartrand and Wall give an exampleadieving this by placingr(g 1)+ 1 verticeson
a circle with ead vertex having edgesto the next r verticesin clockwise order. The Caccetta-
Heaggkvist Conjectureis a generalizationof this earlier conjecture.

The Behzad-Chartrand-Wall conjecturewas proved for the following special cases:
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r = 2 by Behzad [1]

r = 3 by Bermond [3]
Vertex-transitive graphsby Hamidoune [16]

p_
If & r,theng 3d*In(Z;L)e 32 py Shen [31].

5 Related Results

Theorem 5.1. (Shen [30]) For a digraph G on n vertices,if 5 r,andn 2r2 3r+ 1,
then G hasa cycle of lengthat most dte.

In agraph G, for u;v 2 V(G), (u;v) denotesthe maximum number of internally disjoint paths
betweenu andv. If G isadigraph, courts the maximum number of internally disjoint directed
paths from u to v.
In a graph G, for u;v 2 V(G), (u;v) denotesthe maximum number of edge-disjoin paths
betweenu and v. If G is a digraph, cournts the maximum number of edge-disjoin directed
paths from u to v.

Theorem 5.2. (Thomassen [34]) For all positive integersr, there is a digraph D without digons
with 5 rand 5 r suchthat:

I. no vertexv 2 V(D) is contained in three openly disjoint circuits (that is, three circuits
which pairwise share only v)

ii. noedge(x;y)2 E(D) has (y;x) 3.

Theorem 5.3. (Mader [25]) For everyintegerk O, If G hasjV(G)j > k?(k + 1) and at most
k2(k + 1) vertices of G haveout-degree at most k3(k + 1), then there are verticesx 6 y so that

(x;y) > K.

5.1 Undirected Graph Theorems

Theorem 5.4. (Mader [22]) Every graph G with ¢ r contains verticesx;y with (x;y) r
whenr 1.

Theorem 5.5. (Mader [23]) Every graph G with ¢ r containsr + 1 verticesvy;:::;Vi+1
with (vi;v;) rforalliéj.

5.2 Additiv e Num ber Theory Results

Given an additive group , and setsA; B , letA+ B :=fa+bja2 A;b2 Bg, and A¥B
= fa+bja2 A;b2 B;a6 bg. Finally, for a positive integerr, let rB = fb + + hyj all
b 2 B, not necessarilydistinctg.

Theorem 5.6. (Cauchy [6] and Davenprt [10], [11]) Let p be a prime, and A; B Z=pZ be
nonempty. Then jJA + Bj min(p;jAj + jBj 1).
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Theorem 5.7. (I. Chowla [8]) Let m be a positive integer,and A; B Z=mZ suchthat 02 B
and gcd(b;m) = 1 for all nonzeo b2 B. ThenjA+ Bj min(m;jAj+ jBj 1).

Theorem 5.8. (Dias de Silva and Hamidoune [33]) The Erdes-Heilbionn Conjecture: Let
A Z=pZ, with p prime. Then jAfAj] min(2jAj 3;p).

For a multiplicative group andsetsA;B , let AB :=fabja2 A;b2 Bg.

Lemma 5.9. (Kemperman [21]) Given a group and nite non-empty subsetsA; B , if
12 A;B but (1;1) is the only pair (a;b) with a 2 A;b 2 B suchthat ab= 1, then jABj
jAj+jBj 1L

We sy G is a layered digraphif G is a digraph with V(G) = [ L,V with V; 6 ;,and i\ V, = ;

Let G be a digraph, and X ;Y nonempty subsetsof V(G). Then
Im(X,Y) := fy 2 Yj thereis a directed path from X to yg. The magni cation ratio D(X,Y) is

vy - jm(Z;Y)j
DOGY) =m0, iz

Theorem 5.10. (Plunnecke [28]) In a Plunnecke graph, let D; = D(Vo;V;). Then

[ASTNTY
S o

D, D Dp:

The following are consequencesf applying Plannedke's Inequalities to a special graph created
from subsetsA; B of a group:

Theorem 5.11. For setsA; B
1. jiBjt jhBjw forall 0 i< h.
2. If jBj=k, andjB + Bj ck, thenjhBj c"k.

