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Pref ace

This documen is intended as a public record of the workshop on Braid Groups, Clus-
ters, and Free Prohability, which was held at the American Institute of Mathematicsin Palo
Alto, on January 10{14, 2005. The organizersof the workshop were Jon McCammond,
Alexandru Nica, and Vic Reiner.

What followsis a joint statmert of the participants regardingimportant open problems
and promisingdirectionsfor future progressan the subject. For further information, including
a list of participants and participant abstracts, seethe AIM webpagewww.aimath.org. Jon
McCammond also maintains a webpagewith resourcegelated to thesetopics [37].

The goal of this workshopwasto bring together mathematiciansfrom di®eren bad-
groundsto discussa certral theme which hasrecerily emergedin many di®eren cortexts.
Givena nite Coxeter group W, de ne the correspnding Catalannumber

Y h+g+1
Cat(W) = L;
. e+ 1
i=1
where h is the Coxeter number, and e;;&;;:::; e, are the exponerts of the group W (for

notation related to Coxeter groupsand re°ection groups, we refer to [31]). Wper&W is the
symmetric group A, 1, this is just the usual Catalan number Cat(A,; 1) = % Zn” . As with
the classicalCatalan numbers,thesetype W Catalan numbershave a wealth of conbinatorics
assaiated with them, and they have recerly appearedindependerily in seweral di®eren

“elds, including Garside structures for braid groups, cluster algebras,and free probability.
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This Catalan combinatorics describesextensive and surprising enumerative corresmn-
denceshetweenthesesubjects, which in most casesre still unexplained(the term \n umerol-
ogy" is often used). A common goal of the workshop participants is to understand these
concurrencesand seart for underlying theorieswhich can explain the conbinatorics.

This is an exciting, emerging subject with many fundamertal questionsyet to be
solved. We presert here a collection of important and interesting questionso®eredby the
participants. Many problems have attributions. Theseare to the personwho brought the
problem to my attention, and are usedfor the purposeof facilitating comnmunication. No
attempt hasbeenmadeto track down the original source.A more detailed history canlikely
be found by contacting the cortributor of the problem.

I would like to thank the organizersand participants of the workshopfor their helpful
commerns in preparing this outline.

1. Central Questions

There are three main families of conbinatorial structures courted by the Catalan com-
binatorics, which ariseindependertly in three di®eren subjects.

(1) Let W be a nite Coxeter group, and let T be the generatingset of all re°ections
(T is de ned asthe set of conjugatesof a standard Coxeter generatingset S). Let
" denote the word length on W with respectto T. This function inducesa partial
order on W by setting a- bwhenewer “(b) = “(a) + “(a 'b). The Hassediagram of
this posetis just the Cayley graph of (W; T), directed away from the identit y elemert
1.

Let c be a Coxeter elemen of W. The interval [1; c] in this posetis calledthe poset
of noncrossingartitions NCy, . (This is well-de ned, since Coxeter elemens form a
conjugacyclass.) NCy in its full generaliy was de ned independerily by David
Bessis[6] and Tom Brady and Colum Watt [12, 13]in order to study the geometric
group theory of braid groups. Howewer, important special casesof the generalization
had been consideredearlier by Vic Reiner [42] and Philipp e Biane [9]. In the type
A case,Roland Speidher shaved that this posetlies at the heart of the subject of
free probability in operator algebras[47]. The study of the type A caseis classical
and goes badk to Kreweras[32]. The survey paper [45 by Rodica Simion gives a
comprehensie view of the classicalnoncrossingpartitions, and the survey [36] by
Jon McCammond givesa more modern overview of the subject.

(2) For every nite Coxeter group W, SergeyFomin and Andrei Zelevinskyhave de ned
a simplicial complex¢ \, calledthe simplicialass@iahedrorof type W. Let © be the
root systemcorrespndingto W, and let © and| be a choiceof positive roots and
simpleroots, respectively. Then ¢ \y is de ned asa °ag complexon the set of almost
positiveroots ©; 1 := ©" [ (j ). Their original construction [24] applied only to
crystallographic root systems,but the de nition may be uniformly generalizedto
all root systems(seethe notes[22]). The complex ¢ \, generalizeshe well-known
asseiahedron(or Stashe®polytope) in type A, and the well-known cyclohedron(or
Bott-T aubespolytope) in type B. For more information, seeSection6.