3. If jAj= n, andjA + Bj < cnthenfor all k;~ 2 Z*, we havethat kB 'Bj ¢ n wher
kB ‘B denotesthe setof all elementsexpessableas (b, + +h) (B+ + ) whee
all b; P arein B.

Theorem 5.12. (genemlization of Erdes-Heilbionn (Thm. 5.8)) LetA; B Z=pZ, with p prime
and jAj 6 jBj. Let C = A#B. ThenjCj min(jAj+ jBj 2p).



6 Open Problems and Conjectures

6.1 Rainbow Conjectures
6.1.1 A Colored Generalization of Seymour's Second Neigh borho od

Given a digraph G = (V;E) with eat edgee 2 E having a set S of labelsin f1;2;:::;Kksg, a
rainbow structure H in G (such asa path or cycle) meansonein which there is a way to assign
eat edgee?2 E(H) alabel "(e) 2 Se sothat ell(e) 6 "(f) for all edgese6 f in E(H).

Conjecture 6.1. (Seymour, Sullivan) Let G be a simple digraph on the vertex set V, and
Eqi;::i;Ex E(G). Sayan edgee 2 E(G) haslakel setS, f1;:::;kgwheri 2 S; if and only
if e2 E;. Finally, let G; = (V;E)).

I. There existsa rainbow (di)cycle in G or

P
ii. There existsa vertexv suchthat jf wj there existsa rainbow path from v to wgj :‘:1 gi (v).

Notes: This is falseif you require that the colors appear in an increasingorder (cyclic on the

on a commongroup (using induction on Lemma 5.9), and when gi (v) 1forallvandalli
excepti = 1, wherewe allow the outdegreeso be unbounded (but nite).

6.1.2 Implications of Conjecture 6.1

Conjecture 6.2. Seymour'sSecond Neighlorhood Conjecture
Notes: To seethis, for adigraphH,letk=2,G=H,andE; = E, = E(H).
Conjecture 6.3. Caaetta-HaggkvistConjecture (geneml case)

Notes: For a digraph H, take G = H, k = d%e and E; = = Ex = E(H). We must geta

rainbow cycle becausethe sum of the outdegFeesat eat vertex is n. This correspndsto a
dicycle of length at most d-e in H, asdesired.
H

Conjecture 6.4. Any simpledigraphwith no loopsor digonshasa vertexv suchthat jN; (v)j+
INT(V)] 2N (V)]

Notes: Recall, for comparison,SSNcanbe written asjN, (v)j+jN*(v)j 2jN*(v)j. To seehow
Conjecture6.1limplies 6.4, take a simple digraph H with no loopsor digons,and setG = H and
E. = E, = E(H). G cannothave a rainbow cycle by de nition of H. De ne N& (u) = fvertices
you can read by a rainbow path in G from ug, and N5 (u) = fverticesthat have a rainbow
path in G to ug. Let E3 be the edgesf (u;V) j vis not in the setN; (u)g. Let G°= H, and have
subsetsEq; Eo Ez  E(GY giving rise to label setsS?  f1;2;3g for e 2 G We can seefrom
thesede nitions that for any u in V(GY),

W =2N"(Wj+ ((n 1) N (uj N, (u)j);

i=1



whereall neighborhoods referencedon the RHS arein H. We can rewrite this as:

x3
scW=(n 1) (N (Wi+jNy (Wi 2N (u)j):

i=1

Then P f’zl ¢ (U)  nwheneer N (u)jg jN, (u)j < 2JN*(u)j: If this weretrue for all vertices
u, then no vertex could have jN &, (u)j i3=1 gi (u) n, sowe must have a rainbow cyclein G°,
by Conjecture 6.1. Howeer, by construction, sinceG has no rainbow cycle, G° has no rainbow
cycle. Thusthereis avertexv 2 V(H) sothat jN (u)j+ jN, (u)j 2JN* (u)j: If we reverseall
edgesin H, this givesjN* (u)j + jN5 (u)j] 2N (u)j; asclaimed.

P
Conjecture 6.5. (Seymour)Under the hypotheseof Conjecture 6.1, if jVj = d and :‘zl G (V)
d for all v, G must havea rainbow cycle.

Note: This conjectureis falseif jVj = dis replacedby jVj = d+ 1.

6.1.3 Other Conjectures Inspired by (or related to) Conjecture 6.1

If we believe Seymour'ssecondneighborhood conjectureand Conjecture 6.1 (speci cally 6.4), we
might be led to askif the following holds:

Conjecture 6.6. (\Compromise Conjecture”) Any simple digraph with no loops or digons has
a vertexv suchthat jNJ (v)j jN (v)j.

Conjecture 6.7. Any simpledigraphwith no loopsor digonshasa vertexv suchthat jN; (v)j +
INT (V)] 2min(iN (V)j;JN"(V)]).
+ t

P
Conjecture 6.8. Under the hypothesesof Conjecture 6.1, if ¢ ri, and ;i jV], there
is a rainbow cyclein G.

t +

P
Conjecture 6.9. Under the hypthesesof Conjecture 6.1, if ., & (v) V] for all vertices
v, there is a rainbow cyclein G.

Conjecture 6.10. (Devos) Under the hypothesesof Conjecture 6.1, if there is no rainbow cycle

in G with strictly increasing edge lakels, then the average number of Isi,gertices reachablefrom a

xed vertexv by lakel-increasing (possiblytrivial) pathsis at least 1+ ikzl gi.

Note: This can be proved when G; = Cayley( ;A;) for somegroup , usingLemma 5.9

6.2 Second & K™ Neigh borho od Conjectures

Conjecture 6.11. Is Seymour's Second Neightorhood true for locally nite digraphs? What if
we just require the outdegreesto be nite?

Conjecture 6.12. (Thomasse) Let G be a digraphwith no directed cycle of lengthat most three.
Then there is a vertexv 2 V(G) with *(v) at most the number of non-neighlors of v.

The following generalization of secondneighborhood to kth neighborhood was taken from a
(unpublished) paper of SergeBurckel:



Conjecture 6.13. Any simple digraph with no directed cyclesof length at most k hasa vertex
v suchthat jN, (V)] jNg ;(V)j.

SergeBurckel also asked the following structural question:

Conjecture 6.14. For any k and any digraph G, de ne G to be thoseverticeswith jN5 (v)j
jN*(v)j. Then any vertex of out-degree k is at distanee at mostk from a vertexin G .

Notes: He motivates this with the following remark: "If a vertex x has one successoy, then
if y hasno successorsy 2 G, otherwisex 2 G . This property seemsto generalizefor any
out-degree,and if it is true, is optimal considering'pyramids' where any vertex of out-degreek
is at distance exactly k from the (unique) solution.” His 'pyramids' are formed by placing one
vertex, then two in the row beneathit, and soforth (i verticesin row i) to form a triangle. The
verticesin row i are then completelyjoined to all verticesinrowi 1fori 2.

Conjecture 6.15. (Seymour&/or Jackson)If G is an Eulerian digraphwith no loopsor digons,
then X X
JNZ (V)] INT ()]
V2V (G) V2V (G)
Conjecture 6.16. (Thomas® & Kral) Let G be an Eulerian digraph on n vertices, so that
jE(G)j n?=3. Then G hasa directed cycle of length at most three.

6.3 Matrices

Conjecture 6.17. The followingwere all presentel by Seymour,with no other attributions given:
For the following questions, matrices are assumeé to be n  n 0-1 matrices suchthat a; = 1
implies &; 6 1, and all diagonalelementsequal to 1.

at leastr + 1 for all i. DoesA1A, Ag=re havetrace > n? This is a special case of
Conjecture 6.5.

2. Let/,},l;Az; .1, Ay be matrices (not necessarily distinct) so A; hasrow sumsat leastr; + 1

and it=1 ri n. DoesAi;A, A; havetrace > n? This is equivalentto Conjecture 6.5.

row, connecting copy k of v to copy k + 1 of v with a horizontal edgefor all verticesv and
all k, and then from copy k to copy k + 1 put in the edgefrom copy k of v; to copy k + 1 of

existsa vertexu sothat there is a non-trivial (i.e. not all horizontal edges)path from copy
1 of u to copyt + 1 of u.

4. If we\squish" all the bipartite graphsfrom the previousitems so they live on a single copy
of V, marking edgesfrom copy i to copyi + 1 with color i, then we have the sum of the
(colored) outdegrees at each vertexis at least n, and we're askingfor a non-trivial rainbow
cycle which hasthe colors appearing in increasing order.