Related to this are the Camlyian latticesof Nathan Reading[40]. To eadt orienta-
tion of the Coxeter diagram of W, he assaiates a lattice which is a quotient of the
weak order on W. Conjecturally, ead of these Cambrian lattices is an orientation
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of the 1-skeleton of the simpleasseiahedron the dual complexto ¢ ,,. Cambrian
lattices may be regardedas a generalizationof the classicalTamari lattices, and this
idea has alsobeenconsideredby Hugh Thomasin type B [50.

(3) In the casethat W is a Weyl group (that is, a crystallographic Coxeter group),
Postnikov has suggestedhow to de ne a poset of nonnestingpartitions NNy, (see
remarksin [42]). Given a crystallographicroot system®© with positive roots ©*, the
root order (©*; - ) is a partial orderon ©", where®- if andonlyif | ®isin the
positive integer spanof ;.

To ead antichain A (set of pairwise-incomparableelemerts) in the root order,
asseiate the vector subspace\ ga ® , which is the intersection of the orthogonal
hyperplanesto the correspnding roots. Then NNy is de ned as the poset of an-
tichains under reverseinclusion of subspaces.

The antichains may alsobe interpreted asorder ideals(or order Tters) in the root
order, and Cellini and Papi have shavn that theseare in bijection with nilpotent
ideals of a Borel subalgebraof the correspnding semisimpleLie algebra[16. One
may de ne a di®ement partial order on the antichains via inclusion of ideals, and this
poset descritesthe structure of the chambers within the dominant coneof the Shi
hyperplanearrangemen [44].

Problem 1.1. Explain the numerology The cardinality of N Cy, the cardinality of NNy
and the number of facetsof ¢y are all equalto the Catalan number Cat(W). The rank
numbersof N Cyy, the height numbersof NNy, (in general,N N, is not graded),and the h-
vector of ¢ \y are all the same,given by the Narayananumbers(for which there is no known
closedformula, in general). The erumerative coincidencesare quite extensive, and quite
mysterious, as there is still no theoreretical connectionbetweentheseobjects. In fact, only
for NNy and its relativesis there any proof whatscever of the erumerative formulas that is
not case-ly-case,usingthe nite type classi cation.

Find bijections betweenthese objects which presene the numerology Is there some
theoretical algebraic framework behind the scenesas yet undiscovered? David Bessishas
suggesteda notion of \dual" Coxeter systems[6]. Is there a way to formalize this notion?
The exponerts of W are onebelow the correspnding degreesf the fundamertal polynomial
invariants of W (see[31]). Doesthe number Cat(W) have any signi cancein an invariant
theory cortext?

Remarks:

2 There are two remarkable erumerative re nemerts of the Catalan combinatorics,
ead in a di®eren direction.

(1) Fre&dBric Chapoton hasde ned a two variable generatingfunction on ead of the
three main families (the M -triangle on noncrossingpartitions, the F-triangle
on the assaiahedron,and the H -triangle on nonnestingpartitions), and conjec-
tured precisealgebraicrelationshipsbetweenthesefunctions [17, 18]. This gives
very re ned enumerative correspndencesbetweenthese objects, and is strong
evidencefor the existenceof hidden structural relationships. Explain Chapoton's
formulas.

(2) Christos Athanasiadisand Vic Reinerhave described an erumerative correspn-
dencebetweenN Cy, and N Ny that re nesthe Narayana numbers[4]. Both of
theseposetsmay be injected into the lattice of hyperplaneintersections}  of



the correspnding Coxeter arrangemen.  For Y2in NCy, let f (¥) be the xed
subspaceof ¥ and for A in NNy, let g(A) be the intersection of hyperplanes
\ @2n ® , asbefore. The result statesthat the Tters of f and g over any W -orbit
in | w areequirumerous.
The proof is case-ly-case,using computerin the exceptionaltypes. Find a theo-
retical proof. Is there a natural statistic on ¢ \y that agreeswith this re nemert
of the Narayananumbers? Is there a way to expresshis statistic within the con-
text of Chapoton's M -triangle, F -triangle and H -triangle generatingfunctions?
2 The recen work of Nathan Readingon Coxeter-sortableelemers [41] givesan explicit
bijection betweenN Cy, and the facetsof ¢ \y, howewer the proof of this bijection is
currerntly case-ly-case(seeProblem 3.2). Also, Tom Brady and Colum Watt have
givenanewde nition of ¢ \y in termsof noncrossingpartitions [14]. This may provide
someconnectionbetweenthe structure of NCy and ¢ .

Problem 1.2. What are the largest natural domains of de nition for the families NCyy,
NNy and ¢, and for their correspnding applications? In a sensethe broadestsetting
possiblefor the numerologyis nite groupsgeneated by pseudoe’ections. (A pseudore®ec-
tion is a unitary operator on an n-dimensionalcomplexvector spacewhoseeigervaluesare
0 with multiplicity nj 1, and j 1 with multiplicit y 1.) It is a classicalresult of Shephard
and Todd that the ring of invariants of a group W is a polynomial ring preciselywhen the

invariants is unique [43].
In the general(complex) case,David Bessissuggestghat the Catalan number should
be
Y h+d
o G

where we set h equal to the highest degreed,. This agreeswith our earlier de nition in
the real types. Howewer, this may apply only whenW is a duality group(or a well-generated
group, sinceotherwiseCat(W) may fail to be an integer. Seethe paper [7] by David Bessis
for more information.

Cat(W) :=

2 The noncrossingpartitions are currently the most generalof the Catalan families.
The poset NCy, is de ned for all nite Caoxeter groups, and the de nition makes
sensein principle for any nitely generatedCoxeter group (although the de nition
may not be unique when W is in nite [11]). David Bessisand Ruth Corran gave a
combinatorial realization of NCy, for an in nite classof complexre°ection groups
in [8], and Bessishas suggesteda uniform de nition for NCy, wheneer W is a
well-generatedcomplexre°ection group [7].

2 Canonegeneralizefree probability beyond typesA and B ? The combinatorics of free
probability is naturally expressedn terms of the type A noncrossingpartitions [47],
and somework hasbeendoneon a type B free probability [10]. Doesit make sense
to generalizefurther? Onewould presumablyneedto expressRoland Speicher's work
on multiplicativ e functions [48] in the completely generalcase.SeeProblem 5.1.

2 Explain the theory of cluster algebrasin in nite types. SeeProblem 6.5.

2 The most glaring caseof this problem is the seemingdependenceof NNy, and its
relatives on the crystallographic structure of W. When W is a Weyl group, there
are amazing erumerative correspndenceswith the other Catalan objects (seethe
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remarks following Problem 1.1). But there is currently no idea how to generalize
theseobjects to the noncrystallographictypes.

To what extert can the nonnesting partitions and root order be generalizedto
noncrystallographictypes? Presumably there are objects which can not be general-
izedin their current form, sud asLie algebrasand atne hyperplanearrangemets.
Generalizewhere possible,and explain wherethere are essetial barriersto this gen-
eralization. Cathy Krilo® and Arun Ram have dealt with someof these issuesin
studying the represemation theory of noncrystallographictypes|[33).

Fr&dBric Chapoton's conjecture givesa way to de ne the H-triangle for all "nite
Coxeter groups[18]. What object is it courting in the noncrystallographictypes?

Problem 1.3. What are the most natural generalizationsof the familiesN Cy,, NNy, and
¢ w ? Classicalcombinatorics is full of erumerative generalizationsof the Catalan numbers.
Which of theseis relevant in the re°ection group setting?

De ne the Fuss-Catalamumbers

Y kh+eg+1

cat(w) = ar 1

i=1
wherek is a positive integer. In type A, thesegeneralizethe classicalFussnumbersand the
Catalan numbers[21,30]. As seenfrom the formula, Cat™) (W) is a very natural generaliza-
tion of the Catalan numbersin the re°ection group context. Recenly thesenumbers have
shavn up in all three of the Catalan families.

(1) Drew Armstrong has de ned a generalizationof the noncrossingpartitions N C\S\'f),
calledthe k-divisiblenoncrossingartitions [1]. This is a gradedjoin-semilattice which
is courted by Cat™® (W). Call the rank numbersthe Fuss-Naayananumters In types
A and B, NC\(,\‘j) is isomorphicto the poset of k-divisible noncrossingset partitions
(partitions in which ead block hassizedivisible by k).

(2) SergeyFomin and Nathan Reading have de hed a simplicial complex ¢ { which is
a generalizationof the simplicial ass@iahedron[21]. The facetsof ¢ \(,5) are counted
by the Fuss-Catalannumbers, and the ertries of the h-vector are given by the Fuss-
Narayana numbers. In types A and B, this complexis de ned in terms of (k +
2)-angulations of a regular polygon, and has been studied independerily by Eleni
Tzanaki [5]].