For a matrix A, the spectral radius of A is de ned to bemaxfj j : an eigervalue of Ag.
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Conjecture 6.18. (Charbit) Let A be the adjacency matrix of a digraph G with zero on the
diagonaland a; = 1if and only if the edge(i;j) 2 E(G). If the spectral radius of A is at least
n=k, then G hasa cycle of length k.

6.4 Disjoin t Cycles

+

Conjecture 6.19. (Bermond-Thomassen)in a digraphD with 5 2k 1, there are k vertex
disjoint cycles.

Notes: Openfor k 3, and the proof for k = 2 by Thomassenis not intuitiv e.

Conjecture 6.20. (Hoang & Reed) If G is a digraphwith minimum outdegree r, then there are

VN (LifVEC)] T

Notes: The related conjecturethat given minimum outdegreeat leastr, there shouldbe a vertex
v with r cyclesthrough v which are otherwisevertex-disjoirt is false. A courterexampleforr = 3
wasgiven by Thomassenn 1985(seeTheorem5.2for his completeresult). Adding the condition
that the minimum indegreeis also at leastr doesnot improve the veracity of the conjecture,
though it is still open when indegreeand outdegreeare idertically r everywhere.

6.5 Connectivit vy

Conjecture 6.21. (Hamidoune, 1981) Let D be a digraph with [ " b r,andr 1
Then there is an edge(x; y) suchthat (y;x) r.

Note that a courterexample to the above conjecturefor all r 3 is given by Thomassenin
Theorem5.2.

+

Conjecture 6.22. (Mader) If a digraphD has  r, thenthere are verticesx 6 y suchthat
(X;y) r. Also, thereis an edge(x;y) sothat (x;y) r.

The rst part of this conjecturewas proven by Mader [24]for (x;y) r 1.

6.6 Weighted Versions

P
Eonjecture 6.23. (Bollobas & Smtt) Let p : E(G) ! [0;1]. If V2N (u) p(uv) 1 and
V2Ng (u) p(vu) 1for all u2 V(G), thereis a directed cyclein G of total weight 1.

Note: There is a nice proof that there is a dipath of total weigh at least 1.

gonjecture 6.24. (Zhang) Let G be a digraph on n vertices,and f : E(G) ! I:JO; 1:::0. If
ee+ (8 n=kforall v2 V(G), thenthereis a directed cycleC suchthat =, %

Counterexample: (Charbit) Takethe directed Cayley graph G with groupG = Zg, and generators
f1,2g9. Let the weight function f be 1 on 2-edges,and 2 on l-lgdges(where r-edgesare those
coming from the generatorr). Now let k = 3.|yVe cancalculate  ,c.,f(e) =4 8=3forall

verticesv, but there is no directed cyclewith ¢ /g 3.



6.7 Averaged Outdegree Conditions

Conjecture 6.25. If D is a digraph on n vertices with

X 1 1
log(1+ ———) nlog(1+ -);

5 (V) r
v2V (D)

then D hasa cycle of length at most dn=re.

Counterexample: Take a transitive tournament of sizen 1, and replace the edgefrom the
vertex of out-degreen 2 to the vertex of out-degreezerowith a path of length 2 in the opposite
direction (thus increasingthe number of verticesto n).

Conjecture 6.26. (Shen [32]) Let G be a digraph with n vertices and minimum outdegree at
least one. If S(v)+ &(u) 2r for everyedge(u;Vv) in G, then the girth g of G is at most
dn=re.

Note: This was proved by Shenfor r = 2in [32].

6.8 UnCategorized

The following conjecturewould imply that in a courterexamplefor Caccetta-Haggkvist for r =
n=3, one can order the verticessothat at least 75% of the edgesgo from left to right:

Conjecture 6.27. (Chudnovsky,Seymour,Sullivan) Let G be a simple digraphwith k non-edges
(unordered pairs fu;vg where both uv and vu are not in E(G)). If G hasno directed cycle of
length at most 3, one can deleteat most k=2 edgesfrom G and obtain a graph with no directed
cycle.