(3) The Fuss-Catalannumbers appear in many placesin the NNy, family of objects.
Let W be a nite Weyl group. Christos Athanasiadissuggestedhe de nition of the
Fuss-Nargananumbersin this context, and provedthat thesenumberscourt seeral
objects, including positive regionsin a certain atne deformation of the Coxeter
hyperplanearrangemen, aswell asco- Itered multichains of idealsin the root order
[2, 3]. Mark Haiman has shown that the Fuss-Catalannumbers court orbits in the
quotient Q=(kh+ 1)Q of the coroot lattice Q [28], and Eric Sommershasencourered
thesenumbersin the study of Lie algebras[46].

Repeat Problems 1.1 and 1.2 in this more generalsetting. Any theoretical relation-
ships found betweenNCy,y, NNy, and ¢ ,, must generalizeto explain the Fuss-Catalan
combinatorics. Given that Cat® (W) is naturally dened in terms of the exponerts of W,
is there an underlying algebraicframework that explainsthesenumbers?



Remarks:

2 Extend Frg§dBric Chapoton's M -triangle, F-triangle, and H-triangle to the Fuss-
Catalan case.(Eleni Tzanaki hasworked on this for the H -triangle.)

2 What is the signi canceof theseFuss-Catalanobjects in applications, for instancein
Garside Structures, cluster algebras,or free probability? For example,the k-divisible
noncrossingpartitions may have someapplication to Problem 5.3, in free probability.

2 |s there a natural generalizationof the posetof nonnestingpartitions N N\s\',‘)? In type
A, one may take k-divisible nonnestingset partitions under re nemert (mimicking
N C,&kn)i ). In the generalcase,perhapsthis is isomorphicto a partial order on co-
‘Ttered multichains of idealsin the root order.

2 Christos Athanasiadis and Stavros Garoufallidis have suggesteda g-version of the
Catalan combinatorics. SeeProblem 2.1 below.

2. Enumera tive Combinatorics

Problem 2.1. (C. Athanasiadis) De ne the g-Fuss-Catalamumkers

Y [kh+ e + 1]y
I R @

where[n] = g+ ¢ + ¢¢¢+ " is the usual g-analogueof the positive integer n. Show that
g-Cat® (W) is a polynomial in g with nonnegatiwe integer coe+cients. This is known in the
classicalA, B, and D cases.In type A with k = 1, this coincides(up to a power of g) with
the g; t-Catalan number of Adriano Garsia and Mark Haiman [25], with the specialization
t=1=q

g-Cat (W) :=

Remarks:

2 (D. Bessis) Doesthe samestatemert hold when W is a complex nite re°ection
group, with the fundamertal degreesd; subsituted for the g + 1, and the highest
degreesubstituted for h?

2 (V. Reiner) Conjecture: Let c be a Coxeter elemen of W, and let 3 be a primitiv e
dth root of unity, whered divides the Coxeter number h. Then 3-Cat¥ (W) is the
number of elemens of NCy, = [1;c] that are invariant under conjugation by c"™.

2 (S. Fomin, V. Reiner) Are there correspnding g-analoguesof other Catalan sta-
tistics? For instance, is the expression

Y [kh+ei 1l

i1 [e + 1]

also a polynomial in g with nonnegatiwe integer coexcients? Is there a re nemert
of g-Cat'®¥ (W) as a sum of polynomials in g with nonnegati\e integer coe+cients,
generalizingthe q= 1 re nemert by Fuss-Nargana numbers?

2 Can one extend Fr§dgric Chapoton's M -triangle, F -triangle, and H -triangle to the
g-Fuss-Catalancase?

g-Cat(w) :=

Problem 2.2. (C. Krilo®, V. Reiner) This is a possiblesystematicapproad to Problem
2.1. As mertioned, in type A with k = 1, the numbers (1) correspnd (up to a power of
g, and specializedat t = 1=0) with the g; t-Catalan numbers of Garsia and Haiman, which
are given by the q; t-bigraded Hilbert seriesfor the sign-isoypic componert of the ring of
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diagonalharmonicsC[V © V]=(C[V © V]¥) [29]. Can this situation be generalizedcto other
w?

WhenW isasymmetricgroup Ay, 1, it isknown that the action of W on the (ungraded)
diagonalharmonicshasthe sameirreducible decompsition asthe action of W on the \ nite
torus" Q=(h+ 1)Q, whereQ is the root lattice. Mark Haiman noted that this doesnot hold
in type B [29). Howewer, lain Gordon hasshawvn that the problem may be feasiblefor general
W, sinceit is possibleto take a further quotient which does give the right conbinatorics

[26].

Problem 2.3. The following are two elemertary conbinatorial facts, for which it would be
nice to have elemettary explanations. Both problems are unique to type B, and concern
certrally symmetric structureson polygons(structuresthat areinvariant underthe antip odal
map).

(1) (S. Fomin) Among the certrally symmetric partial (k + 2)-angulationsof a regular
(2kn + 2)-gon containing i orbits (under the antip odal map) of k-admissiblechords
[21, 51], the proportion that cortain a diameteris i=n. (A k-admissiblechord is one
that may be present in a full (k + 2)-angulation.) Give an elemettary proof.

(2) (D. Armstrong) Among the certrally symmetric k-divisible noncrossingpartitions
of a 2kn-gon with i orbits (under the antip odal map) of nonzeroblocks [1, 42|, the
proportion that cortain a zeroblock isi=n. (A zeroblock is a block that cortains a
diameter.) Give an elemerary proof.

Remarks:

2 Theseproblemsare strikingly similar. The rst is a statemert about the f -numbers
of the complex ¢ (Bkn) [2]], and the secondis a statment about the h-numbers of this
complex. The similarity betweentheseproblems, and the fact that they both have
beenresistart to elemenary proofs, suggeststhat there may be someconnection.
Howewer, no connectionbetween ¢ (Bkn) and N Cékn) is currertly known. (SeeProblem
1.3)

Problem 2.4. (H.T. Hall) Supposethat a stream has 2n bridges acrossit. A classical
meanderis (the homotopy classof) a closedpath which crossesead bridge once without
intersectingitself. On ead sideof the stream, the meanderis given by a noncrossingpairing
of the set[2n] := f1;2;:::;2ng. Noncrossingpairings are naturally in bijection with type A
noncrossingpartitions of the set [n].

Every ordered pair of noncrossingpartitions de nes a path (with possibly multiple
componerts) which crossessad bridge exactly once. There is a bijection which says that
the meanders(the paths with only oneconnectedcomponert) correspnd exactly to pairs of
noncrossingpartitions that are maximally separatedin the Hassediagramof NC, ., (they
are diametersin the graph theoretical sense).Doesthis bijection suggesta newway to court
meanders?

One may also usethis bijection to de ne meandersof type W (they are the ordered
diameters of the Hassediagram of NCy ). Is there somecombinatorial object that this
correspndsto? Is there a type B meander?

Remarks:



2 (A. Nica, J. Scott) In type A, onemay build a \meander determinart” which is
known to factor as a product of Chebyshev polynomials [20]. Similarly, one may
de ne atype W meanderdeterminart. What factorization properties doesit have?

Meandersare related to chromatic polynomials of graphs,and the Temperley-Lieb
algebra[15. What is the signi cance of type W meandersin this corntext?

3. Reflection  Gr oups

Problem 3.1. (V. Reiner) Let W be a nite Coxeter group, and let T be the generating
setof all re°ections, asin Sectionl. Again, let = denotethe word length on W with respect
to T. This is often called the absolutelengthon W. In general,for all u;v in W, we have
the triangle inequality “(uv) - “(u) + (V).

De ne the absolutelength poset as before, by setting a - b whenewer “(b) = “(a) +
“(al 'b). This is a partial order on W whoseHassediagram is the Cayley graph of W with
respectto T. The posetis gradedwith rank function given by ".

What is the topology of this poset? In typesA and B is there an E L-labelling which
exhibits a shelling of the order complex? It is known that the absolutelength posetis not
shellablein type D. Perhapsthis can be xed in a uniform way by consideringonly the
subposetwhich is the order ideal of parabolic Coxeter elemens (elemers of W which are a
Coxeter elemert in someparabolic subgroup).

Remarks:

2 The noncrossingpartitions NC,, are de ned as an interval in the absolute length
poset. Recernt work of Brady and Watt [14] seemgo give an EL-labelling for NCyy .
Do their methods generalizeto the problem above?