Notes: We know that there are tight examplesfor this conjecture (transitiv e tournamerts, Cy,
and products of these). It is also known that a minimal courterexample has no sourceor sink
vertex, and no directed cut. Kostochka recertly proved all verticesin a minimal courterexample
have at least 3 and at most (n 1)=2 non-neigtbors. He has an argumert using thesefacts to
show the conjecturefor all k  14.

Conjecture 6.28. (Devos) For any digraph G with no directed cyclesof length at most three,
there is a promability distribution p on V(C';_) suchthat at everyvertexv, p(N*(v)) p(N (v))
andp(N, (v))  p(N (v)), whee p(S) := 5 p(s) for asetS V(G).

Notes: For tournamerts, sud a distribution exists, and is unique. Its existencefor a general
digraph would imply Seymour'sSecondNeighborhood Conjecture, and actually it would su ce
to just have a probability distribution p sothat p(N, (v)) p(N (v)) on averagein G.

Givenadigraph G = (V;E), wesay F  E(G) is a feedtack arc setif the digraph G°= (V,;E F)
has no directed cycles.

Conjecture 6.29. (Lichiardopl's Conjecture) Every digraph D hassomeminimal feedback arc
set F which contains a path of length J.
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Notes: This impliesHoang& Reed(6.20), Caccetta-Haggkvist(2.1), Bermond-Thomasser6.19),
and Thomase (6.34).

Conjecture 6.30. (Mader, 1985) For all k 2 Z*, there existsr 2 Z* suchthat every r-out-
regular digraph contains a sulaivision of the transitive tournament on k vertices.

Notes: This conjectureis known for k = 3 (wherer = 2), andk = 4 (r = 3 proven by Mader in
1996 [26]). The existenceofr for k = 5is still not known, thoughr = 6 hasbeenconjectured.

Conjecture 6.31. (Shen) For a digraph G on n vertices of girth g, de ne

X
t(G;r) = (r &(u):

ur g (u)<r
If & 1,thenn r(g 1)+1 t(G;r).

Conjecture 6.32. (Thomass) If G is a looplessdigon-free digraph the maximum numker of
induced directed 2-edgepaths is n®=15+ O(n?).

Notes: First, note that n®=15+ O(n?) can be obtained by substituting C,'s inside C4's. Next,
given a digraph G, let be the number of induced directed 2-paths, the number of induced
edges,and the number of cyclic triangles. Then if jV(G)j = n,

X
P2 =0E2e0M) 2 (CW) WG WG W)
V2V (G)

Furedi rewrote the terms on the right hand sidein terms of ; ; and , and shoved

n3 )
15 O(n9)

Bondy hasa slight improvemen of this result, proving that

25°

Dene an / -digraph to be a digraph D on vertex setV and edgesde ned by 4;:::;
permutations (linear orders)on V wherethe edge(i;j) 2 E () 1< ] in atleast ofthe ;.
We say G is a majority digraphif — > 2=3.

Conjecture 6.33. (Thomass & Charbit) Caacetta-Haggkvistholdsfor 3/4-digraphs.

Notes: Majority digraphs have no cyclesof length at most three. The classof 3/4-digraphs
is stable under substitution, and contains the circular interval graph on 3k + 1 vertices with
outdegreek going clockwise. The classincludesall known extremal examplesfor C-H, yet this
classof 3/4-digraphs seemananageablysmall. It is still openwhether or not 3/4 digraphs must
have vertices x of outdegreelessthan n=3. One can more generally ask if Caccetta-Haggkvist
holds for larger classesof majority digraphs.
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Conjecture 6.34. (Thomass) Every digraph D hasa path of length (g 1), whee g is the
girth of D.

Note: This is openfor g = 3, and implies Caccetta-Haggkvist.

Conjecture 6.35. (Thomass) In a digraphD,
oV oMW+ jf(uv)jd(u;v)  29)  ZE(D)j+ jfvj S(v) > (V)i
v2V (D)
Note: This is exact for transitiv e tournamerts.

Conjecture 6.36. (Thomass) Let G be a digraph on n vertices with minimum outdegree at
least 4n=15 sothat G is maximal with no cyclesof length at mostthree, and hasno homagen®us
set (in other words, G cannot be obtainal by substitution). Then G is a Cayleygraphon 3k + 1

joined to next k clockwise).

Note: Z=15Z with generatorsS = f 1, 2; 4; 8g givesexactly 4n=15.
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