Problem 3.2. (N. Reading) Let W be a nite Coxeter group. In [41], Nathan Reading
de nesthe notion of Caxeter-satability for elemers of W, relative to someCoxeter elemeth
C.

There are natural maps nc and cl from the Coxeter-sortable elemens of W to the
noncrossingpartitions N Cy,, andto the setof clustersof type W, respectively. In [41], these
mapsare concretelyde ned, but the proof that they are bijections is case-ly-case,using the
fact that both objects are known to be courted by the Catalan number Cat(W).

(1) Give a uniform proof that the Coxeter-sortedelemens are courted by Cat(W).

(2) Give a uniform proof that the map nc is well-de ned.

(3) Give a uniform proof that the mapsnc and cl are bijections.

(4) The notion of Coxeter-sortableelemers, and the mapsnc and cl can be de ned for
in nite type Coxeter groups. What happensin this case?

Problem 3.3. (D. Bessis, F. Chap oton) The Lyashko-Looijengamapping ass@iatesto
any complex-alued function on a manifold the polynomial in one variable whoseroots are
the critical valuesof the function. The main theorem in [34] states that this mapping is
a rami ed covering for somefamilies of functions. There is a known relationship between
the Lyashko-Looijenga covering of the complex sphere,and the combinatorial cacti of lan
Gouldenand David Jadkson [27].

Interpret the conmbinatorics of the type A noncrossingpartitions in terms of the Lyashko-
Looijengacovering of the sphere. The degreeof the coveringis n™ 2, which is alsothe number
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of maximal chainsin NC,, ,. This number is known to court many things, including la-
belled trees, and cacti.

Do thesecombinatorics generalizeto other types?

Problem 3.4. (D. Bessis) Is there a structure theory of Lie groupsand algebraicgroups
that is analogousto the dual braid monoid [6]? Is there somedual notion of BN -pairs?

4. Garside Str uctures

As mertioned, the lattice of noncrossingpartitions NCy in its full generality was
de ned by David Bessis[6] and Tom Brady [12] in order to study the Artin group A (W)
correspnding to the Coxeter group W. It turns out that the properties of the posetN Cyy
have many consequencefor the group theory, including a nice algorithmic solution to the
word and conjugacyproblems.

In general,every posetP together with a labelling of the edgesin its Hassediagram
generatesa monoid M (P) and a group G(P). When this labelling has certain properties, P
is called a combinatoial Gasidestructure Having suc a Garside structure givesa powerful
tool for studying the monoid M (P) and the group G(P). This is an emergingsubject with
interest to conmbinatorics and group theory. The survey article [35 by Jon McCammond
givesa good introduction to thesetopics.

Problem 4.1. (R. Charney) Questionsabout classi cation.

(1) Givenan arbitrary posetP, whencanit be given a Garsidelabelling? When sud a
labelling exists, say that P is a Gasideposet

(2) Givena GarsideposetP, what are the relationshipsbetweenits inequivalert Garside
labellings? When doesP have a unique Garsidelabelling?

(3) Givena posetwith an edgelabelling, when canthis be embeddedin a Garsidestruc-
ture? When do the correspnding monoids/groups enbed? What are the minimal
obstructions to doing this?

Problem 4.2. (P. Dehorno y)

(1) Given a cancellative, nitely-generated monoid M in which lcm's exist, is M neces-
sarily a Garsidemonoid? That is, doesthere exist a Garsideelemen ¢ in M ?

(2) In the caseof Artin groups,the nicestGarsidestructures comefrom the Cayley graph
of the correspnding Coxeter group. Is there a way to systematizethis? Is there some
notion of a \Coxeter group" correspnding to ead Garsidegroup?

(3) Let M be a Garsidemonoid with Garsideelemen ¢, andlet * bealengthonM (M
is atomic). Is it always true that “(¢ ¥) - Ckj¢ j for someconstart C?

Problem 4.3. (J. McCammond) In general, the most ditcult property of a Garside
structure to establishis the lattice property. Call an edge-lakelled poset a quasi-Geside
structureif it satis esall properties exceptthe lattice property.

Thereis alarge natural sourceof quasi-Garsidestructures. Let G be a group, generated
by a nite, conjugate-closedyeneratingset T. Then any interval in the Cayley graph of G
with respectto T is a quasi-Garsidestructure. Many of thesehave the lattice property, and
many do not. Are there natural conditions on G and T that imply the lattice property?
Find a natural classof theseposetsin which the presenceor absenceof the lattice property
can be explained.
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Remarks:

2 Tom Brady and Colum Watt [14] have recerily given a uniform proof that the non-
crossingpartitions N Cy, are lattices. Their proof dependson the realization of W
as a real re°ection group. Is there a classof quasi-Garsidestructures in which the
lattice property can be seenonly to depend on the group structure?

Problem 4.4. (D. Armstrong) As above, let G be a group generatedby T, whereT is
“nite and closedunder conjugation. Then ewery interval in the Cayley graph of (G;T) is a
locally self-dualposet (every interval in the posetis self-dual).

In particular, to eat elemen g of G, asseiate the posetPy which is the interval [1; g]
in the Cayley graph of (G; T). Note that Py and Py, are isomorphicwheneer g and h are
conjugate. Now, assa@iate to ead Py its Ehrentorg quasisymmetriéunction

F(Py) = X X X;(gglgl)x‘;g‘llgz) ¢¢¢X‘k(gwlgk):
k 1-go- 91-¢¢¢ gk- g
It is known that the Ehrenborg function of a self-dual poset must, in fact, be a symmetric
function (see[49). SoF is a map from conjugacy classesof G to the ring of symmetric
functions. What is the structure of this map? Doesit presene someHopf algebrastructure?

5. Free Pr obability

Free probability, initiated by Dan Voiculescu,is a subject in functional analysiswhich
hasbeenusedsuccessfullyto study von Neumannalgebras.It is a noncommnutativ e analogue
of probability in which the role of random variablesis played by operatorsin someg-algebra
(typically a C"-algebra). The theory naturally descrikesthe asymptotics of large random
matrices, as well asthe asymptotics of represemations of large symmetric groups.

Roland Speidcher showved that the conbinatorics of free probability is governed by the
lattice of type A noncrossingpartitions, in a role which is analogougo the role played by the
lattice of unrestricted set partitions in classicalprobability. Many of the natural transforms
on free algebrasof random variables can be understood in terms of MAbius inversionin the
incidencealgebraof NC,,, ,. Seethe survey [47] for more information.

Problem 5.1. (F. Goodman, P. Sniady) Philippe Biane, Fred Goodman, and Alexan-
dru Nica have de ned a type B analogueof free probability [10. The de nition hasbeen
motivated by the combinatorics, and there is currently no model of this theory (as the large
random matrices are a model for type A free probability).

Find a natural model for type B free probability, which motivates the combinatorics.
Is there a correspnding notion of free probability in other types?

Remarks:

2 Many of the formulas of free probability depend on the fact that there is an in nite
sequenceftype A noncrossingpartition latticesN Ca,,. ,, including, in particular, the
formulasinvolving multiplicativ e functions[48]. Type B multiplicativ e functionswere
descriked by Vic Reiner[42). Is it possibleto say somethingabout free probability
for an exceptionaltype W, wherethere is no in nite sequence?

Problem 5.2. (A. Nica) Let (A;' ) bea®n-probability space.That is, A is somer-algebra,
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denotethe set of power seriesin s noncommnuting variableswhich have zero constart term.
For ead s-tuple of elemerts a;;;:::;as in A, there is a function R,,....,, called the R-

The operation [7 is assaiative, and has a unit ¢ s(zy;:::;2) = z1 + ¢¢¢+ z5. In [39],
Alexandru Nica and Roland Speidcher show that, in general,the coexcients of f [2, g canbe
descrilked combinatorially, using a summation over noncrossingpartitions of type A.

Remarks:
2 The answver is known in the cases = 1. This is the only value of s for which 7 is

constart term. In [38], Nica and Speicher de ne an isomorphismF (the free Fourier
transfam) betweenthe group of invertible elemerts in (Co[[z]];[?,) and the group of
invertible elemerts in (Co[[z]]; &, under the usual multiplication of power series.

2 |n the cases = 1, the map F provides a connectionbetweenthe R-transform and
the S-transfam of Voiculescu. More precisely we have F (R,) = S, for any element
a2 A suththat ' (a) 6 0.

As mertioned, there is a version of the R-transform whens > 1, but it is not
known how to de ne an S-transform in this case. Find a multi-variable version of
the S-transform. One way to approad this problem would beto nd an analogueof
the map F in this case.

Problem 5.3. (A. Nica) Let u be a unitary elemen of a a-probability space(A;"' ). Sup-
poseu hasorderk andthat ' (u') = Ofor1- i < k. Let - , denotethe multilinear cumulant
functionals of (A;" ).

Give a combinatorial way to compute the cumulants in u and u®. Equivalertly, give a
formula for the R-transform of (u; u®).

Remarks:
2 The answer is known for k = 2and k = 1 . When k = 2, the only nonvanishing

When k = 1 , the only nonvanishing cumulants are of the form
s (Ui U T usu®) or (Ut up iUt u);
and theseare both equalto (j 1)" !Cat(Ay; 1).

2 The cumulants may be expressedas a sum over noncrossingset partitions
X

_e ®(Y)' A, A, COC A, :
Y2N Chp
YefALA2;5ANg
For nite k, andwith u asabove, the only nonvanishingterms in this sumcomefrom
the k-divisible noncrossingpartitions.
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6. Cluster Algebras and Associahedra

Cluster algebraswere de ned by SergeyFomin and Andrei Zelevinskyto study the
phenomenaof total positivity and dual canonicalbasesn semisimpleLie groups. In [23] they
show that the nite type cluster algebrasare descrited by the Cartan-Killing classi cation.

Ead cluster algebra has an assaiated simplicial complex, called the clustercomplex
¢ . As before,let © be a (crsytallographic) root systemwith Weyl groupW, andlet ©* and
i be a correspnding choice of positive roots and simple roots, respectively. In [24], Fomin
and Zelevinskyde ne a binary relation on the setof almostpositiveroots© ; 1 = ©*[ (j }),
called compatibiliy. Then ¢y is de ned asthe °ag complexof pairwise compatible subsets
of ©; 1. In typesA and B, they show that these complexesgeneralize(the duals of) the
classicalasse@iahedronand cyclohedron. The number of facetsof ¢ \, for nite type W is
the Catalan number Cat(W), and the h-vector of the complexis given by the Narayana
numbers.

When W is a noncrystallographic nite Coxeter group, there is no asseiated cluster
algebra, but the complex¢ , can still be de ned as a °ag complexon the almost positive
roots of the correspnding (noncrystallographic) root system, and this complex obeys the
same Catalan numerology Howewer, the only known polytopal realization of the type W
assaiahedron(given by Chapoton, Fomin and Zelevinskyin [19]) doesnot generalizeto this
case.

For more on the conbinatorics of cluster algebrasand ass@iahedra,seethe notes[22].

Problem 6.1. (H. Thomas, A. Zelevinsky) When W is a noncrystallographic nite
Coxeter group, give a geometricconstruction that realizes¢ \y, asa corvex polytope. There
is a realization of ¢ , in all typesasa complete simplicial fan, but it is not clear whether
this fan is polytopal in the noncrystallographictypes.

Problem 6.2. (A. Zelevinsky) In the classicaltypes(A, B, C, and D), the ass@iahedron
¢ w has a visually transparert realization in terms of regular plane polygons and their
triangulations. Find a similar interpratation in the exceptionaltypes.

Problem 6.3. (S. Fomin) Conjecture: The Fomin-Readinggeneralizationof the assaia-

hedron ¢ \(,5) (seeProblem 1.3) is Cohen-Macaulg, and is homotopy equivalert to a wedge
of
Y (ki Dh+e+1

Catli Y(w) = ot 1

i=1
spheres. This has beenproved by Eleni Tzanaki in typesA and B using shelling methods
[51.
Moreover, ¢ f,b) seemdo be the skeleton of a polytopal manifold. Can this be realized
geometrically? (This generalizesProblem 6.1 above.)

Remarks:

2 (V. Reiner) Is the Fomin-Readingcomplexk-Cohen-Macaulg in the senseof Ba-
clawski [5]?

Problem 6.4. (D. Bessis, C. Krilo® ) There is no construction of a cluster algebrain the
noncrystallographic nite types. What happenswhen one applies matrix mutations to the
Cartan matrix of a noncrystallographic nite Coxeter group? Are there recurrences?
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Remarks:

2 (N. Reading, D. Speyer) Early calculationssuggestthat there are \approximate"
recurrencesthat onereturns closeto, but boundel away from the original matrix.

Problem 6.5. (A. Zelevinsky) Describe a classi cation of in nite type cluster algebras
astame or wild. This should generalizethe notions of tame/wild Artin groups, tame/wild
quivers, etc.

Remarks:
2 Atne typesare certainly tame.
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